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Percentiles of the Chi-Squared Distribution. Table Entry Is c Such That
Prob[χ2

n ≤ c] = P

n .005 .010 .025 .050 .100 .250 .500 .750 .900 .950 .975 .990 .995

1 .00004 .0002 .001 .004 .02 .10 .45 1.32 2.71 3.84 5.02 6.63 7.88
2 .01 .02 .05 .10 .21 .58 1.39 2.77 4.61 5.99 7.38 9.21 10.60
3 .07 .11 .22 .35 .58 1.21 2.37 4.11 6.25 7.81 9.35 11.34 12.84
4 .21 .30 .48 .71 1.06 1.92 3.36 5.39 7.78 9.49 11.14 13.28 14.86
5 .41 .55 .83 1.15 1.61 2.67 4.35 6.63 9.24 11.07 12.83 15.09 16.75
6 .68 .87 1.24 1.64 2.20 3.45 5.35 7.84 10.64 12.59 14.45 16.81 18.55
7 .99 1.24 1.69 2.17 2.83 4.25 6.35 9.04 12.02 14.07 16.01 18.48 20.28
8 1.34 1.65 2.18 2.73 3.49 5.07 7.34 10.22 13.36 15.51 17.53 20.09 21.95
9 1.73 2.09 2.70 3.33 4.17 5.90 8.34 11.39 14.68 16.92 19.02 21.67 23.59

10 2.16 2.56 3.25 3.94 4.87 6.74 9.34 12.55 15.99 18.31 20.48 23.21 25.19
11 2.60 3.05 3.82 4.57 5.58 7.58 10.34 13.70 17.28 19.68 21.92 24.72 26.76
12 3.07 3.57 4.40 5.23 6.30 8.44 11.34 14.85 18.55 21.03 23.34 26.22 28.30
13 3.57 4.11 5.01 5.89 7.04 9.30 12.34 15.98 19.81 22.36 24.74 27.69 29.82
14 4.07 4.66 5.63 6.57 7.79 10.17 13.34 17.12 21.06 23.68 26.12 29.14 31.32
15 4.60 5.23 6.26 7.26 8.55 11.04 14.34 18.25 22.31 25.00 27.49 30.58 32.80
16 5.14 5.81 6.91 7.96 9.31 11.91 15.34 19.37 23.54 26.30 28.85 32.00 34.27
17 5.70 6.41 7.56 8.67 10.09 12.79 16.34 20.49 24.77 27.59 30.19 33.41 35.72
18 6.26 7.01 8.23 9.39 10.86 13.68 17.34 21.60 25.99 28.87 31.53 34.81 37.16
19 6.84 7.63 8.91 10.12 11.65 14.56 18.34 22.72 27.20 30.14 32.85 36.19 38.58
20 7.43 8.26 9.59 10.85 12.44 15.45 19.34 23.83 28.41 31.41 34.17 37.57 40.00
21 8.03 8.90 10.28 11.59 13.24 16.34 20.34 24.93 29.62 32.67 35.48 38.93 41.40
22 8.64 9.54 10.98 12.34 14.04 17.24 21.34 26.04 30.81 33.92 36.78 40.29 42.80
23 9.26 10.20 11.69 13.09 14.85 18.14 22.34 27.14 32.01 35.17 38.08 41.64 44.18
24 9.89 10.86 12.40 13.85 15.66 19.04 23.34 28.24 33.20 36.42 39.36 42.98 45.56
25 10.52 11.52 13.12 14.61 16.47 19.94 24.34 29.34 34.38 37.65 40.65 44.31 46.93
30 13.79 14.95 16.79 18.49 20.60 24.48 29.34 34.80 40.26 43.77 46.98 50.89 53.67
35 17.19 18.51 20.57 22.47 24.80 29.05 34.34 40.22 46.06 49.80 53.20 57.34 60.27
40 20.71 22.16 24.43 26.51 29.05 33.66 39.34 45.62 51.81 55.76 59.34 63.69 66.77
45 24.31 25.90 28.37 30.61 33.35 38.29 44.34 50.98 57.51 61.66 65.41 69.96 73.17
50 27.99 29.71 32.36 34.76 37.69 42.94 49.33 56.33 63.17 67.50 71.42 76.15 79.49
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P R E F A C E

§

ECONOMETRIC ANALYSIS

Econometric Analysis is a broad introduction to the field of econometrics. this field grows 
continually. A (not complete) list of journals devoted at least in part to econometrics 
now includes: Econometric Reviews; Econometric Theory; Econometrica; Econometrics; 
Econometrics and Statistics; The Econometrics Journal; Empirical Economics; 
Foundations and Trends in Econometrics; The Journal of Applied Econometrics; The 
Journal of Business and Economic Statistics; The Journal of Choice Modelling; The 
Journal of Econometric Methods; The Journal of Econometrics; The Journal of Time 
Series Analysis; The Review of Economics and Statistics. constructing a textbook-style 
survey to introduce the topic at a graduate level has become increasingly ambitious. 
nonetheless, that is what i seek to do here. this text attempts to present, at an entry 
graduate level, enough of the topics in econometrics that a student can comfortably 
move on from here to practice or to more advanced study. For example, the literature 
on “treatment Effects” is already vast, rapidly growing, complex in the extreme, and 
occasionally even contradictory. But, there are a few bedrock principles presented in 
chapter 8 that (i hope) can help the interested practitioner or student get started as 
they wade into this segment of the literature. the book is intended as a bridge between 
an introduction to econometrics and the professional literature.

the book has two objectives. the first is to introduce students to applied econometrics, 
including basic techniques in linear regression analysis and some of the rich variety 
of models that are used when the linear model proves inadequate or inappropriate. 
modern software has made complicated modeling very easy to put into practice. the 
second objective is to present sufficient theoretical background so that the reader will (1) 
understand the advanced techniques that are made so simple in modern software and (2) 
recognize new variants of the models learned about here as merely natural extensions 
that fit within a common body of principles. this book contains a substantial amount 
of theoretical material, such as that on the gmm, maximum likelihood estimation, and 
asymptotic results for regression models.

one overriding purpose has motivated all eight editions of Econometric Analysis. 
the vast majority of readers of this book will be users, not developers, of econometrics. 
i believe that it is not sufficient to teach econometrics by reciting (and proving) the 
theories of estimation and inference. Although the often-subtle theory is extremely 
important, the application is equally crucial. to that end, i have provided hundreds of 
worked numerical examples and extracts from applications in the received empirical 
literature in many fields. my purpose in writing this work, and in my continuing efforts 
to update it, is to show readers how to do econometric analysis. But, i also believe that 
readers want (and need) to know what is going on behind the curtain when they use 
ever more sophisticated modern software for ever more complex econometric analyses.
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i have taught econometrics at the level of Econometric Analysis at nyU for many 
years. i ask my students to learn how to use a (any) modern econometrics program as 
part of their study. i’ve lost track of the number of my students who recount to me their 
disappointment in a previous course in which they were taught how to use software, 
but not the theory and motivation of the techniques. in october, 2014, google scholar 
published its list of the 100 most cited works over all fields and all time. (www.nature.com/
polopoly_fs/7.21245!/file/googlescholartop100.xlsx). Econometric Analysis, the only work 
in econometrics on the list, ranked number 34 with 48,100 citations. (As of this writing, 
november 2016, the number of citations to the first 7 editions in all languages approaches 
60,000.) i take this extremely gratifying result as evidence that there are readers in many 
fields who agree that the practice of econometrics calls for an understanding of why, as 
well as how to use the tools in modern software. this book is for them.

THE EIGHTH EDITION OF ECONOMETRIC ANALYSIS

this text is intended for a one-year graduate course for social scientists. Prerequisites 
should include calculus, mathematical statistics, and an introduction to econometrics at 
the level of, say, gujarati and Porter’s (2011) Basic Econometrics, stock and Watson’s 
(2014) Introduction to Econometrics, Kennedy’s (2008) Guide to Econometrics, or 
Wooldridge’s (2015) Introductory Econometrics: A Modern Approach. i assume, 
for example, that the reader has already learned about the basics of econometric 
methodology including the fundamental role of economic and statistical assumptions; 
the distinctions between cross-section, time-series, and panel data sets; and the essential 
ingredients of estimation, inference, and prediction with the multiple linear regression 
model. self-contained (for our purposes) summaries of the matrix algebra, mathematical 
statistics, and statistical theory used throughout the book are given in Appendices A 
through d. i rely heavily on matrix algebra throughout. this may be a bit daunting to 
some early on but matrix algebra is an indispensable tool and i hope the reader will 
come to agree that it is a means to an end, not an end in itself. With matrices, the unity 
of a variety of results will emerge without being obscured by a curtain of summation 
signs. Appendix E and chapter 15 contain a description of numerical methods that will 
be useful to practicing econometricians (and to us in the later chapters of the book).

Estimation of advanced nonlinear models is now as routine as least squares. i have 
included five chapters on estimation methods used in current research and five chapters 
on applications in micro- and macroeconometrics. the nonlinear models used in these 
fields are now the staples of the applied econometrics literature. As a consequence, this 
book also contains a fair amount of material that will extend beyond many first courses 
in econometrics. once again, i have included this in the hope of laying a foundation for 
study of the professional literature in these areas.

PLAN OF THE BOOK

the arrangement of the book is as follows:
Part i begins the formal development of econometrics with its fundamental pillar, the 

linear multiple regression model. Estimation and inference with the linear least squares 
estimator are analyzed in chapters 2 through 6. the nonlinear regression model is introduced 
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in chapter 7 along with quantile, semi- and nonparametric regression, all as extensions of 
the familiar linear model. Instrumental variables estimation is developed in chapter 8.

Part ii presents three major extensions of the regression model. chapter 9 presents 
the consequences of relaxing one of the main assumptions of the linear model, 
homoscedastic nonautocorrelated disturbances, to introduce the generalized regression 
model. the focus here is on heteroscedasticity; autocorrelation is mentioned, but a 
detailed treatment is deferred to chapter 20 in the context of time-series data. chapter 
10 introduces systems of regression equations, in principle, as the approach to modeling 
simultaneously a set of random variables and, in practical terms, as an extension of the 
generalized linear regression model. Finally, panel data methods, primarily fixed and 
random effects models of heterogeneity, are presented in chapter 11.

the second half of the book is devoted to topics that extend the linear regression model 
in many directions. Beginning with chapter 12, we proceed to the more involved methods 
of analysis that contemporary researchers use in analysis of “real-world” data. chapters 
12 to 16 in Part iii present different estimation methodologies. chapter 12 presents an 
overview by making the distinctions between parametric, semiparametric and nonparametric 
methods. the leading application of semiparametric estimation in the current literature 
is the generalized method of moments (GMM) estimator presented in chapter 13. this 
technique provides the platform for much of modern econometrics. Maximum likelihood 
estimation is developed in chapter 14. Monte Carlo and simulation-based methods such as 
bootstrapping that have become a major component of current research are developed in 
chapter 15. Finally, Bayesian methods are introduced in chapter 16.

Parts iV and V develop two major subfields of econometric methods, 
microeconometrics, which is typically based on cross-section and panel data, and 
macroeconometrics, which is usually associated with analysis of time-series data. in Part 
iV, chapters 17 to 19 are concerned with models of discrete choice, censoring, truncation, 
sample selection, duration and the analysis of counts of events. in Part V, chapters 20 
and 21, we consider two topics in time-series analysis, models of serial correlation and 
regression models for nonstationary data—the usual substance of macroeconomic analysis.

REVISIONS

With only a couple exceptions noted below, i have retained the broad outline of the 
text. i have revised the presentation throughout the book (including this preface) to 
streamline the development of topics, in some cases (i hope), to improve the clarity of 
the derivations. major revisions include:

●● i have moved the material related to “causal inference” forward to the early chapters 
of the book – these topics are now taught earlier in the graduate sequence than 
heretofore and i’ve placed them in the context of the models and methods where 
they appear rather than as separate topics in the more advanced sections of the 
seventh edition. difference in difference regression as a method, and regression 
discontinuity designs now appear in chapter 6 with the discussion of functional 
forms and in the context of extensive applications extracted from the literature. 
the analysis of treatment effects has all been moved from chapter 19 (on censoring 
and truncation) to chapter 8 on endogeneity under the heading of “Endogenous 
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dummy Variables.” chapter 8, as a whole, now includes a much more detailed 
treatment of instrumental variable methods.

●● i have added many new examples, some as extracts from applications in the received 
literature, and others as worked numerical examples. i have drawn applications 
from many different fields including industrial organization, transportation, health 
economics, popular culture and sports, urban development and labor economics.

●● chapter 10 on systems of equations has been shifted (yet further) from its early 
emphasis on formal simultaneous linear equations models to systems of regression 
equations and the leading application, the single endogenous variable in a two 
equation recursive model – this is the implicit form of the regression model that 
contains one “endogenous” variable.

●● the use of robust estimation and inference methods has been woven more extensively 
into the general methodology, in practice and throughout this text. the ideas of robust 
estimation and inference are introduced immediately with the linear regression model 
in chapters 4 and 5, rather than as accommodations to nonspherical disturbances in 
chapter 9. the role that a robust variance estimator will play in the Wald statistic is 
developed immediately when the result is first presented in chapter 5.

●● chapters 4 (least squares), 6 (Functional Forms), 8 (Endogeneity), 10 (Equation 
systems) and 11 (Panel data) have been heavily revised to emphasize both 
contemporary econometric methods and the applications.

●● i have moved Appendices A-F to the companion Web site, at www.pearsonhighered.
com/greene, that accompanies this text. students can access them at no cost.

the first semester of study in a course based on Econometric Analysis would focus 
on chapters 1-6 (the linear regression model), 8 (endogeneity and causal modeling), and 
possibly some of 11 (panel data). most of the revisions in the eighth edition appear in 
these chapters.

SOFTWARE AND DATA

there are many computer programs that are widely used for the computations described 
in this book. All were written by econometricians or statisticians, and in general, all are 
regularly updated to incorporate new developments in applied econometrics. A sampling of 
the most widely used packages and Web sites where you can find information about them are

EViews www.eviews.com (Qms, irvine, cA)

gauss www.aptech.com (Aptech systems, Kent, WA)

limdEP www.limdep.com (Econometric software, Plainview, ny)

mAtlAB www.mathworks.com (mathworks, natick, mA)

nlogit www.nlogit.com (Econometric software, Plainview, ny)

r www.r-project.org/ (the r Project for statistical computing)

rAts www.estima.com (Estima, Evanston, il)

sAs www.sas.com (sAs, cary, nc)

shazam econometrics.com (northwest Econometrics ltd., gibsons, canada)

stata www.stata.com (stata, college station, tX)
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A more extensive list of computer software used for econometric analysis can be found 
at the resource Web site, http://www.oswego.edu/~economic/econsoftware.htm.

With only a few exceptions, the computations described in this book can be carried 
out with any of the packages listed. NLOGIT was used for the computations in most 
of the applications. this text contains no instruction on using any particular program or 
language. many authors have produced RATS, LIMDEP/NLOGIT, EViews, SAS, or 
Stata code for some of the applications, including, in a few cases, in the documentation for 
their computer programs. there are also quite a few volumes now specifically devoted to 
econometrics associated with particular packages, such as cameron and trivedi’s (2009) 
companion to their treatise on microeconometrics.

the data sets used in the examples are also available on the Web site for the text, 
http://people.stern.nyu.edu/wgreene/text/econometricanalysis.htm. throughout the text, 
these data sets are referred to “table Fn.m,” for example table F4.1. the “F” refers to 
Appendix F available on the companion web site which contains descriptions of the data 
sets. the actual data are posted in generic Ascii and portable formats on the Web site with 
the other supplementary materials for the text. there are now thousands of interesting 
Web sites containing software, data sets, papers, and commentary on econometrics. it 
would be hopeless to attempt any kind of a survey. one code/data site that is particularly 
agreeably structured and well targeted for readers of this book is the data archive for 
the Journal of Applied Econometrics (JAE). they have archived all the nonconfidential 
data sets used in their publications since 1988 (with some gaps before 1995). this useful 
site can be found at http://qed.econ.queensu.ca/jae/. several of the examples in the text 
use the JAE data sets. Where we have done so, we direct the reader to the JAE’s Web 
site, rather than our own, for replication. other journals have begun to ask their authors 
to provide code and data to encourage replication. Another easy-to-navigate site for 
aggregate data on the U.s. economy is https://datahub.io/dataset/economagic.
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1

EconomEtrics

§
1.1 IntroductIon

this book will present an introductory survey of econometrics. We will discuss the 
fundamental ideas that define the methodology and examine a large number of specific 
models, tools, and methods that econometricians use in analyzing data. this chapter 
will introduce the central ideas that are the paradigm of econometrics. section 1.2 
defines the field and notes the role that theory plays in motivating econometric practice. 
sections 1.3 and 1.4 discuss the types of applications that are the focus of econometric 
analyses. the process of econometric modeling is presented in section 1.5 with a classic 
application, Keynes’s consumption function. A broad outline of the text is presented 
in section 1.6. section 1.7 notes some specific aspects of the presentation, including the 
use of numerical examples and the mathematical notation that will be used throughout 
the text.

1.2 the ParadIgm of econometrIcs

in the first issue of Econometrica, the Econometric society stated that its main 
object shall be to promote studies that aim at a unification of the theoretical-
quantitative and the empirical-quantitative approach to economic problems and 
that are penetrated by constructive and rigorous thinking similar to that which 
has come to dominate the natural sciences.  .  .  . But there are several aspects of 
the quantitative approach to economics, and no single one of these aspects taken 
by itself, should be confounded with econometrics. thus, econometrics is by no 
means the same as economic statistics. nor is it identical with what we call general 
economic theory, although a considerable portion of this theory has a definitely 
quantitative character. nor should econometrics be taken as synonomous [sic] with 
the application of mathematics to economics. Experience has shown that each of 
these three viewpoints, that of statistics, economic theory, and mathematics, is a 
necessary, but not by itself a sufficient, condition for a real understanding of the 
quantitative relations in modern economic life. it is the unification of all three that 
is powerful. And it is this unification that constitutes econometrics.

the society responded to an unprecedented accumulation of statistical information. it saw 
a need to establish a body of principles that could organize what would otherwise become 
a bewildering mass of data. neither the pillars nor the objectives of econometrics have 
changed in the years since this editorial appeared. Econometrics concerns itself with the 
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2 Part I  ✦   the Linear regression Model

application of mathematical statistics and the tools of statistical inference to the empirical 
measurement of relationships postulated by an underlying theory.

it is interesting to observe the response to a contemporary, likewise unprecedented 
accumulation of massive amounts of quantitative information in the form of “Big Data.” 
consider the following assessment of what Kitchin (2014) sees as a paradigm shift in 
the analysis of data.

this article examines how the availability of Big Data, coupled with new data 
analytics, challenges established epistemologies across the sciences, social sciences 
and humanities, and assesses the extent to which they are engendering paradigm 
shifts across multiple disciplines. in particular, it critically explores new forms 
of empiricism that declare ‘the end of theory,’ the creation of data-driven rather 
than knowledge-driven science, and the development of digital humanities and 
computational social sciences that propose radically different ways to make sense 
of culture, history, economy and society. it is argued that: (1) Big Data and new data 
analytics are disruptive innovations which are reconfiguring in many instances how 
research is conducted; and (2) there is an urgent need for wider critical reflection 
within the academy on the epistemological implications of the unfolding data 
revolution, a task that has barely begun to be tackled despite the rapid changes in 
research practices presently taking place.

We note the suggestion that data-driven analytics are proposed to replace theory (and 
econometrics as envisioned by Frisch) for providing the organizing principles to guide 
empirical research. (We will examine an example in chapter 18 where we consider 
analyzing survey data with ordered choice models. Also, see Varian (2014) for a more 
balanced view.) the focus is driven partly by the startling computational power that 
would have been unavailable to Frisch. it seems likely that the success of this new 
paradigm will turn at least partly on the questions pursued. Whether the interesting 
features of an underlying data-generating process can be revealed by appealing to the 
data themselves without a theoretical platform seems to be a prospect raised by the 
author. the article does focus on the role of an underlying theory in empirical research—
this is a central pillar of econometric methodology. As of this writing, the success story 
of Big Data analysis is still being written.

the crucial role that econometrics plays in economics has grown over time. the 
nobel Prize in Economics has recognized this contribution with numerous awards to 
econometricians, including the first which was given to (the same) ragnar Frisch in 
1969. Lawrence Klein in 1980, trygve Haavelmo in 1989, James Heckman and Daniel 
mcFadden in 2000, robert Engle and clive Granger in 2003. christopher sims in 2011 
and Lars Hansen in 2013 were recognized for their empirical research. the 2000 prize 
was noteworthy in that it celebrated the work of two scientists whose research was 
devoted to the marriage of behavioral theory and econometric modeling.

Example 1.1  Behavioral Models and the Nobel Laureates
The pioneering work by both James Heckman and Dan McFadden rests firmly on a theoretical 
foundation of utility maximization.

For Heckman’s, we begin with the standard theory of household utility maximization over 
consumption and leisure. The textbook model of utility maximization produces a demand for 
leisure time that translates into a supply function of labor. When home production (i.e., work 
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in the home as opposed to the outside, formal labor market) is considered in the calculus, 
then desired hours of (formal) labor can be negative. An important conditioning variable is 
the reservation wage—the wage rate that will induce formal labor market participation. On 
the demand side of the labor market, we have firms that offer market wages that respond 
to such attributes as age, education, and experience. What can we learn about labor supply 
behavior based on observed market wages, these attributes, and observed hours in the 
formal market? Less than it might seem, intuitively because our observed data omit half the 
market—the data on formal labor market activity are not randomly drawn from the whole 
population.

Heckman’s observations about this implicit truncation of the distribution of hours or 
wages revolutionized the analysis of labor markets. Parallel interpretations have since guided 
analyses in every area of the social sciences. The analysis of policy interventions such as 
education initiatives, job training and employment policies, health insurance programs, 
market creation, financial regulation, and a host of others is heavily influenced by Heckman’s 
pioneering idea that when participation is part of the behavior being studied, the analyst must 
be cognizant of the impact of common influences in both the presence of the intervention and 
the outcome. We will visit the literature on sample selection and treatment/program evaluation 
in Chapters 5, 6, 8 and 19.

Textbook presentations of the theories of demand for goods that produce utility, because 
they deal in continuous variables, are conspicuously silent on the kinds of discrete choices 
that consumers make every day—what brand of product to choose, whether to buy a large 
commodity such as a car or a refrigerator, how to travel to work, whether to rent or buy a 
home, where to live, what candidate to vote for, and so on. Nonetheless, a model of random 
utility defined over the alternatives available to the consumer provides a theoretically sound 
platform for studying such choices. Important variables include, as always, income and 
relative prices. What can we learn about underlying preference structures from the discrete 
choices that consumers make? What must be assumed about these preferences to allow 
this kind of inference? What kinds of statistical models will allow us to draw inferences 
about preferences? McFadden’s work on how commuters choose to travel to work, and on 
the underlying theory appropriate to this kind of modeling, has guided empirical research 
in discrete consumer choices for several decades. We will examine McFadden’s models of 
discrete choice in Chapter 18.

1.3 the PractIce of econometrIcs

We can make a useful distinction between theoretical econometrics and applied econometrics. 
theorists develop new techniques for estimation and hypothesis testing and analyze the 
consequences of applying particular methods when the assumptions that justify those 
methods are not met. Applied econometricians are the users of these techniques and the 
analysts of data (real world and simulated). the distinction is far from sharp; practitioners 
routinely develop new analytical tools for the purposes of the study that they are involved 
in. this text contains a large amount of econometric theory, but it is directed toward applied 
econometrics. We have attempted to survey techniques, admittedly some quite elaborate 
and intricate, that have seen wide use in the field.

Applied econometric methods will be used for estimation of important quantities, 
analysis of economic outcomes such as policy changes, markets or individual behavior, 
testing theories, and for forecasting. the last of these is an art and science in itself 
that is the subject of a vast library of sources. Although we will briefly discuss some 
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4 Part I  ✦   the Linear regression Model

aspects of forecasting, our interest in this text will be on estimation and analysis of 
models. the presentation, where there is a distinction to be made, will contain a blend 
of microeconometric and macroeconometric techniques and applications. it is also 
necessary to distinguish between time-series analysis (which is not our focus) and 
methods that primarily use time-series data. the former is, like forecasting, a growth 
industry served by its own literature in many fields. While we will employ some of the 
techniques of time-series analysis, we will spend relatively little time developing first 
principles.

1.4 mIcroeconometrIcs and macroeconometrIcs

the connection between underlying behavioral models and the modern practice 
of econometrics is increasingly strong. Another distinction is made between 
microeconometrics and macroeconometrics. the former is characterized by its analysis 
of cross section and panel data and by its focus on individual consumers, firms, and 
micro-level decision makers. Practitioners rely heavily on the theoretical tools of 
microeconomics including utility maximization, profit maximization, and market 
equilibrium. the analyses are directed at subtle, difficult questions that often require 
intricate formulations. A few applications are as follows:

●● What are the likely effects on labor supply behavior of proposed negative income 
taxes? [Ashenfelter and Heckman (1974)]

●● Does attending an elite college bring an expected payoff in expected lifetime income 
sufficient to justify the higher tuition? [Kreuger and Dale (1999) and Kreuger (2000)]

●● Does a voluntary training program produce tangible benefits? can these benefits 
be accurately measured? [Angrist (2001)]

●● Does an increase in the minimum wage lead to reduced employment? [card and 
Krueger (1994)]

●● Do smaller class sizes bring real benefits in student performance? [Hanuschek 
(1999), Hoxby (2000), and Angrist and Lavy (1999)]

●● Does the presence of health insurance induce individuals to make heavier use of the 
health care system—is moral hazard a measurable problem? [riphahn et al. (2003)]

●● Did the intervention addressing anticompetitive behavior of a group of 50 boarding 
schools by the UK office of Fair trading produce a measurable impact on fees 
charged? [Pesaresi, Flanagan, scott, and tragear (2015)]

macroeconometrics is involved in the analysis of time-series data, usually of broad 
aggregates such as price levels, the money supply, exchange rates, output, investment, 
economic growth, and so on. the boundaries are not sharp. For example, an application 
that we will examine in this text concerns spending patterns of municipalities, which 
rests somewhere between the two fields. the very large field of financial econometrics 
is concerned with long time-series data and occasionally vast panel data sets, but with a 
sharply focused orientation toward models of individual behavior. the analysis of market 
returns and exchange rate behavior is neither exclusively macro- nor microeconometric. 
[We will not be spending any time in this text on financial econometrics. For those 
with an interest in this field, We would recommend the celebrated work by campbell, 
Lo, and mackinlay (1997), or for a more time-series–oriented approach,  tsay (2005).] 
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macroeconomic model builders rely on the interactions between economic agents and 
policy makers. For example:

●● Does a monetary policy regime that is strongly oriented toward controlling inflation 
impose a real cost in terms of lost output on the U.s. economy? [cecchetti and rich 
(2001)]

●● Did 2001’s largest federal tax cut in U.s. history contribute to or dampen the 
concurrent recession? or was it irrelevant?

Each of these analyses would depart from a formal model of the process underlying the 
observed data.

the techniques used in econometrics have been employed in a widening variety of 
fields, including political methodology, sociology,1 health economics, medical research 
(e.g., how do we handle attrition from medical treatment studies?) environmental 
economics, economic geography, transportation engineering, and numerous others. 
Practitioners in these fields and many more are all heavy users of the techniques 
described in this text.

1.5 econometrIc modelIng

Econometric analysis usually begins with a statement of a theoretical proposition. 
consider, for example, a classic application by one of Frisch’s contemporaries:

Example 1.2  Keynes’s Consumption Function
From Keynes’s (1936) General Theory of Employment, Interest and Money:

We shall therefore define what we shall call the propensity to consume as the functional 
relationship f between X, a given level of income, and C, the expenditure on consumption out 
of the level of income, so that C = f(X).

The amount that the community spends on consumption depends (i) partly on the amount 
of its income, (ii) partly on other objective attendant circumstances, and (iii) partly on the 
subjective needs and the psychological propensities and habits of the individuals composing 
it. The fundamental psychological law upon which we are entitled to depend with great 
confidence, both a priori from our knowledge of human nature and from the detailed facts 
of experience, is that men are disposed, as a rule and on the average, to increase their 
consumption as their income increases, but not by as much as the increase in their income. 
That is, . . . dC/dX is positive and less than unity.

But, apart from short period changes in the level of income, it is also obvious that a 
higher absolute level of income will tend as a rule to widen the gap between income and 
consumption. . . . These reasons will lead, as a rule, to a greater proportion of income being 
saved as real income increases.

The theory asserts a relationship between consumption and income, C = f(X), and claims 
in the second paragraph that the marginal propensity to consume (MPC), dC/dX, is between 
zero and one.2 The final paragraph asserts that the average propensity to consume (APC), C/X, 
falls as income rises, or d(C/X)/dX = (MPC - APC)/X 6 0. It follows that MPC 6 APC. The 

1 see, for example, Long (1997) and Demaris (2004).
2 modern economists are rarely this confident about their theories. more contemporary applications generally 
begin from first principles and behavioral axioms, rather than simple observation.
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6 Part I  ✦   the Linear regression Model

most common formulation of the consumption function is a linear relationship, C = a + Xb, 
that satisfies Keynes’s “laws” if b lies between zero and one and if a is greater than zero.

These theoretical propositions provide the basis for an econometric study. Given an 
appropriate data set, we could investigate whether the theory appears to be consistent with 
the observed “facts.” For example, we could see whether the linear specification appears to 
be a satisfactory description of the relationship between consumption and income, and, if so, 
whether a is positive and b is between zero and one. Some issues that might be studied are (1) 
whether this relationship is stable through time or whether the parameters of the relationship 
change from one generation to the next (a change in the average propensity to save, 1 - APC, 
might represent a fundamental change in the behavior of consumers in the economy); (2) 
whether there are systematic differences in the relationship across different countries, and, if 
so, what explains these differences; and (3) whether there are other factors that would improve 
the ability of the model to explain the relationship between consumption and income. For 
example, Figure 1.1 presents aggregate consumption and personal income in constant dollars 
for the United States for the 10 years of 2000–2009. (See Appendix Table F1.1.) Apparently, at 
least superficially, the data (the facts) are consistent with the theory. The relationship appears 
to be linear, albeit only approximately, the intercept of a line that lies close to most of the points 
is positive and the slope is less than one, although not by much. (However, if the line is fit by 
linear least squares regression, the intercept is negative, not positive.) Moreover, observers 
might disagree on what is meant by relationship in this description.

Economic theories such as Keynes’s are typically sharp and unambiguous. models 
of demand, production, labor supply, individual choice, educational attainment, income 
and wages, investment, market equilibrium, and aggregate consumption all specify 
precise, deterministic relationships. Dependent and independent variables are identified, 
a functional form is specified, and in most cases, at least a qualitative statement is made 
about the directions of effects that occur when independent variables in the model 
change. the model is only a simplification of reality. it will include the salient features 
of the relationship of interest but will leave unaccounted for influences that might well 
be present but are regarded as unimportant.

FIGURE 1.1  Aggregate U.S. Consumption and Income Data, 2000–2009.
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correlations among economic variables are easily observable through descriptive 
statistics and techniques such as linear regression methods. the ultimate goal of 
the econometric model builder is often to uncover the deeper causal connections 
through elaborate structural, behavioral models. note, for example, Keynes’s use of 
the behavior of a representative consumer to motivate the behavior of macroeconomic 
variables, such as income and consumption. Heckman’s model of labor supply noted 
in Example 1.1 is framed in a model of individual behavior. Berry, Levinsohn, and 
Pakes’s (1995) detailed model of equilibrium pricing in the automobile market is 
another.

no model could hope to encompass the myriad essentially random aspects 
of economic life. it is thus also necessary to incorporate stochastic elements. As a 
consequence, observations on a variable will display variation attributable not only to 
differences in variables that are explicitly accounted for in the model, but also to the 
randomness of human behavior and the interaction of countless minor influences that are 
not. it is understood that the introduction of a random disturbance into a deterministic 
model is not intended merely to paper over its inadequacies. it is essential to examine 
the results of the study, in an ex post analysis, to ensure that the allegedly random, 
unexplained factor is truly unexplainable. if it is not, the model is, in fact, inadequate.3 
the stochastic element endows the model with its statistical properties. observations on 
the variable(s) under study are thus taken to be the outcomes of a random process. With 
a sufficiently detailed stochastic structure and adequate data, the analysis will become 
a matter of deducing the properties of a probability distribution. the tools and methods 
of mathematical statistics will provide the operating principles.

A model (or theory) can never truly be confirmed unless it is made so broad as to 
include every possibility. But it may be subjected to ever more rigorous scrutiny and, in 
the face of contradictory evidence, refuted. A deterministic theory will be invalidated 
by a single contradictory observation. the introduction of stochastic elements into 
the model changes it from an exact statement to a probabilistic description about 
expected outcomes and carries with it an important implication. only a preponderance 
of contradictory evidence can convincingly invalidate the probabilistic model, and 
what constitutes a preponderance of evidence is a matter of interpretation. thus, the 
probabilistic model is less precise but at the same time, more robust.4

the process of econometric analysis departs from the specification of a theoretical 
relationship. We initially proceed on the optimistic assumption that we can obtain precise 
measurements on all the variables in a correctly specified model. if the ideal conditions 
are met at every step, the subsequent analysis will be routine. Unfortunately, they rarely 
are. some of the difficulties one can expect to encounter are the following:

●● the data may be badly measured or may correspond only vaguely to the variables 
in the model. “the interest rate” is one example.

4 see Keuzenkamp and magnus (1995) for a lengthy symposium on testing in econometrics.

3 in the example given earlier, the estimated constant term in the linear least squares regression is negative. is 
the theory wrong, or is the finding due to random fluctuation in the data? Another possibility is that the theory is 
broadly correct, but the world changed between 1936 when Keynes devised his theory and 2000–2009 when the 
data (outcomes) were generated. or, perhaps linear least squares is not the appropriate technique to use for this 
model, and that is responsible for the inconvenient result (the negative intercept).
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8 Part I  ✦   the Linear regression Model

●● some of the variables may be inherently unmeasurable. “Expectations” is a case in 
point.

●● the theory may make only a rough guess as to the correct form of the model, if 
it makes any at all, and we may be forced to choose from an embarrassingly long 
menu of possibilities.

●● the assumed stochastic properties of the random terms in the model may be 
demonstrably violated, which may call into question the methods of estimation and 
inference procedures we have used.

●● some relevant variables may be missing from the model.
●● the conditions under which data are collected lead to a sample of observations that 

is systematically unrepresentative of the population we wish to study.

the ensuing steps of the analysis consist of coping with these problems and attempting 
to extract whatever information is likely to be present in such obviously imperfect data. 
the methodology is that of mathematical statistics and economic theory. the product 
is an econometric model.

1.6 Plan of the BooK

our objective in this survey is to develop in detail a set of tools, then use those tools in 
applications. the following set of applications will include many that readers will use 
in practice. But it is not exhaustive. We will attempt to present our results in sufficient 
generality that the tools we develop here can be extended to other kinds of situations 
and applications not described here.

one possible approach is to organize (and orient) the areas of study by the type 
of data being analyzed—cross section, panel, discrete data, then time series being the 
obvious organization.

Alternatively, we could distinguish at the outset between micro- and 
macroeconometrics.5 Ultimately, all of these will require a common set of tools, including, 
for example, the multiple regression model, the use of moment conditions for estimation, 
instrumental variables (iV), and maximum likelihood estimation. With that in mind, the 
organization of this book is as follows: the first half of the text develops fundamental 
results that are common to all the applications. the concept of multiple regression 
and the linear regression model in particular constitutes the underlying platform of 
most modeling, even if the linear model itself is not ultimately used as the empirical 
specification. this part of the text concludes with developments of iV estimation and 
the general topic of panel data modeling. the latter pulls together many features of 
modern econometrics, such as, again, iV estimation, modeling heterogeneity, and a rich 
variety of extensions of the linear model. the second half of the text presents a variety 

5 An excellent reference on the former that is at a more advanced level than this text is cameron and trivedi 
(2005). there does not appear to be available a counterpart, large-scale pedagogical survey of macroeconometrics 
that includes both econometric theory and applications. the numerous more focused studies include books such 
as Bardsen et al. (2005).
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of topics. Part iii is an overview of estimation methods. Finally, Parts iV and V present 
results from microeconometrics and macroeconometrics, respectively. the broad outline 
is as follows:

I. Regression Modeling
chapters 2 through 6 present the multiple linear regression model. We will discuss 
specification, estimation, and statistical inference. this part develops the ideas of 
estimation, robust analysis, functional form, and principles of model specification.

II. Generalized Regression, Instrumental Variables, and Panel Data
chapter 7 extends the regression model to nonlinear functional forms. the method 
of instrumental variables is presented in chapter 8. chapters 9 and 10 introduce the 
generalized regression model and systems of regression models. this section ends 
with chapter 11 on panel data methods.

III. Estimation Methods
chapters 12 through 16 present general results on different methods of estimation 
including Gmm, maximum likelihood, and simulation-based methods. Various 
estimation frameworks, including non- and semiparametric and Bayesian estimation, 
are presented in chapters 12 and 16.

IV. Microeconometric Methods
chapters 17 through 19 are about microeconometrics, discrete choice modeling, 
limited dependent variables, and the analysis of data on events—how many occur in 
a given setting and when they occur. chapters 17 through 19 are devoted to methods 
more suited to cross sections and panel data sets.

V. Macroeconometric Methods
chapters 20 and 21 focus on time-series modeling and macroeconometrics.

VI. Background Materials
Appendices A through E present background material on tools used in econometrics 
including matrix algebra, probability and distribution theory, estimation, and 
asymptotic distribution theory. Appendix E presents results on computation. the 
data sets used in the numerical examples are described in Appendix F. the actual 
data sets and other supplementary materials can be downloaded from the author’s 
Web site for the text: http://people.stern.nyu.edu/wgreene/text/.

1.7 PrelImInarIes

Before beginning, we note some specific aspects of the presentation in the text.

1.7.1  numerIcal examPles

there are many numerical examples given throughout the discussion. most of these 
are either self-contained exercises or extracts from published studies. in general, their 
purpose is to provide a limited application to illustrate a method or model. the reader 
can replicate them with the data sets provided. this will generally not entail attempting 
to replicate the full published study. rather, we use the data sets to provide applications 
that relate to the published study in a limited fashion that also focuses on a particular 

M01_GREE1366_08_SE_C01.indd   9 2/24/17   11:06 AM

http://people.stern.nyu.edu/wgreene/Text


10 Part I  ✦   the Linear regression Model

technique, model, or tool. thus, riphahn, Wambach, and million (2003) provide a very 
useful, manageable (though relatively large) laboratory data set that the reader can use 
to explore some issues in health econometrics. the exercises also suggest more extensive 
analyses, again in some cases based on published studies.

1.7.2  software and rePlIcatIon

there are now many powerful computer programs that can be used for the computations 
described in this text. in most cases, the examples presented can be replicated with 
any modern package, whether the user is employing a high level integrated program 
such as Stata, SAS, or NLOGIT, or writing his own programs in languages such as R, 
MATLAB, or Gauss. the notable exception will be exercises based on simulation. 
Because, essentially, every package uses a different random number generator, it will 
generally not be possible to replicate exactly the examples in this text that use simulation 
(unless you are using the same computer program with the same settings that we are). 
nonetheless, the differences that do emerge in such cases should be largely attributable 
to minor random variation. You will be able to replicate the essential results and overall 
features in these applications with any of the software mentioned. We will return to this 
general issue of replicability at a few points in the text, including in section 15.2 where 
we discuss methods of generating random samples for simulation-based estimators.

1.7.3  notatIonal conventIons

We will use vector and matrix notation and manipulations throughout the text. the 
following conventions will be used: A scalar variable will be denoted with an italic 
lowercase letter, such as y or xnK. A column vector of scalar values will be denoted by a 

boldface lowercase letter, such as B =  D b1

b2

f
bK

T  and, likewise, for x and b. the dimensions 

of a column vector are always denoted as those of a matrix with one column, such as 
K * 1 or n * 1 and so on. A matrix will always be denoted by a boldface uppercase 

letter, such as the n * K matrix, X = D x11 x12 g x1K

x21 x22 g x2K

f f f f
xn1 xn2 g xnK

T . specific elements in a 

matrix are always subscripted so that the first subscript gives the row and the second 
gives the column. transposition of a vector or a matrix is denoted with a prime. A 
row vector is obtained by transposing a column vector. thus, B′ = [b1, b2, c, bK]. 
the product of a row and a column vector will always be denoted in a form such as 
B′x = b1x1 + b2x2 + g + bKxK. the elements in a matrix, X, form a set of vectors. 
in terms of its columns, X = [x1, x2, c, xK]—each column is an n * 1 vector. the 
one possible, unfortunately unavoidable source of ambiguity is the notation necessary 
to denote a row of a matrix such as X. the elements of the ith row of X are the row 
vector, xi

= = [xi1, xi2, c, xiK]. When the matrix, such as X, refers to a data matrix, we 
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will prefer to use the “i” subscript to denote observations, or the rows of the matrix and 
“k” to denote the variables, or columns. As we note unfortunately, this would seem to 
imply that xi, the transpose of xi

=, would be the ith column of X, which will conflict with 
our notation. However, with no simple alternative notation available, we will maintain 
this convention, with the understanding that xi

=, always refers to the row vector that is 
the ith row of an X matrix. A discussion of the matrix algebra results used in the text is 
given in Appendix A. A particularly important set of arithmetic results about summation 
and the elements of the matrix product, X′X, appears in section A.2.8.
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2

The Linear regression ModeL

§
2.1 IntroductIon

econometrics is concerned with model building. an intriguing point to begin the inquiry 
is to consider the question, “What is the model?” The statement of a “model” typically 
begins with an observation or a proposition that movement of one variable “is caused 
by” movement of another, or “a variable varies with another,” or some qualitative 
statement about a relationship between a variable and one or more covariates that are 
expected to be related to the interesting variable in question. The model might make a 
broad statement about behavior, such as the suggestion that individuals’ usage of the 
health care system depends on, for example, perceived health status, demographics 
(e.g., income, age, and education), and the amount and type of insurance they have. 
it might come in the form of a verbal proposition, or even a picture (e.g., a flowchart 
or path diagram that suggests directions of influence). The econometric model rarely 
springs forth in full bloom as a set of equations. rather, it begins with an idea of some 
kind of relationship. The natural next step for the econometrician is to translate that 
idea into a set of equations, with a notion that some feature of that set of equations will 
answer interesting questions about the variable of interest. To continue our example, 
a more definite statement of the relationship between insurance and health care 
demanded might be able to answer how does health care system utilization depend 
on insurance coverage? specifically, is the relationship “positive”—all else equal, 
is an insured consumer more likely to demand more health care than an uninsured 
one—or is it “negative”? and, ultimately, one might be interested in a more precise 
statement, “how much more (or less)?” This and the next several chapters will build 
the framework that model builders use to pursue questions such as these using data 
and econometric methods.

From a purely statistical point of view, the researcher might have in mind a variable, y, 
broadly “demand for health care, H,” and a vector of covariates, x (income, I, insurance, T), 
and a joint probability distribution of the three, p(H,I,T). stated in this form, the 
“relationship” is not posed in a particularly interesting fashion—what is the statistical 
process that produces health care demand, income, and insurance coverage? however, 
it is true that p(H,I,T) = p(H � I, T)p(I,T), which decomposes the probability model 
for the joint process into two outcomes, the joint distribution of income and insurance 
coverage in the population, p(I,T), and the distribution of “demand for health care” for a 
specific income and insurance coverage, p(H � I,T). From this perspective, the conditional 
distribution, p(H � I,T), holds some particular interest, while p(I,T), the distribution of 
income and insurance coverage in the population, is perhaps of secondary, or no interest. 
(on the other hand, from the same perspective, the conditional “demand” for insurance 
coverage, given income, p(T � I), might also be interesting.) Continuing this line of thinking, 
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the model builder is often interested not in joint variation of all the variables in the model, 
but in conditional variation of one of the variables related to the others.

The idea of the conditional distribution provides a useful starting point for thinking 
about a relationship between a variable of interest, a “y,” and a set of variables, “x,” that 
we think might bear some relationship to it. There is a question to be considered now that 
returns us to the issue of “What is the model?” What feature of the conditional distribution is 
of interest? The model builder, thinking in terms of features of the conditional distribution, 
often gravitates to the expected value, focusing attention on E[y � x], that is, the regression 
function, which brings us to the subject of this chapter. For the preceding example, this 
might be natural if y were “number of doctor visits” as in an application examined at several 
points in the chapters to follow. if we were studying incomes, I, however, which often have 
a highly skewed distribution, then the mean might not be particularly interesting. rather, 
the conditional median, for given ages, M[I � x], might be a more interesting statistic. still 
considering the distribution of incomes (and still conditioning on age), other quantiles, 
such as the 20th percentile, or a poverty line defined as, say, the 5th percentile, might be 
more interesting yet. Finally, consider a study in finance, in which the variable of interest 
is asset returns. in at least some contexts, means are not interesting at all—it is variances, 
and conditional variances in particular, that are most interesting.

The point is that we begin the discussion of the regression model with an understanding 
of what we mean by “the model.” For the present, we will focus on the conditional mean, 
which is usually the feature of interest. once we establish how to analyze the regression 
function, we will use it as a useful departure point for studying other features, such as 
quantiles and variances. The linear regression model is the single most useful tool in 
the econometrician’s kit. although to an increasing degree in contemporary research 
it is often only the starting point for the full investigation, it remains the device used to 
begin almost all empirical research. and it is the lens through which relationships among 
variables are usually viewed. This chapter will develop the linear regression model in 
detail. here, we will detail the fundamental assumptions of the model. The next several 
chapters will discuss more elaborate specifications and complications that arise in the 
application of techniques that are based on the simple models presented here.

2.2 the LInear regressIon ModeL

The multiple linear regression model is used to study the relationship between a 
dependent variable and one or more independent variables. The generic form of the 
linear regression model is

  y = f(x1,  x2, c, xK) + e 

  = x1b1 + x2b2 + c + xKbK + e,  (2-1)

where y is the dependent or explained variable and x1, c, xK are the independent or 
explanatory variables. (We will return to the meaning of “independent” shortly.) one’s 
theory will specify f(x1, x2, c, xK). This function is commonly called the population 
regression equation of y on x1, c, xK. in this setting, y is the regressand and 
xk, k = 1, c, K are the regressors or covariates. The underlying theory will specify the 
dependent and independent variables in the model. it is not always obvious which is 
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14 PART I  ✦   The Linear Regression Model

appropriately defined as each of these—for example, a demand equation, 
quantity = b1 + price * b2 + income * b3 + e,  and an inverse demand equation, 
price = g1 + quantity * g2 + income * g3 + u  are equally valid representations of 
a market. For modeling purposes, it will often prove useful to think in terms of 
“autonomous variation.” one can conceive of movement of the independent variables 
outside the relationships defined by the model while movement of the dependent 
variable is considered in response to some independent or exogenous stimulus.1

The term e is a random disturbance, so named because it “disturbs” an otherwise 
stable relationship. The disturbance arises for several reasons, primarily because we 
cannot hope to capture every influence on an economic variable in a model, no matter 
how elaborate. The net effect, which can be positive or negative, of these omitted factors 
is captured in the disturbance. There are many other contributors to the disturbance in 
an empirical model. Probably the most significant is errors of measurement. it is easy to 
theorize about the relationships among precisely defined variables; it is quite another 
matter to obtain accurate measures of these variables. For example, the difficulty of 
obtaining reasonable measures of profits, interest rates, capital stocks, or, worse yet, 
flows of services from capital stocks, is a recurrent theme in the empirical literature. 
at the extreme, there may be no observable counterpart to the theoretical variable. 
The literature on the permanent income model of consumption [e.g., Friedman (1957)] 
provides an interesting example.

We assume that each observation in a sample (yi, xi1, xi2, c, xiK), i = 1, c, n, is 
generated by an underlying process described by

yi = xi1b1 + xi2b2 + c + xiK bK + ei.

The observed value of yi is the sum of two parts, the regression function and the 
disturbance, ei. our objective is to estimate the unknown parameters of the model, use 
the data to study the validity of the theoretical propositions, and perhaps use the model 
to predict the variable y. how we proceed from here depends crucially on what we 
assume about the stochastic process that has led to our observations of the data in hand.

Example 2.1  Keynes’s Consumption Function
Example 1.2 discussed a model of consumption proposed by Keynes in his General Theory 
(1936). The theory that consumption, C, and income, X, are related certainly seems consistent 
with the observed “facts” in Figures 1.1 and 2.1. (These data are in Data Table F2.1.) Of 
course, the linear function is only approximate. Even ignoring the anomalous wartime years, 
consumption and income cannot be connected by any simple deterministic relationship. 
The linear part of the model, C = a + bX,  is intended only to represent the salient features of 
this part of the economy. It is hopeless to attempt to capture every influence in the relationship. 
The next step is to incorporate the inherent randomness in its real-world counterpart. Thus, 
we write C = f(X, e), where e is a stochastic element. It is important not to view e as a catchall 
for the inadequacies of the model. The model including e appears adequate for the data 
not including the war years, but for 1942–1945, something systematic clearly seems to be 
missing. Consumption in these years could not rise to rates historically consistent with these 
levels of income because of wartime rationing. A model meant to describe consumption in 
this period would have to accommodate this influence.

1 By this definition, it would seem that in our demand relationship, only income would be an independent variable 
while both price and quantity would be dependent. That makes sense—in a market, equilibrium price and quantity 
are determined at the same time, and do change only when something outside the market equilibrium changes.
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It remains to establish how the stochastic element will be incorporated in the equation. 
The most frequent approach is to assume that it is additive. Thus, we recast the equation in 
stochastic terms: C = a + bX + e.  This equation is an empirical counterpart to Keynes’s 
theoretical model. But, what of those anomalous years of rationing? If we were to ignore our 
intuition and attempt to fit a line to all these data—the next chapter will discuss at length 
how we should do that—we might arrive at the solid line in the figure as our best guess. This 
line, however, is obviously being distorted by the rationing. A more appropriate specification 
for these data that accommodates both the stochastic nature of the data and the special 
circumstances of the years 1942–1945 might be one that shifts straight down in the war years, 
C = a + bX + dwaryearsdw + e,  where the new variable, dwaryears, equals one in 1942–1945 
and zero in other years, and dw 6 0. This more detailed model is shown by the parallel dashed 
lines.

one of the most useful aspects of the multiple regression model is its ability to identify 
the separate effects of a set of variables on a dependent variable. example 2.2 describes 
a common application.

Example 2.2  Earnings and Education
Many studies have analyzed the relationship between earnings and education. We would 
expect, on average, higher levels of education to be associated with higher incomes. The 
simple regression model

earnings = b1 + b2 education + e,

however, neglects the fact that most people have higher incomes when they are older than 
when they are young, regardless of their education. Thus, b2 will overstate the marginal impact 
of education. If age and education are positively correlated, then the regression model will 
associate all the observed increases in income with increases in education and none with, 
say, experience. A better specification would account for the effect of age, as in

earnings = g1 + g2 education + g3 age + e.

FIGURE 2.1  Consumption Data, 1940–1950.
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16 PART I  ✦   The Linear Regression Model

It is often observed that income tends to rise less rapidly in the later earning years than in the 
early ones. To accommodate this possibility, we might further extend the model to

earnings = d1 + d2 education + d3 age + d4 age2 + e.

We would expect d3 to be positive and d4 to be negative.
The crucial feature of this model is that it allows us to carry out a conceptual experiment that 

might not be observed in the actual data. In the example, we might like to (and could) compare 
the earnings of two individuals of the same age with different amounts of education even if the 
data set does not actually contain two such individuals. How education should be measured in 
this setting is a difficult problem. The study of the earnings of twins by Ashenfelter and Krueger 
(1994), which uses precisely this specification of the earnings equation, presents an interesting 
approach. [Studies of twins and siblings have provided an interesting thread of research on the 
education and income relationship. Two other studies are Ashenfelter and Zimmerman (1997) 
and Bonjour, Cherkas, Haskel, Hawkes, and Spector (2003).] The experiment embodied in the 
earnings model thus far suggested is a comparison of two otherwise identical individuals who 
have different years of education. Under this interpretation, the impact of education would be 
0E[Earnings � Age, Education]/0Education = b2. But, one might suggest that the experiment the 
analyst really has in mind is the truly unobservable impact of the additional year of education 
on a particular individual. To carry out the experiment, it would be necessary to observe the 
individual twice, once under circumstances that actually occur, Educationi, and a second time 
under the hypothetical (counterfactual) circumstance, Educationi + 1.  It is convenient to 
frame this in a potential outcomes model [Rubin (1974)] for individual i:

Potential Earning = b yi0 if Education = Ei,
yi1 if Education = Ei + 1.

By this construction, all other effects would indeed be held constant, and (yi1 - yi0) could 
reasonably be labeled the causal effect of the additional year of education. If we consider 
Education in this example as a treatment, then the real objective of the experiment is to 
measure the effect of the treatment on the treated. The ability to infer this result from 
nonexperimental data that essentially compares “otherwise similar individuals” will be 
examined in Chapters 8 and19.

A large literature has been devoted to another intriguing question on this subject. Education 
is not truly independent in this setting. Highly motivated individuals will choose to pursue more 
education (e.g., by going to college or graduate school) than others. By the same token, highly 
motivated individuals may do things that, on average, lead them to have higher incomes. If 
so, does a positive b2 that suggests an association between income and education really 
measure the causal effect of education on income, or does it reflect the result of some 
underlying effect on both variables that we have not included in the regression model? We 
will revisit the issue in Chapter 19.2

2.3 assuMptIons of the LInear regressIon ModeL

The linear regression model consists of a set of assumptions about how a data set 
will be produced by an underlying “data-generating process.” The theory will specify 
a relationship between a dependent variable and a set of independent variables. The 

2 This model lays yet another trap for the practitioner. in a cross section, the higher incomes of the older individuals 
in the sample might tell an entirely different, perhaps macroeconomic story (a cohort effect) from the lower incomes 
of younger individuals as time and their incomes evolve. it is not necessarily possible to deduce the characteristics of 
incomes of younger people in the sample if they were older by comparing the older individuals in the sample to the 
younger ones. a parallel problem arises in the analysis of treatment effects that we will examine in Chapter 8.
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assumptions that describe the form of the model and relationships among its parts and 
imply appropriate estimation and inference procedures are listed in Table 2.1.

2.3.1  LInearIty of the regressIon ModeL

Let the column vector xk be the n observations on variable xk, k = 1, c, K, in a 
random sample of n observations, and assemble these data in an n * K data matrix, X.  
in most contexts, the first column of X is assumed to be a column of 1s so that b1 is 

A1. Linearity: We list the assumptions as a description of the joint distribution of y and a set of 
independent variables, (x1, x2, c, xK) = x. The model specifies a linear relationship between y and 
x; y = x1b1 + x2b2 + g + xKbK + e = x′B + e. We will be more specific and assume that this is 
the regression function, E[y � x1, x2, c, xK] = E[y � x] = x′B. The difference between y and E[y � x] 
is the disturbance, e.
A2. Full rank: There is no exact linear relationship among any of the independent variables in the 
model. one way to formulate this is to assume that E[xx′] = Q, a K * K matrix that has full rank K. 
in practical terms, we wish to be sure that for a random sample of n observations drawn from this 
process, (y1,x1′), c,(yi,xi′), c,(yn,xn′), that the n * K matrix X with n rows xi′ always has rank K if 
n Ú K. This assumption will be necessary for estimation of the parameters of the model.
A3. Exogeneity of the independent variables: E[e � x1, x2, c, xK] = E[e � x] = 0. This states that 
the expected value of the disturbance in the regression is not a function of the independent var-
iables observed. This means that the independent variables will not carry useful information for 
prediction of e. The assumption is labeled mean independence. By the Law of iterated expecta-
tions (Theorem B.1), it follows that E[e] = 0. an implication of the exogeneity assumption is that 
E[y � x1, x2, c, xK] = Σk = 1

K xkbk. That is, the linear function in a1 is the conditional mean function, or 
regression of y on x1, c, xK. in the setting of a random sample, we will also begin from an assumption 
that observations on e in the sample are uncorrelated with information in other observations—that is, 
E[ei � x1, c,xn] = 0. This is labeled strict exogeneity. an implication will be, for each observation in 
a sample of observations, E[ei � X] = 0, and for the sample as a whole, e[E � X] = 0.
A4. Homoscedasticity: The disturbance in the regression has conditional variance, Var[e � x] =
Var[e] = s2. (The second equality follows from Theorem B.4.) This assumption limits the generality 
of the model, and we will want to examine how to relax it in the chapters to follow. once again, con-
sidering a random sample, we will assume that the observations ei and ej are uncorrelated for i ≠ j. 
With reference to a times-series setting, this will be labeled nonautocorrelation. The implication will 
be e[eiej � xi,xj]. We will strengthen this to E[eiej � X] = 0 for i ≠ j and E[ee′ � X] = s2I.
A5. Data generation: The data in (x1, x2, c, xK) (that is, the process by which x is generated) may 
be any mixture of constants and random variables. The crucial elements for present purposes are the 
exogeneity assumption, a3, and the variance and covariance assumption, a4. analysis can be done con-
ditionally on the observed X, so whether the elements in X are fixed constants or random draws from a 
stochastic process will not influence the results. in later, more advanced treatments, we will want to be 
more specific about the possible relationship between ei and xj. nothing is lost by assuming that the n 
observations in hand are a random sample of independent, identically distributed draws from a joint dis-
tribution of (y,x). in some treatments to follow, such as panel data, some observations will be correlated 
by construction. it will be necessary to revisit the assumptions at that point, and revise them as necessary.
A6.  Normal distribution: The disturbances are normally distributed. This is a convenience that we will 
dispense with after some analysis of its implications. The normality assumption is useful for defining 
the computations behind statistical inference about the regression, such as confidence intervals and 
hypothesis tests. For practical purposes, it will be useful then to extend those results and in the process 
develop a more flexible approach that does not rely on this specific assumption.

TABLE 2.1  Assumptions of the Linear Regression Model
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18 PART I  ✦   The Linear Regression Model

the constant term in the model. Let y be the n observations, y1, c, yn, and let E be the 
column vector containing the n disturbances. The model in (2-1) as it applies to each of 
and all n observations can now be written

 y = x1b1 + g + xKbK + E, (2-2)

or in the form of assumption a1,

 assumption a1: y = XB + E. (2-3)

A NOTATIONAL CONVENTION
Henceforth, to avoid a possibly confusing and cumbersome notation, we will use 
a boldface x to denote a column or a row of X. Which of these applies will be clear 
from the context. In (2-2), xk is the kth column of X. Subscript k will usually be used to 
denote columns (variables). It will often be convenient to refer to a single observation 
in (2-3), which we would write

 yi = x′i B + ei. (2-4)

Subscripts i, j, and t will generally be used to denote rows (observations) of X. In (2-4), 
x′i  is a row vector that is the ith 1 * K row of X.

our primary interest is in estimation and inference about the parameter vector B. 
note that the simple regression model in example 2.1 is a special case in which X has 
only two columns, the first of which is a column of 1s. The assumption of linearity of the 
regression model includes the additive disturbance. For the regression to be linear in 
the sense described here, it must be of the form in (2-1) either in the original variables 
or after some suitable transformation. For example, the model

y = Axbee

is linear (after taking logs on both sides of the equation), whereas

y = Axb + e

is not. The observed dependent variable is thus the sum of two components, a 
deterministic element a + bx  and a random variable e. it is worth emphasizing that 
neither of the two parts is directly observed because a and b are unknown.

The linearity assumption is not so narrow as it might first appear. in the regression 
context, linearity refers to the manner in which the parameters and the disturbance 
enter the equation, not necessarily to the relationship among the variables. For 
example, the equations y = a + bx + e, y = a + b cos(x) + e, y = a + b/x + e, and 
y = a + b ln x + e are all linear in some function of x by the definition we have used 
here. in the examples, only x has been transformed, but y could have been as well, as in 
y = Axbee, which is a linear relationship in the logs of x and y; ln y = a + b ln x + e. 
The variety of functions is unlimited. This aspect of the model is used in a number of 
commonly used functional forms. For example, the loglinear model is

ln y = b1 + b2 ln x2 + b3 ln x3 + g + bK ln xK + e.
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This equation is also known as the constant elasticity form, as in this equation, the 
elasticity of y with respect to changes in xk is 0 ln y/0 ln xk = bk, which does not vary 
with xk. The loglinear form is often used in models of demand and production. different 
values of bk produce widely varying functions.

Example 2.3  The U.S. Gasoline Market
Data on the U.S. gasoline market for the years 1953–2004 are given in Table F2.2 in Appendix F. 
We will use these data to obtain, among other things, estimates of the income, own price, 
and cross-price elasticities of demand in this market. These data also present an interesting 
question on the issue of holding “all other things constant,” that was suggested in Example 
2.2. In particular, consider a somewhat abbreviated model of per capita gasoline consumption:

ln(G/pop) = b1 + b2 ln(Income/pop) + b3 ln priceG + b4 ln Pnewcars + b5 ln Pusedcars + e.

This model will provide estimates of the income and price elasticities of demand for gasoline 
and an estimate of the elasticity of demand with respect to the prices of new and used cars. 
What should we expect for the sign of b4? Cars and gasoline are complementary goods, so if 
the prices of new cars rise, ceteris paribus, gasoline consumption should fall. Or should it? If 
the prices of new cars rise, then consumers will buy fewer of them; they will keep their used 
cars longer and buy fewer new cars. If older cars use more gasoline than newer ones, then 
the rise in the prices of new cars would lead to higher gasoline consumption than otherwise, 
not lower. We can use the multiple regression model and the gasoline data to attempt to 
answer the question.

a semilog model is often used to model growth rates:

ln yt = x′t B + dt + et.

in this model, the autonomous (at least not explained by the model itself) proportional, 
per period growth rate is 0lny/0t = d. other variations of the general form

f(yt) = g(x′tB + et)

will allow a tremendous variety of functional forms, all of which fit into our definition 
of a linear model.

The linear regression model is sometimes interpreted as an approximation to some 
unknown, underlying function. (see section a.8.1 for discussion.) By this interpretation, 
however, the linear model, even with quadratic terms, is fairly limited in that such 
an approximation is likely to be useful only over a small range of variation of the 
independent variables. The translog model discussed in example 2.4, in contrast, has 
proven more effective as an approximating function.

Example 2.4  The Translog Model
Modern studies of demand and production are usually done with a flexible functional form. 
Flexible functional forms are used in econometrics because they allow analysts to model 
complex features of the production function, such as elasticities of substitution, which are 
functions of the second derivatives of production, cost, or utility functions. The linear model 
restricts these to equal zero, whereas the loglinear model (e.g., the Cobb–Douglas model) 
restricts the interesting elasticities to the uninteresting values of -1 or +1.  The most popular 
flexible functional form is the translog model, which is often interpreted as a second-order 
approximation to an unknown functional form. [See Berndt and Christensen (1973).] One 
way to derive it is as follows. We first write y = g(x1, c, xK). Then, ln y = ln g( c) = f( c). 
Since by a trivial transformation xk = exp(ln xk), we interpret the function as a function of the 
logarithms of the x’s. Thus, ln y = f(ln x1, c, ln xK).
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20 PART I  ✦   The Linear Regression Model

Now, expand this function in a second-order Taylor series around the point x =  
[1, 1, c, 1]′ so that at the expansion point, the log of each variable is a convenient zero. Then

ln y = f(0) + a
K

k = 1
[0f( # )/0 ln xk]� ln x = 0 ln xk

+
1
2 a

K

k = 1
a
K

l = 1
[02f( # )/0 ln xk0 ln xl]� ln x = 0 ln xk ln xl + e.

The disturbance in this model is assumed to embody the familiar factors and the error of 
approximation to the unknown function. Because the function and its derivatives evaluated 
at the fixed value 0 are constants, we interpret them as the coefficients and write

ln y = b0 + a
K

k = 1
bk ln xk +

1
2 a

K

k = 1
a
K

l = 1
gkl ln xk ln xl + e.

This model is linear by our definition but can, in fact, mimic an impressive amount of curvature 
when it is used to approximate another function. An interesting feature of this formulation is 
that the loglinear model is a special case, when gkl = 0. Also, there is an interesting test of the 
underlying theory possible because if the underlying function were assumed to be continuous 
and twice continuously differentiable, then by Young’s theorem it must be true that gkl = glk. 
We will see in Chapter 10 how this feature is studied in practice.

despite its great flexibility, the linear model will not accommodate all the situations 
we will encounter in practice. in example 14.13 and Chapter 18, we will examine the 
regression model for doctor visits that was suggested in the introduction to this chapter. 
an appropriate model that describes the number of visits has conditional mean function 
E[y � x] = exp(x′B). it is tempting to linearize this directly by taking logs, because 
ln E[y � x] = x′B. But ln E[y � x] is not equal to E[ln y � x]. in that setting, y can equal zero 
(and does for most of the sample), so x′B (which can be negative) is not an appropriate 
model for lny (which does not exist) or for y which cannot be negative. The methods 
we consider in this chapter are not appropriate for estimating the parameters of such a 
model. relatively straightforward techniques have been developed for nonlinear models 
such as this, however. We shall treat them in detail in Chapter 7.

2.3.2  fuLL rank

assumption a2 is that there are no exact linear relationships among the variables.

 assumption a2: X is an n * K matrix with rank K. (2-5)

hence, X has full column rank; the columns of X are linearly independent and there 
are at least K observations. [see (a-42) and the surrounding text.] This assumption is 
known as an identification condition. To see the need for this assumption, consider an 
example.

Example 2.5  Short Rank
Suppose that a cross-section model specifies that consumption, C, relates to income as 
follows:

C = b1 + b2 nonlabor income + b3 salary + b4 total income + e,

where total income is exactly equal to salary plus nonlabor income. Clearly, there is an exact 
linear relationship among the variables in the model. Now, let
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b′2 = b2 + a,
b′3 = b3 + a,

b′4 = b4 - a,

where a is any number. Then the exact same value appears on the right-hand side of C if 
we substitute b′2, b′3, and b′4 for b2, b3, and b4. Obviously, there is no way to estimate the 
parameters of this model.

if there are fewer than K observations, then X cannot have full rank. hence, we make 
the assumption that n is at least as large as K.

in the simple linear model with a constant term and a single x, the full rank 
assumption means that there must be variation in the regressor, x. if there is no variation 
in x, then all our observations will lie on a vertical line. This situation does not invalidate 
the other assumptions of the model; presumably, it is a flaw in the data set. The possibility 
that this suggests is that we could have drawn a sample in which there was variation in x, 
but in this instance, we did not. Thus, the model still applies, but we cannot learn about 
it from the data set in hand.

Example 2.6  An Inestimable Model
In Example 3.4, we will consider a model for the sale price of Monet paintings. Theorists and 
observers have different models for how prices of paintings at auction are determined. One 
(naïve) student of the subject suggests the model

 ln Price = b1 + b2 ln Size + b3 ln Aspect Ratio + b4 ln Height + e

 = b1 + b2x2 + b3x3 + b4x4 + e,

where Size = Width * Height and Aspect Ratio = Width/Height. By simple arithmetic, 
we can see that this model shares the problem found with the consumption model in  
Example 2.5—in this case, x2 - x4 = x3 + x4.  So, this model is, like the previous one, not 
estimable—it is not identified. It is useful to think of the problem from a different perspective 
here (so to speak). In the linear model, it must be possible for the variables in the model to 
vary linearly independently. But, in this instance, while it is possible for any pair of the three 
covariates to vary independently, the three together cannot. The “model,” that is, the theory, 
is an entirely reasonable model as it stands. Art buyers might very well consider all three of 
these features in their valuation of a Monet painting. However, it is not possible to learn about 
that from the observed data, at least not with this linear regression model.

The full rank assumption is occasionally interpreted to mean that the variables in 
X must be able to vary independently from each other. This is clearly not the case in 
example 2.6, which is a flawed model. But it is also not the case in the linear model

E[y � x,z] = b1 + b2x + b3x
2 + b4z + e.

There is nothing problematic with this model—nor with the model in example 2.2 or the 
translog model in example 2.4. nonetheless, x and x2 cannot vary independently. The 
resolution of this seeming contradiction is to sharpen what we mean by the variables 
in the model varying independently. First, it remains true that X must have full column 
rank to carry out the linear regression. But, independent variation of the variables in the 
model is a different concept. The columns of X are not necessarily the set of variables 
in the model. in the equation above, the “variables” are only x and z. The identification 
problem we consider here would state that it must be possible for z to vary independently 

and
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22 PART I  ✦   The Linear Regression Model

from x. if z is a deterministic function of x, then it is not possible to identify an effect in 
the model for variable z separately from that for x.

2.3.3  regressIon

The disturbance is assumed to have conditional expected value zero at every observation, 
which we write as

 E[ei � X] = 0. (2-6)

For the full set of observations, we write assumption a3 as

 assumption a3: E[E � X] = DE[e1 � X]
E[e2 � X]

f
E[en � X]

T = 0. (2-7)

There is a subtle point in this discussion that the observant reader might have noted. 
in (2-7), the left-hand side states, in principle, that the mean of each ei conditioned on 
all observations xj is zero. This strict exogeneity assumption states, in words, that no 
observations on x convey information about the expected value of the disturbance. it 
is conceivable—for example, in a time-series setting—that although xi might provide 
no information about E[ei � # ], xj at some other observation, such as in the previous 
time period, might. our assumption at this point is that there is no information about 
E[ei � # ] contained in any observation xj. Later, when we extend the model, we will 
study the implications of dropping this assumption. [see Wooldridge (1995).] We will 
also assume that the disturbances convey no information about each other. That is, 
E[ei � e1, c, ei - 1, ei + 1, c, en] = 0.  in sum, at this point, we have assumed that the 
disturbances are purely random draws from some population.

The zero conditional mean implies that the unconditional mean is also zero, because 
by the Law of Iterated Expectations [Theorem B.1, (B-66)],

E[ei] = Ex[E[ei � X]] = Ex[0] = 0.

For each ei, by Theorem B.2, Cov[E[ei � X], X] = Cov[ei, X], assumption a3 implies 
that Cov [ei, x] = 0 for all i. The converse is not true; E[ei] = 0 does not imply that 
E[ei � xi] = 0. example 2.7 illustrates the difference.

Example 2.7  Nonzero Conditional Mean of the Disturbances
Figure 2.2 illustrates the important difference between E[ei] = 0 and E[ei � xi] = 0. The overall 
mean of the disturbances in the sample is zero, but the mean for specific ranges of x is 
distinctly nonzero. A pattern such as this in observed data would serve as a useful indicator 
that the specification of the linear regression should be questioned. In this particular case, the 
true conditional mean function (which the researcher would not know in advance) is actually 
E[y � x] = 25 + 5x(1 + 2x).  The sample data are suggesting that a linear specification is not 
appropriate for these data. A quadratic specification would seem to be a good candidate. 
This modeling strategy is pursued in an application in Example 6.6.

in most cases, the zero overall mean assumption is not restrictive. Consider a two-
variable model and suppose that the mean of e is m ≠ 0. Then a + bx + e  is the same 
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FIGURE 2.2  Disturbances with Nonzero Conditional Mean and Zero Unconditional Mean.

0.00
10

20

30

40

50

60

70

80
y

0.50 1.00 1.50 2.00
x

as (a + m) + bx + (e - m). Letting a′ = a + m  and e′ = e - m produces the original 
model. For an application, see the discussion of frontier production functions in 
section 19.2.4. But if the original model does not contain a constant term, then assuming 
E[ei] = 0 could be substantive. This suggests that there is a potential problem in models 
without constant terms. as a general rule, regression models should not be specified 
without constant terms unless this is specifically dictated by the underlying theory.3 
arguably, if we have reason to specify that the mean of the disturbance is something 
other than zero, we should build it into the systematic part of the regression, leaving in 
the disturbance only the unknown part of e. assumption a3 also implies that

 E[y � X] = XB. (2-8)

assumptions a1 and a3 comprise the linear regression model. The regression of y 
on X is the conditional mean, E[y � X], so that without assumption a3, XB is not the 
conditional mean function.

The remaining assumptions will more completely specify the characteristics of the 
disturbances in the model and state the conditions under which the sample observations 
on x are obtained.

2.3.4  hoMoscedastIc and nonautocorreLated dIsturbances

The fourth assumption concerns the variances and covariances of the disturbances:

Var[ei � X] = s2,  for all i = 1, c, n,

3 Models that describe first differences of variables might well be specified without constants. Consider yt - yt - 1. 
if there is a constant term a on the right-hand side of the equation, then yt is a function of at, which is an 
explosive regressor. Models with linear time trends merit special treatment in the time-series literature. We will 
return to this issue in Chapter 21.
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24 PART I  ✦   The Linear Regression Model

and

Cov[ei, ej � X] = 0,   for all i ≠ j.

Constant variance is labeled homoscedasticity. Consider a model that describes the 
profits of firms in an industry as a function of, say, size. even accounting for size, 
measured in dollar terms, the profits of large firms will exhibit greater variation than 
those of smaller firms. The homoscedasticity assumption would be inappropriate here. 
survey data on household expenditure patterns often display marked heteroscedasticity, 
even after accounting for income and household size.

Uncorrelatedness across observations is labeled generically nonautocorrelation. in 
Figure 2.1, there is some suggestion that the disturbances might not be truly independent 
across observations. although the number of observations is small, it does appear that, on 
average, each disturbance tends to be followed by one with the same sign. This “inertia” 
is precisely what is meant by autocorrelation, and it is assumed away at this point. 
Methods of handling autocorrelation in economic data occupy a large proportion of the 
literature and will be treated at length in Chapter 20. note that nonautocorrelation does 
not imply that observations yi and yj are uncorrelated. The assumption is that deviations 
of observations from their expected values are uncorrelated.

The two assumptions imply that

 E[EE′ � X] = DE[e1e1 � X] E[e1e2 � X] g E[e1en � X]
E[e2e1 � X] E[e2e2 � X] g E[e2en � X]

f f f f
E[ene1 � X] Eene2 � X] g E[enen � X]

T
 = Ds2 0 g 0

0 s2 g 0
f

0 0 g s2

T , 

which we summarize in assumption a4:

 assumption a4:  E[EE′ � X] = s2I. (2-9)

By using the variance decomposition formula in (B-69), we find

Var[E] = E[Var[E � X]] + Var[E[E � X]] = s2I.

once again, we should emphasize that this assumption describes the information 
about the variances and covariances among the disturbances that is provided by the 
independent variables. For the present, we assume that there is none. We will also drop 
this assumption later when we enrich the regression model. We are also assuming that 
the disturbances themselves provide no information about the variances and covariances. 
although a minor issue at this point, it will become crucial in our treatment of time-
series applications. Models such as Var[et � et - 1] = s2 + aet - 1

2 ,  a “garCh” model (see 
Chapter 20), do not violate our conditional variance assumption, but do assume that 
Var[et � et - 1] ≠ Var[et].
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2.3.5  data generatIng process for the regressors

it is common to assume that xi is nonstochastic, as it would be in an experimental 
situation. here the analyst chooses the values of the regressors and then observes yi. This 
process might apply, for example, in an agricultural experiment in which yi is yield and xi 
is fertilizer concentration and water applied. The assumption of nonstochastic regressors 
at this point would be a mathematical convenience. With it, we could use the results of 
elementary statistics to obtain our results by treating the vector xi simply as a known 
constant in the probability distribution of yi. With this simplification, assumptions a3 
and a4 would be made unconditional and the counterparts would now simply state that 
the probability distribution of ei involves none of the constants in X.

social scientists are almost never able to analyze experimental data, and relatively 
few of their models are built around nonrandom regressors. Clearly, for example, in 
any model of the macroeconomy, it would be difficult to defend such an asymmetric 
treatment of aggregate data. realistically, we have to allow the data on xi to be random 
the same as yi. so an alternative formulation is to assume that xi is a random vector and 
our formal assumption concerns the nature of the random process that produces xi. if xi 
is taken to be a random vector, then assumptions a1 through a4 become a statement 
about the joint distribution of yi and xi. The precise nature of the regressor and how we 
view the sampling process will be a major determinant of our derivation of the statistical 
properties of our estimators and test statistics. in the end, the crucial assumption is a3, 
the uncorrelatedness of X and E. now, we do note that this alternative is not completely 
satisfactory either, because X may well contain nonstochastic elements, including a 
constant, a time trend, and dummy variables that mark specific episodes in time. This 
makes for an ambiguous conclusion, but there is a straightforward and economically 
useful way out of it. We will allow X to be any mixture of constants and random variables, 
and the mean and variance of ei are both independent of all elements of X.

 assumption a5:  X may be fixed or random. (2-10)

2.3.6  norMaLIty

it is convenient to assume that the disturbances are normally distributed, with zero mean 
and constant variance. That is, we add normality of the distribution to assumptions a3 
and a4.

 assumption a6:  e � X ∼ N[0, s2I]. (2-11)

in view of our description of the source of e, the conditions of the central limit theorem 
will generally apply, at least approximately, and the normality assumption will be 
reasonable in most settings. a useful implication of assumption a6 is that it implies 
that observations on ei are statistically independent as well as uncorrelated. [see the 
third point in section B.9, (B-97) and (B-99).]

Normality is usually viewed as an unnecessary and possibly inappropriate addition 
to the regression model. except in those cases in which some alternative distribution 
is explicitly assumed, as in the stochastic frontier model discussed in Chapter 19, the 
normality assumption may be quite reasonable. But the assumption is not necessary 
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26 PART I  ✦   The Linear Regression Model

to obtain most of the results we use in multiple regression analysis. it will prove useful 
as a starting point in constructing confidence intervals and test statistics, as shown in 
section 4.7 and Chapter 5. But it will be possible to discard this assumption and retain 
for practical purposes the important statistical results we need for the investigation.

2.3.7  Independence and exogeneIty

The term independent has been used several ways in this chapter.
in section 2.2, the right-hand-side variables in the model are denoted the independent 

variables. here, the notion of independence refers to the sources of variation. in the 
context of the model, the variation in the independent variables arises from sources that 
are outside of the process being described. Thus, in our health services versus income 
example in the introduction, we have suggested a theory for how variation in demand 
for services is associated with variation in income and, possibly, variation in insurance 
coverage. But, we have not suggested an explanation of the sample variation in income; 
income is assumed to vary for reasons that are outside the scope of the model. nor 
have we suggested a behavioral model for insurance take up. This will be a convenient 
definition to use for exogeneity of a variable x.

The assumption in (2-6), E[ei � X] = 0, is mean independence. its implication is that 
variation in the disturbances in our data is not explained by variation in the independent 
variables. situations in which E[ei � X] ≠ 0 arise frequently, as we will explore in Chapter 
8 and others. When E[e � x] ≠ 0, x is endogenous in the model. The most straightforward 
instance is a left-out variable. Consider the model in example 2.2. in a simple model that 
contains only Education but which has inappropriately omitted Age, it would follow that 
Age implicitly appears in the disturbance:

Income = g1 + g2Education + (g3Age + u) = g1 + g2Education + e.

if Education and (the hidden variable) Age are correlated, then Education 
is endogenous in this equation, which is no longer a regression because 
E[e � Education] = g3E[Age � Education] + E[u � Education] ≠ 0.

We have also assumed in section 2.3.4 that the disturbances are uncorrelated with 
each other (assumption a4 in Table 2.1). This implies that E[ei � ej] = 0 when i ≠ j—the 
disturbances are also mean independent of each other. Conditional normality of the 
disturbances assumed in section 2.3.6 (assumption a6) implies that they are statistically 
independent of each other, which is a stronger result than mean independence and 
stronger than we will need in most applications.

Finally, section 2.3.2 discusses the linear independence of the columns of the data 
matrix, X. The notion of independence here is an algebraic one relating to the column 
rank of X. in this instance, the underlying interpretation is that it must be possible 
for the variables in the model to vary linearly independently of each other. Thus, in  
example 2.6, we find that it is not possible for the logs of surface area, aspect ratio, and 
height of a painting all to vary independently of one another. The modeling implication 
is that, if the variables cannot vary independently of each other, then it is not possible to 
analyze them in a linear regression model that assumes the variables can each vary while 
holding the others constant. There is an ambiguity in this discussion of independence 
of the variables. We have both age and age squared in a model in example 2.2. These 
cannot vary independently, but there is no obstacle to formulating a linear regression 
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FIGURE 2.3  The Normal Linear Regression Model.
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model containing both age and age squared. The resolution is that age and age squared, 
though not functionally independent, are linearly independent in X. That is the crucial 
assumption in the linear regression model.

2.4 suMMary and concLusIons

This chapter has framed the linear regression model, the basic platform for model 
building in econometrics. The assumptions of the classical regression model are 
summarized in Figure 2.3, which shows the two-variable case.
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3

Least squares regression

§
3.1 INTRODUCTION

this chapter examines the computation of the least squares regression model. a useful 
understanding of what is being computed when one uses least squares to compute the 
coefficients of the model can be developed before we turn to the statistical aspects. 
section 3.2 will detail the computations of least squares regression. We then examine 
two particular aspects of the fitted equation:

●● the crucial feature of the multiple regression model is its ability to provide the 
analyst a device for “holding other things constant.” in an earlier example, we 
considered the “partial effect” of an additional year of education, holding age 
constant in

Earnings = g1 + g2 Education + g3 Age + e.

the theoretical exercise is simple enough. How do we do this in practical terms? 
How does the actual computation of the linear model produce the interpretation of 
partial effects? an essential insight is provided by the notion of partial regression 
coefficients. sections 3.3 and 3.4 use the Frisch–Waugh theorem to show how 
the regression model controls for (i.e., holds constant) the effects of intervening 
variables.

●● the model is proposed to describe the movement of an explained variable. in broad 
terms, y = m(x) + e. How well does the model do this? How can we measure the 
success? sections 3.5 and 3.6 examine fit measures for the linear regression.

3.2 LEAST SQUARES REGRESSION

Consider a simple (the simplest) version of the model in the introduction,

Earnings = a + b Education + e.

the unknown parameters of the stochastic relationship, yi = xi
=B + ei, are the objects of 

estimation. it is necessary to distinguish between unobserved population quantities, such 
as B and ei, and sample estimates of them, denoted b and ei. the population regression 
is E[yi � xi] = xi

=B, whereas our estimate of E[yi � xi] is denoted yni = xi
=b. the disturbance 

associated with the ith data point is ei = yi - xi
=B. For any value of b, we shall estimate 

ei with the residual

ei = yi - xi
=b.
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From the two definitions,

yi = xi
=B + ei = xi

=b + ei.

these results are summarized for a two-variable regression in Figure 3.1.
the population quantity, B, is a vector of unknown parameters of the joint 

probability distribution of (y, x) whose values we hope to estimate with our sample data, 
(yi, xi), i = 1, c, n. this is a problem of statistical inference that is discussed in  
Chapter 4 and much of the rest of the book. it is useful, however, to begin by considering 
the algebraic problem of choosing a vector b so that the fitted line xi

=b is close to the data 
points. the measure of closeness constitutes a fitting criterion. the one used most 
frequently is least squares.1

3.2.1  THE LEAST SQUARES COEFFICIENT VECTOR

the least squares coefficient vector minimizes the sum of squared residuals:

 a
n

i = 1
ei0

2 = a
n

i = 1
 (yi - xi

=b0)
2, (3-1)

where b0 denotes a choice for the coefficient vector. in matrix terms, minimizing the sum 
of squares in (3-1) requires us to choose b0 to

 Minimizeb0
 S(b0) = e0

=e0 = (y - Xb0)′ (y - Xb0). (3-2)

1 We have yet to establish that the practical approach of fitting the line as closely as possible to the data by least 
squares leads to estimators with good statistical properties. this makes intuitive sense and is, indeed, the case. We 
shall return to the statistical issues in Chapter 4.

FIGURE 3.1  Population and Sample Regression.
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expanding this gives

 e0
=e0 = y′y - b0

=X′y - y′Xb0 + b0
=X′Xb0 (3-3)

or

S(b0) = y′y - 2y′Xb0 + b0
=X′Xb0.

the necessary condition for a minimum is

 
0S(b0)

0b0
= -2X′y + 2X′Xb0 = 0.

2 (3-4)

Let b be the solution (assuming it exists). then, after manipulating (3-4), we find that b 
satisfies the least squares normal equations,

 X′Xb = X′y. (3-5)

if the inverse of X′X exists, which follows from the full column rank 
assumption (assumption a2 in section 2.3), then the solution is

 b = (X′X)-1X′y. (3-6)

For this solution to minimize the sum of squares, the second derivatives matrix,

02S(b0)

0b0 0b0
= = 2X′X,

must be a positive definite matrix. Let q = c′X′Xc for some arbitrary nonzero vector c.  
(the multiplication by 2 is irrelevant.) then

q = v′v = a
n

i = 1
vi

2, where v = Xc.

unless every element of v is zero, q is positive. But if v could be zero, then v would be 
a linear combination of the columns of X that equals 0, which contradicts assumption 
a2, that X has full column rank. Because c is arbitrary, q is positive for every nonzero 
c, which establishes that 2X′X is positive definite. therefore, if X has full column rank, 
then the least squares solution b is unique and minimizes the sum of squared residuals.

3.2.2  APPLICATION: AN INVESTMENT EQUATION

to illustrate the computations in a multiple regression, we consider an example based on 
the macroeconomic data in appendix table F3.1. to estimate an investment equation, 
we first convert the investment series in table F3.1 to real terms by dividing them by 
the gDP deflator and then scale the series so that they are measured in trillions of 
dollars. the real gDP series is the quantity index reported in the economic report of 
the President (2016). the other variables in the regression are a time trend (1, 2, . . . ), 
an interest rate (the prime rate), and the yearly rate of inflation in the Consumer Price 
index. these produce the data matrices listed in table 3.1. Consider first a regression of 
real investment on a constant, the time trend, and real gDP, which correspond to x1, x2, 

2 see appendix a.8 for discussion of calculus results involving matrices and vectors.

M03_GREE1366_08_SE_C03.indd   30 2/24/17   11:07 AM



 CHAPTER 3  ✦  Least Squares Regression 31

and x3. (For reasons to be discussed in Chapter 21, this is probably not a well-specified 
equation for these macroeconomic variables. it will suffice for a simple numerical 
example, however.) inserting the specific variables of the example into (3-5), we have

b1n + b2ΣiTi + b3ΣiGi = ΣiYi,
b1ΣiTi + b2ΣiT i

2 + b3ΣiTiGi = ΣiTiYi,
b1ΣiGi + b2ΣiTiGi + b3ΣiGi

2 = ΣiGiYi.

a solution for b1 can be obtained by dividing the first equation by n and rearranging it 
to obtain

 b1 = Y - b2T - b3G

  = 2.41882 - b2 * 8 - b3 * 99.4133. (3-7)

insert this solution in the second and third equations, and rearrange terms again to yield 
a set of two equations:

b2Σi(Ti - T)2 + b3Σi(Ti - T)(Gi - G) = Σi(Ti - T)(Yi - Y),
b2Σi(Gi - G)(Ti - T) + b3Σi(Gi - G)2 = Σi(Gi - G)(Yi - Y).

this result shows the nature of the solution for the slopes, which can be computed from 
the sums of squares and cross products of the deviations of the variables from their 

Real 
Investment  

(Y)
Constant  

(1)
Trend  
(T)

Real  
GDP  
(G)

Interest  
Rate  
(R)

Inflation  
Rate  
(P)

2.484 1 1 87.1 9.23 3.4
2.311 1 2 88.0 6.91 1.6
2.265 1 3 89.5 4.67 2.4
2.339 1 4 92.0 4.12 1.9
2.556 1 5 95.5 4.34 3.3
2.759 1 6 98.7 6.19 3.4
2.828 1 7 101.4 7.96 2.5

y = 2.717 X = 1 8 103.2 8.05 4.1
2.445 1 9 102.9 5.09 0.1
1.878 1 10 100.0 3.25 2.7
2.076 1 11 102.5 3.25 1.5
2.168 1 12 104.2 3.25 3.0
2.356 1 13 105.6 3.25 1.7
2.482 1 14 109.0 3.25 1.5
2.637 1 15 111.6 3.25 0.8

Notes:
1.  Data from 2000–2014 obtained from tables B-3, B-10, and B17 from economic report of the President: 

https://www.whitehouse.gov/sites/default/files/docs/2015_erp_appendix_b.pdf.
2.  results are based on the values shown. slightly different results are obtained if the raw data on 

 investment and the gnP deflator in table F3.1 are input to the computer program and used to compute 
real investment = gross investment/(0.01*gnP deflator) internally.

TABLE 3.1  Data Matrices
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means. Letting lowercase letters indicate variables measured as deviations from the 
sample means, we find that the normal equations are

b2Σit i
2 + b3Σitigi = Σitiyi,

b2Σigiti + b3Σigi
2 = Σigiyi,

and the least squares solutions for b2 and b3 are

b2 =
ΣitiyiΣi gi

2 - ΣigiyiΣiti gi

Σit i
2Σigi

2 - (Σigiti)
2  =

-1.6351(792.857) - 4.22255(451.9)

280(792.857) - (451.9)2  = -0.180169,

b3 =
ΣigiyiΣit i

2 - ΣitiyiΣitigi

Σit i
2Σigi

2 - (Σigiti)
2  =

4.22255(280) - (-1.6351)(451.9)

280(792.857) - (451.9)2  = 0.1080157.

 (3-8)

With these solutions in hand, b1 can now be computed using (3-7); b1 = -6.8780284.
suppose that we just regressed investment on the constant and gDP, omitting the 

time trend. at least some of the correlation between real investment and real gDP 
that we observe in the data will be explainable because both variables have an obvious 
time trend. (the trend in investment clearly has two parts, before and after the crash of 
2007–2008.) Consider how this shows up in the regression computation. Denoting by 
“byx” the slope in the simple, bivariate regression of variable y on a constant and the 
variable x, we find that the slope in this reduced regression would be

 bYG =
Σigiyi

Σigi
2 = 0.00533. (3-9)

By manipulating the earlier expression for b3 and using the definition of the sample 
correlation between G and T, rGT

2 = (Σigiti)
2/(Σigi

2Σit i
2), we obtain

 bYG�T =
bYG

1 - rGT
2 -

bYTbTG

1 - rGT
2 = bYG - ¢bYTbTG - rGT

2 bYG

1 - rGT
2 ≤ = 0.1080157. (3-10)

(the notation “bYG�T” used on the left-hand side is interpreted to mean the slope in the 
regression of Y on G and a constant “in the presence of T.”) the slope in the multiple 
regression differs from that in the simple regression by a factor of 20, by including a 
correction that accounts for the influence of the additional variable T on both Y and G. 
For a striking example of this effect, in the simple regression of real investment on a time 
trend, bYT = -1.6351/280 = -0.00584. But, in the multiple regression, after we account 
for the influence of gnP on real investment, the slope on the time trend is -0.180169. 
the general result for a three-variable regression in which x1 is a constant term is

 bY 2�3 =
bY 2 - bY 3b32

1 - r23
2 . (3-11)

it is clear from this expression that the magnitudes of by 2�3 and by 2 can be quite different. 
they need not even have the same sign. the result just seen is worth emphasizing; the 
coefficient on a variable in the simple regression [e.g., Y on (1,G)] will generally not be 
the same as the one on that variable in the multiple regression [e.g., 7Y on (1,T,g)] if 
the new variable and the old one are correlated. But, note that bYG in (3-9) will be the 
same as b3 = bYG�T in (3-8) if Σitigi = 0, that is, if T and G are not correlated.
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in practice, you will never actually compute a multiple regression by hand or with 
a calculator. For a regression with more than three variables, the tools of matrix algebra 
are indispensable (as is a computer). Consider, for example, an enlarged model of 
investment that includes—in addition to the constant, time trend, and gDP—an interest 
rate and the rate of inflation. Least squares requires the simultaneous solution of five 
normal equations. Letting X and y denote the full data matrices shown previously, the 
normal equations in (3-5) areE   15.000   120.00   1491.2   76.05   33.90

 120.000  1240.0  12381.5  522.06  244.10
1491.2 12381.5 149038 7453.03 3332.83
  76.06   522.06   7453.03  446.323  186.656
  33.90   244.10   3332.83  186.656   93.33

U Eb1

b2

b3

b4

b5

U = E   36.28230
 288.624
3611.17
 188.176
  82.7731

U .

the solution is

b = (X′X)-1X′y = (-6.25441, -0.161342, 0.0994684, 0.0196656, -0.0107206)′.

3.2.3  ALGEBRAIC ASPECTS OF THE LEAST SQUARES SOLUTION

the normal equations are

 X′Xb - X′y = -X′(y - Xb) = -X′e = 0. (3-12)

Hence, for every column xk of X, xk
= e = 0. if the first column of X is a column of 1s, 

which we denote i, then there are three implications.

1. The least squares residuals sum to zero. this implication follows from 
x1
=e = i′e = Σiei = 0.

2. The regression hyperplane passes through the point of means of the data. the first 
normal equation implies that y = x′b. this follows from Σiei = Σi (yi - xi

 =b) = 0 
by dividing by n.

3. The mean of the fitted values from the regression equals the mean of the actual values. 
this implication follows from point 2 because the fitted values are xi

=b.

it is important to note that none of these results need hold if the regression does 
not contain a constant term.

3.2.4  PROJECTION

the vector of least squares residuals is

 e = y - Xb. (3-13)

inserting the result in (3-6) for b gives

 e = y - X(X′X)-1X′y = (I - X(X′X)-1X′)y = My. (3-14)

the n *  n matrix M defined in (3-14) is fundamental in regression analysis. You can 
easily show that M is both symmetric (M = M′) and idempotent (M = M2). in view of 
(3-13), we can interpret M as a matrix that produces the vector of least squares residuals 
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34 PART I  ✦   The Linear Regression Model

in the regression of y on X when it premultiplies any vector y. it will be convenient later 
to refer to this matrix as a “residual maker.” Matrices of this form will appear repeatedly 
in our development to follow.

it follows from the definition that

 MX = 0, (3-15)

because if a column of X is regressed on X, a perfect fit will result and the residuals will 
be zero.

result (3-13) implies that y = Xb + e, which is the sample analog to assumption 
a1, (2-3). (see Figure 3.1 as well.) the least squares results partition y into two parts, the 
fitted values yn = Xb and the residuals, e = My. [see section a.3.7, especially (a-54).] 
Because MX = 0, these two parts are orthogonal. now, given (3-13),

 yn = y - e = Iy - My = (I - M)y = X(X′X)-1X′y = Py. (3-16)

the matrix P is a projection matrix. it is the matrix formed from X such that when a 
vector y is premultiplied by P, the result is the fitted values in the least squares regression 
of y on X. this is also the projection of the vector y into the column space of X. (see 
sections a3.5 and a3.7.) By multiplying it out, you will find that, like M, P is symmetric 
and idempotent. given the earlier results, it also follows that M and P are orthogonal;

PM = MP = 0.

as might be expected from (3-15),

PX = X.

as a consequence of (3-14) and (3-16), we can see that least squares partitions the vector 
y into two orthogonal parts,

y = Py + My = projection + residual.

the result is illustrated in Figure 3.2 for the two-variable case. the gray-shaded plane is 
the column space of X. the projection and residual are the orthogonal dashed rays. We 
can also see the Pythagorean theorem at work in the sums of squares,

 y′y = y′P′Py + y′M′My

 = yn ′yn + e′e.

the sample linear projection of y on x, Proj(y � x), is an extremely useful device in 
empirical research. Linear least squares regression is often the starting point for model 
development. We will find in developing the regression model that if the population 
conditional mean function in assumption a1, E[y � x], is linear in x, then E[y � x] is also 

DEFINITION 3.1: Residual Maker
Let the n *  K full column rank matrix, X be composed of columns (x1,x2, c,xK), 
and let y be an n *  1 column vector. the matrix, M = I - X(X′X)-1X′ is a 
“residual maker” in that when M premultiplies a vector, y, the result, My, is the 
column vector of residuals in the least squares regression of y on X.
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the population counterpart to the projection of y on x. We will be able to show that 
Proj(y � x) estimates x′ 5E[xx′]6-1E[xy], which appears implicitly in (3-16), is also 
E[y � x]. if the conditional mean function is not linear in x, then the projection of y on x 
will still estimate a useful descriptor of the joint distribution of y and x.

3.3 PARTITIONED REGRESSION AND PARTIAL REGRESSION

it is common to specify a multiple regression model when, in fact, interest centers on 
only one or a subset of the full set of variables—the remaining variables are often 
viewed as “controls.” Consider the earnings equation discussed in the introduction. 
although we are primarily interested in the effect of education on earnings, age is, of 
necessity, included in the model. the question we consider here is what computations 
are involved in obtaining, in isolation, the coefficients of a subset of the variables in a 
multiple regression (e.g., the coefficient of education in the aforementioned regression).

suppose that the regression involves two sets of variables, X1 and X2. thus,

y = XB + E = X1B1 + X2B2 + E.

What is the algebraic solution for b2? the normal equations are

 
(1)
(2)
 JX1

=X1 X1
=X2

X2
=X1 X2

=X2
R  Jb1

b2
R = JX1

=y
X2

=y
R . (3-17)

a solution can be obtained by using the partitioned inverse matrix of (a-74). 
alternatively, (1) and (2) in (3-17) can be manipulated directly to solve for b2. We first 
solve (1) for b1 :

 
X=

1X1b1 + X=
1X2b2 = X=

1y,
b1 = (X=

1X1)
-1X=

1y - (X=
1X1)

-1X=
1X2b2 = (X=

1X1)
-1X=

1(y - X2b2).
 (3-18)

FIGURE 3.2  Projection of y into the Column Space of X.

y

ŷ

x1

x2

e
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36 PART I  ✦   The Linear Regression Model

this solution states that b1 is the set of coefficients in the regression of y on X1, minus 
a correction vector. We digress briefly to examine an important result embedded  
in (3-18). suppose that X1

=X2 = 0. then, b1 = (X1
=X1)

-1X1
=  y, which is simply the 

coefficient vector in the regression of y on X1. the general result is given in the following 
theorem.

if the two sets of variables X1 and X2 are not orthogonal, then the solutions for b1 
and b2 found by (3-17) and (3-18) are more involved than just the simple regressions in 
theorem 3.1. the more general solution is suggested by the following theorem:

to prove theorem 3.2, begin from equation (2) in (3-17), which is

X2
=X1b1 + X2

=X2b2 = X2
=y.

now, insert the result for b1 that appears in (3-18) into this result. this produces

X2
=X1(X1

=X1)
-1X1

=y - X2
=X1(X1

=X1)
-1X1

=X2b2 + X2
=X2b2 = X2

=y.

after collecting terms, the solution is

 b2 = [X2
=(I - X1(X1

=X1)
-1X1

=)X2]
-1[X2

=(I - X1(X1
=X1)

-1X1
=)y]

  = (X2
=M1X2)

-1(X2
=M1y). (3-19)

THEOREM 3.1 Orthogonal Partitioned Regression
In the linear least squares multiple regression of y on two sets of variables X1 and 
X2, if the two sets of variables are orthogonal, then the separate coefficient vectors 
can be obtained by separate regressions of y on X1 alone and y on X2 alone.
Proof: The assumption of the theorem is that X1

=X2 = 0 in the normal equations 
in (3-17). Inserting this assumption into (3-18) produces the immediate solution 
for b1 = (X1

=X1)
-1X1

=y and likewise for b2.

THEOREM 3.2 Frisch–Waugh (1933)–Lovell (1963) Theorem3

In the linear least squares regression of vector y on two sets of variables, X1 and 
X2, the subvector b2 is the set of coefficients obtained when the residuals from a 
regression of y on X1 alone are regressed on the set of residuals obtained when each 
column of X2 is regressed on X1.

3 the theorem, such as it was, appeared in the first volume of Econometrica, in the introduction to the paper: 
“the partial trend regression method can never, indeed, achieve anything which the individual trend method 
cannot, because the two methods lead by definition to identically the same results.” thus, Frisch and Waugh 
were concerned with the (lack of) difference between a regression of a variable y on a time trend variable, t, 
and another variable, x, compared to the regression of a detrended y on a detrended x, where detrending meant 
computing the residuals of the respective variable on a constant and the time trend, t. a concise statement of the 
theorem and its matrix formulation were added later by Lovell (1963).
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the M1 matrix appearing in the parentheses inside each set of parentheses is the 
“residual maker” defined in (3-14) and Definition 3.1, in this case defined for a 
regression on the columns of X1. thus, M1X2 is a matrix of residuals; each column of 
M1X2 is a vector of residuals in the regression of the corresponding column of X2 on 
the variables in X1. By exploiting the fact that M1, like M, is symmetric and idempotent, 
we can rewrite (3-19) as

 b2 = (X2
*=X2

*)-1X2
*=y*, (3-20)

where X2
* = M1X2 and y* = M1y. this result is fundamental in regression analysis.

this process is commonly called partialing out or netting out the effect of X1. For 
this reason, the coefficients in a multiple regression are often called the partial regression 
coefficients. the application of theorem 3.2 to the computation of a single coefficient 
as suggested at the beginning of this section is detailed in the following: Consider the 
regression of y on a set of variables X and an additional variable z. Denote the coefficients 
b and c, respectively.

in terms of example 2.2, we could obtain the coefficient on education in the multiple 
regression by first regressing earnings and education on age (or age and age squared) 
and then using the residuals from these regressions in a simple regression. in the classic 
application of this latter observation, Frisch and Waugh (1933) noted that in a time-series 
setting, the same results were obtained whether a regression was fitted with a time-trend 
variable or the data were first “detrended” by netting out the effect of time, as noted 
earlier, and using just the detrended data in a simple regression.

Consider the case in which X1 is i, a constant term that is a column of 1s in the first 
column of X,  and X2 is a set of variables. the solution for b2 in this case will then be the 
slopes in a regression that contains a constant term. using theorem 3.2 the vector of 
residuals for any variable, x, in X2 will be

 x* = x - i(i′i)-1i′x
 = x - i(1/n)i′x
 = x - ix

  = M0x. (3-21)

(see section a.5.4 where we have developed this result purely algebraically.) For this 
case, then, the residuals are deviations from the sample mean. therefore, each column of 
M1X2 is the original variable, now in the form of deviations from the mean. this general 
result is summarized in the following corollary.

COROLLARY 3.2.1 Individual Regression Coefficients
The coefficient on z in a multiple regression of y on W = [X, z] is computed as 
c = (z′MXz)-1(z′MXy) = (z*

=z*)
-1 z*

=y* where z* and y* are the residual vectors 
from least squares regressions of z and y on X; z* = MXz and y* = MXy where 
MX is defined in (3-14).
Proof: This is an application of Theorem 3.2 in which X1 is X and X2 is z.
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38 PART I  ✦   The Linear Regression Model

[We used this result in (3-8).] Having obtained the coefficients on X2, how can we 
recover the coefficients on X1 (the constant term)? one way is to repeat the exercise 
while reversing the roles of X1 and X2. But there is an easier way. We have already solved 
for b2. therefore, we can use (3-18) in a solution for b1. if X1 is just a column of 1s, then 
the first of these produces the familiar result

b1 = y - x2b2 - g - xKbK

[which is used in (3-7)].
theorem 3.2 and Corollaries 3.2.1 and 3.2.2 produce a useful interpretation of the 

partitioned regression when the model contains a constant term. according to theorem 
3.1, if the columns of X are orthogonal, that is, Xk

= xm = 0 for columns k and m, then the 
separate regression coefficients in the regression of y on X when X = [x1, x2, c, xK] 
are simply xk

= y/xk
= xk. When the regression contains a constant term, we can compute the 

multiple regression coefficients by regression of y in mean deviation form on the columns 
of X, also in deviations from their means. in this instance, the orthogonality of the 
columns means that the sample covariances (and correlations) of the variables are zero. 
the result is another theorem:

3.4 PARTIAL REGRESSION AND PARTIAL CORRELATION COEFFICIENTS

the use of multiple regression involves a conceptual experiment that we might not be 
able to carry out in practice, the ceteris paribus analysis familiar in economics. to pursue 
the earlier example, a regression equation relating earnings to age and education enables 
us to do the experiment of comparing the earnings of two individuals of the same age 
with different education levels, even if the sample contains no such pair of individuals. 
it is this characteristic of the regression that is implied by the term partial regression 
coefficients. the way we obtain this result, as we have seen, is first to regress income and 
education on age and then to compute the residuals from this regression. By construction, 
age will not have any power in explaining variation in these residuals. therefore, any 

THEOREM 3.3 Orthogonal Regression
If the multiple regression of y on X contains a constant term and the variables in 
the regression are uncorrelated, then the multiple regression slopes are the same as 
the slopes in the individual simple regressions of y on a constant and each variable 
in turn.
Proof: The result follows from Theorems 3.1 and 3.2.

COROLLARY 3.2.2 Regression with a Constant Term
The slopes in a multiple regression that contains a constant term can be obtained 
by transforming the data to deviations from their means and then regressing the 
variable y in deviation form on the explanatory variables, also in deviation form.
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correlation between income and education after this “purging” is independent of (or 
after removing the effect of) age.

the same principle can be applied to the correlation between two variables. to 
continue our example, to what extent can we assert that this correlation reflects a direct 
relationship rather than that both income and education tend, on average, to rise as 
individuals become older? to find out, we would use a partial correlation coefficient, 
which is computed along the same lines as the partial regression coefficient. in the 
context of our example, the partial correlation coefficient between income and education, 
controlling for the effect of age, is obtained as follows:

1. y* = the residuals in a regression of income on a constant and age.
2. z* = the residuals in a regression of education on a constant and age.
3. the partial correlation ryz*  is the simple correlation between y* and z*.

this calculation might seem to require a large amount of computation. using 
Corollary 3.2.1, the two residual vectors in points 1 and 2 are y* = My and z* = Mz 
where M = I-X(X′X)-1X′ is the residual maker defined in (3-14). We will assume that 
there is a constant term in X so that the vectors of residuals y* and z* have zero sample 
means. then, the square of the partial correlation coefficient is

ryz*2 =
(z

*
=y

*
)2

(z
*
=z

*
)(y

*
=y

*
)
.

there is a convenient shortcut. once the multiple regression is computed, the t ratio in 
(5-13) for testing the hypothesis that the coefficient equals zero (e.g., the last column of 
table 4.6) can be used to compute

 ryz*2 =
tz
2

tz
2 + degrees of freedom

, (3-22)

where the degrees of freedom is equal to n-(K + 1); K+1 is the number of variables 
in the regression plus the constant term. the proof of this less than perfectly intuitive 
result will be useful to illustrate some results on partitioned regression. We will rely on 
two useful theorems from least squares algebra. the first isolates a particular diagonal 
element of the inverse of a moment matrix such as (X′X)-1.

THEOREM 3.4 Diagonal Elements of the Inverse of a Moment Matrix
Let W denote the partitioned matrix [X, z]—that is, the K columns of X plus 
an additional column labeled z. The last diagonal element of (W′W)-1 is 
(z′MXz)-1 = (z*

=z*)
-1 where z* = MX z and MX = I-X(X′X)-1X=.

Proof: This is an application of the partitioned inverse formula in (A-74) where 
A11 = X′X, A12 = X′z, A21 = z′X and A22 = z′z. Note that this theorem gener-
alizes the development in Section A.2.8, where X contains only a constant term, i.

We can use theorem 3.4 to establish the result in (3-22). Let c and u denote the 
coefficient on z and the vector of residuals in the multiple regression of y on W = [X, z], 
respectively. then, by definition, the squared t ratio that appears in (3-22) is
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40 PART I  ✦   The Linear Regression Model

tz
2 =

c2J u′u
n - (K + 1)

R (W′W)K + 1, K + 1
-1

,

where (W′W)K + 1, K + 1
-1  is the (K + 1) (last) diagonal element of (W′W)-1. [the bracketed 

term appears in (4-17).] the theorem states that this element of the matrix equals 
(z*

=z*)
-1. From Corollary 3.2.1, we also have that c2 = [(z*

=y*)/(z*
=z*)]2. For convenience, 

let DF = n - (K + 1). then, tz
2 =

(z*
=y*/z*

=z*)
2

(u′u/DF)(z*
=z*)

- 1 =
(z*

=y*)
2DF

(u′u)(z′*z*)
- 1. it follows that 

the result in (3-22) is equivalent to

tz
2

tz
2 + DF

=

(z*
=y*)

2DF

(u′u)(z*
=z*)

(z*
=y*)

2DF

(u′u)(z*
=z*)

+ DF

=

(z*
=y*)

2

(u′u)(z*
=z*)

(z*
=y*)

2

(u′u)(z*
=z*)

+ 1

=
(z*

=y*)
2

(z*
=y*)

2 + (u′u)(z*
=z*)

.

Divide numerator and denominator by (z*
=z*)(y*

=y*) to obtain

tz
2

tz
2 + DF

=
(z*

=y*)
2/((z*

=z*)(y*
=y*))

(z*
=y*)

2/((z*
=z*)(y*

=y*)) + ((u′u)(z*
=z*))/((z*

=z*)(y*
=y*))

=
ryz*2

ryz*2 + (u′u)/(y*
=y*)

.

 (3-23)

We will now use a second theorem to manipulate u′u and complete the derivation. 
the result we need is given in theorem 3.5.

returning to the derivation, then, e′e = y*
=y* and c2(z*

=z*) = (z*
=y*)

2/(z*
=z*). therefore,

u′u
y*
=y*

=
y*
=y* - (z*

=y*)
2/z*

=z*

y*
=y*

= 1 - ryz*2.

inserting this in the denominator of (3-23) produces the result we sought.

THEOREM 3.5 Change in the Sum of Squares When a Variable Is Added to 
a Regression
If e′e is the sum of squared residuals when y is regressed on X and u′u is the sum 
of squared residuals when y is regressed on X and z, then

 u′u = e′e - c2 (z*
=z*) … e′e, (3-24)

where c is the coefficient on z in the long regression of y on [X, z] and z* = Mz is 
the vector of residuals when z is regressed on X.
Proof: In the long regression of y on X and z, the vector of residuals is 
u = y - Xd - zc. Note that unless X′z = 0, d will not equal b = (X′X)-1X′y. 
(See Section 4.3.2.) Moreover, unless c = 0, u will not equal e = y - Xb. From 
Corollary 3.2.1, c = (z*

=z*)
-1(z*

=y*). From (3-18), we also have that the coefficients 
on X in this long regression are

d = (X′X)-1X′(y - zc) = b - (X′X)-1X′zc.
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Example 3.1  Partial Correlations
For the data in the application in Section 3.2.2, the simple correlations between investment 
and the regressors, rYk, and the partial correlations, rYk* , between investment and the four 
regressors (given the other variables) are listed in Table 3.2. As is clear from the table, there is 
no necessary relation between the simple and partial correlation coefficients. One thing worth 
noting is that the signs of the partial correlations are the same as those of the coefficients, 
but not necessarily the same as the signs of the raw correlations. Note the difference in the 
coefficient on Inflation.

3.5 GOODNESS OF FIT AND THE ANALYSIS OF VARIANCE

the original fitting criterion, the sum of squared residuals, suggests a measure of the fit 
of the regression line to the data. However, as can easily be verified, the sum of squared 
residuals can be scaled arbitrarily just by multiplying all the values of y by the desired 
scale factor. Because the fitted values of the regression are based on the values of x, we 
might ask instead whether variation in x is a good predictor of variation in y. Figure 3.3 
shows three possible cases for a simple linear regression model, y = b1 + b2x + e. the 
measure of fit described here embodies both the fitting criterion and the covariation 
of y and x.

Variation of the dependent variable is defined in terms of deviations from its mean, 
(yi - y). the total variation in y is the sum of squared deviations:

sst = a
n

i = 1
(yi - y)2.

in terms of the regression equation, we may write the full set of observations as

y = Xb + e = yn + e.

Inserting this expression for d in that for u gives

u = y - Xb + X(X′X)-1X′zc - zc = e - MXzc = e - z*c.

Then,
u′u = e′e + c2 (z*

=z*) - 2c(z*
=e).

But, e = Mxy = y* and z*
=e = z*

=y* = c(z*
=z*). Inserting this result in u′u imme-

diately above gives the result in the theorem.

Variable Coefficient t Ratio
Simple  

Correlation
Partial  

Correlation

trend –0.16134 –3.42 –0.09965 –0.73423
realgDP 0.09947 4.12 0.15293 0.79325
interest 0.01967 0.58 0.55006 0.18040
inflation –0.01072 –0.27 0.19332 –0.08507

TABLE 3.2  Correlations of Investment with Other Variables (DF =  10)
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42 PART I  ✦   The Linear Regression Model

For an individual observation, we have

yi = yni + ei = xi
=b + ei.

if the regression contains a constant term, then the residuals will sum to zero and the 
mean of the predicted values of yi will equal the mean of the actual values. subtracting 
y from both sides and using this result and result 2 in section 3.2.3 gives

yi - y = yni - y + ei = (xi - x)=b + ei.

Figure 3.4 illustrates the computation for the two-variable regression. intuitively, the 
regression would appear to fit well if the deviations of y from its mean are more largely 
accounted for by deviations of x from its mean than by the residuals. since both terms in 
this decomposition sum to zero, to quantify this fit, we use the sums of squares instead. 
For the full set of observations, we have

M0y = M0Xb + M0e,

where M0 is the n *  n idempotent matrix that transforms observations into deviations 
from sample means. [see (3-21)and section a.2.8; M0 is a residual maker for X = i.] 
the column of M0X corresponding to the constant term is zero, and, since the residuals 

FIGURE 3.3  Sample Data.
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already have mean zero, M0e = e. then, since e′M0X = e′X = 0, the total sum of 
squares is

y′M0y = b′X′M0Xb + e′e.

Write this as total sum of squares = regression sum of squares + error sum of squares, 
or

 sst = ssr + sse. (3-25)

(note that this is the same partitioning that appears at the end of section 3.2.4.)
We can now obtain a measure of how well the regression line fits the data by using 

the

 coefficient of determination: 
ssr
sst

=
b′X′M0Xb

y′M0y
= 1 -

e′e
y′M0y

= 1 -
Σi = 1

n ei
2

Σi = 1
n (yi - y)2

.

 (3-26)

the coefficient of determination is denoted R2. as we have shown, it must be between 
0 and 1, and it measures the proportion of the total variation in y that is accounted for 
by variation in the regressors. it equals zero if the regression is a horizontal line, that 
is, if all the elements of b except the constant term are zero. in this case, the predicted 
values of y are always y, so deviations of x from its mean do not translate into different 
predictions for y. as such, x has no explanatory power. the other extreme, R2 = 1, 
occurs if the values of x and y all lie in the same hyperplane (on a straight line for a 
two-variable regression) so that the residuals are all zero. if all the values of yi lie on a 
vertical line, then R2 has no meaning and cannot be computed.

FIGURE 3.4  Decomposition of yi.
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44 PART I  ✦   The Linear Regression Model

regression analysis is often used for forecasting. in this case, we are interested in 
how well the regression model predicts movements in the dependent variable. With this 
in mind, an equivalent way to compute R2 is also useful. First, the sum of squares for 
the predicted values is

Σi = 1
n  (yni - yn)2 = yn ′M0yn = b′X′M0Xb,

but yn = Xb, y = yn + e, M0e = e, and X′e = 0, so yn ′M0yn = yn ′M0y = Σi = 1
n  (yni - yn) 

(yi - y). Multiply R2 = yn ′M0yn/y′M0y = yn ′M0y/y′M0y by 1 = yn ′M0y/yn ′M0yn to obtain

 R2 =
[Σi(yi - y)(yni - yn)]2

[Σi(yi - y)2][Σi(yni - yn)2]
, (3-27)

which is the squared correlation between the observed values of y and the predictions 
produced by the estimated regression equation.

Example 3.2  Fit of a Consumption Function
The data plotted in Figure 2.1 are listed in Appendix Table F2.1. For these data, where y is 
C and x is X, we have y = 273.2727, x = 323.2727, Syy = 12,618.182, Sxx = 12,300.182,  
and Sxy = 8,423.182, so SST = 12,618.182, b = 8,423.182/12,300.182 = 0.6848014,
SSR = b2Sxx = 5,768.2068, and SSE = SST - SSR = 6,849.975. Then R2 = b2Sxx =
0.457135. As can be seen in Figure 2.1, this is a moderate fit, although it is not particularly 
good for aggregate time-series data. On the other hand, it is clear that not accounting for the 
anomalous wartime data has degraded the fit of the model. This value is the R2 for the model 
indicated by the solid line in the figure. By simply omitting the years 1942–1945 from the 
sample and doing these computations with the remaining seven observations—the dashed 
line—we obtain an R2 of 0.93379. Alternatively, by creating a variable WAR which equals 1 
in the years 1942–1945 and zero otherwise and including this in the model, which produces 
the model shown by the two dashed lines, the R2 rises to 0.94450.

We can summarize the calculation of R2 in an analysis of variance table, which might 
appear as shown in table 3.3.

Example 3.3  Analysis of Variance for the Investment Equation
The analysis of variance table for the investment equation of Section 3.2.2 is given in  
Table 3.4.

3.5.1  THE ADJUSTED R-SQUARED AND A MEASURE OF FIT

there are some problems with the use of R2 in analyzing goodness of fit. the first 
concerns the number of degrees of freedom used up in estimating the parameters. 

Source Sum of Squares Degrees of Freedom Mean Square

regression b′X′y - ny2 K - 1 (assuming a constant term)

residual e′e n - K (including the constant term) s2

total y′y - ny2 n - 1 sy
2

R2 1 - e′e/(y′y - ny2)

TABLE 3.3 Analysis of Variance Table
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[see (3-22) and table 3.3.] R2 will never decrease when another variable is added to a 
regression equation. equation (3-24) provides a convenient means for us to establish 
this result. once again, we are comparing a regression of y on X with sum of squared 
residuals e′e to a regression of y on X and an additional variable z, which produces sum 
of squared residuals u′u. recall the vectors of residuals z* = Mz and y* = My = e, 
which implies that e′e = (y*

=y*). Let c be the coefficient on z in the longer regression. 
then c = (z*

=z*)
-1(z*

=y*), and inserting this in (3-24) produces

 u′u = e′e -
(z*

=y*)
2

(z*
=z*)

= e′e(1 - ryz*2), (3-28)

where ryz*  is the partial correlation between y and z, controlling for X. now divide 
through both sides of the equality by y′M0y. From (3-26), u′u/y′M0y is (1 - RXz

2 ) for 
the regression on X and z and e′e/y′M0y is (1 - RX

2 ). rearranging the result produces 
the following:

thus, the R2 in the longer regression cannot be smaller. it is tempting to exploit this 
result by just adding variables to the model; R2 will continue to rise to its limit of 1.4 the 
adjusted R2 (for degrees of freedom), which incorporates a penalty for these results, is 
computed as follows:

 R2 = 1 -
e′e/(n - K)

y′M0y/(n - 1)
. (3-30)

For computational purposes, the connection between R2 and R2 is

R2 = 1 -
n - 1
n - K

 (1 - R2).

THEOREM 3.6 Change in R2 When a Variable Is Added to a Regression
Let RXz

2  be the coefficient of determination in the regression of y on X and an addi-
tional variable z, let RX

2  be the same for the regression of y on X alone, and let ryz*  
be the partial correlation between y and z, controlling for X. Then

 RXz
2 = RX

2 + (1 - RX
2 ) ryz*2. (3-29)

4 this result comes at a cost, however. the parameter estimates become progressively less precise as we do so. We 
will pursue this result in Chapter 4.

Source Sum of Squares Degrees of Freedom Mean Square

regression 0.75621  4
residual 0.20368 10 0.02037
total 0.95989 14 0.06856

R2 0.78781

TABLE 3.4  Analysis of Variance for the Investment Equation
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46 PART I  ✦   The Linear Regression Model

the adjusted R2 may decline when a variable is added to the set of independent variables. 
indeed, R2 could even be negative. to consider an admittedly extreme case, suppose that 
x and y have a sample correlation of zero. then the adjusted R2 will equal -1/(n - 2). 
Whether R2 rises or falls when a variable is added to the model depends on whether the 
contribution of the new variable to the fit of the regression more than offsets the 
correction for the loss of an additional degree of freedom. the general result (the proof 
of which is left as an exercise) is as follows.

We have shown that R2 will never fall when a variable is added to the regression. 
We now consider this result more generally. the change in the residual sum of squares 
when a set of variables X2 is added to the regression is

e=
1e1 - e=

1,2e1,2 = b=
2X

=
2M1X2b2,

where e1 is the residuals when y is regressed on X1 alone and e1,2 indicates regression 
on both X1 and X2. the coefficient vector b2 is the coefficients on X2 in the multiple 
regression of y on X1 and X2. [see (3-19) and (3-20) for definitions of b2 and M1.] 
therefore,

R1,2
2 = 1 -

e=
1e1 - b=

2X
=
2M1X2b2

y′M0y
= R1

2 +
b=

2X
=
2M1X2b2

y′M0y
,

which is greater than R1
2 unless b2 equals zero. (M1X2 could not be zero unless X2 is a 

linear function of X1, in which case the regression on X1 and X2 could not be computed.) 
this equation can be manipulated a bit further to obtain

R1,2
2 = R1

2 +
y′M1y

y′M0y
 
b=

2X
=
2M1X2b2

y′M1y
.

But y′M1y = e=
1e1, so the first term in the product is 1 - R1

2. the second is the multiple 
correlation in the regression of M1y on M1X2, or the partial correlation (after the effect 
of X1 is removed) in the regression of y on X2. Collecting terms, we have

 R1,2
2 = R1

2 + (1 - R1
2)ry2.1*2 . (3-31)

[this is the multivariate counterpart to (3-29).]
it is possible to push R2 as high as desired (up to one) just by adding regressors to 

the model. this possibility motivates the use of the adjusted R2 in (3-30), instead of R2 
as a method of choosing among alternative models. since R2 incorporates a penalty for 
reducing the degrees of freedom while still revealing an improvement in fit, one 
possibility is to choose the specification that maximizes R2. it has been suggested that 

THEOREM 3.7 Change in R2 When a Variable Is Added to a Regression
In a multiple regression, R2 will fall (rise) when the variable x is deleted from the 
regression if the square of the t ratio associated with this variable is greater (less) 
than 1.

M03_GREE1366_08_SE_C03.indd   46 2/24/17   11:07 AM



 CHAPTER 3  ✦  Least Squares Regression 47

the adjusted R2 does not penalize the loss of degrees of freedom heavily enough.5 some 
alternatives that have been proposed for comparing models (which we index by j) are a 
modification of the adjusted R squared, that minimizes amemiya’s (1985) prediction 
criterion,

PCj =
ej
=ej

n - Kj
 a1 +

Kj

n
b = sj

2a1 +
Kj

n
b ,

Rj
2 = 1 -

n + Kj

n - Kj
 (1 - Rj

2).

two other fitting criteria are the akaike and Bayesian information criteria discussed in 
section 5.10.1,

 AICj = lna
e=

jej

n
b +

2K
n

,

 BICj = lna
e=

jej

n
b +

K ln n
n

.

3.5.2   R-SQUARED AND THE CONSTANT TERM IN THE MODEL

a second difficulty with R2 concerns the constant term in the model. the proof that 
0 … R2 … 1 requires X to contain a column of 1s. if not, then (1) M0e ≠ e and (2) 
e′M0X ≠ 0, and the term 2e′M0Xb in y′M0y = (M0Xb + M0e)= (M0Xb + M0e) in the 
expansion preceding (3-25) will not drop out. Consequently, when we compute

R2 = 1 -
Σi = 1

n ei
2

Σi = 1
n (yi - y)2,

the result is unpredictable. it will never be higher and can be far lower than the same 
figure computed for the regression with a constant term included. it can even be negative. 
Computer packages differ in their computation of R2. an alternative computation,

R2 =
Σi = 1

n (yni - yn)2

Σi = 1
n (yi - y)2,

is equally problematic. again, this calculation will differ from the one obtained with the 
constant term included; this time, R2 may be larger than 1. some computer packages 
bypass these difficulties by reporting a third “R2,” the squared sample correlation 
between the actual values of y and the fitted values from the regression. if the regression 
contains a constant term, then all three computations give the same answer. even if not, 
this last one will always produce a value between zero and one. But it is not a proportion 
of variation explained. on the other hand, for the purpose of comparing models, this 
squared correlation might well be a useful descriptive device. it is important for users 
of computer packages to be aware of how the reported R2 is computed.

5 see, for example, amemiya (1985, pp. 50–51).
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48 PART I  ✦   The Linear Regression Model

3.5.3  COMPARING MODELS

the value of R2 of 0.94450 that we obtained for the consumption function in example 
3.2 seems high in an absolute sense. is it? unfortunately, there is no absolute basis for 
comparison. in fact, in using aggregate time-series data, coefficients of determination 
this high are routine. in terms of the values one normally encounters in cross sections, an 
R2 of 0.5 is relatively high. Coefficients of determination in cross sections of individual 
data as high as 0.2 are sometimes noteworthy. the point of this discussion is that whether 
a regression line provides a good fit to a body of data depends on the setting.

Little can be said about the relative quality of fits of regression lines in different 
contexts or in different data sets even if they are supposedly generated by the same 
data-generating mechanism. one must be careful, however, even in a single context, to 
be sure to use the same basis for comparison for competing models. usually, this concern 
is about how the dependent variable is computed. For example, a perennial question 
concerns whether a linear or loglinear model fits the data better. unfortunately, the 
question cannot be answered with a direct comparison. an R2 for the linear regression 
model is different from an R2 for the loglinear model. Variation in y is different from 
variation in ln y. the latter R2 will typically be larger, but this does not imply that the 
loglinear model is a better fit in some absolute sense.

it is worth emphasizing that R2 is a measure of linear association between x and y. 
For example, the third panel of Figure 3.3 shows data that might arise from the model

yi = a + bxi + gxi
2 + ei.

the relationship between y and x in this model is nonlinear, and a linear regression of 
y on x would find no fit.

3.6 LINEARLY TRANSFORMED REGRESSION

as a final application of the tools developed in this chapter, we examine a purely 
algebraic result that is very useful for understanding the computation of linear regression 
models. in the regression of y on X, suppose the columns of X are linearly transformed. 
Common applications would include changes in the units of measurement, say by 
changing units of currency, hours to minutes, or distances in miles to kilometers. example 
3.4 suggests a slightly more involved case. this is a useful practical, algebraic result. For 
example, it simplifies the analysis in the first application suggested, changing the units 
of measurement. if an independent variable is scaled by a constant, p, the regression 
coefficient will be scaled by 1/p. there is no need to recompute the regression.

Example 3.4  Art Appreciation
Theory 1 of the determination of the auction prices of Monet paintings holds that the price is 
determined by the dimensions (width, W, and height, H) of the painting,

 ln Price = b1(1) + b2 ln W + b3 ln H + e

 = b1x1 + b2x2 + b3x3 + e.

Theory 2 claims, instead, that art buyers are interested specifically in surface area and aspect 
ratio,

 ln Price = g1(1) + g2 ln (WH) + g3 ln (W/H) + e

 = g1z1 + g2z2 + g3z3 + u.
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THEOREM 3.8 Transformed Variables
In the linear regression of y on Z = XP where P is a nonsingular matrix that 
transforms the columns of X, the coefficients will equal P-1b where b is the vector 
of coefficients in the linear regression of y on X, and the R2 will be identical.
Proof: The coefficients are

 d = (Z′Z)-1Z′y = [(XP)=(XP)]-1(XP)=y = (P′X′XP)-1P′X′y
 = P-1(X′X)-1P′-1P′X′y = P-1b.

The vector of residuals is u = y - Z(P-1b) = y - XPP-1b = y - Xb = e.  
Since the residuals are identical, the numerator of 1 - R2 is the same, and the 
denominator is unchanged. This establishes the result.

It is evident that z1 = x1, z2 = x2 + x3, and z3 = x2 - x3. In matrix terms, Z = XP where

P = C1 0 0
0 1 1
0 1 -1

S , P-1 = C1 0 0
0 1�2

1�2

0 1�2 -1�2

S .

The effect of a transformation on the linear regression of y on X compared to that of y on Z 
is given by Theorem 3.8. Thus, b1 = g1, b2 = 1/2(g2 + g3), b3 = 1/2(g2 - g3).

Key Terms and Concepts

•	adjusted R2

•	analysis of variance
•	Bivariate regression
•	Coefficient of 

determination
•	Degrees of freedom
•	Disturbance

•	Fitting criterion
•	Frisch–Waugh theorem
•	goodness of fit
•	Least squares
•	Least squares normal 

equations
•	Moment matrix

•	Multiple correlation
•	Multiple regression
•	netting out
•	normal equations
•	orthogonal regression
•	Partial correlation 

coefficient

3.7 SUMMARY AND CONCLUSIONS

this chapter has described the exercise of fitting a line (hyperplane) to a set of points 
using the method of least squares. We considered the primary problem first, using a data 
set of n observations on K variables. We then examined several aspects of the solution, 
including the nature of the projection and residual maker matrices and several useful 
algebraic results relating to the computation of the residuals and their sum of squares. 
We also examined the difference between gross or simple regression and correlation 
and multiple regression by defining partial regression coefficients and partial correlation 
coefficients. the Frisch–Waugh–Lovell theorem (3.2) is a fundamentally useful tool in 
regression analysis that enables us to obtain the expression for a subvector of a vector 
of regression coefficients. We examined several aspects of the partitioned regression, 
including how the fit of the regression model changes when variables are added to it or 
removed from it. Finally, we took a closer look at the conventional measure of how well 
the fitted regression line predicts or “fits” the data.
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Exercises

1. The two-variable regression. For the regression model y = a + bx + e,
a. show that the least squares normal equations imply Σiei = 0 and Σixiei = 0.
b. show that the solution for the constant term is a = y - bx.
c. show that the solution for b is b = 3 a n

i = 1(xi - x)(yi - y)4 /3 a n
i = 1(xi - x)24 .

d. Prove that these two values uniquely minimize the sum of squares by showing 
that the diagonal elements of the second derivatives matrix of the sum of squares 
with respect to the parameters are both positive and that the determinant is 
4n3(a n

i = 1xi
2) - nx24 = 4n3 a n

i = 1(xi - x)24 , which is positive unless all values 
of x are the same.

2. Change in the sum of squares. suppose that b is the least squares coefficient vector 
in the regression of y on X and that c is any other K*1 vector. Prove that the 
difference in the two sums of squared residuals is

(y - Xc)=(y - Xc) - (y - Xb)=(y - Xb) = (c - b)=X′X(c - b).

Prove that this difference is positive.
3. Partial Frisch and Waugh. in the least squares regression of y on a constant and X, 

to compute the regression coefficients on X, we can first transform y to deviations 
from the mean y and, likewise, transform each column of X to deviations from the 
respective column mean; second, regress the transformed y on the transformed X 
without a constant. Do we get the same result if we only transform y? What if we 
only transform X?

4. Residual makers. What is the result of the matrix product M1M where M1 is defined 
in (3-19) and M is defined in (3-14)?

5. Adding an observation. a data set consists of n observations contained in Xn and 
yn. the least squares estimator based on these n observations is bn = (X=

nXn)-1X=
nyn. 

another observation, xs and ys, becomes available. Prove that the least squares 
estimator computed using this additional observation is

bn,s = bn +
1

1 + x=
s(X=

nXn)-1xs
 (X=

nXn)-1 xs (ys - x=
sbn).

note that the last term is es, the residual from the prediction of ys using the 
coefficients based on Xn and yn. Conclude that the new data change the results of 
least squares only if the new observation on y cannot be perfectly predicted using 
the information already in hand.

6. Deleting an observation. a common strategy for handling a case in which an 
observation is missing data for one or more variables is to fill those missing 
variables with 0s and add a variable to the model that takes the value 1 for that one 
observation and 0 for all other observations. show that this strategy is equivalent 
to discarding the observation as regards the computation of b but it does have an 

•	Partial regression 
coefficient

•	Partialing out
•	Partitioned regression

•	Prediction criterion
•	Population quantity
•	Population regression
•	Projection

•	Projection matrix
•	residual
•	residual maker
•	total variation

M03_GREE1366_08_SE_C03.indd   50 2/24/17   11:07 AM



 CHAPTER 3  ✦  Least Squares Regression 51

effect on R2. Consider the special case in which X contains only a constant and one 
variable. show that replacing missing values of x with the mean of the complete 
observations has the same effect as adding the new variable.

7. Demand system estimation. Let Y denote total expenditure on consumer durables, 
nondurables, and services and Ed, En, and Es are the expenditures on the three 
categories. as defined, Y = Ed + En + Es. now, consider the expenditure system

 Ed = ad + bdY + gddPd + gdnPn + gdsPs + ed,

 En = an + bnY + gndPd + gnnPn + gnsPs + en,

 Es = as + bsY + gsdPd + gsnPn + gssPs + es.

Prove that if all equations are estimated by ordinary least squares, then the sum 
of the expenditure coefficients will be 1 and the four other column sums in the 
preceding model will be zero.

8. Change in adjusted R2. Prove that the adjusted R2 in (3-30) rises (falls) when 
variable xk is deleted from the regression if the square of the t ratio on xk in the 
multiple regression is less (greater) than 1.

9. Regression without a constant. suppose that you estimate a multiple regression first 
with, then without, a constant. Whether the R2 is higher in the second case than 
the first will depend in part on how it is computed. using the (relatively) standard 
method R2 = 1 - (e′e/y′M0y), which regression will have a higher R2?

10. three variables, N, D, and Y, all have zero means and unit variances. a fourth 
variable is C = N + D. in the regression of C on Y, the slope is 0.8. in the regression 
of C on N, the slope is 0.5. in the regression of D on Y, the slope is 0.4. What is the 
sum of squared residuals in the regression of C on D? there are 21 observations 
and all moments are computed using 1/(n - 1) as the divisor.

11. using the matrices of sums of squares and cross products immediately preceding 
section 3.2.3, compute the coefficients in the multiple regression of real investment 
on a constant, gnP, and the interest rate. Compute R2.

12. in the December 1969 American Economic Review (pp. 886–896), nathaniel Leff 
reports the following least squares regression results for a cross section study of the 
effect of age composition on savings in 74 countries in 1964:

ln S/Y = 7.3439 + 0.1596 ln Y/N + 0.0254 ln G - 1.3520 ln D1 - 0.3990 ln D2,
ln S/N = 2.7851 + 1.1486 ln Y/N + 0.0265 ln G - 1.3438 ln D1 - 0.3966 ln D2,

where S/Y = domestic savings ratio, S/N = per capita savings, Y/N = per capita
income, D1 = percentage of the population under 15, D2 = percentage of the 
population over 64, and G = growth rate of per capita income. are these results 
correct? explain.6

13. Is it possible to partition R2?  the idea of “hierarchical partitioning” is to decompose 
R2 into the contributions made by each variable in the multiple regression. that is, 
if x1, c, xK are entered into a regression one at a time, then ck is the incremental 
contribution of xk such that given the order entered, Σkck = R2 and the incremental 

6 see goldberger (1973) and Leff (1973) for discussion.
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contribution of xk is then ck/R2. of course, based on (3-31), we know that this is not 
a useful calculation.
a. argue based on (3-31) why it is not useful.
b. show using (3-31) that the computation is sensible if (and only if) all variables 

are orthogonal.
c. For the investment example in section 3.2.2, compute the incremental 

contribution of T if it is entered first in the regression. now compute the 
incremental contribution of T if it is entered last.

Application

the data listed in table 3.5 are extracted from Koop and tobias’s (2004) study of the 
relationship between wages and education, ability, and family characteristics. (see 
appendix table F3.2.) their data set is a panel of 2,178 individuals with a total of 17,919 
observations. shown in the table are the first year and the time-invariant variables for 
the first 15 individuals in the sample. the variables are defined in the article.

Let X1 equal a constant, education, experience, and ability (the individual’s own 
characteristics). Let X2 contain the mother’s education, the father’s education, and the 
number of siblings (the household characteristics). Let y be the log of the hourly wage.

a. Compute the least squares regression coefficients in the regression of y on X1. 
report the coefficients.

b. Compute the least squares regression coefficients in the regression of y on X1 and 
X2. report the coefficients.

Person Education ln Wage Experience Ability
Mother’s 

Education
Father’s 

Education Siblings

1 13 1.82 1 1.00 12 12 1
2 15 2.14 4 1.50 12 12 1
3 10 1.56 1 -0.36 12 12 1
4 12 1.85 1 0.26 12 10 4
5 15 2.41 2 0.30 12 12 1
6 15 1.83 2 0.44 12 16 2
7 15 1.78 3 0.91 12 12 1
8 13 2.12 4 0.51 12 15 2
9 13 1.95 2 0.86 12 12 2

10 11 2.19 5 0.26 12 12 2
11 12 2.44 1 1.82 16 17 2
12 13 2.41 4 -1.30 13 12 5
13 12 2.07 3 -0.63 12 12 4
14 12 2.20 6 -0.36 10 12 2
15 12 2.12 3 0.28 10 12 3

TABLE 3.5  Subsample from Koop and Tobias Data
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c. regress each of the three variables in X2 on all the variables in X1 and compute the 
residuals from each regression. arrange these new variables in the 15 * 3 matrix 
X2*. What are the sample means of these three variables? explain the finding.

d. using (3-26), compute the R2 for the regression of y on X1 and X2. repeat the 
computation for the case in which the constant term is omitted from X1. What 
happens to R2?

e. Compute the adjusted R2 for the full regression including the constant term. 
interpret your result.

f. referring to the result in part c, regress y on X1 and X2*. How do your results 
compare to the results of the regression of y on X1 and X2? the comparison you 
are making is between the least squares coefficients when y is regressed on X1 
and M1X2 and when y is regressed on X1 and X2. Derive the result theoretically.  
(Your numerical results should match the theory, of course.)
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4

ESTIMATING THE REGRESSION MODEL 
BY LEAST SQUARES

§
4.1 INTRODUCTION

In this chapter, we will examine least squares in detail as an estimator of the parameters 
of the linear regression model (defined in Table 4.1). There are other candidates for 
estimating B. For example, we might use the coefficients that minimize the sum of 
absolute values of the residuals. We begin in Section 4.2 by considering the question 
“Why should we use least squares?” We will then analyze the estimator in detail. The 
question of which estimator to choose is based on the statistical properties of the 
candidates, such as unbiasedness, consistency, efficiency, and their sampling distributions. 
Section 4.3 considers finite-sample properties such as unbiasedness. The linear model is 
one of few settings in which the exact finite-sample properties of an estimator are known. 
In most cases, the only known properties are those that apply to large samples. We can 
approximate finite-sample behavior by using what we know about large-sample 
properties. In Section 4.4, we will examine the large-sample or asymptotic properties of 
the least squares estimator of the regression model.1 Section 4.5 considers robust 
inference. The problem considered here is how to carry out inference when (real) data 
may not satisfy the assumptions of the basic linear model. Section 4.6 develops a method 
for inference based on functions of model parameters, rather than the estimates 
themselves.

Discussions of the properties of an estimator are largely concerned with point 
estimation—that is, in how to use the sample information as effectively as possible to 
produce the best single estimate of the model parameters. Interval estimation, considered 
in Section 4.7, is concerned with computing estimates that make explicit the uncertainty 
inherent in using randomly sampled data to estimate population quantities. We will 
consider some applications of interval estimation of parameters and some functions of 
parameters in Section 4.7. One of the most familiar applications of interval estimation is 
using the model to predict the dependent variable and to provide a plausible range of 
uncertainty for that prediction. Section 4.8 considers prediction and forecasting using 
the estimated regression model.

The analysis assumes that the data in hand correspond to the assumptions of the 
model. In Section 4.9, we consider several practical problems that arise in analyzing 
nonexperimental data. Assumption A2, full rank of X, is taken as a given. As we noted 
in Section 2.3.2, when this assumption is not met, the model is not estimable, regardless 
of the sample size. Multicollinearity, the near failure of this assumption in real-world 

1This discussion will use results on asymptotic distributions. It may be helpful to review Appendix D before 
proceeding to Section 4.4.
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data, is examined in Sections 4.9.1 and 4.9.2. Missing data have the potential to derail 
the entire analysis. The benign case in which missing values are simply unexplainable 
random gaps in the data set is considered in Section 4.9.3. The more complicated case 
of nonrandomly missing data is discussed in Chapter 19. Finally, the problems of badly 
measured and outlying observations are examined in Section 4.9.4 and 4.9.5.

This chapter describes the properties of estimators. The assumptions in Table 4.1 will 
provide the framework for the analysis. (The assumptions are discussed in greater detail 
in Chapter 3.) For the present, it is useful to assume that the data are a cross section of 
independent, identically distributed random draws from the joint distribution of (yi,xi) 
with A1–A3 which defines E[yi ∙ xi]. Later in the text (and in Section 4.5), we will consider 
more general cases. The leading exceptions, which all bear some similarity, are stratified 
samples, cluster samples, panel data, and spatially correlated data. In these cases, groups 
of related individual observations constitute the observational units. The time-series 
case in Chapters 20 and 21 will deal with data sets in which potentially all observations 
are correlated. These cases will be treated later when they are developed in more detail. 
Under random (cross-section) sampling, with little loss of generality, we can easily obtain 
very general statistical results such as consistency and asymptotic normality. Later, such 
as in Chapter 11, we will be able to accommodate the more general cases fairly easily.

4.2 MOTIVATING LEAST SQUARES

Ease of computation is one reason that is occasionally offered to motivate least squares. 
But, with modern software, ease of computation is a minor (usually trivial) virtue. There are 
several theoretical justifications for this technique. First, least squares is a natural approach 
to estimation which makes explicit use of the structure of the model as laid out in the 
assumptions. Second, even if the true model is not a linear regression, the equation fit by 
least squares is an optimal linear predictor for the explained variable. Thus, it enjoys a sort of 
robustness that other estimators do not. Finally, under the specific assumptions of the classical 
model, by one reasonable criterion, least squares will be the most efficient use of the data.

4.2.1  POPULATION ORTHOGONALITY CONDITIONS

Let x denote the vector of independent variables in the population regression 
model. Assumption A3 states that E[e ∙ x] = 0. Three useful results follow from this. 
First, by iterated expectations (Theorem B.1), ExE[e ∙ x]] = Ex[0] = E[e] = 0; e has 

A1. Linearity: yi = xi1b1 + xi2b2 + g + xiKbK + ei = xi
=B + ei. For the sample, y = XB + E.

A2. Full rank: The n * K sample data matrix, X, has full column rank for every n Ú K.
A3.  Exogeneity of the independent variables: E[ei ∙ xj1, xj2, c, xjK] = 0, i, j = 1, c, n. There is no 

correlation between the disturbances and the independent variables. E[E ∙ X] = 0.
A4.  Homoscedasticity and nonautocorrelation: Each disturbance, ei, has the same finite variance; 

E[ei
2 ∙ X] = s2. Every disturbance ei is uncorrelated with every other disturbance, ej, conditioned 

on X; E[eiej ∙ X] = 0,  i ∙ j. E[EE′ ∙ X] = s2I.
A5. Stochastic or nonstochastic data: (xi1, xi2, c, xiK), i = 1, c, n.

A6. Normal distribution: The disturbances, ei, are normally distributed. E ∙ X ∙ N[0,s2I].

TABLE 4.1 Assumptions of the Classical Linear Regression Model
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56 PART I  ✦   The Linear Regression Model

zero mean, conditionally and unconditionally. Second, by Theorem B.2, Cov[x,e] =
Cov[x,E[e ∙ x]] = Cov[x,0] = 0 so x and e are uncorrelated. Finally, combining the 
earlier results, E[xe] = Cov[x,e] + E[e]E[x] = 0. We write the third of these as E[xe] =
E[x(y - x′b)] = 0 or

 E[xy] = E[xx′]B. (4-1)

Now, recall the least squares normal equations (3-5) based on the sample of n 
observations, X′y = X′Xb. Divide this by n and write it as a summation to obtain

 a 1
n a

n

i = 1
xiyib = a 1

n a
n

i = 1
xixi

=bb. (4-2)

Equation (4-1) is a population relationship. Equation (4-2) is a sample analog. Assuming 
the conditions underlying the laws of large numbers presented in Appendix D are met, 
the means in (4-2) are estimators of their counterparts in (4-1). Thus, by using least 
squares, we are mimicking in the sample the relationship that holds in the population.

4.2.2  MINIMUM MEAN SQUARED ERROR PREDICTOR

Consider the problem of finding an optimal linear predictor for y. Once again, ignore 
Assumption A6 and, in addition, drop Assumption A1. The conditional mean function, 
E[y ∙ x], might be nonlinear. For the criterion, we will use the mean squared error rule, so 
we seek the minimum mean squared error linear predictor of y, which we’ll denote x′G. 
(The minimum mean squared error predictor would be the conditional mean function 
in all cases. Here, we consider only a linear predictor.) The expected squared error of 
the linear predictor is

MSE = E[y - x′G]2.

This can be written as

MSE = E{y - E[y ∙ x]}2 + E{E[y ∙ x] - x′G}2.

We seek the g that minimizes this expectation. The first term is not a function of g, so 
only the second term needs to be minimized. The necessary condition is

 
0E{E(y ∙ x) - x′G}2

0G
= Eb 0{E(y ∙ x) - x′G}2

0G
r

 = -2E{x[E(y ∙ x) - x′G]} = 0.

We arrive at the equivalent condition

E[xE(y ∙ x)] = E[xx′]G.

The left-hand side of this result is E[xE(y ∙ x)] = Cov[x, E(y ∙ x)] + E[x]E[E(y ∙ x)] =
Cov[x,y] + E[x]E[y] = E[xy]. (We have used Theorem B.2.) Therefore, the necessary 
condition for finding the minimum MSE predictor is

 E[xy] = E[xx′]G. (4-3)

This is the same as (4-1), which takes us back to the least squares condition. Assuming 
that these expectations exist, they would be estimated by the sums in (4-2), which means 
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that regardless of the form of the conditional mean, least squares is an estimator of the 
coefficients of the minimum expected squared error linear predictor of y ∙ x.

4.2.3  MINIMUM VARIANCE LINEAR UNBIASED ESTIMATION

Finally, consider the problem of finding a linear unbiased estimator. If we seek the one 
that has smallest variance, we will be led once again to least squares. This proposition 
will be proved in Section 4.3.5.

4.3 STATISTICAL PROPERTIES OF THE LEAST SQUARES ESTIMATOR

An estimator is a strategy, or formula, for using the sample data that are drawn from a 
population. The properties of that estimator are a description of how it can be expected 
to behave when it is applied to a sample of data. To consider an example, the concept 
of unbiasedness implies that on average an estimator (strategy) will correctly estimate 
the parameter in question; it will not be systematically too high or too low. It is not 
obvious how one could know this if they were only going to analyze a single sample of 
data from the population. The argument adopted in econometrics is provided by the 
sampling properties of the estimation strategy. A conceptual experiment lies behind 
the description. One imagines repeated sampling from the population and characterizes 
the behavior of the sample of samples. The underlying statistical theory of the estimator 
provides the basis of the description. Example 4.1 illustrates.

The development of the properties of least squares as an estimator can be viewed 
in three stages. The finite sample properties based on Assumptions A1–A6 are precise, 
and are independent of the sample size. They establish the essential characteristics of 
the estimator, such as unbiasedness and the broad approach to be used to estimate 
the sampling variance. Finite sample results have two limiting aspects. First, they can 
only be obtained for a small number of statistics—essentially only for the basic least 
squares estimator. Second, the sharpness of the finite sample results is obtained by 
making assumptions about the data-generating process that we would prefer not to 
impose, such as normality of the disturbances (Assumption A6 in Table 4.1). Asymptotic 
properties of the estimator are obtained by deriving reliable results that will provide 
good approximations in moderate sized or large samples. For example, the large sample 
property of consistency of the least squares estimator is looser than unbiasedness in one 
respect, but at the same time, is more informative about how the estimator improves as 
more sample data are used. Finally, robust inference methods are a refinement of the 
asymptotic results. The essential asymptotic theory for least squares modifies the finite 
sample results after relaxing certain assumptions, mainly A5 (data-generating process 

THEOREM 4.1 Minimum Mean Squared Error Predictor
If the mechanism generating the data (xi, yi), i = 1, c, n, is such that the law of 
large numbers applies to the estimators in (4-2) of the matrices in (4-1), then the 
slopes of the minimum expected squared error linear predictor of y are estimated 
by the least squares coefficient vector.
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58 PART I  ✦   The Linear Regression Model

for X) and A6 (normality). Assumption A4 (homoscedasticity and nonautocorrelation) 
remains a limitation on the generality of the model assumptions. Real-world data are 
likely to be heteroscedastic in ways that cannot be precisely quantified. They may also 
be autocorrelated as a consequence of the sample design, such as the within household 
correlation of panel data observations. These possibilities may taint the inferences that 
use standard errors that are based on A4. Robust methods are used to accommodate 
possible violations of Assumption A4 without redesigning the estimation strategy. 
That is, we continue to use least squares, but employ inference procedures that will be 
appropriate whether A4 is reasonable or not.

Example 4.1  The Sampling Distribution of a Least Squares Estimator
The following sampling experiment shows the nature of a sampling distribution and the 
implication of unbiasedness. We drew two samples of 10,000 random draws on variables 
wi and xi from the standard normal population (mean 0, variance 1). We generated a set 
of ei’s equal to 0.5wi and then yi = 0.5 + 0.5xi + ei. We take this to be our population. 
We then drew 1,000 random samples of 100 observations on (yi,xi) from this population 
(without replacement), and with each one, computed the least squares slope, using at 
replication r,

br = JΣ i = 1
100 (xir - xr)yir R /JΣ i = 1

100 (xir - xr)2 R .

The histogram in Figure 4.1 shows the result of the experiment. Note that the distribution of 
slopes has mean and median roughly equal to the true value of 0.5, and it has a substantial 
variance, reflecting the fact that the regression slope, like any other statistic computed from 
the sample, is a random variable. The concept of unbiasedness relates to the central tendency 
of this distribution of values obtained in repeated sampling from the population. The shape 
of the histogram also suggests the normal distribution of the estimator that we will show 
theoretically in Section 4.3.6.

FIGURE 4.1  Histogram for Sampled Least Squares Regression Slopes.
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4.3.1  UNBIASED ESTIMATION

The least squares estimator is unbiased in every sample. To show this, write

 b = (X′X)-1X′y = (X′X)-1X′(XB + E) = B + (X′X)-1X′E. (4-4)

Now, take expectations, iterating over X:

E[b ∙ X] = B + E[(X′X)-1X′E ∙ X].

By Assumption A3, the expected value of the second term is (X′X/n)-1E[Σixiei/n ∙ X]. 
Each term in the sum has expectation zero, which produces the result we need:

 E[b ∙ X] = B. (4-5)

Therefore,

 E[b] = Ex{E[b ∙ x]} = Ex[B] = B. (4-6)

The interpretation of this result is that for any sample of observations, X, the least 
squares estimator has expectation B. When we average this over the possible values of X, 
we find the unconditional mean is B as well.

4.3.2  OMITTED VARIABLE BIAS

Suppose that a correctly specified regression model would be

 y = XB + zg + E, (4-7)

where the two parts have K and 1 columns, respectively. If we regress y on X without 
including the relevant variable, z, then the estimator is

 b = (X′X)-1X′y = B + (X′X)-1X′zg + (X′X)-1X′E. (4-8)

(Note, “relevant” means g ∙ 0.) Taking the expectation, we see that unless X′z = 0, b 
is biased. The well-known result is the omitted variable formula:

 E[b ∙ X,z] = B + pX.zg, (4-9)

where
 pX.z = (X′X)-1X′z. (4-10)

The vector pX.z is the column of slopes in the least squares regression of z on X. 
Theorem 3.2 (Frisch-Waugh) and Corollary 3.2.1 provide some insight for this result. 
For each coefficient in (4-9), we have

 E[bk ∙ X,z] = bk + g¢Cov(z,xk ∙ all other x’s

Var(xk ∙ all other x’s)
≤ (4-11)

Example 4.2  Omitted Variable in a Demand Equation
If a demand equation is estimated without the relevant income variable, then (4-11) shows 
how the estimated price elasticity will be biased. The gasoline market data we have examined 
in Example 2.3 provides a clear example. The base demand model is

Quantity = a + bPrice + gIncome + e.
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Letting b be the slope coefficient in the regression of Quantity on Price, we obtain

E[b ∙ Price, Income] = b + g 
Cov[Price, Income]

Var[Price]
.

In aggregate data, it is unclear whether the missing covariance would be positive or negative. 
The sign of the bias in b would be the same as this covariance, however, because Var[Price] 
and g would both be positive for a normal good such as gasoline. Figure 4.2 shows a simple 
plot of per capita gasoline consumption, G/Pop, against the price index PG (in inverted 
Marshallian form). The plot disagrees with what one might expect. But a look at the data 
in Appendix Table F2.2 shows clearly what is at work. In these aggregate data, the simple 
correlations for (G/Pop, Income/Pop) and for (PG, Income/Pop) are 0.938 and 0.934, 
respectively. To see if the expected relationship between price and consumption shows up, 
we will have to purge our price and quantity data of the intervening effect of income. To do 
so, we rely on the Frisch–Waugh result in Theorem 3.2. In the simple regression of the log of 
per capita gasoline consumption on a constant and the log of the price index, the coefficient 
is 0.29904, which, as expected, has the wrong sign. In the multiple regression of the log of 
per capita gasoline consumption on a constant, the log of the price index and the log of 
per capita income, the estimated price elasticity, bn, is -0.16949 and the estimated income 
elasticity, gn, is 0.96595. This agrees with expectations.

In this development, it is straightforward to deduce the directions of bias when there 
is a single included variable and one omitted variable, as in Example 4.2. It is important 
to note, however, that if more than one variable is included in X, then the terms in the 
omitted variable formula, (4-9) and (4-10), involve multiple regression coefficients, which 
have the signs of partial, not simple correlations. For example, in the demand model of 
the previous example, if the price of a closely related product, say new cars, had been 
included as well, then the simple correlation between gasoline price and income would 
be insufficient to determine the direction of the bias in the price elasticity. What would 
be required is the sign of the correlation between price and income net of the effect of 
the other price:

FIGURE 4.2  Per Capita Gasoline Consumption Versus Price, 1953–2004.
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E[bGasoline Price ∙ X,z] = bGasoline Price

 + aCov(Income, Gasoline Price ∙ New Cars Price

Var(Gasoline Price ∙ New Cars Price)
bg. (4-12)

This sign might not be obvious, and it would become even less so as more regressors 
are added to the equation. However, (4-12) does suggest what would be needed for an 
argument that the least squares estimator remains unbiased, at least for coefficients that 
correspond to zero partial correlations.

4.3.3  INCLUSION OF IRRELEVANT VARIABLES

We can view the omission of a set of relevant variables as equivalent to imposing 
an incorrect restriction on (4-7). In particular, omitting z is equivalent to incorrectly 
estimating (4-7) subject to the restriction g = 0. Incorrectly imposing a restriction 
produces a biased estimator. Suppose, however, that our error is a failure to use some 
information that is correct. If the regression model is correctly given by y = XB + E and 
we estimate it as if (4-7) were correct [i.e., we include an (or some) extra variable(s)], 
then the inclusion of the irrelevant variable z in the regression is equivalent to failing 
to impose g = 0 on (4-7) in estimation. But (4-7) is not incorrect; it simply fails to 
incorporate g = 0. The least squares estimator of (B, g) in (4-7) is still unbiased even 
given the restriction:

 EJ ¢b
c
≤ ∙ X,zR = ¢B

g
≤ = ¢B

0
≤. (4-13)

The broad result is that including irrelevant variables in the estimation equation does not 
lead to bias in the estimation of the nonzero coefficients. Then where is the problem? 
It would seem that to be conservative, one might generally want to overfit the model. 
As we will show in Section 4.9.1, the covariance matrix in the regression that properly 
omits the irrelevant z is generally smaller than the covariance matrix for the estimator 
obtained in the presence of the superfluous variables. The cost of overspecifying the 
model is larger variances (less precision) of the estimators.

4.3.4  VARIANCE OF THE LEAST SQUARES ESTIMATOR

The least squares coefficient vector is

 b = (X′X)-1X′(XB + E) = B + AE, (4-14)

where A = (X′X)-1X′. By Assumption A4, E[ee′ ∙ X] = Var[e ∙ X] = s2I. The con-
ditional covariance matrix of the least squares slope estimator is

 Var[b ∙ X] = E[(b - B)(b - B)′ ∙ X]
 = E[AEE′A′ ∙ X]

  = AE[EE′ ∙ X]A′  (4-15)
 = s2(X′X)-1.

If we wish to use b to test hypotheses about B or to form confidence intervals, 
then we will require a sample estimate of this matrix. The population parameter s2 
remains to be estimated. Because s2 is the expected value of ei

2 and ei is an estimate 
of ei, sn

2 = (1/n)a n
i = 1ei

2 would seem to be the natural estimator. But the least squares 
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residuals are imperfect estimates of their population counterparts; ei = yi - xi
=b =

ei - xi
=(b - B). The estimator sn 2 is distorted because B must be estimated.

The least squares residuals are e = My = M[XB + E] = ME, as MX = 0.  [See 
Definition 3.1 and (3-15).] An estimator of s2 will be based on the sum of squared 
residuals:

e′e = E′ME.

The expected value of this quadratic form is E[e′e ∙ X] = E[E′ME ∙ X]. The scalar E′ME is a 
1 * 1 matrix, so it is equal to its trace. By using (A-94), E[tr(E′ME) ∙ X] = E[tr(MEE′) ∙ X]. 
Because M is a function of X, the result is tr(ME[EE′ ∙ X]) = tr(Ms2I) = s2 tr(M). The 
trace of M is tr[In - X(X′X)-1X′] = tr(In) - tr[(X′X)-1X′X] = tr(In) - tr(IK) = n - K. 
Therefore,

 E[e′e ∙ X] = (n - K)s2. (4-16)

The natural estimator is biased toward zero, but the bias becomes smaller as the sample 
size increases. An unbiased estimator of s2 is

 s2 =
e′e

n - K
. (4-17)

Like b, s2 is unbiased unconditionally, because E[s2] = Ex{E[s2 ∙ X]} = Ex[s
2] = s2. 

The standard error of the regression is s, the square root of s2. We can then compute

 Est. Var[b ∙ X] = s2(X′X)-1. (4-18)

Henceforth, we shall use the notation Est.Var[Est.Var[ # ]] to indicate a sample estimate 
of the sampling variance of an estimator. The square root of the kth diagonal element 
of this matrix, {[s2(X′X)-1]kk}1/2, is the standard error of the estimator bk, which is often 
denoted simply the standard error of bk.

4.3.5  THE GAUSS–MARKOV THEOREM

We will now obtain a general result for the class of linear unbiased estimators of B. 
Because b ∙ X = Ay, where A = (X′X)-1X′, is a linear function of e, by the definition 
we will use here, it is a linear estimator of B. Because E[AE ∙ X] = 0, regardless of the 
distribution of E, under our other assumptions, b is a linear, unbiased estimator of B.

THEOREM 4.2 Gauss–Markov Theorem
In the linear regression model with given regressor matrix X, (1) the least squares 
estimator, b, is the minimum variance linear unbiased estimator of B and (2) for 
any vector of constants w, the minimum variance linear unbiased estimator of w′B 
is w′b.

Note that the theorem makes no use of Assumption A6, normality of the distribution 
of the disturbances. Only A1 to A4 are necessary. Let b0 = Cy be a different linear 
unbiased estimator of B, where C is a K * n matrix. If b0 is unbiased, then E[Cy ∙ X] =  
E[(CXB + CE) ∙ X] = B, which implies that CX = I and b0 = b + Ce, so 
Var[b0 ∙ X] = s2CC′. Now, let D = C - A so Dy = b0 - b. Because CX = I and 
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AX = I, DX = 0 and DA′ = 0. Then, Var[b0 ∙ X] = s2[(D + A)(D + A)′]. By 
multiplying the terms, we find

Var[b0 ∙ X] = s2(X′X)-1 + s2DD′ = Var[b ∙ X] + s2DD′.

The quadratic form in DD′ is q′DD′q = v′v Ú 0. The conditional covariance matrix of 
b0 equals that of b plus a nonnegative definite matrix. Every quadratic form in Var[b0 ∙ X] 
is larger than the corresponding quadratic form in Var[b ∙ X], which establishes result (1).

The proof of result (2) of the theorem follows from the previous derivation, because 
the variance of w′b is a quadratic form in Var[b ∙ X], and likewise for any b0, and implies 
that each individual slope estimator bk is the best linear unbiased estimator of bk. (Let 
w be all zeros except for a one in the kth position.) The result applies to every linear 
combination of the elements of B. The implication is that under Assumptions A1–A5, 
b is the most efficient (linear unbiased) estimator of B.

4.3.6  THE NORMALITY ASSUMPTION

To this point, the specification and analysis of the regression model are semiparametric (see 
Section 12.3). We have not used Assumption A6, normality of E, in any of the results. 
In (4-4), b is a linear function of the disturbance vector, E. If E has a multivariate normal 
distribution, then we may use the results of Section B.10.2 and the mean vector and 
covariance matrix derived earlier to state that

b ∙ X ∙ N[B, s2(X′X)-1].

Each element of b ∙ X is normally distributed:

bk ∙ X ∙ N[bk, s2(X′X)kk
-1].

We found evidence of this result in Figure 4.1 in Example 4.1.
The exact distribution of b is conditioned on X. The normal distribution of b in 

a finite sample is a consequence of the specific assumption of normally distributed 
disturbances. The normality assumption is useful for constructing test statistics and for 
forming confidence intervals. But we will ultimately find that we will be able to establish 
the results we need for inference about B based only on the sampling behavior of the 
statistics without tying the analysis to a narrow assumption of normality of E.

4.4 ASYMPTOTIC PROPERTIES OF THE LEAST SQUARES ESTIMATOR

The finite sample properties of the least squares estimator are helpful in suggesting the 
range of results that can be obtained from a sample of data. But the list of settings in 
which exact finite sample results can be obtained is extremely small. The assumption of 
normality likewise narrows the range of the applications. Estimation and inference can 
be based on approximate results that will be reliable guides in even moderately sized 
data sets, and require fewer assumptions.

4.4.1  CONSISTENCY OF THE LEAST SQUARES ESTIMATOR OF B

Unbiasedness is a useful starting point for assessing the virtues of an estimator. It assures 
the analyst that their estimator will not persistently miss its target, either systematically 
too high or too low. However, as a guide to estimation strategy, unbiasedness has 
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two shortcomings. First, save for the least squares slope estimator we are discussing 
in this chapter, it is rare for an econometric estimator to be unbiased. In nearly all 
cases beyond the multiple linear regression model, the best one can hope for is that 
the estimator improves in the sense suggested by unbiasedness as more information 
(data) is brought to bear on the study. As such, we will need a broader set of tools to 
guide the econometric inquiry. Second, the property of unbiasedness does not, in fact, 
imply that more information is better than less in terms of estimation of parameters. 
The sample means of random samples of two, 20 and 20,000 are all unbiased estimators 
of a population mean—by this criterion all are equally desirable. Logically, one would 
hope that a larger sample is better than a smaller one in some sense that we are about to 
define. The property of consistency improves on unbiasedness in both of these directions.

To begin, we leave the data-generating mechanism for X unspecified—X may be 
any mixture of constants and random variables generated independently of the process 
that generates E. We do make two crucial assumptions. The first is a modification of 
Assumption A5; A5a. (xi, ei), i = 1, c, n  is a sequence of independent, identically 
distributed observations.

The second concerns the behavior of the data in large samples:

 
plim

n S ∞
X′X

n
= Q,  a positive definite matrix. (4-19)

Note how this extends A2. If every X has full column rank, then X′X/n is a positive 
definite matrix in a specific sample of n Ú K observations. Assumption (4-19) extends 
that to all samples with at least K observations. A straightforward way to reach (4-19) 
based on A5a is to assume

E[xixi′] = Q,

so that by the law of large numbers, (1/n)Σixixi
= converges in probability to its expec-

tation, Q, and via Theorem D.14, (X′X/n)-1 converges in probability to Q-1.
Time-series settings that involve trends, polynomial time series, and trending 

variables often pose cases in which the preceding assumptions are too restrictive. A 
somewhat weaker set of assumptions about X that is broad enough to include most of 
these is the Grenander Conditions listed in Table 4.2.2 The conditions ensure that the 
data matrix is “well behaved” in large samples. The assumptions are very weak and likely 
to be satisfied by almost any data set encountered in practice.

At many points from here forward, we will make an assumption that the data are 
well behaved so that an estimator or statistic will converge to a result. Without repeating 
them in each instance, we will broadly rely on conditions such as those in Table 4.2.

The least squares estimator may be written

 b = B + aX′X
n

b
-1

aX′E
n

b . (4-20)

Then,

plim b = B + Q-1plimaX′E
n

b .

2See Grenander (1956), Palma (2016, p. 373) and Judge et al. (1985, p. 162).
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G1.  For each column of X, xk, if dnk
2 = xk

= xk, then limnS ∞ dnk
2 = + ∞ . Hence, xk does not degenerate 

to a sequence of zeros. Sums of squares will continue to grow as the sample size increases.

G2.  LimnS ∞ xik
2 /dnk

2 = 0 for all i = 1, c, n. No single observation will ever dominate xk
= xk. As 

n S ∞ , individual observations will become less important.
G3.  Let Cn be the sample correlation matrix of the columns of X, excluding the constant term if 

there is one. Then limnS ∞Cn = C, a positive definite matrix. This condition implies that the 
full rank condition will always be met. We have already assumed that X has full rank in a finite 
 sample. This rank condition will not be violated as the sample size increases.

TABLE 4.2 Grenander Conditions for Well-Behaved Data

We require the probability limit of the last term. In Section 4.2.1, we found that E[e ∙ x] = 0 
implies E[xe] = 0. Based on this result, again invoking D.4., we find X′E/n = (1/n)Σixiei 
converges in probability to its expectation of zero, so

 plimaX′E
n

b = 0. (4-21)

It follows that

 plim b = B + Q-1 # 0 = B. (4-22)

This result establishes that under Assumptions A1–A4 and the additional assumption 
(4-19), b is a consistent estimator of B in the linear regression model. Note how 
consistency improves on unbiasedness. The asymptotic result does not insist that b be 
unbiased. But, by the definition of consistency (see Definition D.6), it will follow that 
limnS ∞ Prob[ ∙ bk - bk ∙ 7 d] = 0 for any positive d. This means that with increasing 
sample size, the estimator will be ever closer to the target. This is sometimes (loosely) 
labeled “asymptotic unbiasedness.”

4.4.2  THE ESTIMATOR OF Asy. Var[b]

To complete the derivation of the asymptotic properties of b, we will require an estimator 
of Asy. Var[b] = (s2/n)Q-1. With (4-19), it is sufficient to restrict attention to s2, so 
the purpose here is to assess the consistency of s2 as an estimator of s2. Expanding 
s2 = E′ME/(n - K) produces

s2 =
1

n - K
 [E′E - E′X(X′X)-1X′E] =

n
n - k

JE′E
n

- ¢E′X
n

b aX′X
n

b
-1

aX′E
n

b R .

The leading constant clearly converges to 1. We can apply (4-19), (4-21) (twice), and 
the product rule for probability limits (Theorem D.14) to assert that the second term 

in the brackets converges to 0. That leaves 
1
n a

n

i = 1
ei

2. This is a narrow case in which the 

random variables ei
2 are independent with the same finite mean s2, so not much is 

required to get the mean to converge almost surely to s2 = E[ei
2]. By the Markov 

theorem (D.8), what is needed is for E[(ei
2)1 + d] to be finite, so the minimal assumption 

thus far is that ei have finite moments up to slightly greater than 2. Indeed, if we 
further assume that every ei has the same distribution, then by the Khinchine theorem 
(D.5) or the corollary to D8, finite moments (of ei) up to 2 is sufficient. So, under 
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fairly weak conditions, the first term in brackets converges in probability to s2, which 
gives our result,

plim s2 = s2,

and, by the product rule,

 plim s2(X′X/n)-1 = s2Q-1. (4-23)

The appropriate estimator of the asymptotic covariance matrix of b is the familiar one,

 Est.Asy.Var[b] = s2 (X′X)-1. (4-24)

4.4.3  ASYMPTOTIC NORMALITY OF THE LEAST SQUARES ESTIMATOR

By relaxing assumption A6, we will lose the exact normal distribution of the estimator 
that will enable us to form confidence intervals in Section 4.7. However, normality of 
the disturbances is not necessary for establishing the distributional results we need to 
allow statistical inference, including confidence intervals and testing hypotheses. Under 
generally reasonable assumptions about the process that generates the sample data, 
large sample distributions will provide a reliable foundation for statistical inference in 
the regression model (and more generally, as we develop more elaborate estimators 
later in the book).

To derive the asymptotic distribution of the least squares estimator, we shall use 
the results of Section D.3. We will make use of some basic central limit theorems, so in 
addition to Assumption A3 (uncorrelatedness), we will assume that observations are 
independent. It follows from (4-20) that

 2n(b - B) = ¢X=X
n

≤-1

a 12n
bX=E. (4-25)

If the limiting distribution of the random vector in (4-25) exists, then that limiting 
distribution is the same as that of

 Jplim¢X=X
n

≤-1 R a 12n
bX=E = Q-1a 12n

bX=E. (4-26)

Thus, we must establish the limiting distribution of

 a 12n
bX=e = 2n(w - E[w]), (4-27)

where wi = xiei and E[wi] = E[w] = 0. The mean vector w is the average of n 
independent identically distributed random vectors with means 0 and variances

 Var[xiei] = s2E[xix
=
i] = s2Q. (4-28)

The variance of 2n w =
12n

a n
i = 1xiei is

 s2a 1
n
b [Q + Q + g + Q] = s2Q. (4-29)
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We may apply the Lindeberg–Levy central limit theorem (D.18) to the vector 2n w, as 
we did in Section D.3 for the univariate case 2n x. If [xiei], i = 1, c, n are independent 
vectors, each distributed with mean 0 and variance s2Q 6 ∞ , and if (4-19) holds, then

 a 12n
bX=E Sd

N[0, s2Q]. (4-30)

It then follows that

 Q-1a 12n
bX=E ¡d

N[Q-10, Q-1(s2Q)Q-1]. (4-31)

Combining terms,

 2n(b - B) ¡d
N[0, s2Q-1]. (4-32)

Using the technique of Section D.3, we then obtain the asymptotic distribution of b:

THEOREM 4.3 Asymptotic Distribution of b with IID Observations
If {ei} are independently distributed with mean zero and finite variance s2 and xik 
is such that the Grenander conditions are met, then

 b ∙
a

NJB, 
s2

n
 Q-1 R . (4-33)

The development here has relied on random sampling from (xi, ei). If observa-
tions are not identically distributed, for example, if E[xixi′] = Qi, then under 
suitable, more general assumptions, an argument could be built around the 
Lindeberg–Feller Central Limit Theorem (D.19A). The essential results would 
be the same.

In practice, it is necessary to estimate (1/n)Q-1 with (X=X)-1 and s2 with e∙e/(n - K).
If E is normally distributed, then normality of b ∙ X holds in every sample, so it 

holds asymptotically as well. The important implication of this derivation is that if the 
regressors are well behaved and observations are independent, then the asymptotic 
normality of the least squares estimator does not depend on normality of the disturbances; 
it is a consequence of the Central Limit Theorem.

4.4.4  ASYMPTOTIC EFFICIENCY

It remains to establish whether the large-sample properties of the least squares estimator 
are optimal by any measure. The Gauss–Markov theorem establishes finite sample 
conditions under which least squares is optimal. The requirements that the estimator be 
linear and unbiased limit the theorem’s generality, however. One of the main purposes 
of the analysis in this chapter is to broaden the class of estimators in the linear regression 
model to those which might be biased, but which are consistent. Ultimately, we will 
be interested in nonlinear estimators as well. These cases extend beyond the reach of 
the Gauss–Markov theorem. To make any progress in this direction, we will require an 
alternative estimation criterion.
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68 PART I  ✦   The Linear Regression Model

We can compare estimators based on their asymptotic variances. The complication 
in comparing two consistent estimators is that both converge to the true parameter as 
the sample size increases. Moreover, it usually happens (as in our Example 4.3), that they 
converge at the same rate—that is, in both cases, the asymptotic variances of the two 
estimators are of the same order, such as O(1/n). In such a situation, we can sometimes 
compare the asymptotic variances for the same n to resolve the ranking. The least absolute 
deviations estimator as an alternative to least squares provides a leading example.

Example 4.3   Least Squares Vs. Least Absolute Deviations—A Monte 
Carlo Study

Least absolute deviations (LAD) is an alternative to least squares. (The LAD estimator is 
considered in more detail in Section 7.3.1.) The LAD estimator is obtained as

bLAD = the minimizer ofa n
i = 1 ∙ yi - x=

ib0 ∙ ,

in contrast to the linear least squares estimator, which is

bLS = the minimizer ofa n
i = 1(yi - x=

ib0)2.

Suppose the regression model is defined by

yi = x=
ib + ei,

where the distribution of ei has conditional mean zero, constant variance s2, and conditional 
median zero as well—the distribution is symmetric—and plim(1/n)X=e = 0. That is, all the 
usual regression assumptions, but with the normality assumption replaced by symmetry of 
the distribution. Then, under our assumptions, bLS is a consistent and asymptotically normally 
distributed estimator with asymptotic covariance matrix given in Theorem 4.3, which we will 
call s2A. As Koenker and Bassett (1978, 1982), Huber (1987), Rogers (1993), and Koenker 
(2005) have discussed, under these assumptions, bLAD is also consistent. A good estimator 
of the asymptotic variance of bLAD would be (1/2)2[1/f(0)]2 A where f(0) is the density of e at 
its median, zero. This means that we can compare these two estimators based on their 
asymptotic variances. The ratio of the asymptotic variance of the kth element of bLAD to the 
corresponding element of bLS would be

qk = Var(bk, LAD)/Var(bk, LS) = (1/2)2(1/s2)[1/f(0)]2.

If e did actually have a normal distribution with mean (and median) zero, then 
f(e) = (2ps2)-1/2 exp(-e2/(2s2)) so f(0) = (2ps2)-1/2 and for this special case qk = p/2. If the 
disturbances are normally distributed, then LAD will be asymptotically less efficient by a 
factor of p/2 = 1.573.

The usefulness of the LAD estimator arises precisely in cases in which we cannot assume 
normally distributed disturbances. Then it becomes unclear which is the better estimator. It 
has been found in a long body of research that the advantage of the LAD estimator is most 
likely to appear in small samples and when the distribution of e has thicker tails than the 

DEFINITION 4.1 Asymptotic Efficiency
An estimator is asymptotically efficient if it is consistent, asymptotically normally 
distributed, and has an asymptotic covariance matrix that is not larger than the 
asymptotic covariance matrix of any other consistent, asymptotically normally 
 distributed estimator.
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normal—that is, when outlying values of yi are more likely. As the sample size grows larger, 
one can expect the LS estimator to regain its superiority. We will explore this aspect of the 
estimator in a small Monte Carlo study.

Examples 2.6 and 3.4 note an intriguing feature of the fine art market. At least in some 
settings, large paintings sell for more at auction than small ones. Appendix Table F4.1 
contains the sale prices, widths, and heights of 430 Monet paintings. These paintings sold 
at auction for prices ranging from $10,000 to $33 million. A linear regression of the log of the 
price on a constant term, the log of the surface area, and the aspect ratio produces the results 
in the top line of Table 4.3. This is the focal point of our analysis. In order to study the different 
behaviors of the LS and LAD estimators, we will do the following Monte Carlo study: We will 
draw without replacement 100 samples of R observations from the 430. For each of the 100 
samples, we will compute bLS,r and bLAD,r. We then compute the average of the 100 vectors 
and the sample variance of the 100 observations.3 The sampling variability of the 100 sets 
of results corresponds to the notion of “variation in repeated samples.” For this experiment, 
we will do this for R = 10, 50, and 100. The overall sample size is fairly large, so it is 
reasonable to take the full sample results as at least approximately the “true parameters.” 
The standard errors reported for the full sample LAD estimator are computed using 
bootstrapping. Briefly, the procedure is carried out by drawing B—we used B = 100—
samples of n (430) observations with replacement, from the full sample of n observations. 
The estimated variance of the LAD estimator is then obtained by computing the mean 
squared deviation of these B estimates around the mean of the B estimates. This procedure 
is discussed in detail in Section 15.4.

3The sample size R is not a negligible fraction of the population size, 430 for each replication. However, this does 
not call for a finite population correction of the variances in Table 4.3. We are not computing the variance of a 
sample of R observations drawn from a population of 430 paintings. We are computing the variance of a sample of 
R statistics, each computed from a different subsample of the full population. There about 1020 different samples 
of 10 observations we can draw. The number of different samples of 50 or 100 is essentially infinite.

Constant Log Area Aspect Ratio

Full 
Sample Mean

Standard 
Error* Mean

Standard  
Error Mean

Standard  
Error

LS -8.34327 0.67820 1.31638 0.09205 -0.09623 0.15784
LAD -8.22726 0.82480 1.25904 0.13718 0.04195 0.22762

R ∙ 10
LS -10.6218 8.39355 1.65525 1.21002 -0.07655 1.55330

LAD -12.0635 11.1734 1.81531 1.53662 0.18269 2.11369
R ∙ 50

LS -8.57755 1.94898 1.35026 0.27509 -0.08521 0.46600
LAD -8.33638 2.18488 1.31408 0.36047 -0.06011 0.60910

R ∙ 100
LS -8.38235 1.38332 1.32946 0.19682 -0.09378 0.33765

LAD -8.37291 1.52613 1.31028 0.24277 -0.07908 0.47906

* For the full sample, standard errors for LS use (4-18). Standard errors for LAD are based on 100 bootstrap  
replications. For the R = 10, 50, and 100 experiments, standard errors are the sample standard deviations of 
the 100 sets of results from the runs of the experiments.

TABLE 4.3 Estimated Equations for Art Prices
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If the assumptions underlying the regression model are correct, we should observe the 
following:

1. Because both estimators are consistent, the averages should resemble the full sample 
results, the more so as R increases.

2. As R increases, the sampling variance of the estimators should decline.
3. We should observe generally that the standard deviations of the LAD estimates are larger 

than the corresponding values for the LS estimator.
4. When R is small, the LAD estimator should compare more favorably to the LS estimator, 

but as R gets larger, the advantage of the LS estimator should become apparent.

A kernel density estimate for the distribution of the least squares residuals appears in 
Figure 4.3. There is a bit of skewness in the distribution, so a main assumption underlying 
our experiment may be violated to some degree. Results of the experiments are shown in 
Table 4.3. The force of the asymptotic results can be seen most clearly in the column for the 
coefficient on log Area. The decline of the standard deviation as R increases is evidence of 
the consistency of both estimators. In each pair of results (LS, LAD), we can also see that the 
estimated standard deviation of the LAD estimator is greater by a factor of about 1.2 to 1.4, 
which is also to be expected. Based on the normal distribution, we would have expected this 
ratio to be 2p/2 = 1.253.

4.4.5  LINEAR PROJECTIONS

Assumptions A1–A6 define the conditional mean function (CMF) in the joint 
distribution of (yi,xi), E[y ∙ x] = x′B, and the conditional distribution of y ∙ x (normal). 
Based on Assumptions A1–A6, we find that least squares is a consistent estimator 
of the slopes of the linear conditional mean under quite general conditions. A 
useful question for modeling is “What is estimated by linear least squares if the 
conditional mean function is not linear?” To consider this, we begin with a more 

FIGURE 4.3  Kernel Density Estimator for Least Squares Residuals.
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general statement of the structural model—this is sometimes labeled the “error 
form” of the model—in which

y = E[y ∙ x] + e = m(x) + e.

We have shown earlier using the law of iterated expectations that E[e ∙ x] = E[e] = 0 
regardless of whether m(x) is linear or not. As a side result to modeling a conditional 
mean function without the linearity assumption, the modeler might use the results of 
linear least squares as an easily estimable, interesting feature of the population.

To examine the idea, we retain only the assumption of well-behaved data on x, A2, 
and A5, and assume, as well, that (yi,xi), i = 1, c, n are a random sample from the 
joint population of (y,x). We leave the marginal distribution of x and the conditional 
distribution of y ∙ x both unspecified, but assume that all variables in (yi, xi) have finite 
means, variances, and covariances. The linear projection of y on x, Proj[y ∙ x], is defined by

y = g0 + x∙G + w = Proj[y ∙ x] + w,

where       g0 = E[y] - E[x]′G
and       G = (Var[x])-1Cov[x,y]. (4-34)

As noted earlier, if E[w ∙ x] = 0, then this would define the CMF, but we have not assumed 
that. It does follow by inserting the expression for g0 in E[y] = g0 + E[x]′G + E[w] that 
E[w] = 0, and by expanding Cov[x,y] that Cov[x,w] = 0. The linear projection is a 
characteristic of the joint distribution of (yi,xi). As we have seen, if the CMF in the joint 
distribution is linear, then the projection will be the conditional mean. But, in the more 
general case, the linear projection will simply be a feature of the joint distribution. Some 
aspects of the linear projection function follow from the specification of the model:

1. Because the linear projection is generally not a structural model—that would 
usually be the CMF—the coefficients in the linear projection will generally not 
have a causal interpretation; indeed, the elements of G will usually not have any 
direct economic interpretation other than as approximations (of uncertain quality) 
to the slopes of the CMF.

2. As we saw in Section 4.2.1, linear least squares regression of y on X (under the 
assumed sampling conditions) always estimates the g0 and G of the projection 
regardless of the form of the conditional mean.

3. The CMF is the minimum mean squared error predictor of y in the joint distribution 
of (y,x). We showed in Section 4.2.2 that the linear projection would be the minimum 
mean squared error linear predictor of y. Because both functions are predicting the 
same thing, it is tempting to infer that the linear projection is a linear approximation 
to the conditional mean function—and the approximation is exact if the conditional 
mean is linear. This approximation aspect of the projection function is a common 
motivation for its use. How effective it is likely to be is obviously dependent on the 
CMF—a linear function is only going to be able to approximate a nonlinear function 
locally, and how accurate that is will depend generally on how much curvature there 
is in the CMF. No generality seems possible; this would be application specific.

4. The interesting features in a structural model are often the partial effects or 
derivatives of the CMF—in the context of a structural model these are generally 
the objects of a search for causal effects. A widely observed empirical regularity that 
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remains to be established with a firm theory is that G in the linear projection often 
produces a good approximation to the average partial effects based on the CMF.

Example 4.4  Linear Projection: A Sampling Experiment
Table F7.1 describes panel data on 7,293 German households observed from 1 to 7 times for 
a total of 27,326 household-year observations. Looking ahead to Section 18.4, we examine a 
model with a nonlinear conditional mean function, a Poisson regression for the number of doctor 
visits by the household head, conditioned on the age of the survey respondent. We carried out 
the following experiment: Using all 27,326 observations, we fit a pooled Poisson regression 
by maximum likelihood in which the conditional mean function is li = exp(b0 + b1Agei). 
The estimated values of (b0,b1) are [0.11384,0.02332]. We take this to be the population; 
f(yi ∙ xi) = Poisson(li). We then used the observed data on age to (1) compute this true li for 
each of the 27,326 observations. (2) We used a random number generator to draw 27,326 
observations on yi from the Poisson population with mean equal to this constructed li. Note 
that the generated data conform exactly to the model with nonlinear conditional mean. The 
true value of the average partial effect is computed from 0E[yi ∙ xi]/0xi = b1li. We computed 
this for the full sample. The true APE is (1/27,326)Σ ib1li = 0.07384. For the last step, we 
randomly sampled 1,000 observations from the population and fit the Poisson regression. The 
estimated coefficient was b1 = 0.02334. The estimated average partial effect based on the 
MLEs is 0.07141. Finally, we linearly regressed the random draws yi on Agei using the 1,000 
values. The estimated slope is 0.07163—nearly identical to the estimated average partial 
effect from the CMF. The estimated CMF and the linear projection are shown in Figure 4.4. The 
closest correspondence of the two functions occurs in the center of the data—the average 
age is 43 years. Several runs of the experiment (samples of 1,000 observations) produced 
the same result (not surprisingly).

As noted earlier, no firm theoretical result links the CMF to the linear projection save for 
the case when they are equal. As suggested by Figure 4.4, how good an approximation it 
provides will depend on the curvature of the CMF, and is an empirical question. For the present 
example, the fit is excellent in the middle of the data. Likewise, it is not possible to tie the 
slopes of the CMF at any particular point to the coefficients of the linear projection. The widely 
observed empirical regularity is that the linear projection can deliver good approximations 
to average partial effects in models with nonlinear CMFs. This is the underlying motivation 

FIGURE 4.4  Nonlinear Conditional Mean Function and Linear Projection.
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for recent applications of “linear probability models”—that is, for using linear least squares 
to fit a familiar nonlinear model. See Angrist and Pischke (2010) and Section 17.3 for further 
examination.

4.5 ROBUST ESTIMATION AND INFERENCE

Table 4.1 lists six assumptions that define the “Classical Linear Regression Model.” 
A1–A3 define the linear regression framework. A5 suggests a degree of flexibility—
the model is broad enough to encompass a wide variety of data generating processes. 
Assumptions A4 and A6, however, specifically narrow the situations in which the 
model applies. In particular, A4 seems to preclude the approach developed so far if 
the disturbances are heteroscedastic or autocorrelated, while A6 limits the stochastic 
specification to normally distributed disturbances. In fact, we have established all 
of the finite sample properties save for normality of b ∙ X, and all of the asymptotic 
properties without actually using Assumption A6. As such, by these results, the least 
squares estimator is “robust” to violations of the normality assumption. In particular, it 
appears to be possible to establish the properties we need for least squares without any 
specific assumption about the distribution of e (again, so long as the other assumptions 
are met).

An estimator of a model is said to be “robust” if it is insensitive to departures from 
the base assumptions of the model. In practical econometric terms, robust estimators 
retain their desirable properties in spite of violations of some of the assumptions of 
the model that motivate the estimator. We have seen, for example, that the unbiased 
least squares estimator is robust to a departure from the normality assumption, A6. 
In fact, the unbiasedness of least squares is also robust to violations of assumption 
A4. But, as regards unbiasedness, it is certainly not robust to violations of A3. Also, 
whether consistency for least squares can be established without A4 remains to be 
seen. Robustness is usually defined with respect to specific violations of the model 
assumptions. Estimators are not globally “robust.” Robustness is not necessarily a 
precisely defined feature of an estimator, however. For example, the LAD estimator 
examined in Example 4.4 is often viewed as a more robust estimator than least squares, 
at least in small samples, because of its numerical insensitivity to the presence of outlying 
observations in the data.

For our practical purposes, we will take robustness to be a broad characterization of 
the asymptotic properties of certain estimators and procedures. We will specifically focus 
on and distinguish between robust estimation and robust inference. A robust estimator, 
in most settings, will be a consistent estimator that remains consistent in spite of 
violations of assumptions used to motivate it. To continue the example, with some fairly 
inocuous assumptions about the alternative specification, the least squares estimator 
will be robust to violations of the homoscedasticity assumption Var[ei ∙ xi] = s2. In most 
applications, inference procedures are robust when they are based on estimators of 
asymptotic variances that are appropriate even when assumptions are violated.

Applications of econometrics rely heavily on robust estimation and inference. The 
development of robust methods has greatly simplified the development of models, as we 
shall see, by obviating assumptions that would otherwise limit their generality. We will 
develop a variety of robust estimators and procedures as we proceed.
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74 PART I  ✦   The Linear Regression Model

4.5.1  CONSISTENCY OF THE LEAST SQUARES ESTIMATOR

In the context of A1–A6, we established consistency of b by invoking two results. 
Assumption A2 is an assumption about existence. Without A2, discussion of consistency 
is moot, because if X=X/n does not have full rank, b does not exist. We also relied on 
A4. The central result is plim X=E/n = 0, which we could establish if E[xiei] = 0. The 
remaining element would be a law of large numbers by which the sample mean would 
converge to its population counterpart. Collecting terms, it turns out that normality, 
homoscedasticity and nonautocorrelation are not needed for consistency of b, so, in 
turn, consistency of the least squares estimator is robust to violations of these three 
assumptions. Broadly, random sampling is sufficient.

4.5.2  A HETEROSCEDASTICITY ROBUST COVARIANCE MATRIX FOR LEAST SQUARES

The derivations in Sections 4.4.2 of Asy.Var[b] = (s2/n)Q-1 relied specifically on 
Assumption A4. In the analysis of a cross section, in which observations are uncorrelated, 
the issue will be the implications of violations of the homoscedasticity assumption. (We 
will consider the heteroscedasticity case here. Autocorrelation in time-series data is 
examined in Section 20.5.2.) For the most general case, suppose Var[ei ∙ xi] = si

2, with 
variation assumed to be over xi. In this case,

b = B + (X=X)-1a
i

 xiei.

Then,

 Var[b ∙ X] = (X=X)-1Ja
i

 si
2xix′i R (X=X)-1. (4-35)

Based on this finite sample result, the asymptotic variance will be

 Asy.Var[b] =
1
n

 Q-1 cplim
1
n a

i
 si

2xix′i dQ-1 =
1
n

 Q-1Q*Q-1. (4-36)

Two points to consider are (1) is s2(X=X)-1 likely to be a valid estimator of Asy.Var[b] 
in this case? and, if not, (2) is there a strategy available that is “robust” to unspecified 
heteroscedasticity? The first point is pursued in detail in Section 9.3. The answer 
to the second is yes. What is required is a feasible estimator of Q*. White’s (1980) 
heteroscedasticity robust estimator of Q* is

Whet =
1
n a

i
 ei

2xix′i ,

where ei is the least squares residual, yi - xi′b. With Whet in hand, an estimator of 
Asy.Var[b] that is robust to unspecified heteroscedasticity is

 Est.Asy.Var[b] = n(X=X)-1 Whet(X=X)-1. (4-37)

The implication to this point will be that we can discard the homoscedasticity assumption 
in A4 and recover appropriate standard errors by using (4-37) to estimate the asymptotic 
standard errors for the coefficients.
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4.5.3  ROBUSTNESS TO CLUSTERING

Settings in which the sample data consist of groups of related observations are increasingly 
common. Panel data applications such as that in Example 4.5 and in Chapter 11 are an 
obvious case. Samples of firms grouped by industries, students in schools, home prices 
in neighborhoods, and so on are other examples. In this application, we suppose that the 
sample consists of C groups, or “clusters” of observations, labeled c = 1,...,C. There are 
Nc observations in cluster c where Nc is one or more. The n observations in the entire 
sample therefore comprise n = a cNc observations. The regression model is

yi,c = xi,c′    B + ei,c.

The observations within a cluster are grouped by the correlation across observations 
within the group. Consider, for example, student test scores where students are grouped 
by their class. The common teacher will induce a cross-student correlation of ei,c. An 
intuitively appealing formulation of such teacher effects would be the “random effects” 
formulation,
 yi,c = xi,c′ B +  wc + ui,c. (4-38)

By this formulation, the common within cluster effect (e.g., the common teacher effect) 
would induce the same correlation across all members of the group. This random effects 
specification is considered in detail in Chapter 11. For present purposes, the assumption 
is stronger than necessary—note that in (4-38), assuming ui,c is independent across 
observations, Cov(ei,c,ej,c) = sw

2 . At this point, we prefer to allow the correlation to be 
unspecified, and possibly vary for different pairs of observations.

The least squares estimator is

b = B + ¢aC
c = 1 X=

cXc≤-1JaC
c = 1¢aN

i = 1 xi,cei,c≤R = B + ¢X=X≤-1JaC
c = 1¢  X=

cEc≤ R ,

where Xc is the Nc * K matrix of exogenous variables for cluster c and Ec is the Nc 
disturbances for the group. Assuming that the clusters are independent,

 Var[b ∙ X] = ¢X=X≤-1JaC
c = 1 Xc𝛀cX

=
c R ¢X=X≤-1

. (4-39)

Like si
2 before, 𝛀c is not meant to suggest a particular set of population parameters. 

Rather, 𝛀c represents the possibly unstructured correlations allowed among the Nc 
disturbances in cluster c. The construction is essentially the same as the White estimator, 
though 𝛀c is the matrix of variances and covariances for the full vector ec. (It would be 
identical to the White estimator if each cluster contained one observation.) Taking the 
same approach as before, we obtain the asymptotic variance

 Asy.Var[b] =
1
C

 Q-1Jplim 
1
C aC

c = 1Xc𝛀cX
=
c dQ-1.4  (4-40)

4Since the observations in a cluster are not assumed to be independent, the number of observations in the sample 
is no longer n. Logically, the sample would now consist of C multivariate observations. In order to employ the 
asymptotic theory used to obtain Asy.Var[b], we are implicitly assuming that C is large while Nc is relatively small, 
and asymptotic results would relate to increasing C, not n. In practical applications, the number of clusters is often 
rather small, and the group sizes relatively large. We will revisit these complications in Section 11.3.3.
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A feasible estimator of the bracketed matrix based on the least squares residuals is

 Wcluster =
1
C aC

c = 1¢X∙
cecb ae=

cXc≤ =
1
C aC

c = 1¢ aNc

i = 1xiceicb ¢ aNc

i = 1 xiceic≤=. (4-41)

Then,
 Est.Asy.Var[b] =  C(X=X)-1 Wcluster(X=X)-1. (4-42)

[A refinement intended to accommodate a possible downward bias induced by a small 
number of clusters is to multiply Wcluster by C/(C - 1) (SAS) or by [C/(C - 1)] *
[(n - 1)/(n - K)] (Stata, NLOGIT).]

Example 4.5  Robust Inference About the Art Market
The Monet paintings examined in Example 4.3 were sold at auction over 1989–2006. Our 
model thus far is

lnPriceit = b1 + b2lnAreait + b3AspectRatioit + eit

The subscript “it” uniquely identifies the painting and when it was sold. Prices in open 
outcry auctions reflect (at least) three elements, the common (public), observable features 
of the item, the public unobserved (by the econometrician) elements of the asset, and the 
private unobservable preferences of the winning bidder. For example, it will turn out (in a later 
example) that whether the painting is signed or not has a large and significant influence on 
the price. For now, we assume (for sake of the example), that we do not observe whether the 
painting is signed or not, though, of course, the winning bidders do observe this. It does seem 
reasonable to suggest that the presence of a signature is uncorrelated with the two attributes 
we do observe, area and aspect ratio. We respecify the regression as

lnPriceit = b1 + b2lnAreait + b3AspectRatioit + wit + uit,

where wit represents the intrinsic, unobserved features of the painting and uit represents the 
unobserved preferences of the buyer. In fact, the sample of 430 sales involves 376 unique 
paintings. Several of the sales are repeat sales of the same painting. The numbers of sales 
per painting were one, 333; two, 34; three, 7; and four, 2. Figure 4.5 shows the configuration 
of the sample. For those paintings that sold more than once, the terms wit do relate to the 
same i, and, moreover, would naturally be correlated. [They needn’t be identical as in (4-38), 
however. The valuation of attributes of paintings or other assets sold at auction could vary 
over time.]

FIGURE 4.5  Repeat Sales of Monet Paintings.

0

2

4

Fr
eq

ue
nc

y

6

Painting
4001 100 200 300

M04_GREE1366_08_SE_C04.indd   76 2/24/17   9:30 PM



 CHAPTER 4  ✦  Estimating the Regression Model by Least Squares 77

The least squares estimates and three sets of estimated standard errors are shown 
in Table 4.4. Even with only a small amount of clustering, the correction produces a 
tangible adjustment of the standard errors. Perhaps surprisingly, accommodating possible 
heteroscedasticity produces a more pronounced effect than the cluster correction. Note, 
finally, in contrast to common expectations, the robust covariance matrix does not always 
have larger standard errors. The standard errors do increase slightly in this example, 
however.

4.5.4  BOOTSTRAPPED STANDARD ERRORS WITH CLUSTERED DATA

The sampling framework that underlies the treatment of clustering in the preceding 
section assumes that the sample consists of a reasonably large number of clusters, drawn 
randomly from a very large population of clusters. Within each cluster reside a number 
of observations generated by the linear regression model. Thus,

yi,c = x′i,c  B + ei,c,

where within each cluster, E[ei,c,ej,c] may be nonzero—observations may be freely 
correlated. Clusters are assumed to be independent. Each cluster consists of Nc 
observations, (yc,Xc,Ec) and the cluster is the unit of observation. For example, we 
might be examining student test scores in a state where students are grouped by 
classroom, and there are potentially thousands of classrooms in the state. The sample 
consists of a sample of classrooms. (Higher levels of grouping, such as classrooms in 
a school, and schools in districts, would require some extensions. We will consider 
this possibility later in Chapter 11.) The essential feature of the data is the likely 
correlation across observations in the group. Another natural candidate for this type 
of process would be a panel data set such as the labor market data examined in 
Example 4.6, where a sample of 595 individuals is each observed in 7 consecutive 
years. The common feature is the large number of relatively small or moderately sized 
clusters in the sample.

The method of estimating a robust asymptotic covariance matrix for the least 
squares estimator that was introduced in the preceding section involves a method of 
using the data and the least squares residuals to build a covariance matrix. Bootstrapping 
is another method that is likely to be effective under these assumed sampling conditions. 
(We emphasize, if the number of clusters is quite small and/or group sizes are very large 
relative to the number of clusters, then bootstrapping, like the previous method, is likely 
not to be effective.5 Bootstrapping was introduced in Example 4.3 where we used the 

5See, for example, Wooldridge (2010, Chapter 20).

Estimated LS Standard Heteroscedasticity Cluster Robust

Variable Coefficient Error Robust Std.Error Std.Error

Constant -8.34237 0.67820 0.73342 0.75873
ln Area 1.31638 0.09205 0.10598 0.10932
Aspect Ratio -0.09623 0.15784 0.16706 0.17776

TABLE 4.4 Robust Standard Errors
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method to estimate an asymptotic covariance matrix for the LAD estimator. The basic 
steps in the methodology are:

1. For R repetitions, draw a random sample of Nc observations from the full sample of 
Nc observations with replacement. Estimate the parameters of the regression model 
with each of the R constructed samples.

2. The estimator of the asymptotic covariance matrix is the sample variance of the R 
sets of estimated coefficients.

Keeping in mind that in the current case, the cluster is the unit of observation, we use a 
block bootstrap. In the example below, the block is the 7 observations for individual i, so 
each observation in the bootstrap replication is a block of 7 observations. Example 4.6 
below illustrates the use of block bootstrap.

Example 4.6  Clustering and Block Bootstrapping
Cornwell and Rupert (1988) examined the returns to schooling in a panel data set of 595 heads 
of households observed in seven years, 1976–1982. The sample data (Appendix Table F8.1) 
are drawn from years 1976 to 1982 from the Non-Survey of Economic Opportunity from the 
Panel Study of Income Dynamics. A slightly modified version of their regression model is

 ln Wageit = b1 + b2Expit + b3Expit
2 + b4Wksit + b5Occit + b6Indit + b7Southit

+  b8SMSAit + b9MSit + b10Unionit + b11Edi + b12Femi + b13Blki + eit.

The variables in the model are as follows:

Exp =  years of full time work experience,
Wks =  weeks worked,
Occ = 1 if blue-collar occupation, 0 if not,
Ind = 1 if the individual works in a manufacturing industry, 0 if not,
South = 1 if the individual resides in the south, 0 if not,
SMSA = 1 if the individual resides in an SMSA, 0 if not,
MS = 1 if the individual is married, 0 if not,
Union = 1 if the individual wage is set by a union contract, 0 if not,
Ed =  years of education as of 1976,
Fem = 1 if the individual is female, 0 if not,
Blk = 1 if the individual is black.

See Appendix Table F8.1 for the data source.
Table 4.5 presents the least squares and three sets of asymptotic standard errors. The first 

is the conventional results based on s2(X=X)-1. Compared to the other estimates, it appears 
that the uncorrected standard errors substantially understate the variability of the least 
squares estimator. The clustered standard errors are computed using (4-42). The values are 
50%–100% larger. The bootstrapped standard errors are quite similar to the robust estimates, 
as would be expected.

4.6 ASYMPTOTIC DISTRIBUTION OF A FUNCTION OF b: THE DELTA METHOD

We can extend Theorem D.22 to functions of the least squares estimator. Let f(b) be a 
set of J continuous, linear, or nonlinear and continuously differentiable functions of the 
least squares estimator, and let

C(b) =
0f(b)

0b∙
,
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where C is the J * K matrix whose jth row is the vector of derivatives of the jth function 
with respect to b∙. By the Slutsky theorem (D.12),

plim f(b) = f(B)

and

plim C(b) =
0f(B)

0B′
= 𝚪.

Using a linear Taylor series approach, we expand this set of functions in the approximation

f(b) = f(B) + 𝚪 * (b - B) + higher@order terms.

The higher-order terms become negligible in large samples if plim b = B. Then, the 
asymptotic distribution of the function on the left-hand side is the same as that on the 
right. The mean of the asymptotic distribution is plim f(b) = f(B), and the asymptotic 
covariance matrix is {𝚪[Asy.Var(b - B)]𝚪∙}, which gives us the following theorem:

Least Squares Standard Clustered Bootstrapped White Hetero.
Variable Estimate Error Std.Error Std.Error Robust Std.Error

Constant 5.25112 0.07129 0.12355 0.11171 0.07435
Exp 0.00401 0.00216 0.00408 0.00434 0.00216
ExpSq - 0.00067 0.00005 0.00009 0.00010 0.00005
Wks 0.00422 0.00108 0.00154 0.00164 0.00114
Occ - 0.14001 0.01466 0.02724 0.02555 0.01494
Ind 0.04679 0.01179 0.02366 0.02153 0.01199
South - 0.05564 0.01253 0.02616 0.02414 0.01274
SMSA 0.15167 0.01207 0.02410 0.02323 0.01208
MS 0.04845 0.02057 0.04094 0.03749 0.02049
Union 0.09263 0.01280 0.02367 0.02553 0.01233
Ed 0.05670 0.00261 0.00556 0.00483 0.00273
Fem - 0.36779 0.02510 0.04557 0.04460 0.02310
Blk - 0.16694 0.02204 0.04433 0.05221 0.02075

TABLE 4.5 Clustered, Robust, and Bootstrapped Standard Errors

THEOREM 4.4 Asymptotic Distribution of a Function of b
If f(b) is a set of continuous and continuously differentiable functions of b such that 
f(plim b) exists and 𝚪 = 0f(B)/0B′ and if Theorem 4.4 holds, then

 f(b) ∙
a

NJf(B), 𝚪¢Asy.Var[b]≤𝚪∙R . (4-43)

In practice, the estimator of the asymptotic covariance matrix would be

Est.Asy.Var[f(b)] = C{Est. Asy.Var[b]}C∙.
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If any of the functions are nonlinear, then the property of unbiasedness that holds 
for b may not carry over to f(b). Nonetheless, f(b) is a consistent estimator of f(B), and 
the asymptotic covariance matrix is readily available.

Example 4.7  Nonlinear Functions of Parameters: The Delta Method
A dynamic version of the demand for gasoline model  in Example 2.3 would be used to 
separate the short- and long-term impacts of changes in income and prices. The model 
would be

 ln(G/Pop)t = b1 + b2 In PG,t + b3 In(Income/Pop)t + b4 In Pnc,t

 + b5 In Puc,t + g ln(G/Pop)t - 1 + et,

where Pnc and Puc are price indexes for new and used cars. In this model, the short-run 
price and income elasticities are b2 and b3. The long-run elasticities are f2 = b2/(1 - g) 
and f3 = b3/(1 - g), respectively. To estimate the long-run elasticities, we will estimate 
the parameters by least squares and then compute these two nonlinear functions of the 
estimates. We can use the delta method to estimate the standard errors.

Least squares estimates of the model parameters with standard errors and t ratios are given 
in Table 4.6. (Because these are aggregate time-series data, we have not computed a robust 
covariance matrix.) The estimated short-run elasticities are the estimates given in the table. The two 
estimated long-run elasticities are f2 = b2/(1 - c) = -0.069532/(1 - 0.830971) = -0.411358 
and f3 = 0.164047/(1 - 0.830971) = 0.970522. To compute the estimates of the standard 
errors, we need the estimated partial derivatives of these functions with respect to the six 
parameters in the model:

𝚪n ′2 = 0f2(Bn )/0Bn ′ = [0,1/(1 - Gn ), 0, 0, 0, Bn2/(1 - Gn )2] = [0, 5.91613, 0, 0, 0, - 2.43365],

𝚪n ′3 = 0f3(Bn )/0Bn ′ = [0, 0,1/(1 - Gn ), 0, 0, Bn3/(1 - Gn )2] = [0, 0, 5.91613, 0, 0, 5.74174].

Using (4-43), we can now compute the estimates of the asymptotic variances for the two 
estimated long-run elasticities by computing g=

2[s2(X=X)-1]g2 and g=
3[s2(X=X)-1]g3. The results 

are 0.023194 and 0.0263692, respectively. The two asymptotic standard errors are the square 
roots, 0.152296 and 0.162386.

Sum of squared residuals: 0.0127352
Standard error of the regression: 0.0168227
R2 based on 51 observations 0.9951081

Variable Coefficient Standard Error t Ratio

Constant -3.123195 0.99583 -3.136
ln PG -0.069532 0.01473 -4.720
ln Income / Pop 0.164047 0.05503 2.981
ln Pnc -0.178395 0.05517 -3.233
ln Puc 0.127009 0.03577 3.551
last period ln G / Pop 0.830971 0.04576 18.158

TABLE 4.6 Regression Results for a Demand Equation
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Estimated Covariance Matrix for b (e -n ∙ times 10∙n)

Constant ln PG ln (Income/Pop) ln Pnc ln Puc ln (G/Pop)t–1

0. 99168
–  0. 0012088 0.00021705
–  0. 052602 1.62165e–5 0.0030279

0. 0051016 -0.00021705 -0.00024708 0.0030440
0. 0091672 -4.0551e-5 -0.00060624 -0.0016782 0.0012795
0. 043915 -0.0001109 -0.0021881 0.00068116 8.57001e–5 0.0020943

4.7 INTERVAL ESTIMATION

The objective of interval estimation is to present the best estimate of a parameter with 
an explicit expression of the uncertainty attached to that estimate. A general approach 
for estimation of a parameter u would be

 un { sampling variability. (4-44)

(We are assuming that the interval of interest would be symmetric around un.) Following 
the logic that the range of the sampling variability should convey the degree of (un)
certainty, we consider the logical extremes. We can be absolutely (100%) certain that 
the true value of the parameter we are estimating lies in the range un { ∞ . Of course, 
this is not particularly informative. At the other extreme, we should place no certainty 
(0.0%) on the range un { 0. The probability that our estimate precisely hits the true 
parameter value should be considered zero. The point is to choose a value of a:0.05 
or 0.01 is conventional—such that we can attach the desired confidence (probability), 
100(1 - a)%, to the interval in (4-44). We consider how to find that range and then 
apply the procedure to three familiar problems, calculating an interval for one of the 
regression parameters, estimating a function of the parameters, and predicting the value 
of the dependent variable in the regression using a specific setting of the independent 
variables. For this latter purpose, we will rely on the asymptotic normality of the 
estimator.

4.7.1  FORMING A CONFIDENCE INTERVAL FOR A COEFFICIENT

If the disturbances are normally distributed, then for any particular element of b,

bk ∙ N[bk,s2Skk],

where Skk denotes the kth diagonal element of (X′X)-1. By standardizing the variable, 
we find

 zk =
bk - bk2s2Skk

 (4-45)

has a standard normal distribution. Note that zk, which is a function of bk, bk, s2, and Skk, 
nonetheless has a distribution that involves none of the model parameters or the data. Using 
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the conventional 95% confidence level, we know that Prob[-1.96 … zk … 1.96] = 0.95. 
By a simple manipulation, we find that

 Prob[bk - 1.962s2Skk … bk … bk + 1.962s2Skk] = 0.95. (4-46)

This states the probability that the random interval, [bk {  the sampling variability], 
contains bk, not the probability that bk lies in the specified interval. If we wish to use 
some other level of confidence, not 95%, then the 1.96 in (4-46) is replaced by the 
appropriate z(1 - a/2). (We are using the notation z(1 - a/2) to denote the value of z such that 
for the standard normal variable z, Prob[z … z(1 - a/2)] = 1 - a/2. Thus, z0.975 = 1.96, 
which corresponds to a = 0.05.)

We would have the desired confidence interval in (4-46), save for the complication 
that s2 is not known, so the interval is not operational. Using s2 from the regression 
instead, the ratio

 tk =
bk - bk2s2Skk

 (4-47)

has a t distribution with (n - K) degrees of freedom.6 We can use tk to test hypotheses 
or form confidence intervals about the individual elements of b. A confidence interval 
for bk would be formed using

Prob Jbk - t (1 - a/ 2 ),[n - K]2s 2Skk … bk … bk + t (1 -a/ 2 ),[n - K]2s 2SkkR = 1 - a, (4-48)

where t(1 - a/2),[n - K] is the appropriate critical value from the t distribution. The distri-
bution of the pivotal statistic depends on the sample size through (n - K), but, once 
again, not on the parameters or the data.

If the disturbances are not normally distributed, then the theory for the t distribution 
in (4-48) does not apply. But, the large sample results in Section 4.4 provide an alternative 
approach. Based on the development that we used to obtain Theorem 4.3 and (4-33), the 
limiting distribution of the statistic

zk =
2n(bk - bk)2s2Qkk

is standard normal, where Q = [plim(X′X/n)]-1 and Qkk is the kth diagonal element 
of Q. Based on the Slutsky theorem (D.16), we may replace s2 with a consistent 
estimator, s2, and obtain a statistic with the same limiting distribution. We estimate Q 
with (X′X/n)-1. This gives us precisely (4-47), which states that under the assumptions 
in Section 4.4, the “t” statistic in (4-47) converges to standard normal even if the 
disturbances are not normally distributed. The implication would be that to employ the 
asymptotic distribution of b, we should use (4-48) to compute the confidence interval 
but use the critical values from the standard normal table (e.g., 1.96) rather than from the 
t distribution. In practical terms, if the degrees of freedom in (4-48) are moderately large, 
say greater than 100, then the t distribution will be indistinguishable from the standard 
normal, and this large sample result would apply in any event. For smaller sample 
sizes, however, in the interest of conservatism, one might be advised to use the critical 

6See (B-36) in Section B.4.2. It is the ratio of a standard normal variable to the square root of a chi-squared 
variable divided by its degrees of freedom.
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values from the t table rather the standard normal, even in the absence of the normality 
assumption. In the application in Example 4.8, based on a sample of 52 observations, we 
form a confidence interval for the income elasticity of demand using the critical value 
of 2.012 from the t table with 47 degrees of freedom. If we chose to base the interval on 
the asymptotic normal distribution, rather than the standard normal, we would use the 
95% critical value of 1.96. One might think this is a bit optimistic, however, and retain 
the value 2.012, again, in the interest of conservatism.

The preceding analysis starts from Assumption A6, normally distributed disturbance, 
then shows how the procedure is adjusted to rely on the asymptotic properties of 
the estimator rather than the narrow possibly unwarranted assumption of normally 
distributed disturbances. It continues to rely on the homoscedasticity assumption in A4. 
(For the present, we are assuming away possible autocorrelation.) Section 4.5 showed 
how the estimator of the asymptotic covariance matrix can be refined to allow for 
unspecified heteroscedasticity or cluster effects. The final adjustment of the confidence 
intervals would be to replace (4-48) with

 Prob[bk - z(1 - a/2)2Est.Asy.Var[bk ] … bk … bk

 + z(1 - a/2)2Est.Asy.Var[bk]] = 1 - a, (4-49)

Example 4.8   Confidence Interval for the Income Elasticity of Demand 
for Gasoline

Using the gasoline market data discussed in Examples 4.2 and 4.4, we estimated the following 
demand equation using the 52 observations:

ln(G/Pop) = b1 + b2 ln PG + b3 ln(Income/Pop) + b4 ln Pnc + b5 ln Puc + e.

Least squares estimates of the model parameters with standard errors and t ratios are given in 
Table 4.7. To form a confidence interval for the income elasticity, we need the critical value from 
the t distribution with n - K = 52 - 5 = 47 degrees of freedom. The 95% critical value is 2.012. 
Therefore a 95% confidence interval for b3 is 1.095874 { 2.012 (0.07771) = [0.9395,1.2522].

4.7.2  CONFIDENCE INTERVAL FOR A LINEAR COMBINATION OF COEFFICIENTS: 
THE OAXACA DECOMPOSITION

In Example 4.8, we showed how to form a confidence interval for one of the elements 
of B. By extending those results, we can show how to form a confidence interval for a 

Sum of squared residuals: 0.120871
Standard error of the regression: 0.050712
R2 based on 52 observations 0.958443

Variable Coefficient Standard Error t Ratio

Constant -21.21109 0.75322 -28.160
ln PG -0.02121 0.04377 -0.485
ln Income/Pop 1.09587 0.07771 14.102
ln Pnc -0.37361 0.15707 -2.379
ln Puc 0.02003 0.10330 0.194

TABLE 4.7 Regression Results for a Demand Equation
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linear function of the parameters. Oaxaca’s (1973) and Blinder’s (1973) decomposition 
provides a frequently used application.7

Let w denote a K * 1 vector of known constants. Then, the linear combination 
c = w′b is asymptotically normally distributed with mean g = w′B and variance 
sc

2 = w′[Asy.Var[b]]w, which we estimate with sc
2 = w′[Est.Asy.Var[b]]w. With these 

in hand, we can use the earlier results to form a confidence interval for g :

 Prob[c - z(1 - a/2)sc … g … c + z(1 - a/2)sc] = 1 - a. (4-50)

This general result can be used, for example, for the sum of the coefficients or for a 
difference.

Consider, then, Oaxaca’s (1973) application. In a study of labor supply, separate 
wage regressions are fit for samples of nm men and nf  women. The underlying regression 
models are

ln wagem,i = x′m,iBm + em,i, i = 1, c, nm

and

ln wagef,j = xf, j′ Bf + ef,j, j = 1, c, nf.

The regressor vectors include sociodemographic variables, such as age, and human 
capital variables, such as education and experience. We are interested in comparing these 
two regressions, particularly to see if they suggest wage discrimination. Oaxaca suggested 
a comparison of the regression functions. For any two vectors of characteristics,

 E[ln wagem,i ∙ xm,i] - E[ln wagef,j ∙ xf,i] = xm,i
= Bm - xf, j

= Bf

 = xm,i
= Bm - xm,i

= Bf + xm,i
= Bf - xf, j

= Bf

 = xm, i
= (Bm - Bf) + (xm, i - xf,i)′Bf.

The second term in this decomposition is identified with differences in human capital 
that would explain wage differences naturally, assuming that labor markets respond to 
these differences in ways that we would expect. The first term shows the differential in 
log wages that is attributable to differences unexplainable by human capital; holding 
these factors constant at xm makes the first term attributable to other factors. Oaxaca 
suggested that this decomposition be computed at the means of the two regressor 
vectors, xm and xf, and the least squares coefficient vectors, bm and bf. If the regressions 
contain constant terms, then this process will be equivalent to analyzing ln ym - ln yf.

We are interested in forming a confidence interval for the first term, which will 
require two applications of our result. We will treat the two vectors of sample means as 
known vectors. Assuming that we have two independent sets of observations, our two 
estimators, bm and bf, are independent with means Bm and Bf  and estimated asymptotic 
covariance matrices Est.Asy.Var[bm] and Est.Asy.Var[bf]. The covariance matrix of the 
difference is the sum of these two matrices. We are forming a confidence interval for 
xm
=  d where d = bm - bf. The estimated covariance matrix is

 Est.Asy.Var[d] = Est.Asy.Var[bm] + Est.Asy.Var[bf]. (4-51)

Now we can apply the result above. We can also form a confidence interval for the 
second term; just define w = xm - xf  and apply the earlier result to w′bf.

7See Bourgignon et al. (2002) for an extensive application.
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Example 4.9  Oaxaca Decomposition of Home Sale Prices
The town of Shaker Heights, Ohio, a suburb of Cleveland, developed in the twentieth century 
as a patchwork of neighborhoods associated with neighborhood-based school districts. 
Responding to changes in the demographic composition of the city, in 1987, Shaker Heights 
redistricted the neighborhoods. Some houses in some neighborhoods remained in the same 
school district while others in the same neighborhood were removed to other school districts. 
Bogart and Cromwell (2000) examined how this abrupt policy change affected home values 
in Shaker Heights by studying sale prices of houses before and after the change. Several 
econometric approaches were used.

•	 Difference in Differences Regression: Houses that did not change districts constituted 
a control group while those that did change constitute a treatment group. Sales take place 
both before and after the treatment date, 1987. A hedonic regression of home sale prices 
on attributes and the treatment and policy dummy variables reveals the causal effect of 
the policy change. (We will examine this method in Chapter 6.)

•	 Repeat Sales: Some homes were sold more than once. For those that sold both before 
and after the redistricting, a regression of the form

lnPricei1 - lnPricei0 = time effects + school effects + ∆redistricted.

 The advantage of the first difference regression is that it effectively controls for and 
eliminates the characteristics of the house, and leaves only the persistent school effects 
and the effect of the policy change.

•	 Oaxaca Decomposition: Two hedonic regressions based on house characteristics are fit for 
different parts of neighborhoods where there are both houses that are in the neighborhood 
school areas and houses that are districted to other schools. The decomposition approach 
described above is applied to the two groups. The differences in the means of the sale prices 
are decomposed into a component that can be explained by differences in the house attributes 
and a residual effect that is suggested to be related to the benefit of having a neighborhood 
school. Figure 4.6 below shows the authors’ main results for this part of the analysis.8

8Bogart and Cromwell (2000, p. 298).

FIGURE 4.6  Results of Oaxaca Decomposition.

TABLE 6
Within Neighborhood Estimates of Neighborhood Schools Effect, Lomond Neighborhood 
(1987–1994)

Difference in mean house value
Percent of difference due to district change
Effect of district change on mean house value 
(decrease)
Dummy variable estimate of effect of district 
change
Number of observations (662 total sales)

$6,545
52.9%–59.1%
$3462–$3868
$3779
476—same district
186—change district

Note: Percent of difference due to district change equals 100% minus the percent explained by 
differences in observable characteristics. Included characteristics are heavy traffic, ln(frontage), 
ln(living area), ln(lot size), ln(age of house), average room size, plumbing fixtures, attached garage, 
finished attic, construction grade AA/A+ , construction grade A, construction grade B or C or D, 
bad or fair condition, excellent condition, and a set of year dummies. Regressions estimated using 
data from 1987 to 1994. Complete regression results available on request.
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4.8 PREDICTION AND FORECASTING

After the estimation of the model parameters, a common use of regression modeling is 
for prediction of the dependent variable. We make a distinction between prediction and 
forecasting most easily based on the difference between cross section and time-series 
modeling. Prediction (which would apply to either case) involves using the regression 
model to compute fitted (predicted) values of the dependent variable, either within the 
sample or for observations outside the sample. The same set of results will apply to cross 
sections, panels, and time series. We consider these methods first. Forecasting, while largely 
the same exercise, explicitly gives a role to time and often involves lagged dependent 
variables and disturbances that are correlated with their past values. This exercise usually 
involves predicting future outcomes. An important difference between predicting and 
forecasting (as defined here) is that for predicting, we are usually examining a scenario 
of our own design. Thus, in the example below in which we are predicting the prices of 
Monet paintings, we might be interested in predicting the price of a hypothetical painting 
of a certain size and aspect ratio, or one that actually exists in the sample. In the time-
series context, we will often try to forecast an event such as real investment next year, 
not based on a hypothetical economy but based on our best estimate of what economic 
conditions will be next year. We will use the term ex post prediction (or ex post forecast) 
for the cases in which the data used in the regression equation to make the prediction are 
either observed or constructed experimentally by the analyst. This would be the first case 
considered here. An ex ante forecast (in the time-series context) will be one that requires 
the analyst to forecast the independent variables first before it is possible to forecast the 
dependent variable. In an exercise for this chapter, real investment is forecasted using 
a regression model that contains real GDP and the consumer price index. In order to 
forecast real investment, we must first forecast real GDP and the price index. Ex ante 
forecasting is considered briefly here and again in Chapter 20.

4.8.1  PREDICTION INTERVALS

Suppose that we wish to predict the value of y0 associated with a regressor vector x0. 
The actual value would be

y0 = x0′B + e0.

It follows from the Gauss–Markov theorem that

 yn0 = x0′b (4-52)

is the minimum variance linear unbiased estimator of E[y0 ∙ x0] = x0′B. The prediction 
error is

e0 = yn0 - y0 = (b - B)′x0 - e0.

The prediction variance of this estimator based on (4-15) is

 Var[e0 ∙ X, x0] = s2 + Var[(b - B)′x0 ∙ X, x0] = s2 + x0′[s2(X′X)-1]x0. (4-53)

If the regression contains a constant term, then an equivalent expression is

 Var[e0 ∙ X, x0] = s2 c 1 +
1
n

+ a
K - 1

j = 1
, a
K - 1

k = 1
(xj

0 - xj)(xk
0 - xk)(Z′M0Z)jk d , (4-54)
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where Z is the K - 1 columns of X not including the constant, Z′M0Z is the matrix 
of sums of squares and products for the columns of X in deviations from their 
means [see (3-21)], and the “jk” superscript indicates the jk element of the inverse of 
the matrix. This result suggests that the width of a confidence interval (i.e., a prediction 
interval) depends on the distance of the elements of x0 from the center of the data. 
Intuitively, this idea makes sense; the farther the forecasted point is from the center of 
our experience, the greater is the degree of uncertainty. Figure 4.7 shows the effect for 
the bivariate case. Note that the prediction variance is composed of three parts. The 
second and third become progressively smaller as we accumulate more data (i.e., as n 
increases). But, the first term, s2 is constant, which implies that no matter how much 
data we have, we can never predict perfectly.

The prediction variance can be estimated by using s2 in place of s2. A confidence 
(prediction) interval for y0 would then be formed using

 prediction interval = yn0 { t(1 - a/2),[n - K]se(e0), (4-55)

where t(1 - a/2),[n - K] is the appropriate critical value for 100(1 - a) % significance from 
the t table for n - K degrees of freedom and se(e0) is the square root of the estimated 
prediction variance.

4.8.2  PREDICTING y WHEN THE REGRESSION MODEL DESCRIBES LOG y

It is common to use the regression model to describe a function of the dependent 
variable, rather than the variable, itself. In Example 4.5 we model the sale prices of 
Monet paintings using

ln Price = b1 + b2 ln Area + b3 Aspect Ratio + e.

The log form is convenient in that the coefficient provides the elasticity of the 
dependent variable with respect to the independent variable, that is, in this model, 

FIGURE 4.7  Prediction Intervals.
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b2 = 0E [lnPrice ∙ lnArea, AspectRatio]/0 lnArea. However, the equation in this form is 
less interesting for prediction purposes than one that predicts the price itself. The natural 
approach for a predictor of the form

ln y0 = x0′b

would be to use

yn0 = exp(x0′b).

The problem is that E[y ∙ x0] is not equal to exp(E[ln y ∙ X0]). The appropriate conditional 
mean function would be

 E[y ∙ x0] = E[exp(x0′b + e0) ∙ x0] = exp(x0′b) E[exp(e0) ∙ x0].

The second term is not exp(E[e0 ∙ x0]) = 1 in general. The precise result if e0 ∙ x0 is 
normally distributed with mean zero and variance s2 is E[exp(e0) ∙ x0] = exp(s2/2). (See 
Section B.4.4.) The implication for normally distributed disturbances would be that an 
appropriate predictor for the conditional mean would be

 yn0 = exp(x0′b + s2/2) 7 exp(x0′b), (4-56)

which would seem to imply that the naïve predictor would systematically underpredict y. 
However, this is not necessarily the appropriate interpretation of this result. The inequality 
implies that the naïve predictor will systematically underestimate the conditional mean 
function, not necessarily the realizations of the variable itself. The pertinent question 
is whether the conditional mean function is the desired predictor for the exponent of 
the dependent variable in the log regression. The conditional median might be more 
interesting, particularly for a financial variable such as income, expenditure, or the price 
of a painting. If the distribution of the variable in the log regression is symmetrically 
distributed (as they are when the disturbances are normally distributed), then the 
exponent will be asymmetrically distributed with a long tail in the positive direction, 
and the mean will exceed the median, possibly vastly so. In such cases, the median is 
often a preferred estimator of the center of a distribution. For estimating the median, 
rather then the mean, we would revert to the original naïve predictor, yn0 = exp(x0′b).

Given the preceding, we consider estimating E[exp(y) ∙ x0]. If we wish to avoid 
the normality assumption, then it remains to determine what one should use for 
E[exp(e0) ∙ x0]. Duan (1983) suggested the consistent estimator (assuming that the 
expectation is a constant, that is, that the regression is homoscedastic),

 En [exp(e0) ∙ x0] = h0 =
1
n a n

i = 1exp(ei), (4-57)

where ei is a least squares residual in the original log form regression. Then, Duan’s 
smearing estimator for prediction of y0 is

yn0 = h0 exp(x0′b).

4.8.3  PREDICTION INTERVAL FOR y WHEN THE REGRESSION MODEL DESCRIBES LOG y

We obtained a prediction interval in (4-55) for ln y ∙ x0 in the loglinear model ln 
y = x′b + e,
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[ln ynLOWER
0 , ln ynUPPER

0 ] = Jx0′b ∙ t(1 - a/2),[n - K]se(e0), x0′b ∙ t(1 - a/2), [n - K]se(e0) R .

For a given choice of a, say, 0.05, these values give the 0.025 and 0.975 quantiles of 
the distribution of ln y ∙ x0. If we wish specifically to estimate these quantiles of the 
distribution of y ∙ x0, not lny ∙ x0, then we would use:

 JynLOWER
0 , ynUPPER

0 R = bexpJx0′b - t(1 - a/2),[n - K]se(e0) R , 

expJx0′b ∙ t(1 - a/2), [n - K]se(e0) R r . (4-58)

This follows from the result that if Prob[ln y … ln L] = 1 - a/2, then 
Prob[y … L] = 1 - a/2. The result is that the natural estimator is the right one for 
estimating the specific quantiles of the distribution of the original variable. However, if 
the objective is to find an interval estimator for y ∙ x0 that is as narrow as possible, then 
this approach is not optimal. If the distribution of y is asymmetric, as it would be for a 
loglinear model with normally distributed disturbances, then the naïve interval estimator 
is longer than necessary. Figure 4.8 shows why. We suppose that (L, U) in the figure is 
the prediction interval formed by (4-58). Then the probabilities to the left of L and to 
the right of U each equal a/2. Consider alternatives L0 = 0 and U0 instead. As we have 
constructed the figure, the area (probability) between L0 and L equals the area between 
U0 and U. But, because the density is so much higher at L, the distance (0, U0), the dashed 
interval, is visibly shorter than that between (L, U). The sum of the two tail probabilities 
is still equal to a, so this provides a shorter prediction interval. We could improve on 
(4-58) by using, instead, (0, U0), where U0 is simply exp[x0′b + t(1 - a), [n - K]se(e0)] (i.e., 
we put the entire tail area to the right of the upper value). However, while this is an 
improvement, it goes too far, as we now demonstrate.

Consider finding directly the shortest prediction interval. We treat this as an 
optimization problem,

Minimize(L, U):I = U - L subject to F (L) + [1 - F (U)] = a,

where F is the cdf of the random variable y (not ln y). That is, we seek the shortest interval 
for which the two tail probabilities sum to our desired a (usually 0.05). Formulate this 
as a Lagrangean problem,

Minimize(L, U, l):I * = U - L + l[F(L) + (1 - F(U)) - a].

The solutions are found by equating the three partial derivatives to zero:

0I */0L = -1 + lf (L) = 0,

0I */0U = 1 - lf (U) = 0,
0I */0l = F(L) + [1 - F(U)] - a = 0,

where f(L) = F′(L) and f(U) = F′(U) are the derivatives of the cdf, which are the 
densities of the random variable at L and U, respectively. The third equation enforces 
the restriction that the two tail areas sum to a but does not force them to be equal. By 
adding the first two equations, we find that l[f(L) - f(U)] = 0, which, if l is not zero, 
means that the solution is obtained by locating (L*, U*) such that the tail areas sum to a 

M04_GREE1366_08_SE_C04.indd   89 2/24/17   9:30 PM



90 PART I  ✦   The Linear Regression Model

and the densities are equal. Looking again at Figure 4.8, we can see that the solution we 
would seek is (L*, U*) where 0 6 L* 6 L and U* 6 U0. This is the shortest interval, 
and it is shorter than both [0, U0] and [L, U].

This derivation would apply for any distribution, symmetric or otherwise. For a 
symmetric distribution, however, we would obviously return to the symmetric interval 
in (4-58). It provides the correct solution for when the distribution is asymmetric. In 
Bayesian analysis, the counterpart when we examine the distribution of a parameter 
conditioned on the data, is the highest posterior density interval. (See Section 16.4.2.) 
For practical application, this computation requires a specific assumption for the 
distribution of y ∙ x0, such as lognormal. Typically, we would use the smearing estimator 
specifically to avoid the distributional assumption. There also is no simple formula to 
use to locate this interval, even for the lognormal distribution. A crude grid search 
would probably be best, though each computation is very simple. What this derivation 
does establish is that one can do substantially better than the naïve interval estimator, 
for example, using [0, U0].

Example 4.10  Pricing Art
In Examples 4.3 and 4.5, we examined an intriguing feature of the market for Monet paintings, 
that larger paintings sold at auction for more than smaller ones. Figure 4.9 shows a histogram 
for the sample of sale prices (in $million). Figure 4.10 shows a histogram for the logs of the 
prices. Results of the linear regression of lnPrice on lnArea (height times width) and Aspect 
Ratio (height divided by width) are given in Table 4.8.

We consider using the regression model to predict the price of one of the paintings, a 1903 
painting of Charing Cross Bridge that sold for $3,522,500. The painting is 25.6″ high and 31.9″ 
wide. (This is observation 58 in the sample.) The log area equals ln(25.6 * 31.9) = 6.705198 
and the aspect ratio equals 31.9/25.6 = 1.246094. The prediction for the log of the price would be

ln P ∙ x0 = - 8.34327 + 1.31638(6.705198) - 0.09623(1.246094) = 0.3643351

Note that the mean log price is 0.33274, so this painting is expected to sell for roughly 9.5% 
more than the average painting, based on its dimensions. The estimate of the prediction 
variance is computed using (4-53); sp = 1.105640 The sample is large enough to use the 

FIGURE 4.8  Lognormal Distribution for Prices of Monet Paintings.
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critical value from the standard normal table, 1.96, for a 95% confidence interval. A prediction 
interval for the log of the price is therefore

0.364331 { 1.96(1.10564) = [-1.80272,2.53140].

For predicting the price, the naïve predictor would be exp(0.3643351) = $1.43956M, which is 
far under the actual sale price of $3,522,500. To compute the smearing estimator, we require 

FIGURE 4.9  Histogram for Sale Prices of 430 Monet Paintings ($million).
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92 PART I  ✦   The Linear Regression Model

the mean of the exponents of the residuals, which is 1.81661. The revised point estimate 
for the price would thus be 1.81661 * 1.43956 = $2.61511M—this is better, but still fairly 
far off. This particular painting seems to have sold for relatively more than history (the data) 
would have predicted.

4.8.4  FORECASTING

The preceding discussion assumes that x0 is known with certainty, ex post, or has been 
forecast perfectly, ex ante. If x0 must, itself, be forecast (an ex ante forecast), then the 
formula for the forecast variance in (4-46) would have to be modified to incorporate the 
uncertainty in forecasting x0. This would be analogous to the term s2 in the prediction 
variance that accounts for the implicit prediction of e0. This will vastly complicate the 
computation. Many authors view it as simply intractable. Beginning with Feldstein 
(1971), derivation of firm analytical results for the correct forecast variance for this 
case remain to be derived except for simple special cases. The one qualitative result 
that seems certain is that (4-53) will understate the true variance. McCullough (1996) 
presents an alternative approach to computing appropriate forecast standard errors 
based on the method of bootstrapping. (See Chapter 15.)

Various measures have been proposed for assessing the predictive accuracy of 
forecasting models.9 Most of these measures are designed to evaluate ex post forecasts; 
that is, forecasts for which the independent variables do not themselves have to be 
forecast. Two measures that are based on the residuals from the forecasts are the root 
mean squared error,

RMSE = A 1
n0 a

i
(yi - yni)

2,

9See Theil (1961) and Fair (1984).

Mean of ln Price 0.33274
Sum of squared residuals 520.765
Standard error of regression 1.10435
R-squared 0.33417
Adjusted R-squared 0.33105
Number of observations 430

Variable Coefficient Standard Error t Ratio Mean of X

Constant -8.34327 0.67820 -12.30 1.00000
ln Area 1.31638 0.09205 14.30 6.68007
Aspect Ratio -0.09623 0.15784 -0.61 1.23066

Estimated Asymptotic Covariance Matrix

Constant ln Area Aspect Ratio

Constant 0.45996
ln Area -0.05969 0.00847
Aspect Ratio -0.04744 0.00251 0.02491

TABLE 4.8 Estimated Equation for ln Price
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and the mean absolute error,

MAE =
1
n0 a

i
∙ yi - yni ∙ ,

where n0 is the number of periods being forecasted. (Note that both of these, as well as 
the following measure below, are backward looking in that they are computed using the 
observed data on the independent variable.) These statistics have an obvious scaling 
problem—multiplying values of the dependent variable by any scalar multiplies the 
measure by that scalar as well. Several measures that are scale free are based on the 
Theil U statistic:10

U = a (1/n0)a
i

(yi - yni)
2

(1/n0)a
i

yi
2

.

This measure is related to R2 but is not bounded by zero and one. Large values indicate 
a poor forecasting performance.

4.9 DATA PROBLEMS

The analysis to this point has assumed that the data in hand, X and y, are well measured 
and correspond to the assumptions of the model and to the variables described by the 
underlying theory. At this point, we consider several ways that real-world observed 
nonexperimental data fail to meet the assumptions. Failure of the assumptions generally 
has implications for the performance of the estimators of the model parameters—
unfortunately, none of them good. The cases we will examine are:

●● Multicollinearity: Although the full rank assumption, A2, is met, it almost 
fails. (Almost is a matter of degree, and sometimes a matter of interpretation.) 
Multicollinearity leads to imprecision in the estimator, though not to any systematic 
biases in estimation.

●● Missing values: Gaps in X and/or y can be harmless. In many cases, the analyst can 
(and should) simply ignore them, and just use the complete data in the sample. In 
other cases, when the data are missing for reasons that are related to the outcome 
being studied, ignoring the problem can lead to inconsistency of the estimators.

●● Measurement error: Data often correspond only imperfectly to the theoretical 
construct that appears in the model—individual data on income and education are 
familiar examples. Measurement error is never benign. The least harmful case is 
measurement error in the dependent variable. In this case, at least under probably 
reasonable assumptions, the implication is to degrade the fit of the model to the data 
compared to the (unfortunately hypothetical) case in which the data are accurately 
measured. Measurement error in the regressors is malignant—it produces systematic 
biases in estimation that are difficult to remedy.

10Theil (1961).
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4.9.1  MULTICOLLINEARITY

The Gauss–Markov theorem states that among all linear unbiased estimators, the least 
squares estimator has the smallest variance. Although this result is useful, it does not 
assure us that the least squares estimator has a small variance in any absolute sense. 
Consider, for example, a model that contains two explanatory variables and a constant. 
For either slope coefficient,

 Var[bk ∙ X] =
s2

(1 - r12
2 )a n

i = 1(xik - xk)2 =
s2

(1 - r12
2 )Skk

, k = 1, 2. (4-59)

If the two variables are perfectly correlated, then the variance is infinite. The case of an 
exact linear relationship among the regressors is a serious failure of the assumptions 
of the model, not of the data. The more common case is one in which the variables 
are highly, but not perfectly, correlated. In this instance, the regression model retains 
all its assumed properties, although potentially severe statistical problems arise. The 
problem faced by applied researchers when regressors are highly, although not perfectly, 
correlated include the following symptoms:

●● Small changes in the data produce wide swings in the parameter estimates.
●● Coefficients may have very high standard errors and low significance levels even 

though they are jointly significant and the R2 for the regression is quite high.
●● Coefficients may have the “wrong” sign or implausible magnitudes.

For convenience, define the data matrix, X, to contain a constant and K - 1 other 
variables measured in deviations from their means. Let xk denote the kth variable, and 
let X(k) denote all the other variables (including the constant term). Then, in the inverse 
matrix, (X′X)-1, the kth diagonal element is

  (xk
= M(k)xk)-1 = [xk

= xk - xk
= X(k)(X(k)

= X(k))
-1X(k)

= xk]-1

  = Jxk
= xk¢1 -

xk
= X(k)(X(k)

= X(k))
-1X(k)

= xk

xk
= xk

≤ R -1

  =
1

(1 - Rk.
2 ) Skk

,  (4-60)

where Rk.
2  is the R2 in the regression of xk on all the other variables. In the multiple 

regression model, the variance of the kth least squares coefficient estimator is s2 times 
this ratio. It then follows that the more highly correlated a variable is with the other 
variables in the model (collectively), the greater its variance will be. In the most extreme 
case, in which xk can be written as a linear combination of the other variables, so that 
Rk.

2 = 1, the variance becomes infinite. The result,

 Var[bk ∙ X] =
s2

(1 - Rk.
2 )a n

i = 1(xik - xk)2
, (4-61)
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shows the three ingredients of the precision of the kth least squares coefficient estimator:

●● Other things being equal, the greater the correlation of xk with the other variables, 
the higher the variance will be, due to multicollinearity.

●● Other things being equal, the greater the variation in xk, the lower the variance will be.
●● Other things being equal, the better the overall fit of the regression, the lower the 

variance will be. This result would follow from a lower value of s2.

Because nonexperimental data will never be orthogonal (Rk.
2 = 0), to some extent 

multicollinearity will always be present. When is multicollinearity a problem? That is, 
when are the variances of our estimates so adversely affected by this intercorrelation that 
we should be “concerned”? Some computer packages report a variance inflation factor 
(VIF), 1/(1 - Rk.

2 ), for each coefficient in a regression as a diagnostic statistic. As can 
be seen, the VIF for a variable shows the increase in Var[bk] that can be attributable to 
the fact that this variable is not orthogonal to the other variables in the model. Another 
measure that is specifically directed at X is the condition number of X′X, which is the 
square root of the ratio of the largest characteristic root of X′X to the smallest after 
scaling each column so that it has unit length. Values in excess of 20 are suggested as 
indicative of a problem [Belsley, Kuh, and Welsh (1980)]. (The condition number for the 
Longley data of Example 4.11 is over 15,000!)

Example 4.11  Multicollinearity in the Longley Data
The data in Appendix Table F4.2 were assembled by J. Longley (1967) for the purpose of 
assessing the accuracy of least squares computations by computer programs. (These data 
are still widely used for that purpose.11) The Longley data are notorious for severe 
multicollinearity. Note, for example, the last year of the data set. The last observation does 
not appear to be unusual. But the results in Table 4.9 show the dramatic effect of dropping 
this single observation from a regression of employment on a constant and the other variables. 
The last coefficient rises by 600%, and the third rises by 800%.

Several strategies have been proposed for finding and coping with multicollinearity.12 
Under the view that a multicollinearity problem arises because of a shortage of 
information, one suggestion is to obtain more data. One might argue that if analysts 
had such additional information available at the outset, they ought to have used it 
before reaching this juncture. More information need not mean more observations, 

11Computing the correct least squares coefficients with the Longley data is not a particularly difficult task by 
modern standards. The current standard benchmark is set by the NIST’s “Filipelli Data.” See www.itl.nist.gov/
div898/strd/data/Filip.shtml. This application is considered in the Exercises.
12See Hill and Adkins (2001) for a description of the standard set of tools for diagnosing collinearity.

1947–1961 Variance Inflation 1947–1962

Constant 1,459,415 1,169,087
Year -721.756 143.4638 -576.464
GNP Deflator -181.123  75.6716 -19.7681
GNP 0.0910678 132.467 0.0643940
Armed Forces -0.0749370  1.55319 -0.0101453

TABLE 4.9 Longley Results: Dependent Variable Is Employment
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however. The obvious practical remedy (and surely the most frequently used) is to drop 
variables suspected of causing the problem from the regression—that is, to impose on the 
regression an assumption, possibly erroneous, that the problem variable does not appear 
in the model. If the variable that is dropped actually belongs in the model (in the sense 
that its coefficient, bk, is not zero), then estimates of the remaining coefficients will be 
biased, possibly severely so. On the other hand, overfitting—that is, trying to estimate a 
model that is too large—is a common error, and dropping variables from an excessively 
specified model might have some virtue.

Using diagnostic tools to detect multicollinearity could be viewed as an attempt 
to distinguish a bad model from bad data. But, in fact, the problem only stems from 
a prior opinion with which the data seem to be in conflict. A finding that suggests 
multicollinearity is adversely affecting the estimates seems to suggest that, but for this 
effect, all the coefficients would be statistically significant and of the right sign. Of course, 
this situation need not be the case. If the data suggest that a variable is unimportant in 
a model, then, the theory notwithstanding, the researcher ultimately has to decide how 
strong the commitment is to that theory. Suggested remedies for multicollinearity might 
well amount to attempts to force the theory on the data.

As a response to what appears to be a multicollinearity problem, it is often difficult 
to resist the temptation to drop what appears to be an offending variable from the 
regression. This strategy creates a subtle dilemma for the analyst. Consider the 
partitioned multiple regression

y = XB + zg + e.

If we regress y only on X, the estimator is biased:

E[b ∙ X] = B + pX.zg.

The covariance matrix of this estimator is

Var[b ∙ X] = s2(X′X)-1.

(Keep in mind, this variance is around E[b ∙ X], not around B.) If g is not actually zero, 
then in the multiple regression of y on (X, z), the variance of bX.z around its mean, 
b would be

 Var[bX.z ∙ X,z] = s2(X′MzX)-1

 = s2[X′X - X′z(z′z)-1z′X]-1.

To compare the two covariance matrices, it is simpler to compare their inverses. [See 
result (A-120).] Thus,

{Var[b ∙ X]}-1 - {Var[bX.z ∙ X,z]}-1 = (1/s2)X′z(z′z)-1z′X,

which is a nonnegative definite matrix. The implication is that the variance of b is not 
larger than the variance of bX.z (because its inverse is at least as large). It follows that 
although b is biased, its variance is never larger than the variance of the unbiased 
estimator. In any realistic case (i.e., if X′z is not zero), in fact, it will be smaller. We get 
a useful comparison from a simple regression with two variables, x and z, measured as 
deviations from their means. Then, Var[b ∙ x] = s2/Sxx where Sxx = a n

i = 1(xi - x)2 while 
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Var[bx.z ∙ x,z] = s2/[Sxx(1 - rxz
2 )] where rxz

2  is the squared correlation between x and z. 
Clearly, Var[bx.z ∙ x,z] is larger.

The result in the preceding paragraph poses a bit of a dilemma for applied 
researchers. The situation arises frequently in the search for a model specification. Faced 
with a variable that a researcher suspects should be in the model, but that is causing a 
problem of multicollinearity, the analyst faces a choice of omitting the relevant variable 
or including it and estimating its (and all the other variables’) coefficient imprecisely. This 
presents a choice between two estimators, the biased but precise b1 and the unbiased but 
imprecise b1.2. There is no accepted right answer to this dilemma, but as a general rule, 
the methodology leans away from estimation strategies that include ad hoc remedies for 
multicollinearity. For this particular case, there would be a general preference to retain 
z in the estimated model.

4.9.2  PRINCIPAL COMPONENTS

A device that has been suggested for reducing multicollinearity is to use a small number, 
say L, of principal components constructed as linear combinations of the K original 
variables.13 (The mechanics are illustrated in Example 4.11.) The argument against using 
this approach is that if the original specification in the form y = XB + E were correct, 
then it is unclear what one is estimating when one regresses y on some small set of 
linear combinations of the columns of X. For a set of L 6 K principal components, if 
we regress y on Z = XCL to obtain d, it follows that E[d] = D = CL

= B. (The proof is 
considered in the exercises.) In an economic context, if B has an interpretation, then it 
is unlikely that D will. For example, how do we interpret the price elasticity minus twice 
the income elasticity?

This orthodox interpretation cautions the analyst about mechanical devices for 
coping with multicollinearity that produce uninterpretable mixtures of the coefficients. 
But there are also situations in which the model is built on a platform that might well 
involve a mixture of some measured variables. For example, one might be interested 
in a regression model that contains ability, ambiguously defined. As a measured 
counterpart, the analyst might have in hand standardized scores on a set of tests, none 
of which individually has any particular meaning in the context of the model. In this 
case, a mixture of the measured test scores might serve as one’s preferred proxy for the 
underlying variable. The study in Example 4.11 describes another natural example.

Example 4.12  Predicting Movie Success
Predicting the box office success of movies is a favorite exercise for econometricians.14 The 
traditional predicting equation takes the form

Box Office Receipts = f(Budget, Genre, MPAA Rating, Star Power, Sequel, etc.) + e.

Coefficients of determination on the order of 0.4 are fairly common. Notwithstanding the 
relative power of such models, the common wisdom in Hollywood is “nobody knows.” 
There is tremendous randomness in movie success, and few really believe they can forecast 
it with any reliability. Versaci (2009) added a new element to the model, “Internet buzz.” 

13See, for example, Gurmu, Rilstone, and Stern (1999).
14See, for example, Litman (1983), Ravid (1999), De Vany (2003), De Vany and Walls (1999, 2002, 2003), and 
Simonoff and Sparrow (2000).
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Internet buzz is vaguely defined to be Internet traffic and interest on familiar Web sites such 
as RottenTomatoes.com, ImDB.com, Fandango.com, and traileraddict.com. None of these 
by itself defines Internet buzz. But, collectively, activity on these Web sites, say three weeks 
before a movie’s opening, might be a useful predictor of upcoming success. Versaci’s data 
set (Table F4.3) contains data for 62 movies released in 2009, including four Internet buzz 
variables, all measured three weeks prior to the release of the movie:

 buzz1 = number of Internet views of movie trailer at traileraddict.com

 buzz2 = number of message board comments about the movie at ComingSoon.net

 buzz3 = total number of “can’t wait” (for release) plus “don’t care” votes at Fandango.com

 buzz4 = percentage of Fandango votes that are “can’t wait”

We have aggregated these into a single principal component as follows: We first computed 
the logs of buzz1 - buzz3 to remove the scale effects. We then standardized the four 
variables, so zk contains the original variable minus its mean, zk, then divided by its standard 
deviation, sk. Let Z denote the resulting 62 * 4 matrix (z1, z2, z3, z4). Then V = (1/61)Z′Z is 
the sample correlation matrix. Let c1 be the characteristic vector of V associated with the 
largest characteristic root. The first principal component (the one that explains most of the 
variation of the four variables) is Zc1. (The roots are 2.4142, 0.7742, 0.4522, and 0.3585, 
so the first principal component explains 2.4142/4 or 60.3% of the variation. Table 4.10 
shows the regression results for the sample of 62 2009 movies. It appears that Internet buzz 
adds substantially to the predictive power of the regression. The R2 of the regression nearly 
doubles, from 0.34 to 0.59, when Internet buzz is added to the model. As we will discuss in 
Chapter 5, buzz is also a highly significant predictor of success.

4.9.3  MISSING VALUES AND DATA IMPUTATION

It is common for data sets to have gaps for a variety of reasons. Perhaps the most 
frequent occurrence of this problem is in survey data, in which respondents may simply 

e′e 
R2 

Variable

Internet Buzz Model  
22.30215  
0.58883

Traditional Model  
35.66514  
0.34247

Coefficient Std.Error t Coefficient Std.Error t

Constant 15.4002 0.64273 23.96 13.5768 0.68825 19.73
Action -0.86932 0.29333 -2.96 -0.30682 0.34401 -0.89
Comedy -0.01622 0.25608 -0.06 -0.03845 0.32061 -0.12
Animated -0.83324 0.43022 -1.94 -0.82032 0.53869 -1.52
Horror 0.37460 0.37109 1.01 1.02644 0.44008 2.33
G 0.38440 0.55315 0.69 0.25242 0.69196 0.36
PG 0.53359 0.29976 1.78 0.32970 0.37243 0.89
PG13 0.21505 0.21885 0.98 0.07176 0.27206 0.26
ln Budget 0.26088 0.18529 1.41 0.70914 0.20812 3.41
Sequel 0.27505 0.27313 1.01 0.64368 0.33143 1.94
Star Power 0.00433 0.01285 0.34 0.00648 0.01608 0.40
Buzz 0.42906 0.07839 5.47 – – –

TABLE 4.10 Regression Results for Movie Success
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fail to respond to the questions. In a time series, the data may be missing because they do 
not exist at the frequency we wish to observe them; for example, the model may specify 
monthly relationships, but some variables are observed only quarterly. In panel data sets, 
the gaps in the data may arise because of attrition from the study. This is particularly 
common in health and medical research, when individuals choose to leave the study—
possibly because of the success or failure of the treatment that is being studied.

There are several possible cases to consider, depending on why the data are missing. 
The data may be simply unavailable, for reasons unknown to the analyst and unrelated 
to the completeness or the values of the other observations in the sample. This is the 
most benign situation. If this is the case, then the complete observations in the sample 
constitute a usable data set, and the only issue is what possibly helpful information could 
be salvaged from the incomplete observations. Griliches (1986) calls this the ignorable 
case in that, for purposes of estimation, if we are not concerned with efficiency, then we 
may simply delete the incomplete observations and ignore the problem. Rubin (1976, 
1987), Afifi and Elashoff (1966, 1967), and Little and Rubin (1987, 2002) label this case 
missing completely at random (MCAR). A second case, which has attracted a great 
deal of attention in the econometrics literature, is that in which the gaps in the data set 
are not benign but are systematically related to the phenomenon being modeled. This 
case happens most often in surveys when the data are self-selected or self-reported. For 
example, if a survey were designed to study expenditure patterns and if high-income 
individuals tended to withhold information about their income, then the gaps in the data 
set would represent more than just missing information. The clinical trial case is another 
instance. In this (worst) case, the complete observations would be qualitatively different 
from a sample taken at random from the full population. The missing data in this situation 
are termed not missing at random (NMAR). We treat this second case in Chapter 19 with 
the subject of sample selection, so we shall defer our discussion until later.

The intermediate case is that in which there is information about the missing data 
contained in the complete observations that can be used to improve inference about 
the model. The incomplete observations in this missing at random (MAR) case are 
also ignorable, in the sense that unlike the NMAR case, simply using the complete 
data does not induce any biases in the analysis, as long as the underlying process that 
produces the missingness in the data does not share parameters with the model that is 
being estimated, which seems likely.15 This case is unlikely, of course, if “missingness” is 
based on the values of the dependent variable in a regression. Ignoring the incomplete 
observations when they are MAR but not MCAR does ignore information that is in the 
sample and therefore sacrifices some efficiency. Researchers have used a variety of data 
imputation methods to fill gaps in data sets. The (by far) simplest case occurs when the 
gaps occur in the data on the regressors. For the case of missing data on the regressors, 
it helps to consider the simple regression and multiple regression cases separately. In 
the first case, X has two columns: the column of 1s for the constant and a column with 
some blanks where the missing data would be if we had them. The zero-order method of 
replacing each missing x with x based on the observed data results in no changes and is 
equivalent to dropping the incomplete data. (See Exercise 7 in Chapter 3.) However, the 
R2 will be lower. An alternative, modified zero-order regression, fills the second column 
of X with zeros and adds a variable that takes the value one for missing observations 

15See Allison (2002).
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and zero for complete ones. We leave it as an exercise to show that this is algebraically 
identical to simply filling the gaps with x. These same methods can be used when there 
are multiple regressors. Once again, it is tempting to replace missing values of xk with 
simple means of complete observations or with the predictions from linear regressions 
based on other variables in the model for which data are available when xk is missing. In 
most cases in this setting, a general characterization can be based on the principle that 
for any missing observation, the true unobserved xik is being replaced by an erroneous 
proxy that we might view as xnik = xik + uik, that is, in the framework of measurement 
error. Generally, the least squares estimator is biased (and inconsistent) in the presence 
of measurement error such as this. (We will explore the issue in Chapter 8.) A question 
does remain: Is the bias likely to be reasonably small? As intuition should suggest, it 
depends on two features of the data: (1) how good the prediction of xik is in the sense of 
how large the variance of the measurement error, uik, is compared to that of the actual 
data, xik, and (2) how large a proportion of the sample the analyst is filling.

The regression method replaces each missing value on an xk with a single prediction 
from a linear regression of xk on other exogenous variables—in essence, replacing 
the missing xik with an estimate of it based on the regression model. In a Bayesian 
setting, some applications that involve unobservable variables (such as our example 
for a binary choice model in Chapter 17) use a technique called data augmentation to 
treat the unobserved data as unknown parameters to be estimated with the structural 
parameters, such as B in our regression model. Building on this logic researchers, for 
example, Rubin (1987) and Allison (2002), have suggested taking a similar approach in 
classical estimation settings. The technique involves a data imputation step that is similar 
to what was suggested earlier, but with an extension that recognizes the variability in 
the estimation of the regression model used to compute the predictions. To illustrate, 
we consider the case in which the independent variable, xk, is drawn in principle from a 
normal population, so it is a continuously distributed variable with a mean, a variance, 
and a joint distribution with other variables in the model. Formally, an imputation step 
would involve the following calculations:

1. Using as much information (complete data) as the sample will provide, linearly 
regress xk on other variables in the model (and/or outside it, if other information 
is available), Zk, and obtain the coefficient vector dk with associated asymptotic 
covariance matrix Ak and estimated disturbance variance sk

2.
2. For purposes of the imputation, we draw an observation from the estimated 

asymptotic normal distribution of dk; that is, dk,m = dk + vk where vk is a vector 
of random draws from the normal distribution with mean zero and covariance 
matrix Ak.

3. For each missing observation in xk that we wish to impute, we compute 
xi,k,m = dk, m

= zi,k + sk,mui,k, where sk,m is sk divided by a random draw from the chi-
squared distribution with degrees of freedom equal to the number of degrees of 
freedom in the imputation regression.

At this point, the iteration is the same as considered earlier, where the missing values 
are imputed using a regression, albeit a much more elaborate procedure. The regression 
is then computed, using the complete data and the imputed data for the missing 
observations, to produce coefficient vector, bm, and estimated covariance matrix, Vm. 
This constitutes a single round. The technique of multiple imputation involves repeating 
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this set of steps M times. The estimators of the parameter vector and the appropriate 
asymptotic covariance matrix are

 Bn = b =
1
M aM

m = 1bm, (4-61)

 Vn = V + B =
1
M aM

m = 1Vm + ¢1 +
1
M

b a 1
M - 1

b aM
m = 1(bm - b)(bm - b)′. 

 (4-62)

Researchers differ on the effectiveness or appropriateness of multiple imputation. 
When all is said and done, the measurement error in the imputed values remains. It takes 
very strong assumptions to establish that the multiplicity of iterations will suffice to average 
away the effect of this error. Very elaborate techniques have been developed for the special 
case of joint normally distributed cross sections of regressors such as those suggested 
above. However, the typical application to survey data involves gaps due to nonresponse 
to qualitative questions with binary answers. The efficacy of the theory is much less well 
developed for imputation of binary, ordered, count, or other qualitative variables.

Example 4.13  Imputation in the Survey of Consumer Finances16

The Survey of Consumer Finances (SCF) is a survey of U.S. households sponsored every 
three years by the Board of Governors of the Federal Reserve System with the cooperation 
of the U.S. Department of the Treasury. SCF interviews are conducted by NORC at the 
University of Chicago. Data from the SCF are used to inform monetary policy, tax policy, 
consumer protection, and a variety of other policy issues. The most recent release of the 
survey was in 2013. The 2016 survey is in process as of this writing. Missing data in the survey 
have been imputed five times using a multiple imputation technique. The information is stored 
in five separate imputation replicates (implicates). Thus, for the 6,026 families interviewed for 
the current survey, there are 30,130 records in the data set.17 Rhine et al. (2016) used the 
Survey of Consumer Finances to examine savings behavior in the United States during the 
Great Recession of 2007–2009.

The more manageable case is missing values of the dependent variable, yi. Once 
again, it must be the case that yi is at least MAR and that the mechanism that is 
determining presence in the sample does not share parameters with the model itself. 
Assuming the data on xi are complete for all observations, one might consider filling the 
gaps in the data on yi by a two-step procedure: (1) estimate B with bc using the complete 
observations, Xc and yc, then (2) fill the missing values, ym, with predictions, ynm = Xmbc, 
and recompute the coefficients. We leave as an exercise (Exercise 17) to show that the 
second step estimator is exactly equal to the first. However, the variance estimator at the 
second step, s2, must underestimate s2, intuitively because we are adding to the sample 
a set of observations that are fit perfectly.18 So, this is not a beneficial way to proceed. 

17The Federal Reserve’s download site for the SCF provides the following caution: WARNING: Please review 
the following PDF for instructions on how to calculate correct standard errors. As a result of multiple imputation, 
the dataset you are downloading contains five times the number of actual observations. Failure to account for the 
imputations and the complex sample design will result in incorrect estimation of standard errors. (Ibid.)

16See http://www.federalreserve.gov/econresdata/scf/scfindex.htm

18See Cameron and Trivedi (2005, Chapter 27).
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The flaw in the method comes back to the device used to impute the missing values 
for yi. Recent suggestions that appear to provide some improvement involve using a 
randomized version, ynm = Xmbc + Enm, where Enm are random draws from the (normal) 
population with zero mean and estimated variance s2[I + Xm(Xc

=Xc)
-1Xm

= ]. (The 
estimated variance matrix corresponds to Xmbc + Em.) This defines an iteration. After 
reestimating B with the augmented data, one can return to re-impute the augmented 
data with the new Bn , then recompute b, and so on. The process would continue until the 
estimated parameter vector stops changing. (A subtle point to be noted here: The same 
random draws should be used in each iteration. If not, there is no assurance that the 
iterations would ever converge.)

In general, not much is known about the properties of estimators based on using 
predicted values to fill missing values of y. Those results we do have are largely from 
simulation studies based on a particular data set or pattern of missing data. The results 
of these Monte Carlo studies are usually difficult to generalize. The overall conclusion 
seems to be that in a single-equation regression context, filling in missing values of y 
leads to biases in the estimator which are difficult to quantify. The only reasonably 
clear result is that imputations are more likely to be beneficial if the proportion of 
observations that are being filled is small—the smaller the better.

4.9.4  MEASUREMENT ERROR

There are any number of cases in which observed data are imperfect measures of their 
theoretical counterparts in the regression model. Examples include income, education, 
ability, health, the interest rate, output, capital, and so on. Mismeasurement of the 
variables in a model will generally produce adverse consequences for least squares 
estimation. Remedies are complicated and sometimes require heroic assumptions. In this 
section, we will provide a brief sketch of the issues. We defer to Section 8.8 for a more 
detailed discussion of the problem of measurement error, the most common solution 
(instrumental variables estimation), and some applications.

It is convenient to distinguish between measurement error in the dependent variable 
and measurement error in the regressor(s). For the second case, it is also useful to 
consider the simple regression case and then extend it to the multiple regression model. 
Consider a model to describe expected income in a population,

 I * = x′B + e, (4-63)

where I* is the intended total income variable. Suppose the observed counterpart is I, 
earnings. How I relates to I* is unclear; it is common to assume that the measurement 
error is additive, so I = I * + w. Inserting this expression for I into (4-63) gives

 I = x′B + e + w

 = x′B + y,  (4-64)

which appears to be a slightly more complicated regression, but otherwise similar to 
what we started with. As long as w and x are uncorrelated, that is the case. If w is a 
homoscedastic zero mean error that is uncorrelated with x, then the only difference 
between the models in (4-63) and (4-64) is that the disturbance variance in (4-64) 
is sw

2 + se
2 7 se

2. Otherwise both are regressions and evidently B can be estimated 
consistently by least squares in either case. The cost of the measurement error is in the 
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precision of the estimator because the asymptotic variance of the estimator in (4-64) is 
(sy

2/n)[plim(X′X/n)]-1, while it is (se
2/n)[plim(X′X/n)]-1 if B is estimated using (4-63). 

The measurement error also costs some fit. To see this, note that the R2 in the sample 
regression in (4-63) is

R*
2 = 1 - (e′e/n)/(I*′M0I*/n).

The numerator converges to se
2 while the denominator converges to the total variance 

of I*, which would approach se
2 + B′QB where Q = plim(X′X/n). Therefore,

plimR*
2 = B′QB/[se

2 + B′QB.

The counterpart for (4-64), R2, differs only in that se
2 is replaced by sy

2 7 se
2 in the 

denominator. It follows that

plim R*
2 - plim R2 7 0.

This implies that the fit of the regression in (4-64) will, at least broadly in expectation, 
be inferior to that in (4-63). (The preceding is an asymptotic approximation that might 
not hold in every finite sample.)

These results demonstrate the implications of measurement error in the dependent 
variable. We note, in passing, that if the measurement error is not additive, if it is 
correlated with x, or if it has any other features such as heteroscedasticity, then the 
preceding results are lost, and nothing in general can be said about the consequence of 
the measurement error. Whether there is a solution is likewise an ambiguous question. 
The preceding explanation shows that it would be better to have the underlying variable 
if possible. In the absence, would it be preferable to use a proxy? Unfortunately, I is 
already a proxy, so unless there exists an available I′ which has smaller measurement 
error variance, we have reached an impasse. On the other hand, it does seem that the 
outcome is fairly benign. The sample does not contain as much information as we might 
hope, but it does contain sufficient information consistently to estimate b and to do 
appropriate statistical inference based on the information we do have.

The more difficult case occurs when the measurement error appears in the 
independent variable(s). For simplicity, we retain the symbols I and I* for our observed 
and theoretical variables. Consider a simple regression,

y = b1 + b2I
* + e,

where y is the perfectly measured dependent variable and the same measurement 
equation, I = I* + w, applies now to the independent variable. Inserting I into the 
equation and rearranging a bit, we obtain

 y = b1 + b2I + (e - b2w)

 = b1 + b2I + y.  (4-65)

It appears that we have obtained (4-64) once again. Unfortunately, this is not the case, 
because Cov[I, y] = Cov[I * + w, e - b2w] = -b2sw

2 . Because the regressor in (4-65) 
is correlated with the disturbance, least squares regression in this case is inconsistent. 
There is a bit more that can be derived—this is pursued in Section 8.5, so we state it here 
without proof. In this case,

plim b2 = b2[s*
2/(s*

2 + sw
2 )],
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where s*
2 is the marginal variance of I*. The scale factor is less than one, so the least 

squares estimator is biased toward zero. The larger the measurement error variance, 
the worse is the bias. (This is called least squares attenuation.) Now, suppose there are 
additional variables in the model:

y = x′B1 + b2I
* + e.

In this instance, almost no useful theoretical results are forthcoming. The following fairly 
general conclusions can be drawn—once again, proofs are deferred to Section 8.5:

1. The least squares estimator of b2 is still biased toward zero.
2. All the elements of the estimator of B1 are biased, in unknown directions, even 

though the variables in x are not measured with error.

Solutions to the “measurement error problem” come in two forms. If there is outside 
information on certain model parameters, then it is possible to deduce the scale factors 
(using the method of moments) and undo the bias. For the obvious example, in (4-65), 
if sw

2  were known, then it would be possible to deduce s*
2 from Var[I] = s*

2 + sw
2  and 

thereby compute the necessary scale factor to undo the bias. This sort of information is 
generally not available. A second approach that has been used in many applications is 
the technique of instrumental variables. This is developed in detail for this application 
in Section 8.5.

4.9.5  OUTLIERS AND INFLUENTIAL OBSERVATIONS

Figure 4.10 shows a scatter plot of the data on sale prices of Monet paintings that were 
used in Example 4.5. Two points have been highlighted. The one noted with the square 
overlay shows the smallest painting in the data set. The circle highlights a painting that 
fetched an unusually low price, at least in comparison to what the regression would 
have predicted. (It was not the least costly painting in the sample, but it was the one 
most poorly predicted by the regression.) Because least squares is based on squared 
deviations, the estimator is likely to be strongly influenced by extreme observations such 
as these, particularly if the sample is not very large.

An influential observation is one that is likely to have a substantial impact on the least 
squares regression coefficient(s). For a simple regression such as the one shown in Figure 
4.11, Belsley, Kuh, and Welsh (1980) defined an influence measure, for observation xi,

 hi =
1
n

+
(xi - x(i))

2

Σj = 1,j ∙ i
n (xj - x(i))

2
, (4-66)

where x(i) and the summation in the denominator of the fraction are computed without 
this observation. (The measure derives from the difference between b and b(i) where the 
latter is computed without the particular observation. We will return to this shortly.) It 
is suggested that an observation should be noted as influential if hi 7 2/n. The decision 
is whether to drop the observation or not. We should note observations with high 
leverage are arguably not outliers (which remains to be defined) because the analysis 
is conditional on xi. To underscore the point, referring to Figure 4.11, this observation 
would be marked even if it fell precisely on the regression line—the source of the 
influence is the numerator of the second term in hi, which is unrelated to the distance 
of the point from the line. In our example, the influential observation happens to be the 
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FIGURE 4.11  Log Price Versus Log Area for Monet Paintings.
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result of Monet’s decision to paint a small painting. The point is that in the absence of 
an underlying theory that explains (and justifies) the extreme values of xi, eliminating 
such observations is an algebraic exercise that has the effect of forcing the regression 
line to be fitted with the values of xi closest to the means.

The change in the linear regression coefficient vector in a multiple regression when 
an observation is added to the sample is

 b - b(i) = ∆b =
1

1 + xi
= (X(i)

= X(i))
-1xi

 (X(i)
= X(i))

-1xi (yi - xi
=b(i)), (4-67)

where b is computed with observation i in the sample, b(i) is computed without 
observation i, and X(i) does not include observation i. (See Exercise 5 in Chapter 3.) It 
is difficult to single out any particular feature of the observation that would drive this 
change. The influence measure,

hii = xi
=(X(i)

= X(i))
-1xi

 =
1
n

+ a
K - 1

j = 1
a

K - 1

k = 1
(xi,j - xn, j)(xi,k - xk)(Z(i)

= M0Z(i))
jk, (4-68)

has been used to flag influential observations.19 In this instance, the selection criterion 
would be hii 7 2(K - 1)/n. Squared deviations of the elements of xi from the means of 
the variables appear in hii, so it is also operating on the difference of xi from the center 
of the data. (See expression (4-54) for the forecast variance in Section 4.8.1 for an 
application.)

In principle, an outlier is an observation that appears to be outside the reach of the 
model, perhaps because it arises from a different data-generating process. The outlier 

19See, once again, Belsley, Kuh, and Welsh (1980) and Cook (1977).
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in Figure 4.11 appears to be a candidate. Outliers could arise for several reasons. The 
simplest explanation would be actual data errors. Assuming the data are not erroneous, 
it then remains to define what constitutes an outlier. Unusual residuals are an obvious 
choice. But, because the distribution of the disturbances would anticipate a certain small 
percentage of extreme observations in any event, simply singling out observations with 
large residuals is actually a dubious exercise. On the other hand, one might suspect that 
the outlying observations are actually generated by a different population. Studentized 
residuals are constructed with this in mind by computing the regression coefficients and 
the residual variance without observation i for each observation in the sample and then 
standardizing the modified residuals. The ith studentized residual is

 e(i) =
ei21 - hii

nAe′e - ei
2/(1 - hii)

n - 1 - K
, (4-69)

where e is the residual vector for the full sample, based on b, including ei the residual 
for observation i. In principle, this residual has a t distribution with n - 1 - K degrees 
of freedom (or a standard normal distribution asymptotically). Observations with large 
studentized residuals, that is, greater than 2.0, would be singled out as outliers.

There are several complications that arise with isolating outlying observations in 
this fashion. First, there is no a priori assumption of which observations are from the 
alternative population, if this is the view. From a theoretical point of view, this would 
suggest a skepticism about the model specification. If the sample contains a substantial 
proportion of outliers, then the properties of the estimator based on the reduced sample 
are difficult to derive. In the next application, the suggested procedure deletes 4.2% of 
the sample (18 observations). Finally, it will usually occur that observations that were not 
outliers in the original sample will become outliers when the original set of outliers is 
removed. It is unclear how one should proceed at this point. (Using the Monet paintings 
data, the first round of studentizing the residuals removes 18 observations. After 11 
iterations, the sample size stabilizes at 364 of the original 430 observations, a reduction 
of 15.3%.) Table 4.11 shows the original results (from Table 4.4) and the modified results 
with 18 outliers removed. Given that the 430 is a relatively large sample, the modest 
change in the results is to be expected.

Number of observations 430 412
Mean of log price 0.33274 0.36328
Sum of squared residuals 520.765 393.845
Standard error of regression 1.10435 0.98130
R-squared 0.33417 0.38371
Adjusted R-squared 0.33105 0.38070

Coefficient Standard Error t

Variable n = 430 n = 412 n = 430 n = 412 n = 430 n = 412

Constant -8.34237 -8.62152 0.67820 0.62524 -12.30 -13.79
ln Area 1.31638 1.35777 0.09205 0.08612 14.30 15.77
Aspect Ratio -0.09623 -0.08346 0.15784 0.14569 -0.61 -0.57

TABLE 4.11 Estimated Equations for Log Price
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Key Terms and Concepts

•	Assumptions
•	Asymptotic covariance 

matrix
•	Asymptotic distribution
•	Asymptotic efficiency
•	Asymptotic normality
•	Asymptotic properties
•	Attrition
•	Bootstrapping
•	Condition number
•	Confidence intervals
•	Consistency
•	Consistent estimator
•	Data imputation
•	Efficient scale

•	Estimator
•	Ex ante forecast
•	Ex post forecast
•	Ex post predication
•	Finite sample properties
•	Gauss–Markov theorem
•	Grenander conditions
•	Highest posterior density 

interval
•	Ignorable case
•	Interval estimation
•	Least squares attenuation
•	Lindeberg–Feller Central 

Limit Theorem
•	Linear estimator

•	Linear unbiased estimator
•	Mean absolute error
•	Mean squared error
•	Measurement error
•	Method of moments
•	Minimum mean squared 

error
•	Minimum variance linear 

unbiased estimator
•	Missing at random (MAR)
•	Missing completely at 

random (MCAR)
•	Missing observations
•	Modified zero-order 

regression

It is difficult to draw firm general conclusions from this exercise. It remains likely 
that in very small samples, some caution and close scrutiny of the data are called 
for. If it is suspected at the outset that a process prone to large observations is at 
work, it may be useful to consider a different estimator altogether, such as least 
absolute deviations, or even a different model specification that accounts for this 
possibility. For example, the idea that the sample may contain some observations that 
are generated by a different process lies behind the latent class model that is discussed 
in Chapters 14 and 18.

4.10 SUMMARY AND CONCLUSIONS

This chapter has examined a set of properties of the least squares estimator that will 
apply in all samples, including unbiasedness and efficiency among unbiased estimators. 
The formal assumptions of the linear model are pivotal in the results of this chapter. 
All of them are likely to be violated in more general settings than the one considered 
here. For example, in most cases examined later in the book, the estimator has a possible 
bias, but that bias diminishes with increasing sample sizes. For purposes of forming 
confidence intervals and testing hypotheses, the assumption of normality is narrow, so 
it was necessary to extend the model to allow nonnormal disturbances. These and other 
“large-sample” extensions of the linear model were considered in Section 4.4. The crucial 
results developed here were the consistency of the estimator and a method of obtaining 
an appropriate covariance matrix and large-sample distribution that provides the basis 
for forming confidence intervals and testing hypotheses. Statistical inference in the form 
of interval estimation for the model parameters and for values of the dependent variable 
was considered in Sections 4.6 and 4.7. This development will continue in Chapter 5 
where we will consider hypothesis testing and model selection.

Finally, we considered some practical problems that arise when data are less than 
perfect for the estimation and analysis of the regression model, including multicollinearity, 
missing observations, measurement error, and outliers.
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Exercises

1. Suppose that you have two independent unbiased estimators of the same parameter 
u, say un1 and un2, with different variances v1 and v2. What linear combination 
un = c1u

n

1 + c2u
n

2 is the minimum variance unbiased estimator of u?
2. Consider the simple regression yi = bxi + ei where E[e ∙ x] = 0 and E[e2 ∙ x] = s2

a. What is the minimum mean squared error linear estimator of b? [Hint: Let 
the estimator be (bn = c′y). Choose c to minimize Var(bn) + (E(bn - b))2. The 
answer is a function of the unknown parameters.]

b. For the estimator in part a, show that ratio of the mean squared error of bn to that 
of the ordinary least squares estimator b is

MSE[bn]

MSE[b]
=

t2

(1 + t2)
, where t2 =

b2

[s2/X′X]
.

Note that t is the population analog to the “t ratio” for testing the hypothesis 
that b = 0, which is given in (5-11). How do you interpret the behavior of this 
ratio as t S ∞?

3. Suppose that the classical regression model applies but that the true value of 
the constant is zero. Compare the variance of the least squares slope estimator 
computed without a constant term with that of the estimator computed with an 
unnecessary constant term.

4. Suppose that the regression model is yi = a + bxi + ei, where the disturbances 
ei have f(ei) = (1/l) exp(-ei/l), ei Ú 0. This model is rather peculiar in that all 
the disturbances are assumed to be nonnegative. Note that the disturbances have 
E[ei ∙ xi] = l and Var[ei ∙ xi] = l2. Show that the least squares slope estimator is 
unbiased but that the intercept estimator is biased.

5. Prove that the least squares intercept estimator in the classical regression model is 
the minimum variance linear unbiased estimator.

6. As a profit-maximizing monopolist, you face the demand curve Q = a + bP + e. 
In the past, you have set the following prices and sold the accompanying quantities:

Q 3 3 7 6 10 15 16 13 9 15 9 15 12 18 21
P 18 16 17 12 15 15 4 13 11 6 8 10 7 7 7

  Suppose that your marginal cost is 10. Based on the least squares regression, compute 
a 95% confidence interval for the expected value of the profit-maximizing output.

•	Monte Carlo study
•	Multicollinearity
•	Not missing at random 

(NMAR)
•	Oaxaca’s and Blinder’s 

decomposition
•	Optimal linear predictor
•	Panel data
•	Point estimation
•	Prediction error

•	Prediction interval
•	Prediction variance
•	Principal components
•	Probability limit
•	Root mean squared error
•	Sample selection
•	Sampling distribution
•	Sampling variance
•	Semiparametric
•	Smearing estimator

•	Standard error
•	Standard error of the 

regression
•	Statistical properties
•	Theil U statistic
•	Variance inflation factor 

(VIF)
•	Zero-order method
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7. The following sample moments for x = [1, x1, x2, x3] were computed from 100 
observations produced using a random number generator:

X′X = D100 123 96 109
123 252 125 189
96 125 167 146

109 189 146 168

T ,   X′y = D460
810
615
712

T ,   y′y = 3924.

  The true model underlying these data is y = x1 + x2 + x3 + e.
a. Compute the simple correlations among the regressors.
b. Compute the ordinary least squares coefficients in the regression of y on a 

constant x1, x2, and x3.
c. Compute the ordinary least squares coefficients in the regression of y on a 

constant, x1 and x2, on a constant, x1 and x3, and on a constant, x2 and x3.
d. Compute the variance inflation factor associated with each variable.
e. The regressors are obviously badly collinear. Which is the problem variable? 

Explain.
8. Consider the multiple regression of y on K variables X and an additional variable z. 

Prove that under the assumptions A1 through A6 of the classical regression model, 
the true variance of the least squares estimator of the slopes on X is larger when z 
is included in the regression than when it is not. Does the same hold for the sample 
estimate of this covariance matrix? Why or why not? Assume that X and z are 
nonstochastic and that the coefficient on z is nonzero.

9. For the classical normal regression model y = XB + E with no constant term and 
K regressors, assuming that the true value of b is zero, what is the exact expected 
value of F[K, n - K] = (R2/K)/[(1 - R2)/(n - K)]?

10. Prove that E[b′b] = B′B + s2aK
k = 1(1/lk), where b is the ordinary least squares 

estimator and lk is a characteristic root of X′X.
11. For the classical normal regression model y = XB + E with no constant term and 

K regressors, what is plim F[K, n - K] = plim R2/K
(1 - R2)/(n - K), assuming that the 

true value of B is zero?
12. Let ei be the ith residual in the ordinary least squares regression of y on X in the 

classical regression model, and let ei be the corresponding true disturbance. Prove 
that plim(ei - ei) = 0.

13. For the simple regression model yi = m + ei, ei ∙ N[0, s2], prove that the sample 
mean is consistent and asymptotically normally distributed. Now consider the 

alternative estimator mn = a iwiyi, wi = i
(n(n + 1)/2) =

i

a ii
. Note that a iwi = 1. 

Prove that this is a consistent estimator of m and obtain its asymptotic variance. 
[Hint: a ii

2 = n(n + 1)(2n + 1)/6.]

14. Consider a data set consisting of n observations, nc complete and nm incomplete, 
for which the dependent variable, yi, is missing. Data on the independent variables, 
xi, are complete for all n observations, Xc and Xm. We wish to use the data to 
estimate the parameters of the linear regression model y = XB + E. Consider the 
following the imputation strategy: Step 1: Linearly regress yc on Xc and compute bc. 
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Step 2: Use Xm to predict the missing ym with Xmbc. Then regress the full sample of 
observations, (yc, Xmbc), on the full sample of regressors, (Xc, Xm).
a. Show that the first and second step least squares coefficient vectors are identical.
b. Is the second step coefficient estimator unbiased?
c. Show that the sum of squared residuals is the same at both steps.
d. Show that the second step estimator of s2 is biased downward.

15. In (4-13), we find that when superfluous variables X2 are added to the regression 
of y on X1 the least squares coefficient estimator is an unbiased estimator of 
the true parameter vector, B = (B1

= , 0′)′. Show that, in this long regression, 
e′e/(n - K1 - K2) is also unbiased as estimator of s2.

16. In Section 4.9.2, we consider regressing y on a set of principal components, rather 
than the original data. For simplicity, assume that X does not contain a constant 
term, and that the K variables are measured in deviations from the means and 
are standardized by dividing by the respective standard deviations. We consider 
regression of y on L principal components, Z = XCL, where L 6 K. Let d denote 
the coefficient vector. The regression model is y = Xb + e. In the discussion, it is 
claimed that E[d] = CL

=  b. Prove the claim.
17. Example 4.10 presents a regression model that is used to predict the auction 

prices of Monet paintings. The most expensive painting in the sample sold for 
$33.0135M (ln = 17.3124). The height and width of this painting were 35″ and 
39.4″, respectively. Use these data and the model to form prediction intervals for 
the log of the price and then the price for this painting.

Applications

1. Data on U.S. gasoline consumption for the years 1953 to 2004 are given in Table 
F2.2. Note the consumption data appear as total expenditure. To obtain the per 
capita quantity variable, divide GASEXP by GASP times Pop. The other variables 
do not need transformation.
a. Compute the multiple regression of per capita consumption of gasoline on per 

capita income, the price of gasoline, the other prices, and a time trend. Report all 
results. Do the signs of the estimates agree with your expectations?

b. Test the hypothesis that at least in regard to demand for gasoline, consumers do 
not differentiate between changes in the prices of new and used cars.

c. Estimate the own price elasticity of demand, the income elasticity, and the cross-
price elasticity with respect to changes in the price of public transportation. Do 
the computations at the 2004 point in the data.

d. Reestimate the regression in logarithms so that the coefficients are direct 
estimates of the elasticities. (Do not use the log of the time trend.) How do your 
estimates compare with the results in the previous question? Which specification 
do you prefer?

e. Compute the simple correlations of the price variables. Would you conclude that 
multicollinearity is a problem for the regression in part a or part d?

f. Notice that the price index for gasoline is normalized to 100 in 2000, whereas the 
other price indices are anchored at 1983 (roughly). If you were to renormalize 
the indices so that they were all 100.00 in 2004, then how would the results of 
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the regression in part a change? How would the results of the regression in part 
d change?

g. This exercise is based on the model that you estimated in part d. We are 
interested in investigating the change in the gasoline market that occurred in 
1973. First, compute the average values of log of per capita gasoline consumption 
in the years 1953–1973 and 1974–2004 and report the values and the difference. 
If we divide the sample into these two groups of observations, then we can 
decompose the change in the expected value of the log of consumption into a 
change attributable to change in the regressors and a change attributable to a 
change in the model coefficients, as shown in Section 4.7.2. Using the Oaxaca–
Blinder approach described there, compute the decomposition by partitioning 
the sample and computing separate regressions. Using your results, compute a 
confidence interval for the part of the change that can be attributed to structural 
change in the market, that is, change in the regression coefficients.

2. Christensen and Greene (1976) estimated a “generalized Cobb–Douglas” cost 
function for electricity generation of the form

ln C = a + b ln Q + g[1
2 (ln Q)2] + dk ln Pk + dl ln Pl + df ln Pf + e.

  Pk, Pl, and Pf  indicate unit prices of capital, labor, and fuel, respectively, Q is 
output, and C is total cost. To conform to the underlying theory of production, it 
is necessary to impose the restriction that the cost function be homogeneous of 
degree one in the three prices. This is done with the restriction dk + dl + df = 1, 
or df = 1 - dk - dl. Inserting this result in the cost function and rearranging terms 
produces the estimating equation,

ln(C/Pf) = a + b ln Q + g[1
2 (ln Q)2] + dk ln(Pk/Pf) + dl ln(Pl/Pf) + e.

The purpose of the generalization was to produce a U-shaped average total cost 
curve. We are interested in the efficient scale, which is the output at which the cost 
curve reaches its minimum. That is the point at which (0 ln C/0 ln Q)∙Q = Q* = 1 or 
Q* = exp[(1 - b)/g].
a. Data on 158 firms extracted from Christensen and Greene’s study are given in 

Table F4.4. Using all 158 observations, compute the estimates of the parameters 
in the cost function and the estimate of the asymptotic covariance matrix.

b. Note that the cost function does not provide a direct estimate of df. Compute 
this estimate from your regression results, and estimate the asymptotic standard 
error.

c. Compute an estimate of Q* using your regression results and then form a 
confidence interval for the estimated efficient scale.

d. Examine the raw data and determine where in the sample the efficient scale 
lies. That is, determine how many firms in the sample have reached this scale, 
and whether, in your opinion, this scale is large in relation to the sizes of firms 
in the sample. Christensen and Greene approached this question by computing 
the proportion of total output in the sample that was produced by firms that 
had not yet reached efficient scale. (Note: There is some double counting in the 
data set—more than 20 of the largest “firms” in the sample we are using for this 
exercise are holding companies and power pools that are aggregates of other 
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firms in the sample. We will ignore that complication for the purpose of our 
numerical exercise.)

3. The Filipelli data mentioned in Footnote 11 are used to test the accuracy of 
computer programs in computing least squares coefficients. The 82 observations 
on (x,y) are given in Appendix Table F4.5. The regression computation involves 
regression of y on a constant and the first 10 powers of x. (The condition number 
for this 11-column data matrix is 0.3 * 1010.) The correct least squares solutions 
are given on the NIST Website. Using the software you are familiar with, compute 
the regression using these data.

M04_GREE1366_08_SE_C04.indd   112 2/24/17   9:30 PM



113

 5

HypotHesis tests and  
Model selection

 §
5.1 INTRODUCTION

the linear regression model is used for three major purposes: estimation and 
prediction, which were the subjects of the previous chapter, and hypothesis testing. in 
this chapter, we examine some applications of hypothesis tests using the linear regression 
model. We begin with the methodological and statistical theory. some of this theory was 
developed in chapter 4 (including the idea of a pivotal statistic in section 4.7.1) and in 
appendix c.7. in section 5.2, we will extend the methodology to hypothesis testing based 
on the regression model. after the theory is developed, sections 5.3 through 5.5 will 
examine some applications in regression modeling. this development will be concerned 
with the implications of restrictions on the parameters of the model, such as whether a 
variable is relevant (i.e., has a nonzero coefficient) or whether the regression model itself 
is supported by the data (i.e., whether the data seem consistent with the hypothesis that 
all of the coefficients are zero). We will primarily be concerned with linear restrictions in 
this discussion. We will turn to nonlinear restrictions in section 5.5. section 5.6 considers 
some broader types of hypotheses, such as choosing between two competing models, for 
example, whether a linear or a loglinear model is better suited to the data. in each of 
the cases so far, the testing procedure attempts to resolve a competition between two 
theories for the data; in sections 5.2 through 5.5 between a narrow model and a broader 
one and in section 5.6, between two arguably equal models. section 5.7 illustrates a 
particular specification test, which is essentially a test of a proposition such as the model 
is correct versus the model is inadequate. this test pits the theory of the model against 
some other unstated theory. Finally, section 5.8 presents some general principles and 
elements of a strategy of model testing and selection.

5.2 HYPOTHESIS TESTING METHODOLOGY

We begin the analysis with the regression model as a statement of a proposition,

 y = XB + E. (5-1)

to consider a specific application, examples 4.3 and 4.5 depicted the auction prices of 
paintings,

 ln Price = b1 + b2 ln Size + b3 Aspect Ratio + e. (5-2)

some questions might be raised about the model in (5-2), fundamentally, about 
the variables. it seems natural that fine art enthusiasts would be concerned about 
aspect ratio, which is an element of the aesthetic quality of a painting. But the idea 
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that size should be an element of the price is counterintuitive, particularly weighed 
against the surprisingly small sizes of some of the world’s most iconic paintings 
such as the Mona Lisa (30″ high and 21″ wide) or dali’s Persistence of Memory 
(only 9.5″ high and 13″ wide). a skeptic might question the presence of lnSize in the 
equation or, equivalently, the nonzero coefficient, b2. to settle the issue, the relevant 
empirical question is whether the equation specified appears to be consistent with the 
data—that is, the observed sale prices of paintings. in order to proceed, the obvious 
approach for the analyst would be to fit the regression first and then examine the 
estimate of b2. the test, at this point, is whether b2 in the least squares regression 
is zero or not. Recognizing that the least squares slope is a random variable that 
will never be exactly zero even if b2 really is, we would soften the question to be 
whether the sample estimate seems to be close enough to zero for us to conclude 
that its population counterpart is actually zero, that is, that the nonzero value we 
observe is nothing more than noise that is due to sampling variability. Remaining to 
be answered are questions including: How close to zero is close enough to reach this 
conclusion? What metric is to be used? How certain can we be that we have reached 
the right conclusion? (not absolutely, of course.) How likely is it that our decision 
rule, whatever we choose, will lead us to the wrong conclusion? this section will 
formalize these ideas. after developing the methodology in detail, we will construct 
a number of numerical examples.

5.2.1  RESTRICTIONS AND HYPOTHESES

the approach we will take is to formulate a hypothesis as a restriction on a model. thus, 
in the classical methodology considered here, the model is a general statement and a 
hypothesis is a proposition that narrows that statement. in the art example in (5-2), 
the narrower statement is (5-2) with the additional statement that b2 = 0—without 
comment on b1 or b3. We define the null hypothesis as the statement that narrows the 
model and the alternative hypothesis as the broader one. in the example, the broader 
model allows the equation to contain both ln Size and Aspect Ratio—it admits the 
possibility that either coefficient might be zero but does not insist upon it. the null 
hypothesis insists that b2 = 0 while it also makes no comment about b1 or b3. the formal 
notation used to frame this hypothesis would be

 ln Price = b1 + b2 ln Size + b3AspectRatio + e,
 H0 : b2 = 0, (5-3)
 H1 : b2 ≠ 0.

note that the null and alternative hypotheses, together, are exclusive and exhaustive. 
there is no third possibility; either one or the other of them is true, not both.

the analysis from this point on will be to measure the null hypothesis against the 
data. the data might persuade the econometrician to reject the null hypothesis. it would 
seem appropriate at that point to accept the alternative. However, in the interest of 
maintaining flexibility in the methodology, that is, an openness to new information, 
the appropriate conclusion here will be either to reject the null hypothesis or not to 
reject it. not rejecting the null hypothesis is not equivalent to accepting it—though 
the language might suggest so. By accepting the null hypothesis, we would implicitly 
be closing off further investigation. thus, the traditional, classical methodology leaves 
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open the possibility that further evidence might still change the conclusion. our testing 
methodology will be constructed so as either to

Reject H0 :  the data appear to be inconsistent with the hypothesis with a reasonable 
degree of certainty.

do not reject H0 : the data appear to be consistent with the null hypothesis.

5.2.2  NESTED MODELS

the general approach to testing a hypothesis is to formulate a statistical model that 
contains the hypothesis as a restriction on its parameters. a theory is said to have 
testable implications if it implies some testable restrictions on the model. consider, for 
example, a model of investment, It,

 ln It = b1 + b2it + b3∆pt + b4 ln Yt + b5t + et, (5-4)

which states that investors are sensitive to nominal interest rates, it, the rate of inflation, 
∆pt, (the log of) real output, ln Yt, and other factors that trend upward through time, 
embodied in the time trend, t. an alternative theory states that “investors care about 
real interest rates.” the alternative model is

 ln It = b1 + b2(it - ∆pt) + b3∆pt + b4 ln Yt + b5t + et. (5-5)

although this new model does embody the theory, the equation still contains both 
nominal interest and inflation. the theory has no testable implication for our model. 
But, consider the stronger hypothesis, “investors care only about real interest rates.” 
the resulting equation,

 ln It = b1 + b2(it - ∆pt) + b4 ln Yt + b5t + et, (5-6)

is now restricted; in the context of (5-4), the implication is that b2 + b3 = 0. the stronger 
statement implies something specific about the parameters in the equation that may or 
may not be supported by the empirical evidence.

the description of testable implications in the preceding paragraph suggests (correctly) 
that testable restrictions will imply that only some of the possible models contained in 
the original specification will be valid; that is, consistent with the theory. in the example 
given earlier, (5-4) specifies a model in which there are five unrestricted parameters 
(b1, b2, b3, b4, b5). But (5-6) shows that only some values are consistent with the theory, 
that is, those for which b3 = -b2. this subset of values is contained within the unrestricted 
set. in this way, the models are said to be nested. consider a different hypothesis, “investors 
do not care about inflation.” in this case, the smaller set of coefficients is (b1, b2, 0, b4, b5). 
once again, the restrictions imply a valid parameter space that is “smaller” (has fewer 
dimensions) than the unrestricted one. the general result is that the hypothesis specified 
by the restricted model is contained within the unrestricted model.

now, consider an alternative pair of models: Model0 : “investors care only about 
inflation”; Model1 : “investors care only about the nominal interest rate.” in this case, the 
two parameter vectors are (b1, 0, b3, b4, b5) by Model0 and (b1, b2, 0, b4, b5) by Model1. 
the two specifications are both subsets of the unrestricted model, but neither model is 
obtained as a restriction on the other. they have the same number of parameters; they 
just contain different variables. these two models are nonnested. For the present, we are 
concerned only with nested models. Nonnested models are considered in section 5.6.
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5.2.3  TESTING PROCEDURES

in the example in (5-2), intuition suggests a testing approach based on measuring the 
data against the hypothesis. the essential methodology provides a reliable guide to 
testing hypotheses in the setting we are considering in this chapter. Broadly, the analyst 
follows the logic, “What type of data will lead me to reject the hypothesis?” Given the 
way the hypothesis is posed in section 5.2.1, the question is equivalent to asking what 
sorts of data will support the model. the data that one can observe are divided into a 
rejection region and an acceptance region. the testing procedure will then be reduced to 
a simple up or down examination of the statistical evidence. once it is determined what 
the rejection region is, if the observed data appear in that region, the null hypothesis is 
rejected. to see how this operates in practice, consider, once again, the hypothesis about 
size in the art price equation. our test is of the hypothesis that b2 equals zero. We will 
compute the least squares slope. We will decide in advance how far the estimate of b2 
must be from zero to lead to rejection of the null hypothesis. once the rule is laid out, 
the test, itself, is mechanical. in particular, for this case, b2 is far from zero if b2 7 b2

0+ 
or b2 6 b2

0-. if either case occurs, the hypothesis is rejected. the crucial element is that 
the rule is decided upon in advance.

5.2.4  SIZE, POWER, AND CONSISTENCY OF A TEST

Because the testing procedure is determined in advance and the estimated coefficient(s) 
in the regression are random, there are two ways the neyman–pearson method can 
make an error. to put this in a numerical context, the sample regression corresponding 
to (5-2) appears in table 4.7. the estimate of the coefficient on ln Area is 1.31638 with 
an estimated standard error of 0.09205. suppose the rule to be used to test is decided 
arbitrarily (at this point—we will formalize it shortly) to be: if b2 is greater than +1.0 
or less than -1.0, then we will reject the hypothesis that the coefficient is zero (and 
conclude that art buyers really do care about the sizes of paintings). so, based on this 
rule, we will, in fact, reject the hypothesis. However, because b2 is a random variable, 
there are the following possible errors:

type i error: b2 = 0, but we reject the hypothesis that b2 = 0.
the null hypothesis is incorrectly rejected.

type ii error: b2 ≠ 0, but we do not reject the hypothesis that b2 = 0.
the null hypothesis is incorrectly retained.

the probability of a type i error is called the size of the test. the size of a test is the 
probability that the test will incorrectly reject the null hypothesis. as will emerge later, 
the analyst determines this in advance. one minus the probability of a type ii error is 
called the power of a test. the power of a test is the probability that it will correctly reject 
a false null hypothesis. the power of a test depends on the alternative. it is not under 
the control of the analyst. to consider the example once again, we are going to reject 
the hypothesis if � b2 � 7 1. if b2 is actually 1.5, then based on the results we’ve seen, we 
are quite likely to find a value of b2 that is greater than 1.0. on the other hand, if b2 is 
only 0.3, then it does not seem likely that we will observe a sample value greater than 
1.0. thus, again, the power of a test depends on the actual parameters that underlie the 
data. the idea of power of a test relates to its ability to find what it is looking for.
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a test procedure is consistent if its power goes to 1.0 as the sample size grows to 
infinity. this quality is easy to see, again, in the context of a single parameter, such as 
the one being considered here. Because least squares is consistent, it follows that as 
the sample size grows, we will be able to learn the exact value of b2, so we will know if 
it is zero or not. thus, for this example, it is clear that as the sample size grows, we will 
know with certainty if we should reject the hypothesis. For most of our work in this text, 
we can use the following guide: a testing procedure about the parameters in a model 
is consistent if it is based on a consistent estimator of those parameters. nearly all our 
work in this book is based on consistent estimators. save for the latter sections of this 
chapter, where our tests will be about the parameters in nested models, our tests will be 
consistent as well.

5.2.5  A METHODOLOGICAL DILEMMA: BAYESIAN VERSUS CLASSICAL TESTING

as we noted earlier, the testing methodology we will employ here is an all-or-nothing 
proposition. We will determine the testing rule(s) in advance, gather the data, and either 
reject or not reject the null hypothesis. there is no middle ground. this presents the 
researcher with two uncomfortable dilemmas. First, the testing outcome, that is, the 
sample data might be uncomfortably close to the boundary of the rejection region. 
consider our example. if we have decided in advance to reject the null hypothesis if 
b2 7 1.00, and the sample value is 0.9999, it will be difficult to resist the urge to reject the 
null hypothesis anyway, particularly if we entered the analysis with a strongly held belief 
that the null hypothesis is false. that is, intuition notwithstanding, we are unconvinced 
that art buyers really do care about size. second, the methodology we have laid out here 
has no way of incorporating other studies. to continue our example, if we were the tenth 
team of analysts to study the art market, and the previous nine had decisively rejected 
the hypothesis that b2 = 0, we will find it very difficult not to reject that hypothesis even 
if our evidence suggests, based on our testing procedure, that we should not.

this dilemma is built into the classical testing methodology. there is a middle 
ground. the Bayesian methodology that we will discuss in chapter 16 does not face 
this dilemma because Bayesian analysts never reach a firm conclusion. they merely 
update their priors. thus, in the first case noted, in which the observed data are close 
to the boundary of the rejection region, the analyst will merely be updating the prior 
with slightly less persuasive evidence than might be hoped for. But the methodology 
is comfortable with this. For the second instance, we have a case in which there is a 
wealth of prior evidence in favor of rejecting H0. it will take a powerful tenth body of 
evidence to overturn the previous nine conclusions. the results of the tenth study (the 
posterior results) will incorporate not only the current evidence, but the wealth of prior 
data as well.

5.3 THREE APPROACHES TO TESTING HYPOTHESES

We will consider three approaches to testing hypotheses, Wald tests, fit based tests, and 
Lagrange multiplier tests. the hypothesis characterizes the population. if the hypothesis 
is correct, then the sample statistics should mimic that description. to continue our 
earlier example, if the hypothesis that states that a certain coefficient in a regression 
model equals zero is correct, then the least squares estimate of that coefficient should 
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be close to zero, at least within sampling variability. the tests will follow that logic as 
follows:

●● Wald tests: the hypothesis states that B obeys some restriction(s), which we might 
state generally as c(B) = 0. the least squares estimator, b, is a consistent estimator 
of B. if the hypothesis is correct, then c(b) should be close to zero. For the example 
of a single coefficient, if the hypothesis that bk equals zero is correct, then bk should 
be close to zero. the Wald test measures how close c(b) is to zero. the Wald test is 
based on estimation of the unrestricted model—the test measures how close the 
estimated unrestricted model is to the hypothesized restrictions.

●● Fit based tests: We obtain the best possible fit—highest R2 (or smallest sum of 
squared residuals)—by using least squares without imposing the restrictions. 
imposing the restrictions will degrade the fit of the model to the data. For example, 
when we impose bk = 0 by leaving xk out of the model, we should expect R2 to fall. 
the empirical device to use for testing the hypothesis will be a measure of how much 
R2 falls when we impose the restrictions. this test procedure compares the fit of the 
restricted model to that of the unrestricted model.

●● Lagrange multiplier (LM) tests: the lM test is based on the restricted model. the 
logic of the test is based on the general result that with the restrictions imposed, 
if those restrictions are incorrect, then we will be able to detect that failure in 
a measurable statistic. For the example of a single coefficient, bk, in a multiple 
regression, the lM approach for the test will be based on the residuals from the 
regression that omits xk. if bk actually is not zero, then those residuals, say ei(k), 
which contain bkxik, will be correlated with xk. the test statistic will be based on 
that correlation. the test procedure is based on the estimates of the restricted 
model.

IMPORTANT ASSUMPTIONS
To develop the testing procedures in this section, we will begin by assuming homosce-
dastic, normally distributed disturbances—Assumptions A4 and A6 in Table 4.1. As 
we saw in Chapter 4, with these assumptions, we are able to obtain the exact distribu-
tions of the test statistics. In Section 5.4, we will develop an alternative set of results 
that allows us to proceed without Assumptions A4 and A6. It is useful to keep the 
distinction between the underlying theory of the testing procedures and the practical 
mechanics of inferences based on asymptotic approximations and robust covariance 
matrices. Robust inference is an improvement on the received procedures based on 
large-sample approximations to conventional statistics that allow conclusions to be 
drawn in a broader set of circumstances. For example, the conventional “F  statistic” 
examined in Section 5.3.1B derives specifically from Assumptions A4 and A6. 
 Cameron and Miller (2015, Sec. VII.A) in their survey of cluster robust inference (see 
Section 4.5.3) examine reconstruction of the F statistic in the broader context of 
 nonnormality and clustered sampling.

the general linear hypothesis is a set of J restrictions on the linear regression model,

y = XB + E.
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the restrictions are written

 r11b1 + r12b2 + g + r1KbK = q1
  r21b1 + r22b2 + g + r2KbK = q2  (5-7)

 g
 rJ1b1 + rJ2b2 + g + rJKbK = qJ.

the general case can be written in the matrix form,

 RB = q. (5-8)

each row of R is the coefficients in one of the restrictions. typically, R will have only one 
or a few rows and numerous zeros in each row. the hypothesis implied by the restrictions 
is written

 H0 : RB - q = 0, H1 : RB - q ≠ 0.

some examples would be as follows:

1. one of the coefficients is zero, bj = 0,

R = [0 0 g 1 0 g 0]; q = 0.

2. two of the coefficients are equal, bk = bj,

R = [0 0 1 g -1 g 0]; q = 0.

3. a set of the coefficients sum to one, b2 + b3 + b4 = 1,

R = [0 1 1 1 0 g]; q = 1.

4. a subset of the coefficients are all zero, b1 = 0, b2 = 0, and b3 = 0,

R = C1 0 0 0 g 0
0 1 0 0 g 0
0 0 1 0 g 0

S = [I �  0]; q = C0
0
0
S .

5. several linear restrictions, b2 + b3 = 1, b4 + b6 = 0, and b5 + b6 = 0,

R = C0 1 1 0 0 0
0 0 0 1 0 1
0 0 0 0 1 1

S ; q = C1
0
0
S .

6. all the coefficients in the model except the constant term are zero,

R = [0 � IK-1]; q = 0.

the matrix R has K columns to be conformable with B, J rows for a total of  
J restrictions, and full row rank, so J must be less than or equal to K. the rows of 
R must be linearly independent. although it does not violate the condition, the case 
of J = K must also be ruled out. if the K coefficients satisfy J = K restrictions, then  
R  is square and nonsingular and B = R-1q. there is no estimation or inference 
problem. the restriction RB = q imposes J restrictions on K otherwise free 
parameters. Hence, with the restrictions imposed, there are, in principle, only K - J 
free parameters remaining.
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120 Part I  ✦   the Linear regression Model

We will want to extend the methods to nonlinear restrictions. in example 5.6 below, 
the hypothesis takes the form H0 : bj/bk = bl/bm. the general nonlinear hypothesis 
involves a set of J possibly nonlinear restrictions,

 c(B) = q, (5-9)

where c(B) is a set of J nonlinear functions of B. the linear hypothesis is a special case. 
the counterpart to our requirements for the linear case are that, once again, J be strictly 
less than K, and the matrix of derivatives,

 G(B) = 0c(B)/0B′, (5-10)

have full row rank. this means that the restrictions are functionally independent. in 
the linear case, G(B) is the matrix of constants, R, that we saw earlier and functional 
independence is equivalent to linear independence. We will consider nonlinear 
restrictions in detail in section 5.5. For the present, we will restrict attention to the 
general linear hypothesis.

5.3.1  WALD TESTS BASED ON THE DISTANCE MEASURE

the Wald test is the most commonly used procedure. it is often called a significance test. 
the operating principle of the procedure is to fit the regression without the restrictions, 
and then assess whether the results appear, within sampling variability, to agree with 
the hypothesis.

5.3.1.a  Testing a Hypothesis about a Coefficient

the simplest case is a test of the value of a single coefficient. consider, once again, the 
art market example in section 5.2. the null hypothesis is

H0 : b2 = b2
0,

where b2
0 is the hypothesized value of the coefficient, in this case, zero. the Wald distance 

of a coefficient estimate from a hypothesized value is the distance measured in standard 
deviation units. For this case, the distance of bk from bk

0 would be

 Wk =
bk - bk

02s2Skk
. (5-11)

as we saw in (4-45), Wk  (which we called zk before) has a standard normal distribution 
assuming that E[bk] = bk

0. note that if E[bk] is not equal to bk
0, then Wk still has a normal 

distribution, but the mean is not zero. in particular, if E[bk] is bk
1 which is different from 

bk
0, then

 E{Wk � E[bk] = bk
1} =

bk
1 - bk

02s2Skk
. (5-12)

(For example, if the hypothesis is that bk = bk
0 = 0, and bk does not equal zero, then 

the expected value of Wk = bk/2s2Skk will equal bk
1/2s2Skk, which is not zero.) For 

purposes of using Wk to test the hypothesis, our interpretation is that if bk does equal bk
0, 

then bk will be close to bk
0, with the distance measured in standard error units. therefore, 

the logic of the test, to this point, will be to conclude that H0 is incorrect—should be 
rejected—if Wk is “large” in absolute value.
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Before we determine a benchmark for large, we note that the Wald measure 
suggested here is not usable because s2 is not known. it is estimated by s2. once 
again, invoking our results from chapter 4, if we compute Wk using the sample estimate 
of s2, we obtain

 tk =
bk - bk

02s2Skk
. (5-13)

assuming that bk does indeed equal bk
0, that is, “under the assumption of the null 

hypothesis,” tk has a t distribution with n - K degrees of freedom. [see (4-47).] We can 
now construct the testing procedure. the test is carried out by determining in advance 
the desired confidence with which we would like to draw the conclusion—the standard 
value is 95%. Based on (5-13), we can say that

prob{- t(1-a/2),[n-K]* 6 tk 6 + t(1-a/2),[n-K]* },

where t*(1-a/2),[n-K] is the appropriate critical value from the t table. By this construction, 
if the null hypothesis is true, then finding a sample value of tk that falls outside this range 
is unlikely. the test procedure states that it is so unlikely that we would conclude that 
it could not happen if the hypothesis were correct, so the hypothesis must be incorrect.

a common test is the hypothesis that a parameter equals zero—equivalently, this is 
a test of the relevance of a variable in the regression. to construct the test statistic, we set 
bk

0 to zero in (5-13) to obtain the standard t ratio, tk = bk/sbk. this statistic is reported in 
the regression results in several of our earlier examples, such as example 4.10 where the 
regression results for the model in (5-2) appear. this statistic is usually labeled the t ratio 
for the estimator bk. if � bk � /sbk 7 t(1-a/2),[n-K], where t(1-a/2),[n-K] is the 100(1 - a/2) 
% critical value from the t distribution with (n - K) degrees of freedom, then the 
null hypothesis that the coefficient is zero is rejected and the coefficient (actually, the 
associated variable) is said to be statistically significant. the value of 1.96, which would 
apply for the 95% significance level in a large sample, is often used as a benchmark value 
when a table of critical values is not immediately available. the t ratio for the test of the 
hypothesis that a coefficient equals zero is a standard part of the regression output of 
most computer programs.

another view of the testing procedure is useful. also based on (4-48) and (5-13), 
we formed a confidence interval for bk as bk { t * sk. We may view this interval as the 
set of plausible values of bk with a confidence level of 100(1-a)%, where we choose a, 
typically 5%. the confidence interval provides a convenient tool for testing a hypothesis 
about bk, because we may simply ask whether the hypothesized value, bk

0, is contained in 
this range of plausible values. the complement of the confidence interval is the rejection 
region for this test.

Example 5.1  Art Appreciation
Regression results for the model in (5-3) based on a sample of 430 sales of Monet 
paintings appear in Table 4.7 in Example 4.9. The estimated coefficient on ln Area is 1.33372 
with an estimated standard error of 0.09205. The distance of the estimated coefficient from 
zero is 1.31638/0.092 - 5 = 14.16. Because this is far larger than the 95% critical value of 
1.96, we reject the hypothesis that b2 equals zero; evidently buyers of Monet paintings do care 
about size. In contrast, the coefficient on Aspect Ratio is -0.09623 with an estimated standard 
error of 0.16706, so the associated t ratio for the test of H0  : b3 = 0 is only -0.61. Given that 
this is well under 1.96, we conclude that art buyers (of Monet paintings) do not care about the 
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122 Part I  ✦   the Linear regression Model

aspect ratio of the paintings. As a final consideration, we examine another (equally bemusing) 
hypothesis, whether auction prices are inelastic H0  : b2 … 1 or elastic H1  : b2 7 1 with respect 
to area. This is a one-sided test. Using our guideline for formulating the test, we will reject the 
null hypothesis if the estimated coefficient is sufficiently larger than 1.0. To maintain a test of 
size 0.05, we will then place all of the area for the rejection region to the right of 1.0; the critical 
value from the table is 1.645. The test statistic is (1.31638 - 1)/0.09205 = 3.437 7 1.645. 
Thus, we will reject this null hypothesis as well.

Example 5.2  Earnings Equation
Appendix Table F5.1 contains the 753 observations used in Mroz’s (1987) study of the labor 
supply behavior of married women. Of the 753 individuals in the sample, 428 were participants 
in the formal labor market. For these individuals, we will fit a semilog earnings equation of the 
form suggested in Example 2.2:

ln earnings = b1 + b2age + b3age2 + b4education + b5kids + e,

where earnings is hourly wage times hours worked, education is measured in years of 
schooling, and kids is a binary variable which equals one if there are children under 18 in 
the household. (See the data description in Appendix F for details.) Regression results are 
shown in Table 5.1. There are 428 observations and 5 parameters, so the t statistics have 
(428-5) = 423 degrees of freedom. For 95% significance levels, the standard normal value of 
1.96 is appropriate when the degrees of freedom are this large. By this measure, all variables 
are statistically significant and signs are consistent with expectations. It will be interesting 
to investigate whether the effect of kids is on the wage or hours, or both. We interpret the 
schooling variable to imply that an additional year of schooling is associated with a 6.7% 
increase in earnings. The quadratic age profile suggests that for a given education level and 
family size, earnings rise to a peak at -b2/(2b3) which is about 43 years of age, at which point 
they begin to decline. Some points to note: (1) Our selection of only those individuals who had 
positive hours worked is not an innocent sample selection mechanism. Because individuals 

sum of squared residuals: 599.4582
R2 based on 428 observations 0.040944
standard error of the regression: 1.19044

Variable Coefficient Standard Error t Ratio

Constant 3.24009 1.7674 1.833
Age 0.20056 0.08386 2.392

Age2 -0.0023147 0.00098688 -2.345

Education 0.067472 0.025248 2.672
Kids -0.35119 0.14753 -2.380

Estimated Covariance Matrix for b(e−n = times 10−n)

Constant Age Age2 Education Kids

Constant 3.12381
Age -0.13409 0.0070325

Age2 0.0016617 -8.23237e-5 9.73928e-7

Education -0.0092609 5.08549e-5 -4.96761e-7 0.00063729
Kids 0.026749 -0.0026412 3.84102e-5 -5.46193e-5 0.021766

TABLE 5.1 Regression Results for an Earnings Equation
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chose whether or not to be in the labor force, it is likely (almost certain) that earnings potential 
was a significant factor, along with some other aspects we will consider in Chapter 19. (2) The 
earnings equation is a mixture of a labor supply equation—hours worked by the individual—
and a labor demand outcome—the wage is, presumably, an accepted offer. As such, it is 
unclear what the precise nature of this equation is. Presumably, it is a hash of the equations 
of an elaborate structural equation system. (See Example 10.1 for discussion.)

5.3.1.b  The F Statistic

We now consider testing a set of J linear restrictions stated in the null hypothesis,

H0 :RB - q = 0,

against the alternative hypothesis,

H1 :RB - q ≠ 0.

Given the least squares estimator b, our interest centers on the discrepancy vector 
Rb - q = m. it is unlikely that m will be exactly 0. the statistical question is whether 
the deviation of m from 0 can be attributed to sampling variability or whether it is 
significant. Because b is normally distributed [see section 4.3.6] and m is a linear function 
of b, m is also normally distributed. if the null hypothesis is true, then RB - q = 0 and 
m has mean vector

E[m � X] = RE[b � X] - q = RB - q = 0

and covariance matrix

Var[m � X] = Var[Rb - q � X] = R{Var[b � X]}R′ = R[s2(X′X)-1]R′.

We can base a test of H0 on the Wald criterion. conditioned on X, we find:

 W = m′{Var[m � X]}-1m

  = (Rb - q)′{R[s2(X′X)-1]R′}-1 (Rb - q) (5-14)

 ∼ x2[J].

the statistic W has a chi-squared distribution with J degrees of freedom if the hypothesis 
is correct.1 intuitively, the larger m is—that is, the worse the failure of least squares to 
satisfy the restrictions—the larger the chi-squared statistic. therefore, a large chi-squared 
value will weigh against the hypothesis.

the chi-squared statistic in (5-14) is not usable because of the unknown s2. By using 
s2 instead of s2 and dividing the result by J, we obtain a usable F statistic with J and 
n - K degrees of freedom,

 F =
W
J

 
s2

s2 = (Rb - q)′{R[s2(X′X)-1]R′}-1 (Rb - q)/J. (5-15)

the F statistic for testing the general linear hypothesis is simply the feasible Wald 
statistic, divided by J:

 F[J, n - K � X] =
(Rb - q)′{R[s2(X′X)-1]R′}-1 (Rb - q)

J
. (5-16)

1this calculation is an application of the full rank quadratic form of section B.11.6. note that although the  
chi-squared distribution is conditioned on X, it is also free of X.
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For testing one linear restriction of the form

H0 : r1b1 + r2b2 + g + rKbK = r′B = q,

(usually, some of the r’s will be zero), the F statistic is

F[1, n - K] =
(Σjrjbj - q)2

Σj Σkrjrk est. cov[bj, bk]
.

if the hypothesis is that the jth coefficient is equal to a particular value, then R has a 
single row with a one in the jth position and zeros elsewhere, R[s2(X′X)-1]R′ is the jth 
diagonal element of the estimated covariance matrix, and Rb - q is (bj - q). the F 
statistic is then

F[1, n - K] =
(bj - q)2

est. Var[bj]
.

consider an alternative approach. the sample estimate of r′B is

r1b1 + r2b2 + g + rKbK = r′b = qn .

if qn  differs significantly from q, then we conclude that the sample data are not consistent 
with the hypothesis. it is natural to base the test on

 t =
qn - q

se(qn)
. (5-17)

We require an estimate of the standard error of qn . Because qn  is a linear function of b 
and we have an estimate of the covariance matrix of b, s2(X′X)-1, we can estimate the 
variance of qn  with

est. Var[qn � X] = r′[s2 (X′X)-1]r.

the denominator of t is the square root of this quantity. in words, t is the distance in 
standard error units between the hypothesized function of the true coefficients and 
the same function of the estimates of them. if the hypothesis is true, then the estimates 
should reflect that, at least within the range of sampling variability. thus, if the absolute 
value of the preceding t ratio is larger than the appropriate critical value, then doubt is 
cast on the hypothesis.

there is a useful relationship between the statistics in (5-16) and (5-17). We can write 
the square of the t statistic as

 t2 =
(qn - q)2

Var(qn - q � X)
=

(r′b - q){r′[s2(X′X)-1]r}-1(r′b - q)

1
. (5-18)

it follows, therefore, that for testing a single restriction, the t statistic is the square root 
of the F statistic that would be used to test that hypothesis. (the sign of the t statistic is 
lost, of course.)

Example 5.3  Restricted Investment Equation
Section 5.2.2 suggested a theory about the behavior of investors: They care only about real 
interest rates. If investors were only interested in the real rate of interest, then equal increases 
in interest rates and the rate of inflation would have no independent effect on investment. 
The null hypothesis is

H0  : b2 + b3 = 0.
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Estimates of the parameters of equations (5-4) and (5-6) using 1950I to 2000IV quarterly data 
on real investment, real GDP, an interest rate (the 90-day T-bill rate), and inflation measured 
by the change in the log of the CPI given in Appendix Table F5.2 are presented in Table 5.2. 
(One observation is lost in computing the change in the CPI.)

To form the appropriate test statistic, we require the standard error of qn = b2 + b3, which is

se(qn ) = [0.003192 + 0.002342 + 2(-3.718 * 10-6)]1/2 = 0.002866.

The t ratio for the test is therefore

t =
-0.00860 + 0.00331

0.002866
= -1.846.

Using the 95% critical value from t[20395] = 1.96 (the standard normal value), we conclude 
that the sum of the two coefficients is not significantly different from zero, so the hypothesis 
should not be rejected.

There will usually be more than one way to formulate a restriction in a regression model. 
One convenient way to parameterize a constraint is to set it up in such a way that the standard 
test statistics produced by the regression can be used without further computation to test the 
hypothesis. In the preceding example, we could write the regression model as specified in 
(5-5). Then an equivalent way to test H0 would be to fit the investment equation with both the 
real interest rate and the rate of inflation as regressors and to test our theory by simply testing 
the hypothesis that b3 equals zero, using the standard t statistic that is routinely computed. 
When the regression is computed this way, b3 = -0.00529 and the estimated standard error 
is 0.00287, resulting in a t ratio of -1.844(!). (Exercise: Suppose that the nominal interest rate, 
rather than the rate of inflation, were included as the extra regressor. What do you think the 
coefficient and its standard error would be?)

Finally, consider a test of the joint hypothesis,

 b2 + b3 = 0 (investors consider the real interest rate),

 b4 = 1 (the marginal propensity to invest equals 1),

 b5 = 0 (there is no time trend).

Then,

R = C0 1 1 0 0
0 0 0 1 0
0 0 0 0 1

S ; q = C0
1
0
S ; Rb - q = C -0.0053

-0.9302
-0.0057

S .

B1 B2 B3 B4 B5

Model (5-4) -9.135 -0.00860 0.00331 1.930 -0.00566
(1.366) (0.00319) (0.00234) (0.183) (0.00149)

s = 0.08618, R2 = 0.979753, e′e = 1.47052,
est. cov[b2, b3] = -3.718e-6

Model (5-6) -7.907 -0.00443 0.00443 1.764 -0.00440
(1.201) (0.00227) (0.00227) (0.161) (0.00133)

s = 0.8670, R2 = 0.979405, e′e = 1.49578

TABLE 5.2  Estimated Investment Equations (Estimated standard errors in parentheses)
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Inserting these values in the formula for the F statistic yields F = 109.84. The 5% critical 
value for F[3, 198] is 2.65. We conclude, therefore, that the data are not consistent with this 
hypothesis. The result gives no indication as to which of the restrictions is most influential in 
the rejection of the hypothesis. If the three restrictions are tested one at a time, the t statistics 
in (5-17) are -1.844, 5.076, and -3.803. Based on the individual test statistics, therefore, we 
would expect both the second and third hypotheses to be rejected.

5.3.2  TESTS BASED ON THE FIT OF THE REGRESSION

a different approach to hypothesis testing focuses on the fit of the regression. Recall 
that the least squares coefficient vector b was chosen to minimize the sum of squared 
deviations, e′e. Because R2 equals 1 - e′e/y′M0y and y′M0y is a constant that does not 
involve b, it follows that if the model contains a constant term, b is chosen to maximize 
R2. one might ask whether choosing some other value for the slopes of the regression 
leads to a significant loss of fit. For example, in the investment equation (5-4), one might 
be interested in whether assuming the hypothesis (that investors care only about real 
interest rates) leads to a substantially worse fit than leaving the model unrestricted. to 
develop the test statistic, we first examine the computation of the least squares estimator 
subject to a set of restrictions. We will then construct a test statistic that is based on 
comparing the R2’s from the two regressions.

5.3.2.a  The Restricted Least Squares Estimator

suppose that we explicitly impose the restrictions of the general linear hypothesis in the 
regression. the restricted least squares estimator is obtained as the solution to

Minimizeb0
 S(b0) = (y - Xb0)′(y - Xb0) subject to Rb0 = q.

a lagrangean function for this problem can be written

 L*(b0, L ) = (y - Xb0)′(y - Xb0) + 2L ′(Rb0 - q).2 (5-19) 

the solutions b* and L* will satisfy the necessary conditions

 
0L*

0b*

= -2X′(y - Xb*) + 2R′L* = 0,

  
0L*

0L*

= 2(Rb* - q) = 0. (5-20)

dividing through by 2 and expanding terms produces the partitioned matrix equation

 JX′X R′
R 0

R Jb*
L*

R = JX′y
q

R . (5-21)

assuming that the partitioned matrix in brackets is nonsingular, the restricted least 
squares estimator is the upper part of the solution

 Jb*
L*

R = JX′X R′
R 0

R -1

 JX′y
q

R = A-1d. (5-22)

2Because l is not restricted, we can formulate the constraints in terms of 2l. the convenience of the scaling 
shows up in (5-20).
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if, in addition, X′X is nonsingular, then explicit solutions for b* and L* may be obtained 
by using the formula for the partitioned inverse (a-74),3

 b* = b - (X′X)-1R′[R(X′X)-1R′]-1(Rb - q)

  = b - Cm,   (5-23)

 l* = [R(X′X)-1R′]-1(Rb - q).

Greene and seaks (1991) show that the covariance matrix for b* is simply s2 times the 
upper left block of A-1. if X′X is nonsingular, an explicit formulation may be obtained:

 Var[b* � X] = s2(X′X)-1 - s2(X′X)-1R′[R(X′X)-1R′]-1R(X′X)-1. (5-24)

thus,

Var[b* � X] = Var[b � X]:a nonnegative definite matrix.

one way to interpret this reduction in variance is as the value of the information 
contained in the restrictions. a useful point to note is that Var[b* � X] is smaller than 
Var[b � X] even if the restrictions are incorrect.

note that the explicit solution for L* involves the discrepancy vector Rb - q. if the 
unrestricted least squares estimator satisfies the restriction, the lagrangean multipliers 
will equal zero and b* will equal b. of course, this is unlikely. in general, the constrained 
solution, b*, is equal to the unconstrained solution, b, minus a term that accounts for the 
failure of the unrestricted solution to satisfy the constraints.

5.3.2.b  The Loss of Fit from Restricted Least Squares

to develop a test based on the restricted least squares estimator, we consider a single 
coefficient first and then turn to the general case of J linear restrictions. consider the 
change in the fit of a multiple regression when a variable z is added to a model that 
already contains K - 1 variables, x. We showed in section 3.5 (theorem 3.6) (3-29) that 
the effect on the fit would be given by

 RXz
2 = RX

2 + (1 - RX
2 )ryz*2, (5-25)

where RXz
2  is the new R2 after z is added, RX

2  is the original R2, and ryz*  is the partial 
correlation between y and z, controlling for x. so, as we knew, the fit improves (or, at 
the least, does not deteriorate). in deriving the partial correlation coefficient between y 
and z in (3-22) we obtained the convenient result

 ryz*2 =
tz
2

tz
2 + (n - K)

, (5-26)

where tz
2 is the square of the t ratio for testing the hypothesis that the coefficient on z is 

zero in the multiple regression of y on X and z. if we solve (5-25) for ryz*2 and (5-26) for 
tz
2 and then insert the first solution in the second, then we obtain the result

 tz
2 =

(RXz
2 - RX

2 )/1

(1 - RXz
2 )/(n - K)

. (5-27)

3the general solution given for d* may be usable even if X′X is singular. this formulation and a number of 
related results are given in Greene and seaks (1991).
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We saw at the end of section 5.4.2 that for a single restriction, such as bz = 0,

F[1, n - K] = t2[n - K],

which gives us our result. that is, in (5-27), we see that the squared t statistic (i.e., 
the F statistic) can be computed using the change in the R2. By interpreting the 
preceding as the result of removing z from the regression, we see that we have proved 
a result for the case of testing whether a single slope is zero. But the preceding result 
is general. the test statistic for a single linear restriction is the square of the t ratio 
in (5-17). By this construction, we see that for a single restriction, F is a measure of 
the loss of fit that results from imposing that restriction. to obtain this result, we will 
proceed to the general case of J linear restrictions, which will include one restriction 
as a special case.

the fit of the restricted least squares coefficients cannot be better than that of the 
unrestricted solution. let e* equal y - Xb*. then, using a familiar device,

e* = y - Xb - X(b* - b) = e - X(b* - b).

the new sum of squared deviations is

e*
=e* = e′e + (b* - b)′X′X(b* - b) Ú e′e.

(the middle term in the expression involves X′e, which is zero.) the loss of fit is

 e*
=e* - e′e = (Rb - q)′[R(X′X)-1R′]-1(Rb - q). (5-28)

this expression appears in the numerator of the F statistic in (5-7). inserting the 
remaining parts, we obtain

 F[J, n - K] =
(e*

=e* - e′e)/J

e′e/(n - K)
. (5-29)

Finally, by dividing both numerator and denominator of F by Σi(yi - y)2, we obtain the 
general result:

 F[J, n - K] =
(R2 - R*

2)/J

(1 - R2)/(n - K)
. (5-30)

this form has some intuitive appeal in that the difference in the fits of the two models 
is directly incorporated in the test statistic. as an example of this approach, consider the 
joint test that all the slopes in the model are zero. this is the overall F ratio that will be 
discussed in section 5.3.2c, where R*

2 = 0.
For imposing a set of exclusion restrictions such as bk = 0 for one or more coefficients, 

the obvious approach is simply to omit the variables from the regression and base the 
test on the sums of squared residuals for the restricted and unrestricted regressions. 
the F statistic for testing the hypothesis that a subset, say B2, of the coefficients are all 
zero is constructed using R = (0:I), q = 0, and J = K2 = the number of elements in 
B2. the matrix R(X′X)-1R′ is the K2 * K2 lower right block of the full inverse matrix. 
Using our earlier results for partitioned inverses and the results of section 3.3, we have 
R(X′X)-1R′ = (X2

=M1X2)
-1 and Rb - q = b2. inserting these in (5-28) gives the loss 

of fit that results when we drop a subset of the variables from the regression:

e*
=e* - e′e = b2

=X2
=M1X2b2.
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the procedure for computing the appropriate F statistic amounts simply to comparing 
the sums of squared deviations from the short and long regressions, which we saw 
earlier.

5.3.2.c  Testing the Significance of the Regression

a question that is usually of interest is whether the regression equation as a whole is 
significant. this test is a joint test of the hypotheses that all the coefficients except the 
constant term are zero. if all the slopes are zero, then the coefficient of determination, 
R2, is zero as well, so we can base a test of this hypothesis on the value of R2. the central 
result needed to carry out the test is given in (5-30). this is the special case with R*

2 = 0, 
so the F statistic, which is usually reported with multiple regression results is

F[K - 1, n - K] =
R2/(K - 1)

(1 - R2)/(n - K)
.

if the hypothesis that B2 = 0 (the part of B not including the constant) is true and the 
disturbances are normally distributed, then this statistic has an F distribution with K – 1 
and n – K degrees of freedom. large values of F give evidence against the validity of 
the hypothesis. note that a large F is induced by a large value of R2. the logic of the test 
is that the F statistic is a measure of the loss of fit (namely, all of R2) that results when 
we impose the restriction that all the slopes are zero. if F is large, then the hypothesis 
is rejected.

Example 5.4F  Test for the Earnings Equation
The F ratio for testing the hypothesis that the four slopes in the earnings equation in 
Example 5.2 are all zero is

F[4, 423] =
0.040995/(5 - 1)

(1 - 0.040995)/(428 - 5)
= 4.521,

which is larger than the 95% critical value of 2.39. We conclude that the data are inconsistent 
with the hypothesis that all the slopes in the earnings equation are zero. We might have 
expected the preceding result, given the substantial t ratios presented earlier. But this case 
need not always be true. Examples can be constructed in which the individual coefficients are 
statistically significant, while jointly they are not. This case can be regarded as pathological, 
but the opposite one, in which none of the coefficients is significantly different from zero 
while R2 is highly significant, is relatively common. The problem is that the interaction among 
the variables may serve to obscure their individual contribution to the fit of the regression, 
whereas their joint effect may still be significant.

5.3.2.d  Solving Out the Restrictions and a Caution about R2

in principle, one can usually solve out the restrictions imposed by a linear hypothesis. 
algebraically, we would begin by partitioning R into two groups of columns, one with 
J and one with K - J, so that the first set are linearly independent. (there are many 
ways to do so; any one will do for the present.) then, with B likewise partitioned and its 
elements reordered in whatever way is needed, we may write

RB = R1B1 + R2B2 = q.

if the J columns of R1 are linearly independent, then

B1 = R1
-1[q - R2B2].
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this suggests that one might estimate the restricted model directly using a transformed 
equation, rather than use the rather cumbersome restricted estimator shown in (5-23). 
a simple example illustrates. consider imposing constant returns to scale on a two input 
production function,

ln y = b1 + b2 ln x1 + b3 ln x2 + e.

the hypothesis of linear homogeneity is b2 + b3 = 1 or b3 = 1 - b2. simply building 
the restriction into the model produces

ln y = b1 + b2 ln x1 + (1 - b2) ln x2 + e

or

ln y = ln x2 + b1 + b2(ln x1 - ln x2) + e.

one can obtain the restricted least squares estimates by linear regression of (ln y - ln x2) 
on a constant and (ln x1 - ln x2). However, the test statistic for the hypothesis cannot be 
computed using the familiar result in (5-30), because the denominators in the two R2’s  
are different. the statistic in (5-30) could even be negative. the appropriate approach 
would be to use the equivalent, but appropriate computation based on the sum of squared 
residuals in (5-29). the general result from this example is that one must be careful in 
using (5-30) that the dependent variable in the two regressions must be the same.

5.3.3  LAGRANGE MULTIPLIER TESTS

the vector of lagrange multipliers in the solution for b* and L* in (5-23) is 
[R(X′X)-1R′]-1(Rb - q), that is, a multiple of the least squares discrepancy vector. 
in principle, a test of the hypothesis that L* equals zero should be equivalent to a test 
of the null hypothesis; L* differs from zero because the restrictions do not hold in the 
data—that is, because Rb is not equal to q. a Wald test of the hypothesis that L* = 0 is 
derived in section 14.9.1. the chi-squared statistic is computed as

WLM = (Rb - q)′ [R{s2(X′X)-1}R′]-1(Rb - q).

a feasible version of the statistic is obtained by using s2 (based on the restricted 
regression) in place of the unknown s2. the large-sample distribution of this Wald 
statistic would be chi-squared with J degrees of freedom. there is a remarkably simple 
way to carry out this test. the chi-squared statistic, in this case with J degrees of 
freedom, can be computed as nR2 in the regression of e* = y - Xb* (the residuals in 
the constrained regression) on the full set of independent variables as they would appear 
in the unconstrained regression. For example, for testing the restriction B2 = 0 in the 
model y = X1B1 + X2B2 + E, we would (1) regress y on X1 alone and compute residuals 
e*, then (2) compute WLM by regressing e* on (X1, X2) and computing nR2.

Example 5.5  Production Functions
The data in Appendix Table F5.3 have been used in several studies of production functions.4 
Least squares regression of log output (value added) on a constant and the logs of labor and 
capital produce the estimates of a Cobb–Douglas production function shown in Table 5.3. 

4the data are statewide observations on sic 33, the primary metals industry. they were originally constructed by 
Hildebrand and liu (1957) and have subsequently been used by a number of authors, notably aigner, lovell, and 
schmidt (1977). the 28th data point used in the original study is incomplete; we have used only the remaining 27.
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We will construct several hypothesis tests based on these results. A generalization of the 
Cobb–Douglas model is the translog model,5 which is

ln Y = b1 + b2 ln L + b3 ln K + b4(
1
2 ln2 L) + b5(

1
2 ln2K) + b6 ln L ln K + e.

As we shall analyze further in Chapter 10, this model differs from the Cobb–Douglas model 
in that it relaxes the Cobb–Douglas’s assumption of a unitary elasticity of substitution. The 
Cobb–Douglas model is obtained by the restriction b4 = b5 = b6 = 0. The results for the 
two regressions are given in Table 5.3. The F statistic for the hypothesis of a Cobb–Douglas 
model is

F[3, 21] =
(0.85163 - 0.67993)/3

0.67993/21
= 1.768.

The critical value from the F table is 3.07, so we would not reject the hypothesis that a Cobb–
Douglas model is appropriate.

5Berndt and christensen (1973). see example 2.4 and section 10.3.2 for discussion.

Translog Cobb–Douglas

sum of squared residuals 0.67993 0.85163
standard error of regression 0.17994 0.18837
R-squared 0.95486 0.94346
Model F [K – 1, n – K] 74.326 200.239
adjusted R-squared 0.94411 0.93875
number of observations 27 27

Variable Coefficient Std.Error t Ratio Coefficient Std.Error t Ratio

Constant 0.94420 2.911 0.324 1.171 0.3268 3.582
ln L 3.61364 1.548 2.334 0.6030 0.1260 4.787
ln K -1.89311 1.016 -1.863 0.3757 0.0853 4.402
1
2 ln2 L -0.96405 0.7074 -1.363
1
2 ln2 K 0.08529 0.2926 0.291

ln L * ln K 0.31239 0.4389 0.712

Estimated Covariance Matrix for Translog (Cobb–Douglas) Coefficient Estimates

Constant ln L ln K 1
2 ln2 L 1

2 ln2 K ln L ln K

Constant 8.472
(0.1068)

ln L -2.388 2.397
(-0.01984) (0.01586)

ln K -0.3313 -1.231 1.033
(0.001189) (-0.00961) (0.00728)

1
2 ln2 L -0.08760 -0.6658 0.5231 0.5004
1
2 ln2 K -0.2332 0.03477 0.02637 0.1467 0.08562

ln L ln K 0.3635 0.1831 -0.2255 -0.2880 -0.1160 0.1927

TABLE 5.3 Estimated Production Function
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The hypothesis of constant returns to scale is often tested in studies of production. 
This hypothesis is equivalent to a restriction that the two coefficients of the Cobb–Douglas 
production function sum to 1. For the preceding data,

F[1, 24] =
(0.6030 + 0.3757 - 1)2

0.01586 + 0.00728 - 2(0.00961)
= 0.1157,

which is substantially less than the 95% critical value of 4.26. We would not reject the 
hypothesis; the data are consistent with the hypothesis of constant returns to scale. The 
equivalent test for the translog model would be b2 + b3 = 1 and b4 + b5 + 2b6 = 0. The F 
statistic with 2 and 21 degrees of freedom is 1.8991, which is less than the critical value of 
3.47. Once again, the hypothesis is not rejected.

In most cases encountered in practice, it is possible to incorporate the restrictions of 
a hypothesis directly on the regression and estimate a restricted model.6 For example, to 
impose the constraint b2 = 1 on the Cobb–Douglas model, we would write

ln Y = b1 + 1.0 ln L + b3 ln K + e,

or
ln Y - ln L = b1 + b3 ln K + e.

Thus, the restricted model is estimated by regressing ln Y - ln L on a constant and ln K. Some 
care is needed if this regression is to be used to compute an F statistic. If the F statistic is 
computed using the sum of squared residuals [see (5-29)], then no problem will arise. If (5-30) is 
used instead, however, then it may be necessary to account for the restricted regression having 
a different dependent variable from the unrestricted one. In the preceding regression, the 
dependent variable in the unrestricted regression is ln Y, whereas in the restricted regression, 
it is ln Y - ln L. The R2 from the restricted regression is only 0.26979, which would imply an F 
statistic of 285.96, whereas the correct value is 9.935. If we compute the appropriate R*

2 using 
the correct denominator, however, then its value is 0.92006 and the correct F value results.

Note that the coefficient on ln K is negative in the translog model. We might conclude that 
the estimated output elasticity with respect to capital now has the wrong sign. This conclusion 
would be incorrect, however. In the translog model, the capital elasticity of output is

0 ln Y
0 ln K

= b3 + b5 ln K + b6 ln L.

If we insert the coefficient estimates and the mean values for ln K and ln L (not the logs of the 
means) of 7.44592 and 5.7637, respectively, then the result is 0.5425, which is quite in line 
with our expectations and is fairly close to the value of 0.3757 obtained for the Cobb–Douglas 
model. The estimated standard error for this linear combination of the least squares estimates 
is computed as the square root of

Est. Var[b3 + b5 ln K + b6ln L] = w′(Est. Var[b])w,

where
w = (0, 0, 1, 0, ln K, ln L)′

and b is the full 6 * 1 least squares coefficient vector. This value is 0.1122, which is reasonably 
close to the earlier estimate of 0.0853.

Earlier, we used an F test to test the hypothesis that the coefficients on the three second 
order terms in the translog model were equal to zero, producing the Cobb–Douglas model. 
To use a Lagrange multiplier test, we use the restricted coefficient vector

b* = [1.1710,0.6030,0.3757,0.0,0.0,0.0]′

6this case is not true when the restrictions are nonlinear. We consider this issue in chapter 7.

M05_GREE1366_08_SE_C05.indd   132 2/24/17   7:23 PM



 CHaPtEr  5  ✦  Hypothesis tests and Model Selection  133

to compute the residuals in the full regression,

e* = ln Y - b1* - b2* ln L - b3* ln K - b4* ln
2L/2 - b5* ln

2 K/2 - b6* ln L ln K.

The R2 in the regression of e* on X is 0.20162, so the chi-squared is 27(0.20162) = 5.444. 
The critical value from the chi-squared table with 3 degrees of freedom is 7.815, so the null 
hypothesis is not rejected. Note that the F statistic computed earlier was 1.768. Our large-
sample approximation to this would be 5.444/3 = 1.814.

5.4 LARGE-SAMPLE TESTS AND ROBUST INFERENCE

the finite sample distributions of the test statistics, t in (5-13) and F in (5-16), follow 
from the normality assumption for E. Without the normality assumption, the exact 
distributions of these statistics depend on the data and the parameters and are not 
F, t, and chi-squared. the large-sample results we considered in section 4.4 suggest 
that although the usual t and F statistics are still usable, in the more general case 
without the special assumption of normality, they are viewed as approximations 
whose quality improves as the sample size increases. By using the results of section 
d.3 (on asymptotic distributions) and some large-sample results for the least squares 
estimator, we can construct a set of usable inference procedures based on already 
familiar computations.

assuming the data are well behaved, the asymptotic distribution of the least squares 
coefficient estimator, b, is given by

 b ∼
a

N cB, 
s2

n
 Q-1 d where Q = plim aX′X

n
b . (5-31)

the interpretation is that, absent normality of E , as the sample size, n, grows, the 
normal distribution becomes an increasingly better approximation to the true, though 
at this point unknown, distribution of b. as n increases, the distribution of 2n(b - B) 
converges exactly to a normal distribution, which is how we obtained the preceding 
finite-sample approximation. this result is based on the central limit theorem and does 
not require normally distributed disturbances. the second result we will need concerns 
the estimator of s2:

plim s2 = s2,  where s2 = e′e/(n - K).

With these in place, we can obtain some large-sample results for our test statistics that 
suggest how to proceed in a finite sample without an assumption of the distribution of 
the disturbances.

the sample statistic for testing the hypothesis that one of the coefficients, bk, equals 
a particular value, bk

0, is

tk =
2n(bk - bk

0)2s2(X′X/n)kk
-1

.

(note that two occurrences of 2n cancel to produce our familiar result.) Under the 
null hypothesis, with normally distributed disturbances, tk is exactly distributed as t with 
n - K degrees of freedom. (see theorem 4.6 and the beginning of this section.) the 
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exact distribution of this statistic is unknown, however, if E  is not normally distributed. 
From the preceding results, we find that the denominator of tk converges to 2s2Qkk

-1. 
Hence, if tk has a limiting distribution, then it is the same as that of the statistic that has 
this latter quantity in the denominator. (see point 3 of theorem d.16.) that is, the large-
sample distribution of tk is the same as that of

tk =
2n(bk - bk

0)2s2Qkk
-1

.

But tk = (bk - E[bk])/(asy. Var[bk])1/2 from the asymptotic normal distribution 
(under the hypothesis bk = bk

0), so it follows that tk has a standard normal asymptotic 
distribution, and this result is the large-sample distribution of our t statistic. thus, as a 
large-sample approximation, we will use the standard normal distribution to approximate 
the true distribution of the test statistic tk and use the critical values from the standard 
normal distribution for testing hypotheses.

the result in the preceding paragraph is valid only in large samples. For 
moderately sized samples, it provides only a suggestion that the t distribution may be 
a reasonable approximation. the appropriate critical values only converge to those 
from the standard normal, and generally from above, although we cannot be sure of 
this. in the interest of conservatism—that is, in controlling the probability of a type i 
error—one should generally use the critical value from the t distribution even in 
the absence of normality. consider, for example, using the standard normal critical 
value of 1.96 for a two-tailed test of a hypothesis based on 25 degrees of freedom. 
the nominal size of this test is 0.05. the actual size of the test, however, is the true, 
but unknown, probability that � tk � 7 1.96, which is 0.0612 if the t[25] distribution 
is correct, and some other value if the disturbances are not normally distributed. 
the end result is that the standard t test retains a large-sample validity. little can be 
said about the true size of a test based on the t distribution unless one makes some 
other equally narrow assumption about E , but the t distribution is generally used as 
a reliable approximation.

We will use the same approach to analyze the F statistic for testing a set of J linear 
restrictions. step 1 will be to show that with normally distributed disturbances, JF 
converges to a chi-squared variable as the sample size increases. We will then show that 
this result is actually independent of the normality of the disturbances; it relies on the 
central limit theorem. Finally, we consider, as before, the appropriate critical values to 
use for this test statistic, which only has large-sample validity.

the F statistic for testing the validity of J linear restrictions, RB - q = 0, is given 
in (5-16). With normally distributed disturbances and under the null hypothesis, the 
exact distribution of this statistic is F[J, n - K]. to see how F behaves more generally, 
divide the numerator and denominator in (5-16) by s2 and rearrange the fraction 
slightly, so

 F =
(Rb - q)′{R[s2(X′X)-1]R′}-1(Rb - q)

J(s2/s2)
. (5-32)

Because plim s2 = s2, and plim (X′X/n) = Q, the denominator of F converges to 
J and the bracketed term in the numerator will behave the same as (s2/n)RQ-1R′.   
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(see theorem d16.3.) Hence, regardless of what this distribution is, if F has a limiting 
distribution, then it is the same as the limiting distribution of

 W* =
1
J

(Rb - q)′[R(s2/n)Q-1R′]-1(Rb - q)

  =
1
J

 (Rb - q)′{asy. Var[Rb - q]}-1(Rb - q). (5-33)

this expression is (1/J) times a Wald statistic, based on the asymptotic distribution. the 
large-sample distribution of W* will be that of (1/J) times a chi-squared with J degrees 
of freedom. it follows that with normally distributed disturbances, JF converges to a 
chi-squared variate with J degrees of freedom. the proof is instructive.7

7see White (2001, p. 76).

THEOREM 5.1 Limiting Distribution of the Wald Statistic
If 2n(b - B) ¡d

N[0, �] and if H0: RB - q = 0 is true, then

W = (Rb - q)′{R�R′}-1(Rb - q) = JF ¡d
x2[J].

Proof: Because R is a matrix of constants and RB = q,

 2nR(b - B) = 2n(Rb - q) ¡d
N[0, R�R′]. (1)

For convenience, write this equation as

 z ¡d
N[0, P]. (2)

In Section A.6.11, we define the inverse square root of a positive definite matrix P as 
another matrix, say T, such that T2 = P-1, and denote T as P-1/2. Then, by the same 
reasoning as in (1) and (2),

 if z ¡d
N[0, P], then P-1/2z ¡d

N[0, P-1/2PP-1/2] = N[0, I]. (3)

We now invoke Theorem D.21 for the limiting distribution of a function of a random 
variable. The sum of squares of uncorrelated (i.e., independent) standard normal vari-
ables is distributed as chi-squared. Thus, the limiting distribution of

 (P-1/2z)′(P-1/2z) = z′P-1z ¡d
x2(J). (4)

Reassembling the parts from before, we have shown that the limiting distribution of

 n(Rb - q)′[R�R′]-1(Rb - q) (5)

is chi-squared, with J degrees of freedom. Note the similarity of this result to the results 
of Section B.11.6. Finally, if �n  is an appropriate estimator of �, such as s2(X′X/n) 
assuming Assumption A4 or the estimators in (4-37) or (4-42), with

 plim �n = �, (6)

then the statistic obtained by replacing � by �n  in (5) has the same limiting 
 chi-squared distribution.
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the result in (5-33) is more general than it might appear. it is based generically on 
asy.Var[b]. We can extend the Wald statistic to use our more robust estimators of   
asy.Var[b], for examples, the heteroscedasticity robust estimator shown in section 4.5.2 
and the cluster robust estimator in section 4.5.3 (and other variants such as a time-series 
correction to be developed in section 20.5.2).

the appropriate critical values for the F test of the restrictions RB - q = 0 
converge from above to 1/J times those for a chi-squared test based on the Wald 
statistic. For example, for testing J = 5 restrictions, the critical value from the chi-
squared table for 95% significance is 11.07. the critical values from the F table are 
3.33 = 16.65/5 for n - K = 10, 2.60 = 13.00/5 for n - K = 25, 2.40 = 12.00/5 for 
n - K = 50, 2.31 = 11.55/5 for n - K = 100, and 2.214 = 11.07/5 for large n - K. 
thus, with normally distributed disturbances, as n gets large, the F test can be carried 
out by referring JF to the critical values from the chi-squared table.

the crucial result for our purposes here is that the distribution of the Wald statistic 
is built up from the asymptotic distribution of b, which is normal even without normally 
distributed disturbances. the implication is that the Wald statistic based on a robust asymptotic 
covariance matrix for b is an appropriate large-sample test statistic. (For linear restrictions, if 
the disturbances are homoscedastic, then the chi-squared statistic may be computed simply 
as JF.) this implication relies on the central limit theorem, not on normally distributed 
disturbances. the critical values from the F table remains a conservative approach that 
becomes more accurate as the sample size increases. For example, we see cameron and Miller 
(2015) recommend basing hypothesis testing on the F distribution even after adjusting the 
asymptotic covariance matrix for b for cluster sampling with a moderate number of clusters.

5.5 TESTING NONLINEAR RESTRICTIONS

the preceding discussion has relied heavily on the linearity of the regression model. 
When we analyze nonlinear functions of the parameters and nonlinear regression 
models, most of these exact distributional results no longer hold.

the general problem is that of testing a hypothesis that involves a nonlinear function 
of the regression coefficients:

H0: c(B) = q.

We shall look first at the case of a single restriction. the more general case, in which 
c(B) = q is a set of restrictions, is a simple extension. the counterpart to the test statistic 
we used earlier would be

z =
c(Bn) - q

estimated standard error
,

or its square, which in the preceding were distributed as t[n - K] and F[1, n - K], 
respectively. the discrepancy in the numerator presents no difficulty. obtaining an 
estimate of the sampling variance of c(Bn) - q, however, involves the variance of a 
nonlinear function of Bn .

the results we need for this computation are presented in sections 4.4.4, B.10.3, and 
d.3.1. a linear taylor series approximation to c(Bn) around the true parameter vector B is

 c(Bn) ≈ c(B) + a 0c(B)

0B
b
=

(Bn - B). (5-34)
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We must rely on consistency rather than unbiasedness here, because, in general, the 
expected value of a nonlinear function is not equal to the function of the expected 
value. if plim Bn = B, then we are justified in using c(Bn) as an estimate of c(B). (the 
relevant result is the slutsky theorem.) assuming that our use of this approximation 
is appropriate, the variance of the nonlinear function is approximately equal to the 
variance of the right-hand side, which is, then,

 Var[c(Bn)] ≈ a 0c(B)

0B
b
=

asy.Var[Bn]a 0c(B)

0B
b . (5-35)

the derivatives in the expression for the variance are functions of the unknown 
parameters. Because these are being estimated, we use our sample estimates in 
computing the derivatives and the estimator of the asymptotic variance of b. Finally, we 
rely on theorem d.22 in section d.3.1 and use the standard normal distribution instead 
of the t distribution for the test statistic. Using g(Bn) to estimate g(B) = 0c(B)/0B, we 
can now test a hypothesis in the same fashion we did earlier.

Example 5.6  A Long-Run Marginal Propensity to Consume
A consumption function that has different short- and long-run marginal propensities to 
consume can be written in the form

ln Ct = a + b ln Yt + g ln Ct - 1 + et,

which is a distributed lag model. In this model, the short-run marginal propensity to consume 
(MPC) (elasticity, given the variables are in logs) is b, and the long-run MPC is d = b/(1 - g). 
Consider testing the hypothesis that d = 1.

Quarterly data on aggregate U.S. consumption and disposable personal income for the 
years 1950 to 2000 are given in Appendix Table F5.2. The estimated equation based on these 
data is

ln Ct = 0.003142 + 0.07495 ln Yt + 0.9246 ln Ct - 1 + et, R2 = 0.999712,  s = 0.00874.

(0.01055)   (0.02873)   (0.02859)

Estimated standard errors are shown in parentheses. We will also require Est. Asy. Cov[b,c] = 
-0.0008207. The estimate of the long-run MPC is d = b/(1 - c) = 0.07495/(1 - 0.9246) =
0.99402. To compute the estimated variance of d, we will require gb = 0d/0b = 1/(1 - c) =
13.2626 and gc = 0d/0c = b/(1 - c)2 = 13.1834. The estimated asymptotic variance of d is

 Est. Asy. Var[d] = gb
2 Est. Asy. Var[b] + gc

2 Est. Asy. Var[c] + 2gbgc Est. Asy. Cov[b, c]

 = 13.26262 * 0.028732 + 13.18342 * 0.028592

 + 2(13.2626)(13.1834)(-0.0008207) = 0.0002585.

The square root is 0.016078. To test the hypothesis that the long-run MPC is greater than or 
equal to 1, we would use

z =
0.99403 - 1

0.016078
= -0.37131.

Because we are using a large-sample approximation, we refer to a standard normal table 
instead of the t distribution. The hypothesis that g = 1 is not rejected.

You may have noticed that we could have tested this hypothesis with a linear 
restriction instead; if d = 1, then b = 1 - g, or b + g = 1. The estimate is 
q = b + c - 1 = -0.00045. The estimated standard error of this linear function is 
[0.028732 + 0.028592 - 2(0.0008207)]1/2 = 0.00118. The t ratio for this test is -0.38135, 
which is almost the same as before. Because the sample used here is fairly large, this is 
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to be expected. However, there is nothing in the computations that ensures this outcome. 
In a smaller sample, we might have obtained a different answer. For example, using only 
the last 11 years of the data, the t statistics for the two hypotheses are 7.652 and 5.681. 
The Wald test is not invariant to how the hypothesis is formulated. In a borderline case, we 
could have reached a different conclusion. This lack of invariance does not occur with the 
likelihood ratio or Lagrange multiplier tests discussed in Chapter 14. On the other hand, both 
of these tests require an assumption of normality, whereas the Wald statistic does not. This 
illustrates one of the trade-offs between a more detailed specification and the power of the 
test procedures that are implied.

the generalization to more than one function of the parameters proceeds along 
similar lines. let c(Bn) be a set of J functions of the estimated parameter vector and let 
the J * K matrix of derivatives of c(Bn) be

 Gn =
0c(Bn)

0Bn ′
. (5-36)

the estimate of the asymptotic covariance matrix of these functions is

 est. asy. Var[cn] = Gn {est. asy. Var[Bn ]}Gn ′. (5-37)

the jth row of Gn  is the K derivatives of cj(Bn) with respect to the K elements of Bn . 
For example, the covariance matrix for estimates of the short- and long-run marginal 
propensities to consume would be obtained using

G = J0 1 0
0 1/(1 - g) b/(1 - g)2 R .

the statistic for testing the J hypotheses c(B) = q is

 W = (cn - q)′{est. asy. Var[cn]}-1(cn - q). (5-38)

in large samples, W has a chi-squared distribution with degrees of freedom equal to the 
number of restrictions. note that for a single restriction, this value is the square of the 
statistic in (5-33).

5.6 CHOOSING BETWEEN NONNESTED MODELS

the classical testing procedures that we have been using have been shown to be most 
powerful for the types of hypotheses we have considered.8 although use of these 
procedures is clearly desirable, the requirement that we express the hypotheses in the 
form of restrictions on the model y = XB + E,

H0: RB = q

versus

H1: RB ≠ q,

can be limiting. two common exceptions are the general problem of determining which 
of two possible sets of regressors is more appropriate and whether a linear or loglinear 

8see, for example, stuart and ord (1989, chapter 27).
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model is more appropriate for a given analysis. For the present, we are interested in 
comparing two competing linear models:

 H0: y = XB + E 0 (5-39a)

and

 H1: y = ZG + E 1. (5-39b)

the classical procedures we have considered thus far provide no means of forming 
a preference for one model or the other. the general problem of testing nonnested 
hypotheses such as these has attracted an impressive amount of attention in the 
theoretical literature and has appeared in a wide variety of empirical applications.9

5.6.1  TESTING NONNESTED HYPOTHESES

a useful distinction between hypothesis testing, as discussed in the preceding chapters 
and model selection as considered here, will turn on the asymmetry between the null 
and alternative hypotheses that is a part of the classical testing procedure.10 Because, 
by construction, the classical procedures seek evidence in the sample to refute the 
null hypothesis, how one frames the null can be crucial to the outcome. Fortunately, 
the neyman–pearson methodology provides a prescription; the null is usually cast as 
the narrowest model in the set under consideration. on the other hand, the classical 
procedures never reach a sharp conclusion. Unless the significance level of the testing 
procedure is made so high as to exclude all alternatives, there will always remain the 
possibility of a type i error. as such, the null hypothesis is never rejected with certainty, 
but only with a prespecified degree of confidence. Model selection tests, in contrast, 
give the competing hypotheses equal standing. there is no natural null hypothesis. 
However, the end of the process is a firm decision—in testing (5-39a, b), one of the 
models will be rejected and the other will be retained; the analysis will then proceed 
in the framework of that one model and not the other. indeed, it cannot proceed until 
one of the models is discarded. it is common, for example, in this new setting for the 
analyst first to test with one model cast as the null, then with the other. Unfortunately, 
given the way the tests are constructed, it can happen that both or neither model is 
rejected; in either case, further analysis is clearly warranted. as we shall see, the science 
is a bit inexact.

the earliest work on nonnested hypothesis testing, notably cox (1961, 1962), was 
done in the framework of sample likelihoods and maximum likelihood procedures. 
Recent developments have been structured around a common pillar labeled the 
encompassing principle.11 essentially, the principle directs attention to the question of 
whether a maintained model can explain the features of its competitors, that is, whether 
the maintained model encompasses the alternative. yet a third approach is based on 
forming a comprehensive model that contains both competitors as special cases. When 

9surveys on this subject are White (1982a, 1983), Gourieroux and Monfort (1994), Mcaleer (1995), and pesaran 
and Weeks (2001). Mcaleer’s survey tabulates an array of applications, while Gourieroux and Monfort focus on 
the underlying theory.
10see Granger and pesaran (2000) for discussion.
11see Mizon and Richard (1986).
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possible, the test between models can be based, essentially, on classical (-like) testing 
procedures. We will examine tests that exemplify all three approaches.

5.6.2  AN ENCOMPASSING MODEL

the encompassing approach is one in which the ability of one model to explain features 
of another is tested. Model 0 encompasses Model 1 if the features of Model 1 can be 
explained by Model 0, but the reverse is not true.12 Because H0 cannot be written as a 
restriction on H1, none of the procedures we have considered thus far is appropriate. 
one possibility is an artificial nesting of the two models. let X be the set of variables 
in X that are not in Z, define Z likewise with respect to X, and let W be the variables 
that the models have in common. then H0 and H1 could be combined in a supermodel:

y = X B + Z G + W D + E.

in principle, H1 is rejected if it is found that G = 0 by a conventional F test, whereas H0 
is rejected if it is found that B = 0. there are two problems with this approach. First, D 
remains a mixture of parts of B and G, and it is not established by the F test that either 
of these parts is zero. Hence, this test does not really distinguish between H0 and H1; 
it distinguishes between H1 and a hybrid model. second, this compound model may 
have an extremely large number of regressors. in a time-series setting, the problem of 
collinearity may be severe.

consider an alternative approach. if H0 is correct, then y will, apart from the 
random disturbance E, be fully explained by X. suppose we then attempt to estimate 
G by regression of y on Z. Whatever set of parameters is estimated by this regression, 
say, c, if H0 is correct, then we should estimate exactly the same coefficient vector if 
we were to regress XB on Z, because E0 is random noise under H0. Because B must be 
estimated, suppose that we use Xb instead and compute c0. a test of the proposition that 
Model 0 encompasses Model 1 would be a test of the hypothesis that E[c - c0] = 0. it 
is straightforward to show that the test can be carried out by using a standard F test to 
test the hypothesis that G1 = 0 in the augmented regression,

y = XB + Z1G1 + E 1,

where Z1 is the variables in Z that are not in X.13 (of course, a line of manipulation 
reveals that Z and Z1 are the same, so the tests are also.)

5.6.3  COMPREHENSIVE APPROACH—THE J TEST

the J test proposed by davidson and MacKinnon (1981) can be shown to be an 
application of the encompassing principle to the linear regression model.14 their 
suggested alternative to the preceding compound model is

y = (1 - l)XB + l(ZG) + E.

in this model, a test of l = 0 would be a test against H1. the problem is that l cannot 
be separately estimated in this model; it would amount to a redundant scaling of the 

12see aneuryn-evans and deaton (1980), deaton (1982), dastoor (1983), Gourieroux et al. (1983, 1995), and, 
especially, Mizon and Richard (1986).
13see davidson and MacKinnon (2004, pp. 671–672).
14see pesaran and Weeks (2001).
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regression coefficients. davidson and MacKinnon’s (1984) J test consists of estimating 
G by a least squares regression of y on Z followed by a least squares regression of y on 
X and ZGn , the fitted values in the first regression. a valid test, at least asymptotically, of 
H1 is to test H0: l = 0. if H0 is true, then plim ln = 0. asymptotically, the ratio ln/se(ln) 
(i.e., the usual t ratio) is distributed as standard normal and may be referred to the 
standard table to carry out the test. Unfortunately, in testing H0 versus H1 and vice 
versa, all four possibilities (reject both, neither, or either one of the two hypotheses) 
could occur. this issue, however, is a finite sample problem. davidson and MacKinnon 
show that as n S ∞ , if H1 is true, then the probability that ln will differ significantly from 
0 approaches 1.

Example 5.7  J Test for a Consumption Function
Gaver and Geisel (1974) propose two forms of a consumption function:

H0: Ct = b1 + b2Yt + b3Yt - 1 + e0t,

and

H1: Ct = g1 + g2Yt + g3Ct - 1 + e1t.

The first model states that consumption responds to changes in income over two periods, 
whereas the second states that the effects of changes in income on consumption persist 
for many periods. Quarterly data on aggregate U.S. real consumption and real disposable 
income are given in Appendix Table F5.2. Here we apply the J test to these data and the two 
proposed specifications. First, the two models are estimated separately (using observations 
1950II through 2000IV). The least squares regression of C on a constant, Y, lagged Y, and 
the fitted values from the second model produces an estimate of l of 1.0145 with a t ratio 
of 62.861. Thus, H0 should be rejected in favor of H1. But reversing the roles of H0 and H1, 
we obtain an estimate of l of -10.677 with a t ratio of -7.188. Thus, H1 is rejected as well.15

5.7 A SPECIFICATION TEST

the tests considered so far have evaluated nested models. the presumption is that one of 
the two models is correct. in section 5.6, we broadened the range of models considered 
to allow two nonnested models. it is not assumed that either model is necessarily the 
true data-generating process; the test attempts to ascertain which of two competing 
models is closer to the truth. specification tests fall between these two approaches. the 
idea of a specification test is to consider a particular null model and alternatives that 
are not explicitly given in the form of restrictions on the regression equation. a useful 
way to consider some specification tests is as if the core model, y = XB + E, is the 
null hypothesis and the alternative is a possibly unstated generalization of that model. 
Ramsey’s (1969) Reset test is one such test which seeks to uncover nonlinearities in 
the functional form. one (admittedly ambiguous) way to frame the analysis is

 H0: y = XB + E , H1: y = XB + higher@order powers of xk and other terms + E.

a straightforward approach would be to add squares, cubes, and cross-products of the 
regressors to the equation and test down to H0 as a restriction on the larger model. 
two complications are that this approach might be too specific about the form of the 

15For related discussion of this possibility, see Mcaleer, Fisher, and Volker (1982).
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alternative hypothesis and, second, with a large number of variables in X, it could 
become unwieldy. Ramsey’s proposed solution is to add powers of xi

=B to the regression 
using the least squares predictions—typically, one would add the square and, perhaps the 
cube. this would require a two-step estimation procedure, because in order to add (xi

=b)2 
and (xi

=b)3, one needs the coefficients. the suggestion, then, is to fit the null model first, 
using least squares. then, for the second step, the squares (and cubes) of the predicted 
values from this first-step regression are added to the equation and it is refit with the 
additional variables. a (large-sample) Wald test is then used to test the hypothesis of 
the null model.

as a general strategy, this sort of specification is designed to detect failures of the 
assumptions of the null model. the obvious virtue of such a test is that it provides much 
greater generality than a simple test of restrictions such as whether a coefficient is zero. 
But that generality comes at considerable cost:

1. the test is nonconstructive. it gives no indication what the researcher should do next 
if the null model is rejected. this is a general feature of specification tests. Rejection 
of the null model does not imply any particular alternative.

2. Because the alternative hypothesis is unstated, it is unclear what the power of this 
test is against any specific alternative.

3. For this specific test (perhaps not for some other specification tests we will 
examine later), because xi

=b uses the same b for every observation, the observations 
are correlated, while they are assumed to be uncorrelated in the original model. 
Because of the two-step nature of the estimator, it is not clear what is the 
appropriate covariance matrix to use for the Wald test. two other complications 
emerge for this test. First, it is unclear what the coefficients converge to, assuming 
they converge to anything. second, the variance of the difference between xi

=b 
and xi

=B is a function of x, so the second-step regression might be heteroscedastic. 
the implication is that neither the size nor the power of this test is necessarily 
what might be expected.

Example 5.8  Size of a RESET Test
To investigate the true size of the RESET test in a particular application, we carried out a 
Monte Carlo experiment. The results in Table 4.7 give the following estimates of Equation (5-2):

ln Price = -8.34237 + 1.31638 ln Area - 0.09623 Aspect Ratio + e, where sd(e) = 1.10435.

We take the estimated right-hand side to be our population. We generated 5,000 samples 
of 430 (the original sample size), by reusing the regression coefficients and generating a 
new sample of disturbances for each replication. Thus, with each replication, r, we have a 
new sample of observations on ln Priceir where the regression part is as above reused and a 
new set of disturbances is generated each time. With each sample, we computed the least 
squares coefficient, then the predictions. We then recomputed the least squares regression 
while adding the square and cube of the prediction to the regression. Finally, with each sample, 
we computed the chi-squared statistic, and rejected the null model if the chi-squared statistic 
is larger than 5.99, the 95th percentile of the chi-squared distribution with two degrees of 
freedom. The nominal size of this test is 0.05. Thus, in samples of 100, 500, 1,000, and 5,000, 
we should reject the null model 5, 25, 50, and 250 times. In our experiment, the computed 
chi-squared exceeded 5.99 8, 31, 65, and 259 times, respectively, which suggests that at least 
with sufficient replications, the test performs as might be expected. We then investigated the 
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power of the test by adding 0.1 times the square of ln Area to the predictions. It is not possible 
to deduce the exact power of the RESET test to detect this failure of the null model. In our 
experiment, with 1,000 replications, the null hypothesis is rejected 321 times. We conclude that 
the procedure does appear to have the power to detect this failure of the model assumptions.

5.8 MODEL BUILDING—A GENERAL TO SIMPLE STRATEGY

there has been a shift in the general approach to model building. With an eye toward 
maintaining simplicity, model builders would generally begin with a small specification 
and gradually build up the model ultimately of interest by adding variables. But, based 
on the preceding results, we can surmise that just about any criterion that would be 
used to decide whether to add a variable to a current specification would be tainted by 
the biases caused by the incomplete specification at the early steps. omitting variables 
from the equation seems generally to be the worse of the two errors. thus, the simple-
to-general approach to model building has little to recommend it. Researchers are more 
comfortable beginning their specification searches with large elaborate models involving 
many variables and perhaps long and complex lag structures. the attractive strategy is 
then to adopt a general-to-simple, downward reduction of the model to the preferred 
specification. of course, this must be tempered by two related considerations. in the 
kitchen sink regression, which contains every variable that might conceivably be relevant, 
the adoption of a fixed probability for the type i error, say, 5%, ensures that in a big 
enough model, some variables will appear to be significant, even if by accident. second, 
the problems of pretest estimation and stepwise model building also pose some risk of 
ultimately misspecifying the model. to cite one unfortunately common example, the 
statistics involved often produce unexplainable lag structures in dynamic models with 
many lags of the dependent or independent variables.

5.8.1  MODEL SELECTION CRITERIA

the preceding discussion suggested some approaches to model selection based on 
nonnested hypothesis tests. Fit measures and testing procedures based on the sum of 
squared residuals, such as R2 and the cox (1961) test, are useful when interest centers 
on the within-sample fit or within-sample prediction of the dependent variable. When 
the model building is directed toward forecasting, within-sample measures are not 
necessarily optimal. as we have seen, R2 cannot fall when variables are added to a 
model, so there is a built-in tendency to overfit the model. this criterion may point us 
away from the best forecasting model, because adding variables to a model may increase 
the variance of the forecast error despite the improved fit to the data. With this thought 
in mind, the adjusted R2,

 R 2 = 1 -
n - 1
n - K

 (1 - R2) = 1 -
n - 1
n - K

 £ e′e

a n
i = 1(yi - y)2 ≥, (5-40)

has been suggested as a fit measure that appropriately penalizes the loss of degrees of 
freedom that result from adding variables to the model. note that R 2 may fall when 
a variable is added to a model if the sum of squares does not fall fast enough. (the 
applicable result appears in theorem 3.7; R 2 does not rise when a variable is added to 
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a model unless the t ratio associated with that variable exceeds one in absolute value.) 
the adjusted R2 has been found to be a preferable fit measure for assessing the fit of 
forecasting models.16

the adjusted R2 penalizes the loss of degrees of freedom that occurs when a model 
is expanded. there is, however, some question about whether the penalty is sufficiently 
large to ensure that the criterion will necessarily lead the analyst to the correct model 
(assuming that it is among the ones considered) as the sample size increases. two 
alternative fit measures that have been suggested are the Akaike Information Criterion,

 aic (K) = sy
2(1 - R2)e2K/n (5-41)

and the schwarz or Bayesian Information Criterion,

 Bic (K) = sy
2(1 - R2)nK/n. (5-42)

(there is no degrees of freedom correction in sy
2.) Both measures improve (decline) as R2 

increases (decreases), but, everything else constant, degrade as the model size increases. 
like R 2, these measures place a premium on achieving a given fit with a smaller number 
of parameters per observation, K/n. logs are usually more convenient; the measures 
reported by most software are

 aic (K) = ln a e′e
n

b +
2K
n

 (5-43)

 Bic (K) = ln a e′e
n

b +
K ln n

n
. (5-44)

each prediction criterion has its virtues, and neither has an obvious advantage over 
the other.17 the Schwarz criterion, with its heavier penalty for degrees of freedom lost, 
will lean toward a simpler model. all else given, simplicity does have some appeal.

5.8.2  MODEL SELECTION

the preceding has laid out a number of choices for model selection, but, at the same 
time, has posed some uncomfortable propositions. the pretest estimation aspects of 
specification search are based on the model builder’s knowledge of the truth and the 
consequences of failing to use that knowledge. While the cautions about blind search 
for statistical significance are well taken, it does seem optimistic to assume that the 
correct model is likely to be known with hard certainty at the outset of the analysis. the 
bias documented in (4-9) is well worth the modeler’s attention. But, in practical terms, 
knowing anything about the magnitude presumes that we know what variables are in X2, 
which need not be the case. While we can agree that the model builder will omit income 
from a demand equation at his peril, we could also have some sympathy for the analyst 
faced with finding the right specification for his forecasting model among dozens of 
choices. the tests for nonnested models would seem to free the modeler from having to 
claim that the specified set of models contain the truth. But, a moment’s thought should 
suggest that the cost of this is the possibly deflated power of these procedures to point 

16see diebold (2007), who argues that the simple R2 has a downward bias as a measure of the out-of-sample,  
one-step-ahead prediction error variance.
17see diebold (2007).
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toward that truth. the J test may provide a sharp choice between two alternatives, but it 
neglects the third possibility that both models are wrong. Vuong’s test (see section 14.6.6) 
does but, of course, it suffers from the fairly large inconclusive region, which is a symptom 
of its relatively low power against many alternatives. the upshot of all of this is that there 
remains much to be accomplished in the area of model selection. Recent commentary 
has provided suggestions from two perspectives, classical and Bayesian.

5.8.3  CLASSICAL MODEL SELECTION

Hansen (2005) lists four shortcomings of the methodology we have considered here:

1. parametric vision
2. assuming a true data-generating process
3. evaluation based on fit
4. ignoring model uncertainty

all four of these aspects have framed the analysis of the preceding sections. Hansen’s 
view is that the analysis considered here is too narrow and stands in the way of progress 
in model discovery.

all the model selection procedures considered here are based on the likelihood 
function, which requires a specific distributional assumption. Hansen argues for a focus, 
instead, on semiparametric structures. For regression analysis, this points toward generalized 
method of moments estimators. casualties of this reorientation will be distributionally 
based test statistics such as the cox and Vuong statistics, and even the aic and Bic 
measures, which are transformations of the likelihood function. However, alternatives 
have been proposed.18 the second criticism is one we have addressed. the assumed true 
model can be a straightjacket. Rather (he argues), we should view our specifications as 
approximations to the underlying true data-generating process—this greatly widens the 
specification search, to one for a model which provides the best approximation. of course, 
that now forces the question of what is best. so far, we have focused on the likelihood 
function, which in the classical regression can be viewed as an increasing function of R2. 
the author argues for a more focused information criterion (Fic) that examines directly 
the parameters of interest, rather than the fit of the model to the data. each of these 
suggestions seeks to improve the process of model selection based on familiar criteria, 
such as test statistics based on fit measures and on characteristics of the model.

a (perhaps the) crucial issue remaining is uncertainty about the model itself. the 
search for the correct model is likely to have the same kinds of impacts on statistical 
inference as the search for a specification given the form of the model (see sections 4.3.2 
and 4.3.3). Unfortunately, incorporation of this kind of uncertainty in statistical inference 
procedures remains an unsolved problem. Hansen suggests one potential route would be 
the Bayesian model averaging methods discussed next although he does express some 
skepticism about Bayesian methods in general.

5.8.4  BAYESIAN MODEL AVERAGING

if we have doubts as to which of two models is appropriate, then we might well be 
convinced to concede that possibly neither one is really the truth. We have painted 
ourselves into a corner with our left or right approach to testing. the Bayesian approach 

18For example, by Hong, preston, and shum (2000).
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to this question would treat it as a problem of comparing the two hypotheses rather 
than testing for the validity of one over the other. We enter our sampling experiment 
with a set of prior probabilities about the relative merits of the two hypotheses, which is 
summarized in a prior odds ratio, P01 = prob[H0]/prob[H1]. after gathering our data, 
we construct the Bayes factor, which summarizes the weight of the sample evidence 
in favor of one model or the other. after the data have been analyzed, we have our 
posterior odds ratio, P01 � data = Bayes factor * P01. the upshot is that ex post, neither 
model is discarded; we have merely revised our assessment of the comparative likelihood 
of the two in the face of the sample data. of course, this still leaves the specification 
question open. Faced with a choice among models, how can we best use the information 
we have? Recent work on Bayesian model averaging has suggested an answer.19

an application by Wright (2003) provides an interesting illustration. Recent advances 
such as Bayesian VaRs have improved the forecasting performance of econometric 
models. stock and Watson (2001, 2004) report that striking improvements in predictive 
performance of international inflation can be obtained by averaging a large number of 
forecasts from different models and sources. the result is remarkably consistent across 
subperiods and countries. two ideas are suggested by this outcome. First, the idea of 
blending different models is very much in the spirit of Hansen’s fourth point. second, 
note that the focus of the improvement is not on the fit of the model (point 3), but its 
predictive ability. stock and Watson suggested that simple equal-weighted averaging, 
while one could not readily explain why, seems to bring large improvements. Wright 
proposed Bayesian model averaging as a means of making the choice of the weights for 
the average more systematic and of gaining even greater predictive performance.

leamer (1978) appears to be the first to propose Bayesian model averaging as 
a means of combining models. the idea has been studied more recently by Min and 
Zellner (1993) for output growth forecasting, doppelhofer et al. (2000) for cross-country 
growth regressions, Koop and potter (2004) for macroeconomic forecasts, and others. 
assume that there are M models to be considered, indexed by m = 1, c, M. For 
simplicity, we will write the mth model in a simple form, fm(y � Z, Um) where f(.) is the 
density, y and Z are the data, and Um is the parameter vector for model m. assume, as 
well, that model m* is the true model, unknown to the analyst. the analyst has priors pm 
over the probabilities that model m is the correct model, so pm is the prior probability 
that m = m*. the posterior probabilities for the models are

 Πm = prob(m = m* � y, Z) =
P(y, Z � m)pm

aM
r = 1P(y, Z � r)pr

, (5-45)

where P(y, Z � m) is the marginal likelihood for the mth model,

 P(y, Z � m) = Lum

P(y, Z �Um, m)P(Um)d Um, (5-46)

while P(y, Z �Um, m) is the conditional (on Um) likelihood for the mth model and P(Um)  
is the analyst’s prior over the parameters of the mth model. this provides an alternative 
set of weights to the Πm = 1/M suggested by stock and Watson. let Unm denote the 
Bayesian estimate (posterior mean) of the parameters of model m. (see chapter 16.) 

19see Hoeting et al. (1999).

M05_GREE1366_08_SE_C05.indd   146 2/24/17   7:23 PM



 CHaPtEr  5  ✦  Hypothesis tests and Model Selection  147

each model provides an appropriate posterior forecast density, f *(y � Z, Unm, m). the 
Bayesian model averaged forecast density would then be

 f * = a
M

m = 1
f *(y � Z, Unm, m)Πm. (5-47)

a point forecast would be a similarly weighted average of the forecasts from the 
individual models.

Example 5.9  Bayesian Averaging of Classical Estimates
Many researchers have expressed skepticism of Bayesian methods because of the apparent 
arbitrariness of the specifications of prior densities over unknown parameters. In the 
Bayesian model averaging setting, the analyst requires prior densities over not only the model 
probabilities, pm, but also the model specific parameters, um. In their application, Doppelhofer, 
Miller, and Sala-i-Martin (2000) were interested in the appropriate set of regressors to include 
in a long-term macroeconomic (income) growth equation. With 32 candidates, M for their 
application was 232 (minus one if the zero regressors model is ignored), or roughly four 
billion. Forming this many priors would be optimistic in the extreme. The authors proposed 
a novel method of weighting a large subset (roughly 21 million) of the 2M possible (classical) 
least squares regressions. The weights are formed using a Bayesian procedure; however, 
the estimates that are weighted are the classical least squares estimates. While this saves 
considerable computational effort, it still requires the computation of millions of least squares 
coefficient vectors.20 The end result is a model with 12 independent variables.

5.9 SUMMARY AND CONCLUSIONS

this chapter has focused on the third use of the linear regression model, hypothesis 
testing. the central result for testing hypotheses is the F statistic. the F ratio can be 
produced in two equivalent ways: first, by measuring the extent to which the unrestricted 
least squares estimate differs from what a hypothesis would predict, and second, by 
measuring the loss of fit that results from assuming that a hypothesis is correct. We then 
extended the F statistic to more general settings by examining its large-sample properties, 
which allow us to discard the assumption of normally distributed disturbances and by 
extending it to nonlinear restrictions.

this is the last of five chapters that we have devoted specifically to the methodology 
surrounding the most heavily used tool in econometrics, the classical linear regression 
model. We began in chapter 2 with a statement of the regression model. chapter 3 
then described computation of the parameters by least squares—a purely algebraic 
exercise. chapter 4 reinterpreted least squares as an estimator of an unknown 
parameter vector and described the finite sample and large-sample characteristics 
of the sampling distribution of the estimator. chapter 5 was devoted to building and 
sharpening the regression model, with statistical results for testing hypotheses about 
the underlying population. in this chapter, we have examined some broad issues 
related to model specification and selection of a model among a set of competing 
alternatives. the concepts considered here are tied very closely to one of the pillars 
of the paradigm of econometrics; underlying the model is a theoretical construction,  

20see sala-i-Martin (1997).
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a set of true behavioral relationships that constitute the model. it is only on this notion 
that the concepts of bias and biased estimation and model selection make any sense—
“bias” as a concept can only be described with respect to some underlying model 
against which an estimator can be said to be biased. that is, there must be a yardstick. 
this concept is a central result in the analysis of specification, where we considered the 
implications of underfitting (omitting variables) and overfitting (including superfluous 
variables) the model. We concluded this chapter (and our discussion of the classical 
linear regression model) with an examination of procedures that are used to choose 
among competing model specifications.

Key Terms and Concepts

•	acceptance region
•	adjusted R2

•	akaike information 
criterion

•	alternative hypothesis
•	Bayesian model averaging
•	Bayesian information 

criterion
•	Biased estimator
•	comprehensive model
•	consistent
•	distributed lag
•	discrepancy vector
•	encompassing principle
•	exclusion restrictions
•	Functionally independent
•	General nonlinear 

hypothesis

•	General-to-simple strategy
•	superfluous variables
•	J test
•	lack of invariance
•	lagrange multiplier tests
•	linear restrictions
•	Model selection
•	nested
•	nested models
•	nominal size
•	nonlinear restrictions
•	nonnested
•	nonnested models
•	nonnormality
•	null hypothesis
•	one-sided test

•	parameter space
•	power of a test
•	prediction criterion
•	Rejection region
•	Restricted least squares
•	schwarz criterion
•	simple-to-general
•	size of the test
•	specification test
•	stepwise model building
•	t ratio
•	testable implications
•	Wald criterion
•	Wald distance
•	Wald statistic
•	Wald test

Exercises

1. a multiple regression of y on a constant x1 and x2 produces the following results: 
yn = 4 + 0.4x1 + 0.9x2, R

2 = 8/60, e′e = 520, n = 29,

X′X = C29 0 0
0 50 10
0 10 80

S .

test the hypothesis that the two slopes sum to 1.
2. Using the results in exercise 1, test the hypothesis that the slope on x1 is 0 by 

running the restricted regression and comparing the two sums of squared deviations.
3. the regression model to be analyzed is y = X1B1 + X2B2 + E , where X1 and X2 

have K1 and K2 columns, respectively. the restriction is B2 = 0.
a. Using (5-23), prove that the restricted estimator is simply [b1*, 0], where b1* is 

the least squares coefficient vector in the regression of y on X1.
b. prove that if the restriction is B2 = B2

0 for a nonzero B2
0, then the restricted 

estimator of B1 is b1* = (X1
=X1)

-1X1
=(y - X2B2

0).
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4. the expression for the restricted coefficient vector in (5-23) may be written in the 
form b* = [I - CR]b + w, where w does not involve b. What is C? show that the 
covariance matrix of the restricted least squares estimator is

s2(X′X)-1 - s2(X′X)-1R′[R(X′X)-1R′]-1R(X′X)-1

and that this matrix may be written as

Var[b � X]{[Var(b � X)]-1 - R′[Var(Rb) � X]-1R} Var[b � X].

5. prove the result that the restricted least squares estimator never has a larger 
covariance matrix than the unrestricted least squares estimator.

6. prove the result that the R2 associated with a restricted least squares estimator 
is never larger than that associated with the unrestricted least squares estimator. 
conclude that imposing restrictions never improves the fit of the regression.

7. an alternative way to test the hypothesis RB - q = 0 is to use a Wald test of the 
hypothesis that L* = 0, where L* is defined in (5-23). prove that

x2 = L*
= {est. Var[L*]}

-1L* = (n - K) c e*
=e*

e′e
- 1 d .

 note that the fraction in brackets is the ratio of two estimators of s2. By virtue 
of (5-28) and the preceding discussion, we know that this ratio is greater than 1. 
Finally, prove that this test statistic is equivalent to JF, where J is the number 
of restrictions being tested and F is the conventional F statistic given in (5-16). 
Formally, the lagrange multiplier test requires that the variance estimator be based 
on the restricted sum of squares, not the unrestricted. then, the test statistic would 
be lM = nJ/[(n - K)/F + J].21

8. Use the test statistic defined in exercise 7 to test the hypothesis in exercise 1.
9. prove that under the hypothesis that RB = q, the estimator

s*
2 =

(y - Xb*)′(y - Xb*)

n - K + J
,

where J is the number of restrictions, is unbiased for s2.
10. show that in the multiple regression of y on a constant, x1 and x2 while imposing the 

restriction b1 + b2 = 1 leads to the regression of y - x1 on a constant and x2 - x1.
11. suppose the true regression model is given by (4-7). the result in (4-9) shows that 

if pX.z is nonzero and g is nonzero, then regression of y on X alone produces a 
biased and inconsistent estimator of B. suppose the objective is to forecast y, not 
to estimate the parameters. consider regression of y on X alone to estimate B with 
b (which is biased). is the forecast of y computed using Xb also biased? assume 
that E[z � X] is a linear function of X. discuss your findings generally. What are the 
implications for prediction when variables are omitted from a regression?

12. the log likelihood function for the linear regression model with normally 
distributed disturbances is shown in (14-39) in section 14.9.1. show that at the 
maximum likelihood estimators of b for B and e′e/n for s2, the log likelihood is an 
increasing function of R2 for the model.

21see Godfrey (1988).
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13. show that the model of the alternative hypothesis in example 5.7 can be written

H1: Ct = u1 + u2Yt + u3Yt - 1 + a
∞

s = 2
us + 2Yt - s + eit + a

∞

s = 1
lset - s.

 as such, it does appear that H0 is a restriction on H1. However, because there are 
an infinite number of constraints, this does not reduce the test to a standard test of 
restrictions. it does suggest the connections between the two formulations.

Applications

1. the application in chapter 3 used 15 of the 17,919 observations in Koop and tobias’s 
(2004) study of the relationship between wages and education, ability, and family 
characteristics. (see appendix table F3.2.) We will use the full data set for this 
exercise. the data may be downloaded from the Journal of Applied Econometrics 
data archive at http://www.econ.queensu.ca/jae/12004-v19.7/koop-tobias/. the data 
file is in two parts. the first file contains the panel of 17,919 observations on variables:

column 1; Person id (ranging from 1 to 2,178), 
column 2; Education, 
column 3; Log of hourly wage, 
column 4; Potential experience, 
column 5; Time trend.

 columns 2 through 5 contain time varying variables. the second part of the data set 
contains time invariant variables for the 2,178 households. these are

column 1; Ability, 
column 2; Mother’s education, 
column 3; Father’s education, 
column 4; Dummy variable for residence in a broken home, 
column 5; Number of siblings.

to create the data set for this exercise, it is necessary to merge these two data 
files. the ith observation in the second file will be replicated Ti times for the set 
of Ti observations in the first file. the person id variable indicates which rows 
must contain the data from the second file. (How this preparation is carried out 
will vary from one computer package to another.) (Note: We are not attempting 
to replicate Koop and tobias’s results here—we are only employing their 
interesting data set.) let X1 = [constant, education, experience, ability] and let 
X2 = [mother’s education, father’s education, broken home, number of siblings].
a. compute the full regression of ln wage on X1 and X2 and report all results.
b. Use an F test to test the hypothesis that all coefficients except the constant term 

are zero.
c. Use an F statistic to test the joint hypothesis that the coefficients on the four 

household variables in X2 are zero.
d. Use a Wald test to carry out the test in part c.
e. Use a lagrange multiplier test to carry out the test in part c.
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2. the generalized cobb–douglas cost function  examined in application 2 in 
chapter 4 is a special case of the translog cost function,

 ln C = a + b ln Q + dk ln Pk + dl ln Pl + df ln Pf

 + fkk[1
2(ln Pk)2] + fll[

1
2(ln Pl)

2] + fff[
1
2 (ln Pf)

2]

 + fkl[ln Pk][ln Pl] + fkf[ln Pk][ln Pf] + flf[ln Pl][ln Pf]

 + g[1
2 (ln Q)2]

 + uQk[ln Q][ln Pk] + uQl[ln Q][ln Pl] + uQf[ln Q][ln Pf] + e.

the theoretical requirement of linear homogeneity in the factor prices imposes the 
following restrictions:

dk + dl + df = 1, fkk + fkl + fkf = 0, fkl + fll + flf = 0,
fkf + flf + fff = 0, uQK + uQl + uQf = 0.

note that although the underlying theory requires it, the model can be estimated 
(by least squares) without imposing the linear homogeneity restrictions. [thus, one 
could test the underlying theory by testing the validity of these restrictions. see 
christensen, Jorgenson, and lau (1975).] We will repeat this exercise in part b.

a number of additional restrictions were explored in christensen and Greene’s 
(1976) study. the hypothesis of homotheticity of the production structure would 
add the additional restrictions

uQk = 0, uQl = 0, uQf = 0.

Homogeneity of the production structure adds the restriction g = 0. the hypothesis 
that all elasticities of substitution in the production structure are equal to -1 is 
imposed by the six restrictions fij = 0 for all i and j.

We will use the data from the earlier application to test these restrictions. For 
the purposes of this exercise, denote by b1, c, b15 the 15 parameters in the cost 
function above in the order that they appear in the model, starting in the first line 
and moving left to right and downward.
a. Write out the R matrix and q vector in (5-8) that are needed to impose the 

restriction of linear homogeneity in prices.
b. test the theory of production using all 158 observations. Use an F test to test 

the restrictions of linear homogeneity. note, you can use the general form of the 
F statistic in (5-16) to carry out the test. christensen and Greene enforced the 
linear homogeneity restrictions by building them into the model. you can do this 
by dividing cost and the prices of capital and labor by the price of fuel. terms 
with f subscripts fall out of the model, leaving an equation with 10 parameters. 
compare the sums of squares for the two models to carry out the test. of course, 
the test may be carried out either way and will produce the same result.

c. test the hypothesis homotheticity of the production structure under the 
assumption of linear homogeneity in prices.

d. test the hypothesis of the generalized cobb–douglas cost function in chapter 4 
against the more general translog model suggested here, once again (and 
henceforth) assuming linear homogeneity in the prices.
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e. the simple cobb–douglas function appears in the first line of the model above. 
test the hypothesis of the cobb–douglas model against the alternative of the 
full translog model.

f. test the hypothesis of the generalized cobb–douglas model against the 
homothetic translog model.

g. Which of the several functional forms suggested here do you conclude is the 
most appropriate for these data?

3. the gasoline consumption model suggested in part d of application 1 in chapter 4 
may be written as

ln(G/Pop) = a + bP ln Pg + bI ln (Income/Pop) + gnc ln Pnc + guc ln Puc

  + gpt ln Ppt + t year + dd ln Pd + dn ln Pn + ds ln Ps + e.

a. carry out a test of the hypothesis that none of the three aggregate price indices 
are significant determinants of the demand for gasoline.

b. consider the hypothesis that the microelasticities are a constant proportion 
of the elasticity with respect to their corresponding aggregate. thus, for some 
positive u (presumably between 0 and 1), gnc = udd, guc = udd, gpt = uds. the 
first two imply the simple linear restriction gnc = guc. By taking ratios, the first 
(or second) and third imply the nonlinear restriction

gnc

gpt
=

dd

ds
  or  gncds - gptdd = 0.

describe in detail how you would test the validity of the restriction.
c. Using the gasoline market data in table F2.2, test the two restrictions suggested 

here, separately and jointly.
4. the J test in example 5.7 is carried out using more than 50 years of data. it is 

optimistic to hope that the underlying structure of the economy did not change 
in 50 years. does the result of the test carried out in example 5.7 persist if it is 
based on data only from 1980 to 2000? Repeat the computation with this subset 
of the data.
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6

Functional Form, DiFFerence 
in DiFFerences, anD 
structural change

§
6.1 INTRODUCTION

this chapter will examine a variety of ways that the linear regression model can be 
adapted for particular situations and specific features of the environment. section 6.2 
begins by using binary variables to accommodate nonlinearities and discrete shifts in 
the model. sections 6.3 and 6.4 examine two specific forms of the linear model that are 
suited for analyzing causal impacts of policy changes, difference in differences models 
and regression kink and regression discontinuity designs. section 6.5 broadens the class 
of models that are linear in the parameters. By using logarithms, quadratic terms, and 
interaction terms (products of variables), the regression model can accommodate a wide 
variety of functional forms in the data. section 6.6 examines the issue of specifying and 
testing for discrete change in the underlying process that generates the data, under the 
heading of structural change. in a time-series context, this relates to abrupt changes in 
the economic environment, such as major events in financial markets (e.g., the world 
financial crisis of 2007–2008) or commodity markets (such as the several upheavals 
in the oil market). in a cross section, we can modify the regression model to account 
for discrete differences across groups such as different preference structures or market 
experiences of men and women.

6.2 USING BINARY VARIABLES

one of the most useful devices in regression analysis is the binary, or dummy variable. 
a dummy variable takes the value one for some observations to indicate the presence 
of an effect or membership in a group and zero for the remaining observations. Binary 
variables are a convenient means of building discrete shifts of the function into a 
regression model.

6.2.1  BINARY VARIABLES IN REGRESSION

Dummy variables are usually used in regression equations that also contain other 
quantitative variables,

 yi = xi
=B + gdi + ei, (6-1)
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where di = 1 for some condition occurring, and 0 if not.1 in the earnings equation in 
example 5.2, we included a variable Kids to indicate whether there were children in the 
household, under the assumption that for many married women, this fact is a significant 
consideration in labor supply decisions. the results shown in example 6.1 appear to be 
consistent with this hypothesis.

Example 6.1  Dummy Variable in an Earnings Equation
Table 6.1 reproduces the estimated earnings equation in Example 5.2. The variable Kids is 
a dummy variable that equals one if there are children under 18 in the household and zero 
otherwise. Because this is a semilog equation, the value of -0.35 for the coefficient is an 
extremely large effect, one which suggests that all other things equal, the earnings of women with 
children are nearly a third less than those without. This is a large difference, but one that would 
certainly merit closer scrutiny. Whether this effect results from different labor market effects that 
influence wages and not hours, or the reverse, remains to be seen. Second, having chosen a 
nonrandomly selected sample of those with only positive earnings to begin with, it is unclear 
whether the sampling mechanism has, itself, induced a bias in the estimator of this parameter.

Dummy variables are particularly useful in loglinear regressions. in a model of the 
form

ln y = b1 + b2x + b3d + e,

the coefficient on the dummy variable, d, indicates a multiplicative shift of the function. 
the percentage change in E[y � x, d] asociated with the change in d is

  %(∆E[y � x, d]/∆d) = 100%b E[y � x, d = 1] - E[y � x, d = 0]

E[y � x, d = 0]
r

 = 100%b exp(b1 + b2x + b3)E[exp(e)] - exp(b1 + b2x) E[exp(e)]

exp(b1 + b2x)E[exp(e)]
r

 = 100%[exp(b3) - 1].  (6-2)

1 We are assuming at this point (and for the rest of this chapter) that the dummy variable in (6-1) is exogenous. 
that is, the assignment of values of the dummy variable to observations in the sample is unrelated to ei. this is 
consistent with the sort of random assignment to treatment designed in a clinical trial. the case in which di is 
endogenous would occur, for example, when individuals select the value of di themselves. analyses of the effects 
of program participation, such as job training on wages or agricultural extensions on productivity, would be 
examples. the endogenous treatment effect model is examined in section 8.5.

ln earnings = b1 + b2 Age + b3 Age2 + b4 Education + b5 Kids + e

sum of squared residuals: 599.4582
standard error of the regression:   1.19044

R2 based on 428 observations:   0.040995

Variable Coefficient Standard Error t Ratio

Constant 3.24009 1.7674 1.833
Age 0.20056 0.08386 2.392

Age2 -0.002315 0.000987 -2.345

Education 0.067472 0.025248 2.672
Kids -0.35119 0.14753 -2.380

Table 6.1 Estimated Earnings Equation
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Example 6.2  Value of a Signature
In Example 4.10 we explored the relationship between log of sale price and surface area for 
430 sales of Monet paintings. Regression results from the example are shown in Table 6.2. 
The results suggest a strong relationship between area and price—the coefficient is 1.33372, 
indicating a highly elastic relationship, and the t ratio of 14.70 suggests the relationship is highly 
significant. A variable (effect) that is clearly left out of the model is the effect of the artist’s 
signature on the sale price. Of the 430 sales in the sample, 77 are for unsigned paintings. The 
results at the right of Table 6.2 include a dummy variable for whether the painting is signed or 
not. The results show an extremely strong effect. The regression results imply that

E[Price � Area, Aspect Ratio, Signature) =
exp[-9.64 + 1.35 ln Area - 0.0 8 Aspect Ratio + 1.23 Signature + 0.9932/2].

(See Section 4.8.2.) Computing this result for a painting of the same area and aspect ratio, 
we find the model predicts that the signature effect would be

100% *
∆E[Price]

Price
= 100%[exp(1.26) - 1] = 252%.

The effect of a signature on an otherwise similar painting is to more than double the price. The 
estimated standard error for the signature coefficient is 0.1253. Using the delta method, we 
obtain an estimated standard error for [exp(b3) - 1] of the square root of [exp(b3)]2 * 0.12532, 
which is 0.4417. For the percentage difference of 252%, we have an estimated standard error 
of 44.17%.

Superficially, it is possible that the size effect we observed earlier could be explained by 
the presence of the signature. If the artist tended on average to sign only the larger paintings, 
then we would have an explanation for the counterintuitive effect of size. (This would be 
an example of the effect of multicollinearity of a sort.) For a regression with a continuous 
variable and a dummy variable, we can easily confirm or refute this proposition. The average 
size for the 77 sales of unsigned paintings is 1,228.69 square inches. The average size of 
the other 353 is 940.812 square inches. There does seem to be a substantial systematic 
difference between signed and unsigned paintings, but it goes in the other direction. We 
are left with significant findings of both a size and a signature effect in the auction prices of 
Monet paintings. Aspect Ratio, however, appears still to be inconsequential.

ln price = b1 + b2 ln Area + b3 Aspect Ratio + b4 Signature + e

mean of ln Price 0.33274
number of observations 430

sum of squared residuals 520.765 420.609
standard error 1.10435 1.35024
R-squared 0.33417 0.46223
adjusted R-squared 0.33105 0.45844

Variable Coefficient
Standard  

Error t Ratio Coefficient
Standard  

Error t Ratio

Constant -8.34327 0.67820 -12.30 -9.65443 0.62397 -15.47
ln Area 1.31638 0.09205 14.30 1.34379 0.08787 16.22
Aspect ratio -0.09623 0.15784 -0.61 -0.01966 0.14222 -0.14
Signature — — — 1.26090 0.12519 10.07

Table 6.2 Estimated Equations for Log Price
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Example 6.3  Gender and Time Effects in a Log Wage Equation
Cornwell and Rupert (1988) examined the returns to schooling in a panel data set of 595 heads 
of households observed in seven years, 1976-1982. The sample data (Appendix Table F8.1) 
are drawn from years 1976 to 1982 from the “Non-Survey of Economic Opportunity” from the 
Panel Study of Income Dynamics. A prominent result that appears in different specifications 
of their regression model is a persistent difference between wages of female and male heads 
of households. A slightly modified version of their regression model is

 ln Wageit = b1 + b2Expit + b3Expit
2 + b4Wksit + b5Occit + b6Indit + b7Southit +

 b8SMSAit + b9MSit + b10Unionit + b11Edi + b12Femi + a 1982
t = 1977gtDit + eit.

The variables in the model are listed in Example 4.6. (See Appendix Table F8.1 for the data 
source.)

Least squares estimates of the log wage equation appear at the left side in Table 6.3. 
Because these data are a panel, it is likely that observations within each group are correlated. 
The table reports cluster corrected standard errors, based on (4-42). The coefficient on 

Aggregate Effect Individual Fixed Effects

sum of squares 391.056 81.5201
residual std. error 0.30708 0.15139
R-squared 0.55908 0.90808
observations 4165 595 * 7
F[17,577] 1828.50

Coefficient
Clustered  
Std.Error t Ratio Coefficient

Clustered  
Std.Error t Ratio

Constant 5.08397 0.12998 39.11 individual Fixed effects
EXP 0.03128 0.00419 7.47 0.10370 0.00691 15.00

EXP2 -0.00055 0.00009 -5.86 -0.00040 0.00009 -4.43

WKS 0.00394 0.00158 2.50 0.00068 0.00095 0.72
OCC -0.14116 0.02687 -5.25 -0.01916 0.02033 -0.94
IND 0.05661 0.02343 2.42 0.02076 0.02422 0.86
SOUTH -0.07180 0.02632 -2.73 0.00309 0.09620 0.03
SMSA 0.15423 0.02349 6.57 -0.04188 0.03133 -1.34
MS 0.09634 0.04301 2.24 -0.02857 0.02887 -0.99
UNION 0.08052 0.02335 3.45 0.02952 0.02689 1.10
ED 0.05499 0.00556 9.88 — — —
FEM -0.36502 0.04829 -7.56 — — —
Year(Base = 1976)
1977 0.07461 0.00601 12.42 — — —
1978 0.19611 0.00989 19.82 0.04107 0.01267 3.24
1979 0.28358 0.01016 27.90 0.05170 0.01662 3.11
1980 0.36264 0.00985 36.82 0.05518 0.02132 2.59
1981 0.43695 0.01133 38.58 0.04612 0.02718 1.70
1982 0.52075 0.01211 43.00 0.04650 0.03254 1.43

Table 6.3 Estimated Log Wage Equations
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FEM is -0.36502. Using (6-2), this translates to a roughly 100%[exp(-0.365) - 1] = 31% 
wage differential. Because the data are a panel, it is quite likely that the disturbances are 
correlated across the years within a household. Thus, robust standard errors are reported 
in Table 6.3. The effect of the adjustment is substantial. The conventional standard error 
for FEM based on s2(X′X)-1 is 0.02201—less than half the reported value of 0.04829. Note 
the reported denominator degrees of freedom for the model F statistic is 595 - 18 = 577. 
Given that observations within a unit are not independent, it seems that 4147 would overstate 
the degrees of freedom. The number of groups of 595 is the natural alternative number of 
observations. However, if this were the case, then the statistic reported, computed as if there 
were 4165 observations, would not have an F distribution. This remains as an ambiguity in 
the computation of robust statistics. As we will pursue in Chapter 8, there is yet another 
ambiguity in this equation. It seems likely unobserved factors that influence ln Wage (in eit) 
(e.g., ability) might also be influential in the level of education. If so (i.e., if Edi is correlated with 
eit), then least squares might not be an appropriate method of estimation of the parameters 
in this model.

it is common for researchers to include a dummy variable in a regression to 
account for something that applies only to a single observation. For example, in time-
series analyses, an occasional study includes a dummy variable that is one only in a 
single unusual year, such as the year of a major strike or a major policy event. (see, for 
example, the application to the german money demand function in section 21.3.5.) it 
is easy to show (we consider this in the exercises) the very useful implication of this:

A dummy variable that takes the value one only for one observation has the effect of 
deleting that observation from computation of the least squares slopes and variance 
estimator (but not from R-squared).

6.2.2  SEVERAL CATEGORIES

When there are several categories, a set of binary variables is necessary. correcting for 
seasonal factors in macroeconomic data is a common application. We could write a 
consumption function for quarterly data as

Ct = b1 + b2xt + d1Dt1 + d2Dt2 + d3Dt3 + et,

where xt is disposable income. note that only three of the four quarterly dummy 
variables are included in the model. if the fourth were included, then the four dummy 
variables would sum to one at every observation, which would replicate the constant 
term—a case of perfect multicollinearity. this is known as the dummy variable trap. to 
avoid the dummy variable trap, we drop the dummy variable for the fourth quarter. 
(Depending on the application, it might be preferable to have four separate dummy 
variables and drop the overall constant.2) any of the four quarters (or 12 months) can 
be used as the base period.

the preceding is a means of deseasonalizing the data. consider the alternative 
formulation:

Ct = bxt + d1Dt1 + d2Dt2 + d3Dt3 + d4Dt4 + et.

2 see suits (1984) and greene and seaks (1991).
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using the results from section 3.3 on partitioned regression, we know that the preceding 
multiple regression is equivalent to first regressing C and x on the four dummy variables 
and then using the residuals from these regressions in the subsequent regression of 
deseasonalized consumption on deseasonalized income. clearly, deseasonalizing in this 
fashion prior to computing the simple regression of consumption on income produces 
the same coefficient on income (and the same vector of residuals) as including the set 
of dummy variables in the regression.

Example 6.4  Genre Effects on Movie Box Office Receipts
Table 4.10 in Example 4.12 presents the results of the regression of log of box office receipts 
in 2009 for 62 movies on a number of variables including a set of dummy variables for four 
genres: Action, Comedy, Animated, or Horror. The left out category is “any of the remaining 
9 genres” in the standard set of 13 that is usually used in models such as this one.3 The four 
coefficients are -0.869, -0.016, -0.833, and +0.375, respectively. This suggests that, save 
for horror movies, these genres typically fare substantially worse at the box office than other 
types of movies. We note the use of b directly to estimate the percentage change for the 
category, as we did in Example 6.1 when we interpreted the coefficient of -0.35 on Kids as 
indicative of a 35% change in income. This is an approximation that works well when b is 
close to zero but deteriorates as it gets far from zero. Thus, the value of -0.869 above does 
not translate to an 87% difference between Action movies and other movies. Using (6-2), we 
find an estimated difference closer to 100% [exp(-0.869)-1] or about 58%. Likewise, the 
-0.35 result in Example 6.1 corresponds to an effect of about 29%.

6.2.3  MODELING INDIVIDUAL HETEROGENEITY

in the previous examples, a dummy variable is used to account for a specific event or 
feature of the observation or the environment, such as whether a painting is signed or 
not or the season. When the sample consists of repeated observations on a large number 
of entities, such as the 595 individuals in example 6.3, a strategy often used to allow for 
unmeasured (and unnamed) fixed individual characteristics (effects) is to include a full 
set of dummy variables in the equation, one for each individual. to continue example 
6.3, the extended equation would be

 ln Wageit = b1 + a 595
i = 1aiAit + b2Expit + b3Expit

2 + b4Wksit + b5Occit +

b6Indit + b7Southit +  b8SMSAit + b9MSit + b10Unionit +

b11Edit + b12Femit + a 1982
t = 1977gtDit + eit,

where Ait equals one for individual i in every period and zero otherwise. the unobserved 
effect, ai, in an earnings model could include factors such as ability, general skill, 
motivation, and fundamental experience. this model would contain the 12 variables from 
earlier plus the six time dummy variables for the periods, plus the 595 dummy variables 
for the individuals. there are some distinctive features of this model to be considered 
before it can be estimated.

●● Because the full set of time dummy variables, Dit, t = 1976, c,1982, sums to 1 at every 
observation, which would replicate the constant term, one of them is dropped—1976 is 

3authorities differ a bit on this list. From the mPaa, we have Drama, romance, comedy, action, Fantasy, 
adventure, Family, animated, thriller, mystery, science Fiction, horror, crime.
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identified as the “base year” in the results in table 6.3. this avoids a multicollinearity 
problem known as the dummy variable trap.4 the same problem will arise with the set 
of individual dummy variables, Ait, i = 1, c, 595. the obvious remedy is to drop one 
of the effects, say the last one. an equivalent strategy that is usually used is to drop the 
overall constant term, leaving the “fixed effects” form of the model,

 ln Wageit = a 595
i = 1aiAit + b2Expit + b3Expit

2 + b4Wksit + b5Occit + b6Indit +

b7Southit +  b8SMSAit + b9MSit + b10Unionit + b11Edit +

b12Femit + a 1982
t = 1977gtDit + eit

(this is a application of theorem 3.8.) note that this does not imply that the base 
year time dummy variable should now be restored. if so, the dummy variable trap 
would reappear as

a 595
i = 1Ait = a 1982

t = 1976Dit.

In a model that contains a set of fixed individual effects, it is necessary either to 
drop the overall constant term or one of the effects.

●● there is another subtle multicollinearity problem in this model. the variable Femit 
does not change within the block of 7 observations for individual i—it is either 1 or 0 
in all 7 years for each person. let the matrix A be the 4165 *  595 matrix in which the 
ith column contains ai, the dummy variable for individual i. let fem be the 4165 *  1 
vector that contains the variable Femit; fem is the column of the full data matrix that 
contains FEMit. in the block of seven rows for individual i, the 7 elements of fem are 
all 1 or 0 corresponding to Femit. Finally, let the 595 *  1 vector f equal 1 if individual 
i is female and 0 if male. then, it is easy to see that fem = Af. that is, the column of 
the data matrix that contains Femit is a linear combination of the individual dummy 
variables, again, a multicollinearity problem. this is a general result:

In a model that contains a full set of N individual effects represented by a set of N 
dummy variables, any other variable in the model that takes the same value in every 
period for every individual can be written as a linear combination of those effects.

this means that the coefficient on Femit cannot be estimated. the natural 
remedy is to fix that coefficient at zero—that is, to drop that variable. in fact, the 
education variable, EDit, has the same characteristic and must also be dropped from 
the model. this turns out to be a significant disadvantage of this formulation of 
the model for data such as these. indeed, in this application, the gender effect was 
of particular interest. (We will examine the model with individual heterogeneity 
modeled as fixed effects in greater detail in chapter 11.)

4 a second time dummy variable is dropped in the model results on the right-hand side of table 6.3. this 
is a result of another dummy variable trap that is specific to this application. the experience variable, 
EXP, is a simple count of the number of years of experience, starting from an individual specific value. 
For the first individual in the sample, EXP1,t = 3, c, 9 while for the second, it is EXP2,t = 30, c, 36. 
With the individual specific constants and the six time dummy variables, it is now possible to reproduce 
EXPi,t as a linear combination of these two sets of dummy variables. For example, for the first person, 
EXP1,1 = 3*A1,1; EXP1,2 = 3*A1,2 + D1,1978; EXP1,3 = 3*A1,3 + 2D1,1979; EXP1,4 = 3*A1,3 + 3D1,1980 and so 
on. so, each value EXPit can be produced as a linear combination of Ait and one of the Dit’s. Dropping a second 
period dummy variable interrupts this result.
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●● the model with N individual effects has become very unwieldy. the wage equation now 
has more than 600 variables in it; later we will analyze a similar data set with more than 
7,000 individuals. one might question the practicality of actually doing the computations. 
this particular application shows the power of the Frisch–Waugh result, theorem 3.2—
the computation of the regression is equally straightforward whether there are a few 
individuals or millions. to see how this works, write the log wage equation as

yit = ai + xit
 =B + eit.

We are not necessarily interested in the specific constants ai, but they must appear in 
the equation to control for the individual unobserved effects. assume that there are no 
invariant variables such as FEMit in xit. the mean of the observations for individual i is

yi =
1
7

 a 1982
t = 1976  yit = ai + xi

=B + ei.

a strategy for estimating B without having to worry about ai is to transform the 
data using simple deviations from group means:

yit - yi = (xit - xi)′B + (eit - ei).

this transformed model can be estimated by least squares. all that is necessary is 
to transform the data beforehand. this computation is automated in all modern 
software. (Details of the theoretical basis of the computation are considered in 
chapter 11.)

To compute the least squares estimates of the coefficients in a model that contains N 
dummy variables for individual fixed effects, the data are transformed to deviations 
from individual means, then simple least squares is used based on the transformed 
data. (Time dummy variables are transformed as well.) Standard errors are 
computed in the ways considered earlier, including robust standard errors for 
heteroscedasticity. Correcting for clustering within the groups would be natural.

notice what becomes of a variable such as FEM when we compute (xit - xi). Because 
FEM and ED take the same value in every period, the group mean is that value, and the 
deviations from the means becomes zero at every observation. the regression cannot be 
computed if X contains any columns of zeros. Finally, for some purposes, we might be 
interested in the estimates of the individual effects, ai. We can show using theorem 3.2 
that the least squares coefficients on Ait in the original model would be ai = yi - xi

=b.
results of the fixed effects regression are shown at the right in table 6.3. accounting 

for individual effects in this fashion often produces quite substantial changes in the 
results. notice that the fit of the model, measured by R2, improves dramatically. the 
effect of UNION membership, which was large and significant before has essentially 
vanished. and, unfortunately, we have lost view of the gender and education effects.

Example 6.5   Sports Economics: Using Dummy Variables for Unobserved 
Heterogeneity5

In 2000, the Texas Rangers major league baseball team signed 24-year-old Alex Rodriguez 
(A-Rod), who was claimed at the time to be “the best player in baseball,” to the largest 
contract in baseball history (up to that time). It was publicized to be some $25Million/year for 

5 this application is based on cohen, r. and Wallace, J., “a-rod: signing the Best Player in Baseball,” Harvard 
Business School, case 9-203-047, cambridge, 2003.
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10 years, or roughly a quarter of a billion dollars.6 Treated as a capital budgeting decision, 
the investment is complicated partly because of the difficulty of valuing the benefits of the 
acquisition. Benefits would consist mainly of more fans in the stadiums where the team 
played, more valuable broadcast rights, and increased franchise value. We (and others) 
consider the first of these. It was projected that A-Rod could help the team win an average 
of 8 more games per season and would surely be selected as an All-Star every year. How do 
8 additional wins translate into a marginal value for the investors? The franchise value and 
broadcast rights are highly speculative. But there is a received literature on the relationship 
between team wins and game attendance, which we will use here.7 The final step will then 
be to calculate the value of the additional attendance.

Appendix Table F6.5 contains data on attendance, salaries, games won, and several other 
variables for 30 teams observed from 1985 to 2001. (These are panel data. We will examine 
this subject in greater detail in Chapter 11.) We consider a dynamic linear regression model,

Attendancei, t = Σ iaiAi, t + gAttendancei, t - 1 + b1Winsi, t + b2Winsi, t - 1 + b3All Starsi, t + ei, t,

i = 1, c,30; t = 1985, c,2001.

The previous year’s attendance and wins are loyalty effects. The model contains a separate 
constant term for each team. The effect captured by ai includes the size of the market and 
any other unmeasured time constant characteristics of the market.

The team specific dummy variable, Ai,t is used to model unit specific unobserved 
heterogeneity. We will revisit this modeling aspect in Chapter 11. The setting is different here 
in that in the panel data context in Chapter 11, the sampling framework will be with respect 
to units “i” and statistical properties of estimators will refer generally to increases in the 
number of units. Here, the number of units (teams) is fixed at 30, and asymptotic results would 
be based on additional years of data.8

Table 6.4 presents the regression results for the dynamic model. Results are reported with 
and without the separate team effects. Standard errors for the estimated coefficients are 
adjusted for the clustering of the observations by team. The F statistic for H0  :ai = a, i=1,c,31 
is computed as

F[30,401] =
(23.267 - 20.254)/30

20.254/401
= 1.988

The 95% critical value for F[30,401] is 1.49 so the hypothesis of no separate team effects is 
rejected. The individual team effects appear to improve the model—note the peculiar negative 
loyalty effect in the model without the team effects.

In the dynamic equation, the long run equilibrium attendance would be

Attendance* = (ai + b1Wins* + b2Wins* + b3 All Stars*)/(1 - g).

(See Section 11.11.3.) The marginal value of winning one more game every year would be 
(b1 + b2)/(1 - g). The effect of winning 8 more games per year and having an additional  
All-Star on the team every year would be

(8(b1 + b2) + b3)/(1 - g) * 1 million = 268,270 additional fans/season.

6 though it was widely reported to be a 10-year arrangement, the payout was actually scheduled over more than 
20 years, and much of the payment was deferred until the latter years. a realistic present discounted value at 
the time of the signing would depend heavily on assumptions, but using the 8% standard at the time, would be 
roughly $160m, not $250m.
7 see, for example, The Journal of Sports Economics and lemke, leonard, and tlhokwane (2009).
8 there are 30 teams in the data set, but one of the teams changed leagues. this team is treated as two observations.
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162 Part I  ✦   the Linear regression Model

In this case, the calculation of monetary value is 268,270 fans times $50 per fan (possibly 
somewhat high) or about $13.0 million against the cost of roughly $18 to $20 million per 
season.

6.2.4  SETS OF CATEGORIES

the case in which several sets of dummy variables are needed is much the same as 
those we have already considered, with one important exception. consider a model of 
statewide per capita expenditure on education, y, as a function of statewide per capita 
income, x. suppose that we have observations on all n = 50 states for T = 10 years. 
a regression model that allows the expected expenditure to change over time as well 
as across states would be

yit = a + bxit + di + ut + eit.

as before, it is necessary to drop one of the variables in each set of dummy variables to 
avoid the dummy variable trap. For our example, if a total of 50 state dummies and 10 
time dummies is retained, a problem of perfect multicollinearity remains; the sums of the 
50 state dummies and the 10 time dummies are the same, that is, 1. one of the variables 
in each of the sets (or the overall constant term and one of the variables in one of the 
sets) must be omitted.

Example 6.6  Analysis of Covariance
The data in Appendix Table F6.1 were used in a study of efficiency in production of airline 
services in Greene (2007a). The airline industry has been a favorite subject of study [e.g., 
Schmidt and Sickles (1984); Sickles, Good, and Johnson (1986)], partly because of interest in 
this rapidly changing market in a period of deregulation and partly because of an abundance of 
large, high-quality data sets collected by the (no longer existent) Civil Aeronautics Board. The 
original data set consisted of 25 firms observed yearly for 15 years (1970 to 1984), a “balanced 
panel.” Several of the firms merged during this period and several others experienced strikes, 
which reduced the number of complete observations substantially. Omitting these and others 

mean of attendance 2.22048 million
number of observations 437 (31 teams)

no team effects team effects

sum of squared residuals 23.267 20.254
standard error 0.23207 0.24462
R-squared 0.74183 0.75176
adjusted R-squared 0.73076 0.71219

Variable Coefficient Standard Error* t Ratio Coefficient Standard Error* t Ratio

Attendancet - 1 0.70233 0.03507 20.03 0.54914 0.02760 16.76
Wins 0.00992 0.00147 6.75 0.01109 0.00157 7.08
Winst - 1 -0.00051 0.00117 -0.43 0.00220 0.00100 2.20
All stars 0.02125 0.01241 1.71 0.01459 0.01402 1.04
Constant -1.20827 0.87499 -1.38 individual team effects

*standard errors clustered at the team level.

Table 6.4 Estimated Attendance Model
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because of missing data on some of the variables left a group of 10 full observations, from 
which we have selected 6 for the example to follow. We will fit a cost equation of the form

 ln Ci,t = b1 + b2 ln Qi,t + b3 ln2 Qi,t + b4 ln Pfuel,i,t + b5 Load Factori,t

 + a
14

t = 1
utDi,t + a

5

i = 1
diFi,t + ei,t.

The dummy variables are Di,t, which is the year variable, and Fi,t, which is the firm variable. 
We have dropped the first one in each group. The estimated model for the full specification is

 ln Ci,t = 12.89 + 0.8866 ln Qi,t + 0.01261 ln2 Qi,t + 0.1281 ln Pfuel,i,t - 0.8855 Load Factori,t
 + time effects + firm effects + ei,t.

We are interested in whether the firm effects, the time effects, both, or neither are 
statistically significant. Table 6.5 presents the sums of squares from the four regressions. 
The F statistic for the hypothesis that there are no firm-specific effects is 65.94, which is 
highly significant. The statistic for the time effects is only 2.61, which is also larger than the 
critical value of 1.84. In the absence of the year-specific dummy variables, the year-specific 
effects are probably largely absorbed by the price of fuel.

6.2.5  THRESHOLD EFFECTS AND CATEGORICAL VARIABLES

in most applications, we use dummy variables to account for purely qualitative factors, 
such as membership in a group, or to represent a particular time period. there are cases, 
however, in which the dummy variable(s) represents levels of some underlying factor 
that might have been measured directly if this were possible. For example, education is 
a case in which we often observe certain thresholds rather than, say, years of education. 
suppose, for example, that our interest is in a regression of the form

Earnings = b1 + b2 Age + Effect of Education + e.

the data on education might consist of the highest level of education attained, such as 
less than high school (LTHS), high school (HS), college (C), post graduate (PG). an 
obviously unsatisfactory way to proceed is to use a variable, E, that is 0 for the first  
group, 1 for the second, 2 for the third, and 3 for the fourth. that would be 
Earnings = b1 + b2 Age + b3E + e. the difficulty with this approach is that it assumes 
that the increment in income at each threshold is the same; b3 is the difference between 
income with post graduate study and college and between college and high school.9  

9 one might argue that a regression model based on years of education instead of this sort of step function would 
be likewise problematic. it seems natural that in most cases, the 12th year of education (with graduation) would 
be far more valuable than the 11th.

Model Sum of Squares
Restrictions  

on Full Model F
Degrees of  
Freedom

Full model 0.17257 0 —
time effects only 1.03470 5 65.94 [5, 66]
Firm effects only 0.26815 14 2.61 [14, 66]
no effects 1.27492 19 22.19 [19, 66]

Table 6.5  F Tests for Firm and Year Effects
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this is unlikely and unduly restricts the regression. a more flexible model would use 
three (or four) binary variables, one for each level of education. thus, we would write

Earnings = b1 + b2 Age + dB HS + dM C + dP PG + e.

the correspondence between the coefficients and income for a given age is

less than high school:  E[Earnings � Age, LTHS] = b1 + b2 Age,

high school:      E[Earnings � Age, HS]   = b1 + b2 Age + dHS,

college:       E[Earnings � Age, C]   = b1 + b2 Age + dC,

Post graduate:     E[Earnings � Age, PG]   = b1 + b2 Age + dPG.

the differences between, say, dPG and dC and between dC and dHS are of interest. 
obviously, these are simple to compute. an alternative way to formulate the equation 
that reveals these differences directly is to redefine the dummy variables to be 1 if the 
individual has the level of education, rather than whether the level is the highest obtained. 
thus, for someone with post graduate education, all three binary variables are 1, and so 
on. By defining the variables in this fashion, the regression is now

Less Than High School:  E[Earnings � Age, LTHS] = b1 + b2 Age,

High School:  E[Earnings � Age, HS]  = b1 + b2 Age + dHS,

College:  E[Earnings � Age, C]   = b1 + b2 Age + dHS + dC,

Post Graduate:  E[Earnings � Age, PG]  = b1 + b2 Age + dHS + dC + dPG.

instead of the difference between post graduate and the base case of less than high 
school, in this model dPG is the marginal value of the post graduate education, after 
college.

6.2.6  TRANSITION TABLES

When a group of categories appear in the model as a set of dummy variables, as 
in example 6.4, each included dummy variable reports the comparison between 
its category and the “base case.” in the movies example, the four reported values 
each report the comparison to the base category, the nine omitted genres. the 
comparison of the groups to each other is also a straightforward calculation. in 
example 6.4, the reported values for Action, Comedy, Animated, and Horror are 
(-0.869, -0.016, -0.833, +0.375). the implication is, for example, that E[ln Revenue � x] 
is 0.869 less for Action movies than the base case. moreover, based on the same results, 
the expected log revenue for Animated movies is -0.833 - (-0.869) = +0.036 greater 
than for Action movies. a standard error for the difference of the two coefficients 
would be computed using the square root of

asy.Var[bAnimated - bAction] = asy.Var[bAnimated] + asy.Var[bAction]

- 2asy.cov[bAnimated,bAction].

a similar effect could be computed for each pair of outcomes. hodge and shankar 
(2014) propose a useful framework for arranging the effects of a sequence of categories 
based on this principle. an application to five categories of health outcomes is shown in 
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contoyannis, Jones, and rice (2004). the education thresholds example in the previous 
example is another natural application.

Example 6.7  Education Thresholds in a Log Wage Equation
Figure 6.1 is a histogram for the education levels reported in variable ED in the ln Wage model 
of Example 6.3. The model in Table 6.3 constrains the effect of education to be the same 5.5% 
per year for all values of ED. A possible improvement in the specification might be provided 
by treating the threshold values separately. We have recoded ED in these data to be

Less Than High School = 1 if ED … 11   (22% of the sample),

High School  = 1 if ED = 12  (36% of the sample),

College    = 1 if 13 … ED … 16  (30% of the sample),

Post Grad   = 1 if ED = 17  (12% of the sample).

(Admittedly, there might be some misclassification at the margins. It also seems likely that the 
Post Grad category is “top coded”—17 years represents 17 or more.) Table 6.6 reports the 
respecified regression model. Note, first, the estimated gender effect is almost unchanged. 
But, the effects of education are rather different. According to these results, the marginal 
value of high school compared to less than high school is 0.13832, or 14.8%. The estimated 
marginal value of attending college after high school is 0.29168 - 0.13832 = 0.15336, 
16.57%—this is roughly 4% per year for four years compared to 5.5% estimated earlier. But, 
again, one might suggest that most of that gain would be a “sheepskin” effect attained in 
the fourth year by graduating. Hodge and Shankar’s “transition matrix” is shown in Table 6.7. 
(We have omitted the redundant terms and transitions from more education to less which are 
the negatives of the table entries.)

Figure 6.1  Education Levels in Log Wage Data.
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Threshold Effects     Education in Years

sum of squared residuals 403.329 391.056
standard error of the regression 0.31194 0.30708
R-squared based on 4165 observations 0.54524 0.55908

Clustered Clustered

Coefficient Std.Error t Ratio Coefficient Std.Error t Ratio

constant 5.60883 0.10087 55.61 5.08397 0.12998 39.11
EXP 0.03129 0 .00421 7.44 0.03128 0.00419 7.47

EXP2 -0.00056 0.00009 -5.97 -0.00055 0.00009 -5.86

WKS 0.00383 0.00157 2.44 0.00394 0.00158 2.50
OCC -0.16410 0.02683 -6.12 -0.14116 0.02687 -5.25
IND 0.05365 0.02368 2.27 0.05661 0.02343 2.42
SOUTH -0.07438 0.02704 -2.75 -0.07180 0.02632 -2.73
SMSA 0.16844 0.02368 7.11 0.15423 0.02349 6.57
MS 0.10756 0.04470 2.41 0.09634 0.04301 2.24
UNION 0.07736 0.02405 3.22 0.08052 0.02335 3.45
FEM -0.35323 0.05005 -7.06 -0.36502 0.04829 -7.56
ED 0.05499 0.00556 9.88
LTHS 0.00000 —– —–
HS 0.13832 0.03351 4.13
COLLEGE 0.29168 0.04181 6.98
POSTGRAD 0.40651 0.04896 8.30
Year(Base = 1976)
1977 0.07493 0.00608 12.33 0.07461 0.00601 12.42
1978 0.19720 0.00997 19.78 0.19611 0.00989 19.82
1979 0.28472 0.01023 27.83 0.28358 0.01016 27.90
1980 0.36377 0.00997 36.47 0.36264 0.00985 36.82
1981 0.43877 0.01147 38.25 0.43695 0.01133 38.58
1982 0.52357 0.01219 42.94 0.52075 0.01211 43.00

Table 6.6 Estimated log Wage Equations with Education Thresholds

effects of switches between categories in education level

Initial Education New Education Partial Effect Standard Error t Ratio

LTHS HS 0.13832 0.03351 4.13
LTHS COLLEGE 0.29168 0.04181 6.98
LTHS POSTGRAD 0.40651 0.04896 8.30
HS COLLEGE 0.15336 0.03047 5.03
HS POSTGRAD 0.26819 0.03875 6.92
COLLEGE POSTGRAD 0.11483 0.03787 3.03

Table 6.7 Education Effects in Estimated Log Wage Equation

M06_GREE1366_08_SE_C06.indd   166 2/24/17   3:48 PM



 CHaPtEr 6  ✦  Functional Form, Difference in Differences, and Structural Change 167

6.3 DIFFERENCE IN DIFFERENCES REGRESSION

many recent studies have examined the causal effect of a treatment on some kind of 
response. examples include the effect of attending an elite college on lifetime income 
[Dale and Krueger (2002, 2011)], the effect of cash transfers on child health [gertler 
(2004)], the effect of participation in job training programs on income [lalonde (1986)], 
the effect on employment of an increase in the minimum wage in one of two neighboring 
states [card and Krueger (1994)] and pre- versus post-regime shifts in macroeconomic 
models [mankiw (2006)], to name but a few.

6.3.1  TREATMENT EFFECTS

the applications can often be formulated in regression models involving a treatment 
dummy variable, as in

yi = xi
=B + dDi + ei,

where the shift paramet er, d (under the right assumptions), measures the causal effect 
of the treatment or the policy change (conditioned on x) on the sampled individuals. 
For example, table 6.6 provides a log wage equation based on a national (u.s.) panel 
survey. one of the variables is UNION, a dummy variable that indicates union 
membership. measuring the effect of union membership on wages is a longstanding 
objective in labor economics—see, for example, card (2001). our estimate in table 6.6 
is roughly 0.08, or 8%. it will take a bit of additional specification analysis to conclude 
that the UNION dummy truly does measure the effect of membership in that context.10

in the simplest case of a comparison of one group to another, without covariates,

yi = b1 + dDi + ei.

least squares regression of y on D will produce

b1 = (y � Di = 0),

that is, the average outcome of those who did not experience the treatment, and

d = (y � Di = 1) - (y � Di = 0),

the difference in the means of the two groups. continuing our earlier example, if we 
measure the UNION effect in table 6.6 without the covariates, we find

ln Wage = 6.673 (0.023) + 0.00834 UNION (0.028).

(standard errors are in parentheses.) Based on a simple comparison of means, there 
appears to be a less than 1% impact of union membership. this is in sharp contrast to 
the 8% reported earlier.

When the analysis is of an intervention that occurs over time to everyone in the 
sample, such as in Krueger’s (1999) analysis of the tennessee star experiment in which 
school performance measures were observed before and after a policy that dictated a 
change in class sizes, the treatment dummy variable will be a period indicator, Tt = 0 
in period 1 and 1 in period 2. the effect in b2 then measures the change in the outcome 
variable, for example, school performance, pre- to post-intervention; b2 = y1 - y0.

10 see, for example, angrist and Pischke (2009, pp. 221–225.)
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the assumption that the treatment group does not change from period 1 to period 2 
(or that the treatment group and the control group look the same in all other respects) 
weakens this analysis. a strategy for strengthening the result is to include in the sample 
a group of control observations that do not receive the treatment. the change in the 
outcome for the treatment group can then be compared to the change for the control 
group under the presumption that the difference is due to the intervention. an intriguing 
application of this strategy is often used in clinical trials for health interventions to 
accommodate the placebo effect. the placebo effect is a controversial, but apparently 
tangible outcome in some clinical trials in which subjects “respond” to the treatment 
even when the treatment is a decoy intervention, such as a sugar or starch pill in a drug 
trial.11 a broad template for assessment of the results of such a clinical trial is as follows: 
the subjects who receive the placebo are the controls. the outcome variable—level of 
cholesterol, for example—is measured at the baseline for both groups. the treatment 
group receives the drug, the control group receives the placebo, and the outcome variable 
is measured pre- and post-treatment. the impact is measured by the difference in 
differences,

E = [(yexit � treatment) - (ybaseline � treatment)] - [(yexit � placebo) - (ybaseline � placebo)].

the presumption is that the difference in differences measurement is robust to the 
placebo effect if it exists. if there is no placebo effect, the result is even stronger (assuming 
there is a result).

a common social science application of treatment effect models is in the evaluation 
of the effects of discrete changes in policy.12 a pioneering application is the study of the 
manpower Development and training act (mDta) by ashenfelter and card (1985) 
and card and Krueger (2000). a widely discussed application is card and Krueger’s 
(1994) analysis of an increase in the minimum wage in new Jersey. the simplest form of 
the model is one with a pre- and post-treatment observation on a group, where the 
outcome variable is y, with

 yit = b1 + b2Tt + b3Di + d(Tt * Di) + eit, t = 0, 1. (6-3)

in this model, Tt is a dummy variable that is zero in the pre-treatment period and one 
after the treatment and Di equals one for those individuals who received the treatment. 
the change in the outcome variable for the treated individuals will be

(yi2 � Di = 1) - (yi1 � Di = 1) = (b1 + b2 + b3 + d) - (b1 + b3) = b2 + d.

For the controls, this is

(yi2 � Di = 0) - (yi1 � Di = 0) = (b1 + b2) - b1 = b2.

the difference in differences is

[(yi2 � Di = 1) - (yi1 � Di = 1)] - [(yi2 � Di = 0) - (yi1 � Di = 0)] = d.

11 see hróbjartsson and götzsche (2001).
12 surveys of literatures on treatment effects, including use of “D-i-D” estimators, are provided by imbens and 
Wooldridge (2009), millimet, smith, and Vytlacil (2008), angrist and Pischke (2009), and lechner (2011).
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in the multiple regression of yit on a constant, T, D, and T *  D, the least squares estimate 
of d will equal the difference in the changes in the means,

 d = (y � D = 1, Period 2) - (y � D = 1, Period 1)

 - (y � D = 0, Period 2) - (y � D = 0, Period 1)

 = ∆y � treatment - ∆y � control.

the regression is called a difference in differences estimator in reference to this result.

Example 6.8  SAT Scores
Each year, about 1.7 million American high school students take the SAT test. Students 
who are not satisfied with their performance have the opportunity to retake the test. Some 
students take an SAT prep course, such as Kaplan or Princeton Review, before the second 
attempt in the hope that it will help them increase their scores. An econometric investigation 
might consider whether these courses are effective in increasing scores. The investigation 
might examine a sample of students who take the SAT test twice, with scores yi0 and yi1. The 
time dummy variable Tt takes value T0 = 0 “before” and T1 = 1 “after.” The treatment dummy 
variable is Di = 1 for those students who take the prep course and 0 for those who do not. 
The applicable model would be (6-3),

SAT Scorei,t = b1 + b2 2ndTestt + b3 PrepCoursei + d 2ndTestt * PrepCoursei + ei,t.

The estimate of d would, in principle, be the treatment, or prep course effect.
This small example illustrates some major complications. First, and probably most 

important, the setting does not describe a randomized experiment such as the clinical trial 
suggested earlier would be. The treatment variable, PrepCourse, would naturally be taken 
by those who are persuaded that it would provide a benefit—that is, the treatment variable 
is not an exogenous variable. Unobserved factors that are likely to contribute to higher test 
scores (and are embedded in ei,t) would likely motivate the student to take the prep course 
as well. This selection effect is a compelling confounder of studies of treatment effects when 
the treatment is voluntary and self selected. Dale and Krueger’s (2002, 2011) analysis of the 
effect of attendance at an elite college provides a detailed analysis of this issue. Second, 
test performance, like other performance measures, is probably subject to regression to the 
mean—there is a negative autocorrelation in such measures. In this regression context, an 
unusually high disturbance in period 0, all else equal, would likely be followed by a low value 
in period 1. Of course, those who achieve an unusually high test score in period 0 are less 
likely to return for the second attempt. Together with the selection effect, this produces a very 
muddled relationship between the outcome and the test preparation that is estimated by least 
squares. Finally, it is possible that there are other measurable factors (covariates) that might 
contribute to the test outcome or changes in the outcome. A more complete model might 
include these covariates. We do note any such variable xi,t would have to vary between the 
first and second test, else they would simply be absorbed in the constant term.

When the treatment is the result of a policy change or event that occurs completely 
outside the context of the study, the analysis is often termed a natural experiment. card’s 
(1990) study of a major immigration into miami in 1979 is an application.

Example 6.9  A Natural Experiment: The Mariel Boatlift
A sharp change in policy can constitute a natural experiment. An example studied by Card 
(1990) is the Mariel boatlift from Cuba to Miami (May–September 1980), which increased 
the Miami labor force by 7%. The author examined the impact of this abrupt change in 
labor market conditions on wages and employment for nonimmigrants. The model compared 
Miami (the treatment group) to a similar city, Los Angeles (the control group). Let i denote an 
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individual and D denote the “treatment,” which for an individual would be equivalent to “lived 
in the city that experienced the immigration.” For an individual in either Miami or Los Angeles, 
the outcome variable is

Yi = 1 if they are unemployed and 0 if they are employed.

Let c denote the city and let t denote the period, before (1979) or after (1981) the immigration. 
Then, the unemployment rate in city c at time t is E[yi,0 � c, t] if there is no immigration and it is 
E[yi,1 � c, t] if there is the immigration. These rates are assumed to be constants. Then

E[ yi,0 � c, t] = bt + gc   without the immigration,

E[ yi,1 � c, t] = bt + gc + d  with the immigration.

The effect of the immigration on the unemployment rate is measured by d. The natural 
experiment is that the immigration occurs in Miami and not in Los Angeles but is not a result 
of any action by the people in either city. Then,

E[ yi � M,79] = b79 + gM  and  E[ yi � M, 81] = b81 + gM + d  for Miami,

E[ yi � L, 79] = b79 + gL  and  E[ yi � L, 81] = b81 + gL    for Los Angeles.

It is assumed that unemployment growth in the two cities would be the same if there were 
no immigration. If neither city experienced the immigration, the change in the unemployment 
rate would be

E[ yi,0 � M, 81] - E[ yi,0 � M, 79] = b81 - b79   for Miami,

E[ yi,0 � L, 81] - E[ yi,0 � L, 79] = b81 - b79   for Los Angeles.

If both cities were exposed to migration,

E[ yi,1 � M, 81] - E[ yi,1 � M, 79] = b81 - b79 + d  for Miami,

E[ yi,1 � L, 81] - E[ yi,1 � L, 79] = b81 - b79 + d  for Los Angeles.

Only Miami experienced the immigration (the “treatment”). The difference in differences that 
quantifies the result of the experiment is

{E[ yi,1 � M, 81] - E[ yi,1 � M, 79]} - {E[ yi,0 � L, 81] - E[ yi,0 � L, 79]} = d.

The author examined changes in employment rates and wages in the two cities over several 
years after the boatlift. The effects were surprisingly modest (essentially nil) given the scale 
of the experiment in Miami.

Example 6.10  Effect of the Minimum Wage
Card and Krueger’s (1994) widely cited analysis of the impact of a change in the minimum 
wage is similar to Card’s analysis of the Mariel Boatlift. In April 1992, New Jersey (NJ) raised 
its minimum wage from $4.25 to $5.05. The minimum wage in neighboring Pennsylvania 
(PA) was unchanged. The authors sought to assess the impact of this policy change by 
examining the change in employment in the two states from February to November, 1992 at 
fast food restaurants that tended to employ large numbers of people at the minimum wage. 
Conventional wisdom would suggest that, all else equal, whatever labor market trends were at 
work in the two states, NJ’s would be affected negatively by the abrupt 19% wage increase for 
minimum wage workers. This certainly qualifies as a natural experiment. NJ restaurants could 
not opt out of the treatment. The authors were able to obtain data on employment for 331 NJ 
restaurants and 97 PA restaurants in the first wave. Most of the first wave restaurants provided 
data for the second wave, 321 and 78, respectively. One possible source of “selection” would 
be attrition from the sample. Though the numbers are small, the possibility that the second 
wave sample was substantively composed of firms that were affected by the policy change 
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would taint the analysis (e.g., if firms were driven out of business because of the increased 
labor costs). The authors document at some length the data collection process for the second 
wave. Results for their experiment are shown in Table 6.8.

The first reported difference uses the full sample of available data. The second uses the 
“balanced sample” of all stores that reported data in both waves. In both cases, the difference 
in differences would be

∆(NJ ) - ∆(PA) = +2.75 full time employees.

A superficial analysis of these results suggests that they go in the wrong direction. 
Employment rose in NJ compared to PA in spite of the increase in the wage. Employment 
would have been changing in both places due to other economic conditions. The policy effect 
here might have distorted that trend. But, it is also possible that the trend in the two states 
was different. It has been assumed throughout so far that it is the same. Card and Krueger 
(2000) examined this possibility in a followup study. The newer data cast some doubt on the 
crucial assumption that the trends were the same in the two states.

card and Krueger (1994) considered the possibility that restaurant specific factors 
might have influenced their measured outcomes. the implied regression would be

yit = b2Tt + b3Di + dTt * Di + (ai + G′xi) + eit, t = 0, 1.

note the individual specific constant term that represents the unobserved heterogeneity 
and the addition to the regression. in the restaurant study, xi was characteristics of the 
store such as chain store type, ownership, and region—all features that would be the same 
in both waves. these would be fixed effects. in the difference in differences context, while 
they might indeed be influential in the outcome levels, it is clear that they will fall out of 
the differences:

∆E[ yit � Dit = 0, xi] = b2  + ∆(ai + G′xi),
∆E[ yit � Dit = 1, xi] = b2 + d + ∆(ai + G′xi).

the final term in both cases is zero, which leaves, as before,

∆E[ yit � Dit = 1, xi] - ∆E[ yi t � Dit = 1, xi] = d.

the useful conclusion is that in analyzing differences in differences, time invariant 
characteristics of the individuals will not affect the conclusions.

the analysis is more complicated if the control variables, xit, do change over time. 
then,

yit = b2Tt + b3Di + dTt * Di + G′xit + eit, t = 0, 1.

PA NJ

First Wave (February) 23.33 20.44
second Wave (november) 21.17 21.03
Difference -2.16 0.59
Difference (balanced) -2.28 0.47

Table 6.8  Full Time Employment in NJ and PA 
Restaurants

M06_GREE1366_08_SE_C06.indd   171 2/24/17   3:48 PM



172 Part I  ✦   the Linear regression Model

then,

 ∆E[yit � xit, Dit = 1] = b2 + d + G′[∆xit � Dit = 1]

 ∆E[yit � xit, Dit = 0] = b2 +   G′[∆xit � Dit = 0]

∆E[yit � Dit = 1, xi] - ∆E[yit � Dit = 1, xi] = d + G′[(∆xit � Dit = 1) - (∆xit � Dit = 0)].

now, if the effect of Dit is measured by the simple difference of means, the result will 
consist of the causal effect plus an additional term explained by the difference of the 
changes in the control variables. if individuals have been carefully sampled so that 
treatment and controls look the same in both periods, then the second effect might be 
ignorable. if not, then the second part of the regression should become part of the analysis.

6.3.2  EXAMINING THE EFFECTS OF DISCRETE POLICY CHANGES

the differences in differences result provides a convenient methodology for studying 
the effects of exogenously imposed policy changes. We consider an application from a 
recent antitrust case.

Example 6.11   Difference in Differences Analysis of a Price Fixing 
Conspiracy13

Roughly 6.5% of all British schoolchildren, and more than 18% of those over 16, attend 2,600 
independent fee-paying schools. Of these, roughly 10.5% are “boarders”—the remainder 
attend on a day basis. Each year from 1997 until June, 2003, a group of 50 of these schools 
shared information about intended fee increases for boarding and day students. The 
information was exchanged via a survey known as the “Sevenoaks Survey” (SS). The UK 
Office of Fair Trading (OFT, Davies (2012)) determined that the conspiracy, which was found 
to lead to higher fees, was prohibited under the antitrust law, the Competition Act of 1998. 
The OFT intervention consisted of a modest fine (10,000GBP) on each school, a mandate 
for the cartel to contribute about 3,000,000GBP to a trust, and prohibition of the Sevenoaks 
Survey. The OFT investigation was ended in 2006, but for the purposes of the analysis, the 
intervention is taken to have begun with the 2004/2005 academic year.

The authors of this study investigated the impact of the OFT intervention on the boarding 
and day fees of the Sevenoaks schools using a difference in differences regression. The pre-
intervention period is academic years 2001/02 to 2003/04. The post-intervention period 
extends to 2011/2012. The sample consisted of the treatment group, the 50 Sevenoaks 
schools, and 178 schools that were not party to the conspiracy and therefore, not impacted 
by the treatment. (Not necessarily. More on that below.) The “balanced panel data set” of 
12 years times 228 schools, or 2,736 observations, was reduced by missing data to 1,829 for 
the day fees model and 1,317 for the boarding fees model. Figure 6.2 (Figures 2 and 3 from 
the study) shows the behavior of the boarding and day fees for the schools for the period 
of the study.14 It is difficult to see a difference in the rates of change of the fees. The difference 
in the levels is obvious, but not yet explained.

A difference in differences methodology was used to analyze the behavior of the fees. Two 
key assumptions are noted at the outset.

1. The schools in the control group are not affected by the intervention. This may not be the 
case. The non-SS schools compete with the SS schools on a price basis. If the pricing 
behavior of the SS schools is affected by the intervention, that of the non-SS schools 
may be as well.

13 this case study is based on uK oFt (2012), Davies (2012) and Pesarisi et al. (2015).
14 the figures are extracted from the uK oFt (2012) working paper version of the study.
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Figure 6.2 Price Increases by Boarding Schools.
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2. It must be assumed that the trends and influences that affect the two groups of schools 
outside the effect of the intervention are the same. (Recall this was an issue in Card and 
Krueger’s analysis of the minimum wage in Example 6.10.)

The linear regression model used to study the behavior of the fees is

ln Feeit = ai + b1%boarderit + b2 %rankingit + b3 ln pupilsit + b4 yeart
+ l postinterventiont + d SSit * postinterventiont + eit
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Feeit  = inflation-adjusted day or boarding fees,
%boarder  = percentage of the students who are boarders at school i in year t,
%ranking  = percentile ranking of the school in Financial Times school rankings,
pupils  = number of students in the school,
year  = linear trend,
postintervention = dummy variable indicating the period after the intervention,
SS  = dummy variable for Sevenoaks school,
ai  = school-specific effect, modeled using a school specific dummy variable.

The effect of interest is d. Several assumptions underlying the data are noted to justify the 
interpretation of d as the sought-after causal impact of the intervention.

a. The effect of the intervention is exerted on the fees beginning in 2004/2005.
b. In the absence of the intervention, the regime would have continued on to 2012 as it had 

in the past.
c. The Financial Times ranking variable is a suitable indicator of the quality of the ranked 

school.
d. As noted earlier, pricing behavior by the control schools was not affected by the 

intervention.

The regression results are shown in Table 6.9.

The main finding is a decline of 1.5% for day fees and 1.6% for the boarding fees. 
Figure 6.3 [extracted from the UK OFT (2012) version of the paper ] summarizes the estimated 
cumulative impact of the study. The authors estimated the cumulative savings attributable to 
the intervention based on the results in Figure 6.3 to be roughly 85 million GBP.

one of the central issues in policy analysis concerns measurement of treatment 
effects when the treatment results from an individual participation decision. in the 
clinical trial example given earlier, the control observations (it is assumed) do not know 
they they are in the control group. the treatment assignment is exogenous to the 
experiment. in contrast, in Krueger and Dale (1999) study, the assignment to the 
treatment group, attended the elite college, is completely voluntary and determined by 
the individual. a crucial aspect of the analysis in this case is to accommodate the almost 
certain outcome that the treatment dummy might be measuring the latent motivation 
and initiative of the participants rather than the effect of the program itself. that is the 

Day Fees Boarding Feees
% Boarder 0.7730 (0.051)** 0.0367  (0.029)
% Ranking -0.0147 (0.019) 0.00396 (0.015)
ln Pupils 0.0247 (0.033) 0.0291  (0.021)
Year 0.0698 (0.004) 0.0709  (0.004)
Post-intervention 0.0750 (0.027) 0.0674  (0.022)
Post-intervention and SS -0.0149 (0.007) -0.0162  (0.005)
N 1,825 1,311
R2 0.949 0.957

Source: Pesaresi et al. (2015), table 1. © crown copyright 2012
* model fit by least squares. estimated individual fixed effects not shown.
** robust standard errors that account for possible heteroscedasticity and 
 autocorrelation in parentheses.

Table 6.9 Estimated Models for Day and Boarding Fees*
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main appeal of the natural experiment approach—it more closely (possibly exactly) 
replicates the exogenous treatment assignment of a clinical trial.15 We will examine some 
of these cases in chapters 8 and 19.

15 see angrist and Krueger (2001) and angrist and Pischke (2010) for discussions of this approach.

Figure 6.3 Cumulative Impact of Sevenoaks Intervention.
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6.4 USING REGRESSION KINKS AND DISCONTINUITIES TO ANALYZE 
SOCIAL POLICY

the ideal situation for the analysis of a change in social policy would be a randomized 
assignment of a sample of individuals to treatment and control groups.16 there are some 
notable examples to be found. the tennessee star class size experiment was designed to 
study the effect of smaller class sizes in the earliest grades on short and long term student 
performance. [see mosteller (1995) and Krueger (1999) and, for some criticism, hanushek 
(1999, 2002).] a second prominent example is the oregon health insurance experiment.

The Oregon Health Insurance Experiment is a landmark study of the effect of 
expanding public health insurance on health care use, health outcomes, financial strain, 
and well-being of low-income adults. It uses an innovative randomized controlled 
design to evaluate the impact of Medicaid in the United States. Although randomized 
controlled trials are the gold standard in medical and scientific studies, they are rarely 
possible in social policy research. In 2008, the state of Oregon drew names by lottery 
for its Medicaid program for low-income, uninsured adults, generating just such an 
opportunity. This ongoing analysis represents a collaborative effort between researchers 
and the state of Oregon to learn about the costs and benefits of expanding public health 
insurance. (www.nber.org/oregon/)

In 2008, a group of uninsured low-income adults in Oregon was selected by lottery 
to be given the chance to apply for Medicaid. This lottery provides a unique opportunity 
to gauge the effects of expanding access to public health insurance on the health care 
use, financial strain, and health of low-income adults using a randomized controlled 
design. In the year after random assignment, the treatment group selected by the lottery 
was about 25 percentage points more likely to have insurance than the control group 
that was not selected. We find that in this first year, the treatment group had substantively 
and statistically significantly higher health care utilization (including primary and 
preventive care as well as hospitalizations), lower out-of-pocket medical expenditures 
and medical debt (including fewer bills sent to collection), and better self-reported 
physical and mental health than the control group. [Finkelstein et al. (2011).]

substantive social science studies such as these, based on random assignment, are rare. 
the natural experiment approach, such as in example 6.9, is an appealing alternative 
when it is feasible. regression models with kinks and discontinuities have been designed 
to study the impact of social policy in the absence of randomized assignment.

6.4.1  REGRESSION KINKED DESIGN

a plausible description of the age profile of incomes will show incomes rising throughout 
but at different rates after some distinct milestones, for example, at age 18, when the 
typical individual graduates from high school, and at age 22, when he or she graduates 
from college. the profile of incomes for the typical individual in this population might 
appear as in Figure 6.4. We could fit such a regression model just by dividing the sample 
into three subsamples. however, this would neglect the continuity of the proposed 
function and possibly misspecify the relationship of other variables that might appear 
in the model. the result would appear more like the dashed figure than the continuous 

16 see angrist and Pischke (2009).
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function we had in mind. constrained regression can be used to achieve the desired 
effect. the function we wish to estimate is

 E[income � age] = a0 + b0 age  if age 6 18,

 a1 + b1 age  if age Ú 18 and age 6 22,

 a2 + b2 age  if age Ú 22.
let

 d1 = 1 if age Ú t1*,
 d2 = 1 if age Ú t2*,

where t1* = 18 and t2* = 22. to combine the three equations, we use

income = b1 + b2 age + g1d1 + d1d1 age + g2d2 + d2d2 age + e.

this produces the dashed function Figure 6.4. the slopes in the three segments are 
b2, b2 + d1, and b2 + d1 + d2. to make the function continuous, we require that the 
segments join at the thresholds—that is,

b1 + b2t1* = (b1 + g1) + (b2 + d1)t1* and
(b1 + g1) + (b2 + d1)t2* = (b1 + g1 + g2) + (b2 + d1 + d2)t2*.

these are linear restrictions on the coefficients. the first one is

g1 + d1t1* = 0 or g1 = -d1t1*.

Doing likewise for the second, we obtain

income = b1 + b2 age + d1d1 (age - t1*) + d2d2 (age - t2*) + e.

Figure 6.4 Piecewise Linear Regression.
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178 Part I  ✦   the Linear regression Model

constrained least squares estimates are obtainable by multiple regression, using a 
constant and the variables

 x1 = age,
 x2 = age - 18 if age Ú 18 and 0 othewise,
 x3 = age - 22 if age Ú 22 and 0 othewise.

We can test the hypothesis that the slope of the function is constant with the joint test 
of the two restrictions d1 = 0 and d2 = 0.

Example 6.12  Policy Analysis Using Kinked Regressions
Discontinuities such as those in Figure 6.4 can be used to help identify policy effects. Card, 
Lee, Pei, and Weber (2012) examined the impact of unemployment insurance (UI) on the 
duration of joblessness in Austria using a regression kink design. The policy lever, UI, has a 
sharply defined benefit schedule level tied to base year earnings that can be traced through 
to its impact on the duration of unemployment. Figure 6.5 [from Card et al. (2012, p. 48)] 

Figure 6.5  Regression Kink Design.
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Figure 6.6 Regression Discontinuity.
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suggests the nature of the identification strategy. Simonsen, Skipper, and Skipper (2015) used 
a similar strategy to examine the effect of a subsidy on the demand for pharmaceuticals in 
Denmark.

6.4.2  REGRESSION DISCONTINUITY DESIGN

Van der Klaauw (2002) studied financial aid offers that were tied to sat scores and 
grade point averages using a regression discontinuity design. the conditions under which 
the approach can be effective are when (1) the outcome, y, is a continuous variable; 
(2) the outcome varies smoothly with an assignment variable, A; and (3) treatment is 
sharply assigned based on the value of A, specifically T = 1(A 7 A*) where A* is a 
fixed threshold or cutoff value. [a fuzzy design is based on Prob(T = 1 � A) = F(A). 
the identification problems with fuzzy design are much more complicated than with 
sharp design. readers are referred to Van der Klaauw (2002) for further discussion of 
fuzzy design.] We assume, then, that

y = f(A, T) + e.

suppose, for example, the outcome variable is a test score, and that an administrative 
treatment such as a special education program is funded based on the poverty rates 
of certain communities. the ideal conditions for a regression discontinuity design 
based on these assumptions are shown in Figure 6.6. the logic of the calculation is 
that the points near the threshold value, which have essentially the same stimulus 
value, constitute a nearly random sample of observations which are segmented by the 
treatment.

the method requires that E[e � A, T] = E[e � A]—the assignment variable—be 
exogenous to the experiment. the result in Figure 6.6 is consistent with

y = f(A) + aT + e,

where a will be the treatment effect to be estimated. the specification of f(A) can be 
problematic; assuming a linear function when something more general is appropriate 
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will bias the estimate of a. For this reason, nonparametric methods, such as the loWess 
regression (see section 12.4), might be attractive. this is likely to enable the analyst to 
make fuller use of the observations that are more distant from the cutoff point.17 
identification of the treatment effect begins with the assumption that f(A) is continuous 
at A*, so that

lim
AcA*

f(A) = lim
ATA*

f(A) = f(A*).

then

 lim
ATA*

E[y � A] - lim
AcA*

E[y � A] = f(A*) + a + lim
ATA*

E[e � A] - f(A*) - lim
AcA*

E[e � A]

 = a.

With this in place, the treatment effect can be estimated by the difference of the 
average outcomes for those individuals close to the threshold value, A*. Details on 
regression discontinuity design are provided by trochim (1984, 2000) and Van der 
Klaauw (2002).

Example 6.13  The Treatment Effect of Compulsory Schooling
Oreopoulos (2006) examined returns to education in the UK in the context of a discrete 
change in the national policy on mandatory school attendance. [See, also, Ashenfelter and 
Krueger (2010b) for a U.S. study.] In 1947, the minimum school-leaving age in Great Britain 
was changed from 14 to 15 years. In this period, from 1935 to 1960, the exit rate among those 
old enough in the UK was more than 50%, so the policy change would affect a significant 
number of students. For those who turned 14 in 1947, the policy would induce a mandatory 
increase in years of schooling for many students who would otherwise have dropped out. 
Figure 6.7 (composed from Figures 1 and 6 from the article) shows the quite stark impact 
of the policy change. (A similar regime change occurred in Northern Ireland in 1957.) A 
regression of the log of annual earnings that includes a control for birth cohort reveals a 
distinct break for those born in 1933, that is, those who were affected by the policy change 
in 1947. The estimated regression produces a return to compulsory schooling of about 7.9% 
for Great Britain and 11.3% for Northern Ireland. (From Table 2. The figures given are based 
on least squares regressions. Using instrumental variables produces results of about 14% 
and 18%, respectively.)

Example 6.14  Interest Elasticity of Mortgage Demand
DeFusco and Paciorek (2014, 2016) studied the interest rate elasticity of the demand for 
mortgages. There is a natural segmentation in this market imposed by the maximum limit on 
loan sizes eligible for purchase by the Government Sponsored Enterprises (GSEs), Fannie 
Mae and Freddie Mac. The limits, set by the Federal Housing Finance Agency, vary by housing 
type and have been adjusted over time. The current loan limit, called the conforming loan limit 
(CLL) for single family homes has been fixed at $417,000 since 2006. A loan that is larger than 
the CLL is labeled a “jumbo loan.” Because the GSEs are able to obtain an implicit subsidy 
in capital markets, there is a discrete jump in interest rates at the conforming loan limit. The 
relationship between the mortgage size and the interest rates is key to the specification of the 
denominator of the elasticity. This foregoing suggests a regression discontinuity approach 
to the relationship between mortgage rates and loan sizes, such as shown in the left panel 

17 see Van der Klaauw (2002).
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Figure 6.7  Regression Discontinuity Design for Returns to 
Schooling.
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Note: The lower line shows the proportion of British-born adults aged 32 to 
64 from the 1983 to 1998 General Household Surveys who report leaving full-
time education at or before age 14 from 1935 to 1965. The upper line shows 
the same, but for age 15. The minimum school leaving age in Great Britain 
changed in 1947 from 14 to 15.
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Note: Local averages are plotted for British-born adults aged 32 to 64 from the 
1983 to 1998 General Household Surveys. The curved line shows the  predicted 
fit from regressing average log annual earnings on a birth cohort quartic poly-
nomial and an indicator for the school leaving age faced at age 14. The school 
leaving age increased from 14 to 15 in 1947, indicated by the  vertical line. 
Earnings are measured in 1998 UK pounds using the UK retail price index.
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Figure 6.8  Regression Discontinuity Design for Mortgage Demand.

0.02

Fr
ac

ti
on

 o
f L

oa
ns

0.01

0
10050–50

Loan Amount – Conforming Limit ($1,000)
–100

6.2

6.3

6.4

6.5

In
te

re
st

 R
at

e 6.6

6.7

6.8

0 –400 –200 0
Loan Amount – Conforming Limit ($1,000)

200 400

0.03

0.04

0.05

FIG. 2.—Mean Interest Rate Relative to the Conforming 
Limit, Fixed-Rate Mortgages Only (2006). This figure plots 
the mean interest rate for fixed rate mortgages originated in 
2006 as a function of the loan amount relative to the con-
forming limit. Each dot represents the mean interest rate 
within a given $5,000 bin relative to the limit. The dashed 
lines are predicted values from a regression fit to the binned 
data allowing for changes in the slope and intercept at the 
conforming limit. Sample includes all loans in the LPS fixed-
rate sample that fall within $100,000 of the conforming limit. 
See text for details on sample construction.

FIG. 3.—Loan Size Distribution Relative to the Conform-
ing Limit. This figure plots the fraction of all loans that are 
in any given $5,000 bin relative to the conforming limit. 
Data are pooled across years and each loan is centered 
at the conforming limit in effect at the date of origina-
tion, so that a value of 0 represents a loan at exactly 
the conforming limit. Sample includes all transactions in 
the primary DataQuick sample that fall within $400,000 
of the conforming limit. See text for details on sample 
construction.

of Figure 6.8. [Figure 2 in DeFusco and Paciorek (2014).] The semiparametric regression 
proposed was as follows:

ri,t = az(i),t + bJi,t + f J = 0(mi,t) + f J = 1(mi,t) + sLTV(LTVit) + sDTI(DTIi,t) +
sFICO(FICOi,t) + PMIi,t + PPi,t + g(TERMi,t) + ei,t.

The variables in the specification are:

ri,t  = interest rate on loan i originated at time t,
aZ(i),t  = fixed effect for zip code and time,
J  = dummy variable for jumbo loan (J=1) or conforming loan (J=0),
mi,t  = size  of the mortgage,
f J = 0  = (1-J ) * cubic polynomial in the mortgage size,
f J = 1  = J * cubic polynomial in the mortgage size,
LTVi,t  = loan to value ratio,
DTIi,t  = debt to income ratio,
FICOi,t  = credit score of borrower,
PMIi,t  = dummy variable for whether borrower took out private mortgage insurance,
PPi,t  = dummy variable for whether mortgatge has a prepayment penalty,
TERMi,t = control for the length of the mortgage.
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A coefficient of interest is b which is the estimate of the jumbo, conforming loan spread. 
Estimates obtained in this study were roughly 16 basis points. A complication for obtaining the 
numerator of the elasticity (the response of the mortgage amount) is that the crucial variable 
J is endogenous in the model. This is suggested by the bunching of observations at the CLL 
that can be seen in the right panel of Figure 6.8. Essentially, individuals who would otherwise 
take out a jumbo loan near the boundary can take advantage of the lower rate by taking out 
a slightly smaller mortgage. The implication is that the unobservable characteristics of many 
individuals who are conforming loan borrowers are those of individuals who are in principle 
jumbo loan borrowers. The authors consider a semiparametric approach and an instrumental 
variable approach suggested by Kaufman (2012) (we return to this in Chapter 8) rather than a 
simple RD approach. (Results are obtained using both approaches.) The instrumental variable 
used is an indicator related to the appraised home value; the exogeneity of the indicator 
is argued because home buyers cannot control the appraisal of the home. In the terms 
developed for IVs in Chapter 8, the instrumental variable is certainly exogenous as it is not 
controlled by the borrower, and is certainly relevant through the correlation between the 
appraisal and the size of the mortgage. The main empirical result in the study is an estimate of 
the interest elasticity of the loan demand, which appears to be measurable at the loan limit. A 
further complication of the computation is that the increase in the cost of the loan at the loan 
limit associated with the interest rate increase is not marginal. The increased cost associated 
the increased interest rate is applied to the entire mortgage, not just the amount by which 
it exceeds the loan limit. Accounting for that aspect of the computation, the authors obtain 
estimates of the semi-elasticity ranging from -0.016 to -0.052. They find, for an example, 
that this suggests an increase in rates from 5% to 6% (a 20% increase) attends a 2% to 3% 
decrease in demand.

6.5 NONLINEARITY IN THE VARIABLES

it is useful at this point to write the linear regression model in a very general form: 
let z = z1, z2, c, zL be a set of L independent variables; let f1, f2, c, fK be K 
linearly independent functions of z; let g(y) be an observable function of y; and retain 
the usual assumptions about the disturbance. the linear regression model may be 
written

  g(y) = b1 f1(z) + b2 f2(z) + g + bKfK(z) + e 

  = b1x1 + b2x2 + g + bKxK + e  

  = x′B + e.  (6-4)

By using logarithms, exponentials, reciprocals, transcendental functions, polynomials, 
products, ratios, and so on, this linear model can be tailored to any number of 
situations.

6.5.1  FUNCTIONAL FORMS

a commonly used form of regression model is the loglinear model,

ln y = ln a + a
k
bk ln Xk + e = b1 + a

k
bkxk + e.
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in this model, the coefficients are elasticities:

 a 0y

0Xk
b aXk

y
b =

0 ln y
0 ln Xk

= bk. (6-5)

in the loglinear equation, measured changes are in proportional or percentage terms; 
bk measures the percentage change in y associated with a one percent change in Xk. 
this removes the units of measurement of the variables from consideration in using 
the regression model. For example, in example 6.2, in our analysis of auction prices of 
monet paintings, we found an elasticity of price with respect to area of 1.34935. (this is 
an extremely large value—the value well in excess of 1.0 implies that not only do sale 
prices rise with area, they rise considerably faster than area.)

an alternative approach sometimes taken is to measure the variables and 
associated changes in standard deviation units. if the data are standardized before 
estimation using xik* = (xik - xk)/sk and likewise for y, then the least squares 
regression coefficients measure changes in standard deviation units rather than 
natural units or percentage terms. (note that the constant term disappears from 
this regression.) it is not necessary actually to transform the data to produce these 
results; multiplying each least squares coefficient bk in the original regression by sk/sy 
produces the same result.

a hybrid of the linear and loglinear models is the semilog equation

 ln y = b1 + b2x + e. (6-6)

in a semilog equation with a time trend, d ln y/dt = b2 is the average rate of growth 
of y. the estimated values of 0.0750 and 0.0709 for day fees and boarding fees reported 
in table 6.9 suggests that over the full estimation period, after accounting for all other 
factors, the average rate of growth of the fees was about 7% per year.

the coefficients in the semilog model are partial- or semi-elasticities; in (6-6), 
b2 is 0 ln y/0x. this is a natural form for models with dummy variables such as the 
earnings equation in example 6.1. the coefficient on Kids of -0.35 suggests that 
all else equal, earnings are approximately 35% less when there are children in the 
household.

Example 6.15  Quadratic Regression
The quadratic earnings equation in Example 6.3 shows another use of nonlinearities in 
the variables. Using the results in Example 6.3, we find that the experience-wage profile 
appears as in Figure 6.8. This figure suggests an important question in this framework. It is 
tempting to conclude that Figure 6.8 shows the earnings trajectory of a person as experience 
accumulates. (The distinctive downturn is probably exaggerated by the use of a quadratic 
regression rather than a more flexible function.) But that is not what the data provide. The 
model is based on a cross section, and what it displays is the earnings of different people 
with different experience levels. How this profile relates to the expected earnings path of one 
individual is a different, and complicated, question.
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6.5.2  INTERACTION EFFECTS

another useful formulation of the regression model is one with interaction terms. For 
example, the model for ln Wage in example 6.3 might be extended to allow different 
partial effects of education for men and women with

ln Wage = b1ED + b2FEM + b3ED * FEM + c + e.

in this model,

0 E[ln Wage � ED, FEM, c]

0 ED
= b1 + b3FEM,

which implies that the marginal effect of education differs between men and women 
(assuming that b3 is not zero).18 if it is desired to form confidence intervals or test hypotheses 
about these marginal effects, then the necessary standard error is computed from

Vara 0 En [lnWage � ED, FEM, c]

0 ED
b = Var[bn1] + FEM2 Var[bn3] + 2FEM Cov[bn1, bn3].

(Because FEM is a dummy variable, FEM2 = FEM.) the calculation is similar for

∆E[ln Wage � ED, FEM, c]
 = E[ln Wage � ED, FEM = 1, c] - E[ln Wage � ED, FEM = 0, c]
 = b2 + b3ED.

18 see ai and norton (2004) and greene (2010) for further discussion of partial effects in models with interaction terms.

Figure 6.9 Experience-Earnings Profile.
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Example 6.16  Partial Effects in a Model with Interactions
We have extended the model in Example 6.3 by adding an interaction term between FEM and 
ED. The results for this part of the expanded model are

ln Wage = c + 0.05250 ED - 0.69799 FEM + 0.02572 ED *  FEM + c
          (0.00588)    (0.15207)     (0.01055)

Est.Asy.CovCb1

b2

b3

S = C    0.0000345423
 0.000349259 0.0231247

-0.0000243829 -0.00152425 0.000111355
S .

The individual coefficients are not informative about the marginal impact of gender or 
education. The mean value of ED in the full sample is 12.8. The partial effect of a year 
increase in ED is 0.05250 (0.00588) for men and 0.05250 + 0.02572 = 0.07823 (0.00986) 
for women. The gender difference in earnings is -0.69799 + 0.02572 *  ED. At the mean 
value of ED, this is -0.36822. The standard error would be (0.0231247 + 12.82 (0.000111355)
- 2(12.8)(0.00152425)1/2 = 0.04846. A convenient way to summarize the information is a plot 
of the gender difference for the different values of ED, as in Figure 6.10. The figure reveals 
a richer interpretation of the model produced by the nonlinearity—the gender difference in 
wages is persistent, but does diminish at higher levels of education.

6.5.3  IDENTIFYING NONLINEARITY

if the functional form is not known a priori, then there are a few approaches that may 
help to identify any nonlinearity and provide some information about it from the sample. 
For example, if the suspected nonlinearity is with respect to a single regressor in the 
equation, then fitting a quadratic or cubic polynomial rather than a linear function may 
capture some of it. the residuals from a plot of the estimated function can also help to 
reveal the appropriate functional form.

Figure 6.10  Partial Effects in a Nonlinear Model.
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Example 6.17  Functional Form for a Nonlinear Cost Function
In a pioneering study of economies of scale in the U.S. electric power industry, Nerlove (1963) 
analyzed the production costs of 145 American electricity generating companies. Economies 
of scale are typically modeled as a characteristic of the production function. Nerlove chose 
a Cobb–Douglas function to model output as a function of capital, K, labor, L, and fuel, F:

Q = a0KaKLaLFaFee,

where Q is output and ei embodies the unmeasured differences across firms. The economies 
of scale parameter is r = aK + aL + aF. The value 1.0 indicates constant returns to scale. 
The production model is loglinear, so assuming that other conditions of the classical 
regression model are met, the four parameters could be estimated by least squares. But, 
for a firm that optimizes by choosing its factors of production, the demand for fuel would 
be F* = F*(Q, PK, PL, PF) and likewise for labor and capital. The three factor demands are 
endogenous and the assumptions of the classical model are violated.

In the regulatory framework in place at the time, state commissions set rates and firms 
met the demand forthcoming at the regulated prices. Thus, it was argued that output (as well 
as the factor prices) could be viewed as exogenous to the firm. Based on an argument by 
Zellner, Kmenta, and Dreze (1966), Nerlove argued that at equilibrium, the deviation of costs 
from the long-run optimum would be independent of output. The firm’s objective was cost 
minimization subject to the constraint of the production function. This can be formulated as 
a Lagrangean problem,

MinK, L, FPKK + PLL + PFF + l(Q - a0KaKLaLFaF).

The solution to this minimization problem is the three factor demands and the multiplier 
(which measures marginal cost). Inserted back into total costs, this produces a loglinear cost 
function,

PKK + PLL + PFF = C(Q, PK, PL, PF) = rAQ1/rPK
aK/rPL

aL/rPF
aF/ree/r,

or

 ln C = b1 + bq ln Q + bK ln PK + bL ln PL + bF ln PF + u, (6-7)

where bq = 1/(aK + aL + aF) is now the parameter of interest and bj = aj/r, j = K, L, F.
The cost parameters must sum to one; bK + bL + bF = 1. This restriction can be imposed 

by regressing ln(C/PF) on a constant, ln Q, ln(PK/PF), and ln(PL/PF). Nerlove’s results appear at 
the left of Table 6.10.19 The hypothesis of constant returns to scale can be firmly rejected. 
The t ratio is (0.721-1)/0.0174 = -16.03, so we conclude that this estimate is significantly 
less than 1 or, by implication, r is significantly greater than 1. Note that the coefficient on the 
capital price is negative. In theory, this should equal aK/r, which should be positive. Nerlove 
attributed this to measurement error in the capital price variable. The residuals in a plot of the 
average costs against the fitted loglinear cost function as in Figure 6.11 suggested that the 
Cobb-Douglas model was not picking up the increasing average costs at larger outputs, which 
would suggest diminished economies of scale. An approach used was to expand the cost 
function to include a quadratic term in log output. This approach corresponds to a more 
general model. Again, a simple t test strongly suggests that increased generality is called for; 
t = 0.051/0.00054 = 9.44. The output elasticity in this quadratic model is bq + 2gqq log Q. 
There are economies of scale when this value is less than 1 and constant returns to scale 
when it equals 1. Using the two values given in the table (0.152 and 0.0052, respectively), we 

19nerlove’s data appear in appendix table F6.2. Figure 6.6 is constructed by computing the fitted log cost values 
using the means of the logs of the input prices. the plot then uses observations 31–145.
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188 Part I  ✦   the Linear regression Model

find that this function does, indeed, produce a U-shaped average cost curve with minimum 
at ln Q* = (1 - 0.152)/(2 * 0.051) = 8.31, or Q = 4079. This is roughly in the middle of the 
range of outputs for Nerlove’s sample of firms.

6.5.4  INTRINSICALLY LINEAR MODELS

the loglinear model illustrates a nonlinear regression model. the equation is intrinsically 
linear, however. By taking logs of Yi = aX i

b2eei, we obtain

ln Yi = ln a + b2 ln Xi + ei

or
yi = b1 + b2xi + ei.

Log-linear Log-quadratic

Sum of squares 21.637 13.248

R2 0.932 0.958

Standard Standard
Variable Coefficient Error t Ratio Coefficient Error t Ratio

Constant -4.686 0.885 -5.29 -3.764 0.702 -5.36
ln Q 0.721 0.0174 41.4 0.152 0.062 2.45
ln2 Q 0.000 0.000 —– 0.051 0.0054 9.44
ln (PL/PF) 0.594 0.205 2.90 0.481 0.161 2.99
ln (PK/PF) -0.0085 0.191 -0.045 0.074 0.150 0.49

Table 6.10 Cobb–Douglas Cost Functions for log (C/PF) based on 145 observations

Figure 6.11 Estimated Cost Functions.
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although this equation is linear in most respects, something has changed in that it is 
no longer linear in a. But, written in terms of b1, we obtain a fully linear model. that 
may not be the form of interest, but nothing is lost because b1 is just ln a. if b1 can be 
estimated, then the obvious estimator of a is an = exp(b1).

this fact leads us to a useful aspect of intrinsically linear models; they have an 
“invariance property.” using the nonlinear least squares procedure described in the next 
chapter, we could estimate a and b2 directly by minimizing the sum of squares function:

 minimize with respect to (a, b2) : S(a, b2) = a
n

i = 1
(ln Yi - ln a - b2 ln Xi)

2. (6-8)

this is a complicated mathematical problem because of the appearance of the term ln a. 
however, the equivalent linear least squares problem,

 minimize with respect to (b1, b2) : S(b1, b2) = a
n

i = 1
,(yi - b1 - b2xi)

2, (6-9)

is simple to solve with the least squares estimator we have used up to this point. the 
invariance feature that applies is that the two sets of results will be numerically identical; 
we will get the identical result from estimating a using (6-8) and from using exp (b1) 
from (6-9). By exploiting this result, we can broaden the definition of linearity and 
include some additional cases that might otherwise be quite complex.

DEFINITION 6.1 Intrinsic Linearity
In the linear regression model, if the K parameters b1, b2, c, bK can be written 
as K one-to-one, possibly nonlinear functions of a set of K underlying parameters 
u1, u2, c, uK, then the model is intrinsically linear in u.

Example 6.18  Intrinsically Linear Regression
In Section 14.6.4, we  will estimate by maximum likelihood the parameters of the model

f( y �b, x) =
( b + x)-r

Γ( r)
 yr - 1e-y/( b + x).

In this model, E[y � x] = (br) + rx, which suggests another way that we might estimate the 
two parameters. This function is an intrinsically linear regression model, E[y � x] = b1 + b2x, 
in which b1 = br and b2 = r. We can estimate the parameters by least squares and then 
retrieve the estimate of b using b1/b2. Because this value is a nonlinear function of the 
estimated parameters, we use the delta method to estimate the standard error. Using the data 
from that example,20 the least squares estimates of b1 and b2 (with standard errors in 
parentheses) are -4.1431 (23.734) and 2.4261 (1.5915). The estimated covariance is -36.979. 
The estimate of b is -4.1431/2.4261 = -1.708. We estimate the sampling variance of bn with

 Est. Var[bn] = a 0bn

0b1
b

2

Var
¿

[b1] + a 0bn

0b2
b

2

Var
¿

[b2] + 2a 0bn

0b1
b a 0bn

0b2
bCov
¿

[b1, b2]

 = 8.6892.

20 the data are given in appendix table Fc.1.
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190 Part I  ✦   the Linear regression Model

Table 6.11 compares the least squares and maximum likelihood estimates of the parameters. 
The lower standard errors for the maximum likelihood estimates result from the inefficient 
(equal) weighting given to the observations by the least squares procedure. The gamma 
distribution is highly skewed. In addition, we know from our results in Appendix C that this 
distribution is an exponential family. We found for the gamma distribution that the sufficient 
statistics for this density were Σ iyi and Σ i ln yi. The least squares estimator does not use the 
second of these, whereas an efficient estimator will.

the emphasis in intrinsic linearity is on “one to one.” if the conditions are met, then 
the model can be estimated in terms of the functions b1, c, bK, and the underlying 
parameters derived after these are estimated. the one-to-one correspondence is an 
identification condition. if the condition is met, then the underlying parameters of the 
regression (U) are said to be exactly identified in terms of the parameters of the linear 
model B. an excellent example is provided by Kmenta (1986, p. 515).

Example 6.19  CES Production Function
The constant elasticity of substitution production function may be written

 ln y = ln g -
n

r
 ln [dK-r + (1 - d)L-r] + e. (6-10)

A Taylor series approximation to this function around the point r = 0 is

 ln y = ln g + nd ln K + n(1 - d) ln L + rnd(1 - d)5 -1
2[ln K - ln L]26 + e′

 = b1x1 + b2x2 + b3x3 + b4x4 + e′,  (6-11)

where x1 = 1, x2 = ln K, x3 = ln L, x4 = -1
2 ln2(K/L), and the transformations are

 
b1 = ln g, b2 = nd, b3 = n(1 - d), b4 = rnd(1 - d),

g = eb1, d = b2/(b2 + b3), n = b2 + b3, r = b4(b2 + b3)/(b2b3).
 (6-12)

Estimates of b1, b2, b3, and b4 can be computed by least squares. The estimates of g, d, n, and 
r obtained by the second row of (6-12) are the same as those we would obtain had we found 
the nonlinear least squares estimates of (6-11) directly. [As Kmenta shows, however, they are 
not the same as the nonlinear least squares estimates of (6-10) due to the use of the Taylor 
series approximation to get to (6-11).] We would use the delta method to construct the estimated 
asymptotic covariance matrix for the estimates of U′ = [g, d, n, r]. The derivatives matrix is

C =
0U

0B′
= Deb1 0 0 0

0 b3/(b2 + b3)2 -b2/(b2 + b3)2 0
0 1 1 0
0 -b3b4/(b2

2b3) -b2b4/(b2b3
2) (b2 + b3)/(b2b3)

T .

The estimated covariance matrix for Un is Cn 5Asy.Var3un4 6Cn ′.

B R

Estimate Standard Error Estimate Standard Error

least squares -1.708 8.689 2.426 1.592
maximum likelihood -4.719 2.345 3.151 0.794

Table 6.11  Estimates of the Regression in a Gamma Model: Least Squares versus 
Maximum Likelihood
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not all models of the form

 yi = b1(u)xi1 + b2(u)xi2 + g + bK(u)xik + ei (6-13)

are intrinsically linear. recall that the condition that the functions be one to one (i.e., 
that the parameters be exactly identified) was required. For example,

yi = a + bxi1 + gxi2 + bgxi3 + ei

is nonlinear. the reason is that if we write it in the form of (6-13), we fail to account 
for the condition that b4 equals b2b3, which is a nonlinear restriction. in this model, the 
three parameters a, b, and g are overidentified in terms of the four parameters b1, b2, b3, 
and b4. unrestricted least squares estimates of b2, b3, and b4 can be used to obtain two 
estimates of each of the underlying parameters, and there is no assurance that these will 
be the same. models that are not intrinsically linear are treated in chapter 7.

6.6 STRUCTURAL BREAK AND PARAMETER VARIATION

one of the more common applications of hypothesis testing is in tests of structural 
change.21 in specifying a regression model, we assume that its assumptions apply to all 
the observations in the sample. it is straightforward, however, to test the hypothesis that 
some or all of the regression coefficients are different in different subsets of the data. to 
analyze an example, we will revisit the data on the u.s. gasoline market that we examined 
in examples 2.3 and 4.2. as Figure 4.2 suggests, this market behaved in predictable, 
unremarkable fashion prior to the oil shock of 1973 and was quite volatile thereafter. 
the large jumps in price in 1973 and 1980 are clearly visible, as is the much greater 
variability in consumption. it seems unlikely that the same regression model would apply 
to both periods.

6.6.1  DIFFERENT PARAMETER VECTORS

the gasoline consumption data span two very different periods. up to 1973, fuel was 
plentiful and world prices for gasoline had been stable or falling for at least two decades. 
the embargo of 1973 marked a transition in this market, marked by shortages, rising 
prices, and intermittent turmoil. it is possible that the entire relationship described by 
the regression model changed in 1974. to test this as a hypothesis, we could proceed as 
follows: Denote the first 21 years of the data in y and X as y1 and X1 and the remaining 
years as y2 and X2. an unrestricted regression that allows the coefficients to be different 
in the two periods is

 Jy1

y2
R = JX1 0

0 X2
R JB1

B2
R + JE1

E2
R . (6-14)

Denoting the data matrices as y and X, we find that the unrestricted least squares 
estimator is

 b = (X′X)-1X′y = JX1
=X1 0
0 X2

=X2
R -1JX1

=y1

X2
=y2

R = Jb1

b2
R , (6-15)

21this test is often labeled a Chow test, in reference to chow (1960).
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192 Part I  ✦   the Linear regression Model

which is least squares applied to the two equations separately. therefore, the total sum 
of squared residuals from this regression will be the sum of the two residual sums of 
squares from the two separate regressions:

e′e = e1
=e1 + e2

= e2.

the restricted coefficient vector can be obtained by imposing a constraint on least 
squares. Formally, the restriction B1 = B2 is RB = q, where R = [I: -  I] and q = 0. 
the general result given earlier can be applied directly. an easy way to proceed is to 
build the restriction directly into the model. if the two coefficient vectors are the same, 
then (6-14) may be written Jy1

y2
R = JX1

X2
RB + JE1

E2
R ;

the restricted estimator can be obtained simply by stacking the data and estimating a 
single regression. the residual sum of squares from this restricted regression, e*

=e*, then 
forms the basis for the test.

We begin by assuming that the disturbances are homoscedastic, nonautocorrelated, 
and normally distributed. more general cases are considered in the next section. 
under these assumptions, the test statistic is given in (5-29), where J, the number of 
restrictions, is the number of columns in X2 and the denominator degrees of freedom is 
n1 + n2 - 2K. For this application,

 F[K, n1 + n2 - 2K] =
(e*

=e* - e1
=e1 - e2

=e2)/K

(e1
=e1 + e2

=e2)/(n1 + n2 - 2K)
. (6-16)

Example 6.20  Structural Break in the Gasoline Market
Figure 4.2 shows a plot of prices and quantities in the U.S. gasoline market from 1953 to 2004. 
The first 21 points are the layer at the bottom of the figure and suggest an orderly market. 
The remainder clearly reflect the subsequent turmoil in this market. We will use the Chow 
tests described to examine this market. The model we will examine is the one suggested in 
Example 2.3, with the addition of a time trend:

ln(G/Pop)t = b1 + b2 ln (Income/Pop)t + b3 ln PGt + b4 ln PNCt + b5 ln PUCt + b6t + et.

The three prices in the equation are for G, new cars and used cars. Income/Pop is per capita 
Income, and G/Pop is per capita gasoline consumption. The time trend is computed as 
t = Year-1952, so in the first period t = 1. Regression results for three functional forms 
are shown in Table 6.12. Using the data for the entire sample, 1953 to 2004, and for the two 
subperiods, 1953 to 1973 and 1974 to 2004, we obtain the three estimated regressions in 
the first and last two columns. Using the full set of 52 observations to fit the model, the sum 
of squares is e*

=e* = 0.101997. The F statistic for testing the restriction that the coefficients 
in the two equations are the same is

F[6, 40] =
(0.101997 - (0.00202244 + 0.007127899))/6
(0.00202244 + 0.007127899)/(21 + 31 - 12)

= 67.645.

The tabled critical value is 2.336, so, consistent with our expectations, we would reject the 
hypothesis that the coefficient vectors are the same in the two periods.
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6.6.2  ROBUST TESTS OF STRUCTURAL BREAK WITH UNEQUAL VARIANCES

an important assumption made in using the chow test is that the disturbance variance 
is the same in both (or all) regressions. in the restricted model, if this is not true, the first 
n1 elements of e have variance s1

2, whereas the next n2 have variance s2
2, and so on. the 

restricted model is, therefore, heteroscedastic, and the results for normally distributed 
disturbances no longer apply. in several earlier examples, we have gone beyond 
heteroscedasticity, and based inference on robust specifications that also accommodate 
clustering and correlation across observations. in both settings, the results behind the 
F statistic in (6-16) will no longer apply. as analyzed by schmidt and sickles (1977), 
ohtani and toyoda (1985), and toyoda and ohtani (1986), it is quite likely that the 
actual probability of a type i error will be larger than the significance level we have 
chosen. (that is, we shall regard as large an F statistic that is actually less than the 
appropriate but unknown critical value.) Precisely how severe this effect is going to be 
will depend on the data and the extent to which the variances differ, in ways that are 
not likely to be obvious.

if the sample size is reasonably large, then we have a test that is valid whether or not 
the disturbance variances are the same. suppose that Un1 and Un2 are two consistent and 
asymptotically normally distributed estimators of a parameter based on independent 
samples, with asymptotic covariance matrices V1 and V2. then, under the null hypothesis 
that the true parameters are the same,

Un1 - Un2 has mean 0 and asymptotic covariance matrix V1 + V2.

under the null hypothesis, the Wald statistic,

 W = (Un1 - Un2)′(Vn1 + Vn2)
-1(Un1 - Un2), (6-17)

has a limiting chi-squared distribution with K degrees of freedom. a test that the 
difference between the parameters is zero can be based on this statistic.22 it is 
straightforward to apply this to our test of common parameter vectors in our regressions. 
large values of the statistic lead us to reject the hypothesis.

in a small or moderately sized sample, the Wald test has the unfortunate property 
that the probability of a type i error is persistently larger than the critical level we 

22 see andrews and Fair (1988). the true size of this suggested test is uncertain. it depends on the nature of the 
alternative. if the variances are radically different, the assumed critical values might be somewhat unreliable.

Coefficients 1953–2004 1953–1973 1974–2004

Constant -26.6787 -22.1647 -15.3238
ln Income/Pop 1.6250 0.8482 0.3739
ln PG -0.05392 -0.03227 -0.1240
ln PNC -0.08343 0.6988 -0.001146
ln PUC -0.08467 -0.2905 -0.02167
Year -0.01393 0.01006 0.004492

R2 0.9649 0.9975 0.9529

standard error 0.04709 0.01161 0.01689
sum of squares 0.101997 0.00202244 0.007127899

Table 6.12 Gasoline Consumption Functions

M06_GREE1366_08_SE_C06.indd   193 2/24/17   3:48 PM



194 Part I  ✦   the Linear regression Model

use to carry it out. (that is, we shall too frequently reject the null hypothesis that the 
parameters are the same in the subsamples.) We should be using a larger critical value. 
ohtani and Kobayashi (1986) have devised a “bounds” test that gives a partial remedy 
for the problem. in general, this test attains its validity in relatively large samples.

Example 6.21  Sample Partitioning by Gender
Example 6.3 considers the labor market experiences of a panel of 595 individuals, each 
observed 7 times. We have observed persistent differences between men and women in 
the relationship of log wages to various variables. It might be the case that different models 
altogether would apply to the two subsamples. We have fit the model in Example 6.3 
separately for men and women (omitting FEM from the two regressions, of course), and 
calculated the Wald statistic in (6-17) based on the cluster corrected asymptotic covariance 
matrices as used in the pooled model as well. The chi-squared statistic with 17 degrees of 
freedom is 27.587, so the hypothesis of equal parameter vectors is rejected. The sums of 
squared residuals for the pooled data set for men and for women, respectively, are 416.988, 
360.773, and 24.0848; the F statistic is 20.287 with critical value 1.625. This produces the 
same conclusion.

Example 6.22  The World Health Report
The 2000 version of the World Health Organization’s (WHO) World Health Report contained a 
major country-by-country inventory of the world’s health care systems. [World Health Organization 
(2000). See also http://www.who.int/whr/en/.] The book documented years of research and has 
thousands of pages of material. Among the most controversial and most publicly debated parts 
of the report was a single chapter that described a comparison of the delivery of health care by 
191 countries—nearly all of the world’s population. [Evans et al. (2000a,b). See, e.g., Hilts (2000) 
for reporting in the popular press.] The study examined the efficiency of health care delivery 
on two measures: the standard one that is widely studied, (disability adjusted) life expectancy 
(DALE), and an innovative new measure created by the authors that was a composite of five 
outcomes (COMP) and that accounted for efficiency and fairness in delivery. The regression-style 
modeling, which was done in the setting of a frontier model (see Section 19.2.4), related health 
care attainment to two major inputs, education and (per capita) health care expenditure. The 
residuals were analyzed to obtain the country comparisons.

The data in Appendix Table F6.3 were used by the researchers at the WHO for the study. 
(They used a panel of data for the years 1993 to 1997. We have extracted the 1997 data for 
this example.) The WHO data have been used by many researchers in subsequent analyses.23 
The regression model used by the WHO contained DALE or COMP on the left-hand side and 
health care expenditure, education, and education squared on the right. Greene (2004b) 
added a number of additional variables such as per capita GDP, a measure of the distribution 
of income, and World Bank measures of government effectiveness and democratization of 
the political structure.

Among the controversial aspects of the study was the fact that the model aggregated 
countries of vastly different characteristics. A second striking aspect of the results, suggested 
in Hilts (2000) and documented in Greene (2004b), was that, in fact, the “efficient” countries in 
the study were the 30 relatively wealthy OECD members, while the rest of the world on average 
fared much more poorly. We will pursue that aspect here with respect to DALE. Analysis 
of COMP is left as an exercise. Table 6.8 presents estimates of the regression models for 
DALE for the pooled sample, the OECD countries, and the non-OECD countries, respectively. 
Superficially, there do not appear to be very large differences across the two subgroups. We 
first tested the joint significance of the additional variables, income distribution (GINI), per 

23 see, for example, hollingsworth and Wildman (2002), gravelle et al. (2002), and greene (2004b).
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capita GDP, and so on. For each group, the F statistic is [(e*
=e* - e′e)/7]/[e′e/(n - 11)]. These 

F statistics are shown in the last row of the table. The critical values for F[7,180] (all), F[7,19] 
(OECD), and F[7,150] (non-OECD) are 2.061, 2.543, and 2.071, respectively. We conclude 
that the additional explanatory variables are significant contributors to the fit for the non-
OECD countries (and for all countries), but not for the OECD countries. Finally, to conduct 
the structural change test of OECD vs. non-OECD, we computed

F[11, 169] =
[7757.002 - (69.74428 + 7378.598)]/11
(69.74428 + 7378.598)/(191 - 11 - 11)

= 0.637.

The 95% critical value for F[11,169] is 1.846. So, we do not reject the hypothesis that the 
regression model is the same for the two groups of countries. The Wald statistic in (6-17) tells 
a different story. The statistic is 35.221. The 95% critical value from the chi-squared table 
with 11 degrees of freedom is 19.675. On this basis, we would reject the hypothesis that the 
two coefficient vectors are the same.

6.6.3  POOLING REGRESSIONS

extending the homogeneity test to multiple groups or periods should be straightforward. 
as usual, we begin with independent and identically normally distributed disturbances. 
assume there are G groups or periods. (in example 6.3, we are examining 7 years of 
observations.) the direct extension of the F statistic in (6-16) would be

 F[(G - 1)K, Σg = 1
G (ng - K)] =

(e*
=e* - Σg = 1

G eg
=eg)/(G - 1)K

(Σg = 1
G eg

=eg)/Σg = 1
G (ng - K)

. (6-18)

to apply (6-18) to a more general case, begin with the simpler setting of possible 
heteroscedasticity. then, we can consider a set of G estimators, bg, each with associated 

All Countries OECD Non-OECD

Constant 25.237 38.734 42.728 49.328 26.816 41.408
Health exp 0.00629 -0.00180 0.00268 0.00114 0.00955 -0.00178
Education 7.931 7.178 6.177 5.156 7.0433 6.499

Education2 -0.439 -0.426 -0.385 -0.329 -0.374 -0.372

Gini coeff -17.333 -5.762 -21.329
Tropic -3.200 -3.298 -3.144
Pop. Dens. -0.255e-4 0.000167 -0.425e-4
Public exp -0.0137 -0.00993 -0.00939
PC GDP 0.000483 0.000108 0.000600
Democracy 1.629 -0.546 1.909
Govt. Eff. 0.748 1.224 0.786

R2 0.6824 0.7299 0.6483 0.7340 0.6133 0.6651

std. err. 6.984 6.565 1.883 1.916 7.366 7.014
sum of sq. 9121.795 7757.002 92.21064 69.74428 8518.750 7378.598
N 191 30 161
GDP/Pop 6609.37 18199.07 4449.79
F test 4.524 0.874 3.311

Table 6.13 Regression Results for Life Expectancy
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asymptotic covariance matrix Vg. a Wald test along the lines of (6-17) can be carried 
out by testing h0:B1 - B2 = 0, B1 - B3 = 0, c, B1 - BG = 0. this can be based on 
G sets of least squares results. the Wald statistic is

 W = (Rb)=(R(Asy. Var[b])R=)-1(Rb), (6-19)

where

 R = E I −I 0 c 0
I 0 −  I c 0
I 0 0 c 0
c c c c c
I 0 0 c −I

U ; b = § b1

b2

c
bG

¥. (6-20)

the results in (6-19) and (6-20) are straightforward based on G separate regressions. For 
example, to test equality of the coefficient vectors for three periods, (6-19) and (6-20) 
would produce

W = [(b1 - b2)
= (b1 - b3)′]J(V1 + V2) V1

V1 (V1 + V3)
R -1J(b1 - b2)

(b1 - b3)
R .

the computations are rather more complicated when observations are correlated, as in 
a panel. in example 6.3, we are examining seven periods of data but robust calculation 
of the covariance matrix for the estimates results in correlation across the observations 
within a group. the implication for current purposes would be that we are not using 
independent samples for the G estimates of bg. the following practical strategy for this 
computation is suggested for the particular application—extensions to other settings 
should be straightforward. We have seven years of data for individual i, with regression 
specification

yit = xit
=B + eit.

For each individual, we construct

X∼i = D xi1
= 0= c 0=

0′ xi2
= c 0′

c c c c
0′ 0′ c xi7

=

T and § yi1

yi2

c
yi7

¥.

then, the 7K *  1 vector of estimated coefficient vectors is computed by least squares,

b = 3 a 595
i = 1X

∼
i
=X∼i4 -1a 595

i = 1X
∼

i
=y∼i

the estimator of the asymptotic covariance matrix of b is the cluster estimator from 
(4-41) and (4-42),

 Est.Asy.Var[b] = c a 595
i = 1X

∼
i
=X∼i d

-1

e a 595
i = 1(X∼i

=ei)(ei
=X∼i) f c a 595

i = 1X
∼

i
=X∼i d

-1

. (6-21)

Example  6.23  Pooling in a Log Wage Model
Using the data and model in Example 6.3, the sums of squared residuals are as follows:

1976: 44.3242 1977: 38.7594 1978: 63.9203 1979: 61.4599
1980: 54.9996 1981: 58.6650 1982: 62.9827 Pooled: 513.767
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The F statistic based on (6-18) is 14.997. The 95% critical value from the F table with 6*12 
and (4165-84) degrees of freedom is 1.293. The large sample approximation for this statistic 
would be 72(14.997) = 1079.776 with 72 degrees of freedom. The 95% critical value for 
the chi-squared distribution with 72 degrees of freedom is 92.808, which is slightly less 
than 72(1.293). The Wald statistic based on (6-19) using (6-21) to compute the asymptotic 
covariance matrix is 3068.78 with 72 degrees of freedom. Finally, the Wald statistic based 
on (6-19) and 7 separate estimates, allowing different variances, is 1478.62. All versions of 
the test procedure produce the same conclusion. The homogeneity restriction is decisively 
rejected. We note, this conclusion gives no indication of the nature of the change from year 
to year.

6.7 SUMMARY AND CONCLUSIONS

this chapter has discussed the functional form of the regression model. We examined the 
use of dummy variables and other transformations to build nonlinearity into the model 
to accommodate specific features of the environment, such as the effects of discrete 
changes in policy. We then considered other nonlinear models in which the parameters of 
the nonlinear model could be recovered from estimates obtained for a linear regression. 
the final sections of the chapter described hypothesis tests designed to reveal whether 
the assumed model had changed during the sample period, or was different for different 
groups of observations.

Key Terms and Concepts

•	Binary variable
•	chow test
•	control group
•	control observations
•	Difference in differences
•	Dummy variable
•	Dummy variable trap
•	Dynamic linear regression 

model
•	exactly identified

•	Fuzzy design
•	identification condition
•	interaction terms
•	intrinsically linear
•	loglinear model
•	marginal effect
•	natural experiment
•	nonlinear restriction
•	overidentified
•	Placebo effect

•	regression discontinuity 
design

•	regression kink design
•	response
•	semilog equation
•	structural change
•	treatment
•	treatment group
•	unobserved heterogeneity

exercises

1. a regression model with K = 16 independent variables is fit using a panel of 
seven years of data. the sums of squares for the seven separate regressions and 
the pooled regression are shown below. the model with the pooled data allows 
a separate constant for each year. test the hypothesis that the same coefficients 
apply in every year.

2004 2005 2006 2007 2008 2009 2010 All

observations  65 55  87  95 103  87  78  570
e′e 104 88 206 144 199 308 211 1425
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2. Reverse regression. a method of analyzing statistical data to detect discrimination 
in the workplace is to fit the regression

 y = a + x′b + gd + e, (1)

where y is the wage rate and d is a dummy variable indicating either membership 
(d = 1) or nonmembership (d = 0) in the class toward which it is suggested 
the discrimination is directed. the regressors x include factors specific to the 
particular type of job as well as indicators of the qualifications of the individual. 
the hypothesis of interest is H0 :g Ú 0 versus H1 :g 6 0. the regression seeks to 
answer the question, “in a given job, are individuals in the class (d = 1) paid less 
than equally qualified individuals not in the class (d = 0)?” consider an alternative 
approach. Do individuals in the class in the same job as others, and receiving the 
same wage, uniformly have higher qualifications? if so, this might also be viewed 
as a form of discrimination. to analyze this question, conway and roberts (1983) 
suggested the following procedure:

1. Fit (1) by ordinary least squares. Denote the estimates a, b, and c.
2. compute the set of qualification indices,

 q = ai + Xb. (2)

note the omission of cd from the fitted value.
3. regress q on a constant, y and d. the equation is

 q = a* + b*y + g*d + e*. (3)

the analysis suggests that if g 6 0, then g* 7 0.
a. Prove that the theory notwithstanding, the least squares estimates c and c* 

are related by

 c* =
(y1 - y)(1 - R2)

(1 - P)(1 - ryd
2 )

- c, (4)

where

y1 = mean of y for observations with d = 1,
y  = mean of y for all observations,
P = mean of d,
R2 = coefficient of determination for (1),
ryd

2 = squared correlation between y and d.
[Hint: the model contains a constant term]. thus, to simplify the algebra, assume 
that all variables are measured as deviations from the overall sample means and 
use a partitioned regression to compute the coefficients in (3). second, in (2), 
use the result that based on the least squares results y = ai + Xb + cd + e, 
so q = y - cd - e. From here on, we drop the constant term. thus, in the 
regression in (3) you are regressing [y - cd - e] on y and d.

b. Will the sample evidence necessarily be consistent with the theory? [Hint: 
suppose that c = 0.]

a symposium on the conway and roberts paper appeared in the Journal of 
Business and Economic Statistics in april 1983.

3. Reverse regression continued. this and the next exercise continue the analysis of 
exercise 2. in exercise 2, interest centered on a particular dummy variable in which 
the regressors were accurately measured. here we consider the case in which the 
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crucial regressor in the model is measured with error. the paper by Kamlich and 
Polachek (1982) is directed toward this issue.

consider the simple errors in the variables model,

y = a + bx* + e,  x = x* + u,

where u and e are uncorrelated and x is the erroneously measured, observed 
counterpart to x*.
a. assume that x*, u, and e are all normally distributed with means m*, 0, and 0, 

variances s*
2, su

2, and se
2, and zero covariances. obtain the probability limits of 

the least squares estimators of a and b.
b. as an alternative, consider regressing x on a constant and y, and then computing 

the reciprocal of the estimate. obtain the probability limit of this estimator.
c. Do the “direct” and “reverse” estimators bound the true coefficient?

4. Reverse regression continued. suppose that the model in exercise 3 is extended 
to y = bx* + gd + e, x = x* + u. For convenience, we drop the constant 
term. assume that x*, e, and u are independent normally distributed with zero 
means. suppose that d is a random variable that takes the values one and zero 
with probabilities p and 1 - p in the population and is independent of all other 
variables in the model. to put this formulation in context, the preceding model 
(and variants of it) have appeared in the literature on discrimination. We view y 
as a “wage” variable, x* as “qualifications,” and x as some imperfect measure such 
as education. the dummy variable, d, is membership (d = 1) or nonmembership 
(d = 0) in some protected class. the hypothesis of discrimination turns on g 6 0 
versus g Ú 0.
a. What is the probability limit of c, the least squares estimator of g, in the least 

squares regression of y on x and d? [Hints: the independence of x* and d is 
important. also, plim d′d/n = Var[d] + E2[d] = p(1 - p) + p2 = p. this 
minor modification does not affect the model substantively, but it greatly 
simplifies the algebra.] now suppose that x* and d are not independent. in 
particular, suppose that E[x* � d = 1] = m1 and E[x* � d = 0] = m0. repeat the 
derivation with this assumption.

b. consider, instead, a regression of x on y and d. What is the probability limit of 
the coefficient on d in this regression? assume that x* and d are independent.

c. suppose that x* and d are not independent, but g is, in fact, less than 
zero. assuming that both preceding equations still hold, what is estimated 
by (y � d = 1) - (y � d = 0)? What does this quantity estimate if g does equal 
zero?

5. Dummy variable for one observation. suppose the data set consists of n observations, 
(yn, Xn) and an additional observation, (ys, xs

=). the full data set contains a dummy 
variable, d, that equals zero save for one (the last) observation. then, the full data set is

(Xn,s , dn,s) = JXn 0
x′s 1

R  and y n,s = Jyn

ys
R .

it is claimed in the text that in the full regression of yn,s on (Xn,s, dn,s) using all n+1 
observations, the slopes on Xn,s, bn,s, and their estimated standard errors will be the 
same as those on Xn, bn in the short regression of yn on Xn, and the sum of squared 
residuals in the full regression will be the same as the sum of squared residuals in 
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the short regression. that is, the last observation will be ignored. however, the R2 
in the full regression will not be the same as the R2 in the short regression. Prove 
these results.

applications

1. in application 1 in chapter 3 and application 1 in chapter 5, we examined Koop 
and tobias’s data on wages, education, ability, and so on. We continue the analysis 
here. (the source, location and configuration of the data are given in the earlier 
application.) We consider the model

 ln Wage = b1 + b2 Educ + b3 Ability + b4 Experience
 + b5 Mother’s education + b6 Father’s education + b7 Broken home
 + b8 Siblings + e.

a. compute the full regression by least squares and report your results. Based on 
your results, what is the estimate of the marginal value, in $/hour, of an additional 
year of education, for someone who has 12 years of education when all other 
variables are at their means and Broken home = 0?

b. We are interested in possible nonlinearities in the effect of education on ln Wage. 
(Koop and tobias focused on experience. as before, we are not attempting to 
replicate their results.) a histogram of the education variable shows values from 
9 to 20, a spike at 12 years (high school graduation), and a second at 15. consider 
aggregating the education variable into a set of dummy variables:

 HS = 1 if Educ … 12,0 otherwise
 Col = 1 if Educ 7 12 and Educ … 16, 0 otherwise

 Grad = 1 if Educ 7 16, 0 otherwise.

replace Educ in the model with (Col, Grad), making high school (HS) the 
base category, and recompute the model. report all results. how do the results 
change? Based on your results, what is the marginal value of a college degree? 
What is the marginal impact on ln Wage of a graduate degree?

c. the aggregation in part b actually loses quite a bit of information. another way 
to introduce nonlinearity in education is through the function itself. add Educ2 
to the equation in part a and recompute the model. again, report all results. 
What changes are suggested? test the hypothesis that the quadratic term in the 
equation is not needed—that is, that its coefficient is zero. Based on your results, 
sketch a profile of log wages as a function of education.

d. one might suspect that the value of education is enhanced by greater ability. We 
could examine this effect by introducing an interaction of the two variables in 
the equation. add the variable

Educ_ Ability = Educ * Ability

to the base model in part a. now, what is the marginal value of an additional 
year of education? the sample mean value of ability is 0.052374. compute a 
confidence interval for the marginal impact on ln Wage of an additional year of 
education for a person of average ability.
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e. combine the models in c and d. add both Educ2 and Educ_Ability to the base 
model in part a and reestimate. as before, report all results and describe your 
findings. if we define low ability as less than the mean and high ability as greater 
than the mean, the sample averages are -0.798563 for the 7,864 low-ability 
individuals in the sample and +0.717891 for the 10,055 high-ability individuals in 
the sample. using the formulation in part c, with this new functional form, sketch, 
describe, and compare the log wage profiles for low- and high-ability individuals.

2. (an extension of application 1.) here we consider whether different models as 
specified in application 1 would apply for individuals who reside in “Broken 
homes.” using the results in section 6.6, test the hypothesis that the same model 
(not including the Broken home dummy variable) applies to both groups of 
individuals, those with Broken home = 0 and with Broken home = 1.

3. in solow’s classic (1957) study of technical change in the u.s. economy, he 
suggests the following aggregate production function: q(t) = A(t) f [k(t)], 
where q(t) is aggregate output per work hour, k(t) is the aggregate capital labor 
ratio, and A(t) is the technology index. solow considered four static models, 
q/A = a + b ln k, q/A = a - b/k, ln(q/A) = a + b ln k, and ln(q/A) = a + b/k. 
solow’s data for the years 1909 to 1949 are listed in appendix table F6.4.
a. use these data to estimate the a and b of the four functions listed above. (Note: 

Your results will not quite match solow’s. see the next exercise for resolution 
of the discrepancy.)

b. in the aforementioned study, solow states:

a scatter of q / A against k is shown in chart 4. considering the amount of a 
priori doctoring which the raw figures have undergone, the fit is remarkably 
tight. except, that is, for the layer of points which are obviously too high. 
these maverick observations relate to the seven last years of the period, 
1943–1949. From the way they lie almost exactly parallel to the main scatter, 
one is tempted to conclude that in 1943 the aggregate production function 
simply shifted.

compute a scatter diagram of q / A against k and verify the result he notes above.
c. estimate the four models you estimated in the previous problem including a 

dummy variable for the years 1943 to 1949. how do your results change? (Note: 
these results match those reported by solow, although he did not report the 
coefficient on the dummy variable.)

d. solow went on to surmise that, in fact, the data were fundamentally different 
in the years before 1943 than during and after. use a chow test to examine the 
difference in the two subperiods using your four functional forms. note that 
with the dummy variable, you can do the test by introducing an interaction term 
between the dummy and whichever function of k appears in the regression. use 
an F test to test the hypothesis.
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7

NoNliNear, Semiparametric, aNd 
NoNparametric  

regreSSioN modelS

§
7.1 INTRODUCTION

Up to this point, our focus has been on the linear regression model,

 y = x1 b1 + x2  b2 + g + e. (7-1)

chapters 2 through 5 developed the least squares method of estimating the parameters 
and obtained the statistical properties of the estimator that provided the tools 
we used for point and interval estimation, hypothesis testing, and prediction. the 
modifications suggested in chapter 6 provided a somewhat more general form of the 
linear regression model,

 y = f1(x)b1 + f2(x)b2 + g + e. (7-2)

By the definition we want to use in this chapter, this model is still “linear” because the 
parameters appear in a linear form. Section 7.2 of this chapter will examine the nonlinear 
regression model [which includes (7-1) and (7-2) as special cases],

 y = h(x1, x2, c, xP; b1, b2, c, bK) + e, (7-3)

where the conditional mean function involves P variables and K parameters. this form 
of the model changes the conditional mean function from E[y � x, B] = x′B to 
E[y � x] = h(x, b) for more general functions. this allows a much wider range of 
functional forms than the linear model can accommodate.1 this change in the model 
form will require us to develop an alternative method of estimation, nonlinear least 
squares. We will also examine more closely the interpretation of parameters in nonlinear 
models. in particular, since 0E[y � x]/0x is no longer equal to B, we will want to examine 
how B should be interpreted.

linear and nonlinear least squares are used to estimate the parameters of the 
conditional mean function, E[y � x]. as we saw in example 4.3, other relationships 
between y and x, such as the conditional median, might be of interest. Section 7.3 
revisits this idea with an examination of the conditional median function and the 
least absolute deviations estimator. this section will also relax the restriction that 
the model coefficients are always the same in the different parts of the distribution 

1a complete discussion of this subject can be found in amemiya (1985). another authoritative treatment is the 
text by davidson and macKinnon (1993).
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of y (given x). the lad estimator estimates the parameters of the conditional 
median, that is, the 50th percentile function. the quantile regression model allows 
the parameters of the regression to change as we analyze different parts of the 
conditional distribution.

the model forms considered thus far are semiparametric in nature and less 
parametric as we move from Section 7.2 to 7.3. the partially linear regression examined in 
Section 7.4 extends (7-1) such that y = f(z) + x′B + e. the endpoint of this progression 
is a model in which the relationship between y and x is not forced to conform to a 
particular parameterized function. Using largely graphical and kernel density methods, 
we consider in Section 7.5 how to analyze a nonparametric regression relationship that 
essentially imposes little more than E[y � x] = h(x).

7.2 NONLINEAR REGRESSION MODELS

the general form of the nonlinear regression model is

 yi = h(xi, B) + ei. (7-4)

the linear model is obviously a special case. moreover, some models that appear to be 
nonlinear, such as

y = eb1 x1
b2 x2

b3 ee,

become linear after a transformation, in this case, after taking logarithms. in this chapter, 
we are interested in models for which there are no such transformations.

Example 7.1  CES Production Function
In Example 6.18, we examined a constant elasticity of substitution production function model,

 ln y = ln g -
n

r
 ln3dK-r + (1 - d)L-r4 + e. (7-5)

No transformation reduces this equation to one that is linear in the parameters. In Example 
6.5, a linear Taylor series approximation to this function around the point r = 0 is used to 
produce an intrinsically linear equation that can be fit by least squares. The underlying model 
in (7-5) is nonlinear.

this and the next section will extend the assumptions of the linear regression model 
to accommodate nonlinear functional forms such as the one in example 7.1. We will 
then develop the nonlinear least squares estimator, establish its statistical properties, 
and then consider how to use the estimator for hypothesis testing and analysis of the 
model predictions.

7.2.1  ASSUMPTIONS OF THE NONLINEAR REGRESSION MODEL

We shall require a somewhat more formal definition of a nonlinear regression model. 
Sufficient for our purposes will be the following, which include the linear model as the 
special case noted earlier. We assume that there is an underlying probability distribution, 
or data-generating process (dgp) for the observable yi and a true parameter vector, b, 
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which is a characteristic of that dgp. the following are the assumptions of the nonlinear 
regression model:

NR1. Functional form: the conditional mean function for yi given xi is

E[ yi � xi] = h(xi, B), i = 1, c, n,

where h(xi, B) is a continuously differentiable function of B.
NR2.  Identifiability of the model parameters: the parameter vector in the model 

is identified (estimable) if there is no nonzero parameter B0 ≠ B such that 
h(xi, B

0) = h(xi, B) for all xi. in the linear model, this was the full rank assumption, 
but the simple absence of “multicollinearity” among the variables in x is not 
sufficient to produce this condition in the nonlinear regression model. example 7.2 
illustrates the problem. Full rank will be necessary, but it is not sufficient.

NR3.  Zero conditional mean of the disturbance: it follows from assumption 1 that 
we may write

yi = h(xi, B) + ei,

where E[ei � h(xi, B)] = 0. this states that the disturbance at observation i 
is uncorrelated with the conditional mean function for all observations in 
the sample. this is not quite the same as assuming that the disturbances and 
the exogenous variables are uncorrelated, which is the familiar assumption, 
however. We will want to assume that x is exogenous in this setting, so added 
to this assumption will be e[e � x] = 0.

NR4.  Homoscedasticity and nonautocorrelation: as in the linear model, we assume 
conditional homoscedasticity,

 E[ei
2 � h(xj, B), j = 1, c, n] = s2,  a finite constant, (7-6)

and nonautocorrelation,

E[eiej � h(xi, B), h(xj, B), j = 1, c, n] = 0  for all j ≠ i.

this assumption parallels the specification of the linear model in chapter 4. 
as before, we will want to relax these assumptions.

NR5.  Data generating process: the dgp for xi is assumed to be a well-behaved 
population such that first and second moments of the data can be assumed 
to converge to fixed, finite population counterparts. the crucial assumption is 
that the process generating xi is strictly exogenous to that generating ei. the 
data on xi are assumed to be “well behaved.”

NR6.  Underlying probability model: there is a well-defined probability distribution 
generating ei. at this point, we assume only that this process produces a 
sample of uncorrelated, identically (marginally) distributed random variables 
ei with mean zero and variance s2 conditioned on h(xi, b). thus, at this point, 
our statement of the model is semiparametric. (See Section 12.3.) We will 
not be assuming any particular distribution for ei. the conditional moment 
assumptions in 3 and 4 will be sufficient for the results in this chapter.

Example 7.2  Identification in a Translog Demand System
Christensen, Jorgenson, and Lau (1975), proposed the translog indirect utility function for 
a consumer allocating a budget among K commodities,

ln V = b0 + a
K

k = 1
bk ln( pk  / M) + a

K

k = 1
 a

K

j = 1
gkj ln( pk  / M) ln( pj  / M),
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where V is indirect utility, pk is the price for the kth commodity, and M is income. Utility, direct 
or indirect, is unobservable, so the utility function is not usable as an empirical model. Roy’s 
identity applied to this logarithmic function produces a budget share equation for the kth 
commodity that is of the form

Sk = -
0 ln V / 0 ln pk

0 ln V / 0 ln M
=

bk + a K
j = 1gkj ln( pj  / M)

bM + a K
j = 1gMj ln( pj  / M)

, k = 1, c, K,

where bM = Σk bk and gMj = Σk gkj. No transformation of the budget share equation produces 
a linear model. This is an intrinsically nonlinear regression model. (It is also one among a 
system of equations, an aspect we will ignore for the present.) Although the share equation is 
stated in terms of observable variables, it remains unusable as an empirical model because of 
an identification problem. If every parameter in the budget share is multiplied by the same 
constant, then the constant appearing in both numerator and denominator cancels out, and 
the same value of the function in the equation remains. The indeterminacy is resolved by 
imposing the normalization bM = 1. Note that this sort of identification problem does not 
arise in the linear model.

7.2.2  THE NONLINEAR LEAST SQUARES ESTIMATOR

the nonlinear least squares estimator is defined as the minimizer of the sum of squares,

 S(B) =
1
2

 a
n

i = 1
ei

2 =
1
2

 a
n

i = 1
[ yi - h(xi, B)]2. (7-7)

the first-order conditions for the minimization are

 
0S(B)

0B
= a

n

i = 1
[yi - h(xi, B)] 

0h(xi, B)

0B
= 0. (7-8)

in the linear model, the vector of partial derivatives will equal the regressors, xi. in what 
follows, we will identify the derivatives of the conditional mean function with respect to 
the parameters as the “pseudoregressors,” xi

0(B) = xi
0. We find that the nonlinear least 

squares estimator is the solution to

 
0S(B)

0B
= a

n

i = 1
 xi

0ei = 0. (7-9)

this is the nonlinear regression counterpart to the least squares normal equations in 
(3-12). computation requires an iterative solution. (See example 7.3.) the method is 
presented in Section 7.2.6.

assumptions Nr1 and Nr3 imply that E[ei � h(xi, B)] = 0. in the linear model, it 
follows, because of the linearity of the conditional mean, that ei and xi, are uncorrelated. 
However, uncorrelatedness of ei with a particular nonlinear function of xi (the regression 
function) does not necessarily imply uncorrelatedness with xi, itself, nor, for that matter, 
with other nonlinear functions of xi. on the other hand, the results we will obtain for 
the behavior of the estimator in this model are couched not in terms of xi but in terms 
of certain functions of xi (the derivatives of the regression function), so, in point of fact, 
E[e � X] = 0 is not even the assumption we need.

the foregoing is not a theoretical fine point. dynamic models, which are very 
common in the contemporary literature, would greatly complicate this analysis. if it 
can be assumed that ei is strictly uncorrelated with any prior information in the model, 
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including previous disturbances, then a treatment analogous to that for the linear 
model would apply. But the convergence results needed to obtain the asymptotic 
properties of the estimator still have to be strengthened. the dynamic nonlinear 
regression model is beyond the reach of our treatment here. Strict independence of 
ei and xi would be sufficient for uncorrelatedness of ei and every function of xi, but, 
again, in a dynamic model, this assumption might be questionable. Some commentary 
on this aspect of the nonlinear regression model may be found in davidson and 
macKinnon (1993, 2004).

if the disturbances in the nonlinear model are normally distributed, then the log of 
the normal density for the ith observation will be

 ln f ( yi � xi, B, s2) = -(1/2){ln 2p + ln s2 + [ yi - h(xi, B)]2 / s2}. (7-10)

For this special case, we have from item d.2 in theorem 14.2 (on maximum likelihood 
estimation), that the derivatives of the log density with respect to the parameters have 
mean zero. that is,

 EJ 0 ln f( yi � xi, B, s2)

0B
R = EJ 1

s2 a 0h(xi, B)

0B
beiR = 0, (7-11)

so, in the normal case, the derivatives and the disturbances are uncorrelated. Whether 
this can be assumed to hold in other cases is going to be model specific, but under 
reasonable conditions, we would assume so.2

in the context of the linear model, the orthogonality condition E[xiei] = 0 produces 
least squares as a GMM estimator for the model. (See chapter 13.) the orthogonality 
condition is that the regressors and the disturbance in the model are uncorrelated. 
in this setting, the same condition applies to the first derivatives of the conditional 
mean function. the result in (7-11) produces a moment condition which will define the 
nonlinear least squares estimator as a gmm estimator.

Example 7.3  First-Order Conditions for a Nonlinear Model
The first-order conditions for estimating the parameters of the nonlinear regression model,

yi = b1 + b2 eb3xi + ei,

by nonlinear least squares [see (7-13)] are

 
0S(b)
0b1

= - a
n

i = 1
 [ yi - b1 - b2 eb3xi ] = 0,

 
0S(b)
0b2

= - a
n

i = 1
 [ yi - b1 - b2 eb3xi ] eb3xi = 0,

 
0S(b)
0b3

= - a
n

i = 1
 [ yi - b1 - b2 eb3xi ] b2xi eb3xi = 0.

These equations do not have an explicit solution.

conceding the potential for ambiguity, we define a nonlinear regression model at 
this point as follows:

2See ruud (2000, p. 540).
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thus, nonlinearity is defined in terms of the techniques needed to estimate the parameters, 
not the shape of the regression function. later we shall broaden our definition to include 
other techniques besides least squares.

7.2.3  LARGE-SAMPLE PROPERTIES OF THE NONLINEAR LEAST SQUARES ESTIMATOR

Numerous analytical results have been obtained for the nonlinear least squares estimator, 
such as consistency and asymptotic normality. We cannot be sure that nonlinear least 
squares is the most efficient estimator, except in the case of normally distributed 
disturbances. (this conclusion is the same one we drew for the linear model.) But in the 
semiparametric setting of this chapter, we can ask whether this estimator is optimal in 
some sense given the information that we do have; the answer turns out to be yes. Some 
examples that follow will illustrate these points.

it is necessary to make some assumptions about the regressors. the precise 
requirements are discussed in some detail in Judge et al. (1985), amemiya (1985), 
and davidson and macKinnon (2004). in the linear regression model, to obtain our 
asymptotic results, we assume that the sample moment matrix (1/n)X′X converges to a 
positive definite matrix Q. By analogy, we impose the same condition on the derivatives 
of the regression function, which are called the pseudoregressors in the linearized model 
[defined in (7-29)] when they are computed at the true parameter values. therefore, for 
the nonlinear regression model, the analog to (4-19) is

 plim 
1
n

 X0′X0 = plim 
1
n

 a
n

i = 1
a 0h(xi, B0)

0B0
b a 0h(xi, B0)

0B0
= b = Q0, (7-12)

where Q0 is a positive definite matrix. to establish consistency of b in the linear model, we 
required plim(1/n)X′E = 0. We will use the counterpart to this for the pseudoregressors,

plim 
1
n

 a
n

i = 1
xi

0 ei = 0.

this is the orthogonality condition noted earlier in (4-21). in particular, note that 
orthogonality of the disturbances and the data is not the same condition. Finally, 
asymptotic normality can be established under general conditions if

12n
 a

n

i = 1
xi

0ei = 2n z 0 ¡d
N[0, s2Q0].

With these in hand, the asymptotic properties of the nonlinear least squares estimator are 
essentially those we have already seen for the linear model, except that in this case we place 
the derivatives of the linearized function evaluated at B, X0, in the role of the regressors.3

3See amemiya (1985).

DEFINITION 7.1 Nonlinear Regression Model
A nonlinear regression model is one for which the first-order conditions for least 
squares estimation of the parameters are nonlinear functions of the parameters.
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the nonlinear least squares criterion function is

 S(b) =
1
2

 a
n

i = 1
 [ yi - h(xi, b)]2 =

1
2

 a
n

i = 1
 ei

2, (7-13)

where we have inserted what will be the solution value, b. the values of the parameters 
that minimize (one half of) the sum of squared deviations are the nonlinear least squares 
estimators. the first-order conditions for a minimum are

 g(b) = - a
n

i = 1
 [ yi - h(xi, b)] 

0h(xi, b)

0b
= 0. (7-14)

in the linear model of chapter 3, this produces a set of linear normal equations, (3-12). in 
this more general case, (7-14) is a set of nonlinear equations that do not have an explicit 
solution. Note that s2 is not relevant to the solution. at the solution,

g(b) = -X0′e = 0,

which is the same as (3-12) for the linear model.
given our assumptions, we have the following general results:

in the linear model, consistency of the least squares estimator could be established 
based on plim(1/n)X′X = Q and plim(1/n)X′E = 0. to follow that approach here, we 
would use the linearized model and take essentially the same result. the loose end in 
that argument would be that the linearized model is not the true model and there 
remains an approximation. For this line of reasoning to be valid, it must also be either 

THEOREM 7.1 Consistency of the Nonlinear Least Squares Estimator
If the following assumptions hold:

a. The parameter space containing B is compact (has no gaps or nonconcave 
regions).

b. For any vector B0 in that parameter space, plim (1/n)S(B0) = q(B0), a continu-
ous and differentiable function.

c. If q(B0) has a unique minimum at the true parameter vector, B, then, the non-
linear least squares estimator defined by (7-13) and (7-14) is consistent. We will 
sketch the proof, then consider why the theorem and the proof differ as they do 
from the apparently simpler counterpart for the linear model. The proof, not-
withstanding the underlying subtleties of the assumptions, is straightforward. The 
estimator, say, b0, minimizes (1/n)S(B0). If (1/n)S(B0) is minimized for every n, 
then it is minimized by b0 as n increases without bound. We also assumed that 
the minimizer of q(B0) is uniquely B. If the minimum value of plim (1/n)S(B0) 
equals the probability limit of the minimized value of the sum of squares, the 
theorem is proved. This equality is produced by the continuity in assumption b.
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assumed or shown that plim(1/n)X0′D = 0 where di = h(xi, B) minus the taylor series 
approximation.4

Note that no mention has been made of unbiasedness. the linear least squares 
estimator in the linear regression model is essentially alone in the estimators considered 
in this book. it is generally not possible to establish unbiasedness for any other estimator. 
as we saw earlier, unbiasedness is of fairly limited virtue in any event—we found, for 
example, that the property would not differentiate an estimator based on a sample of 10  
observations from one based on 10,000. outside the linear case, consistency is the primary 
requirement of an estimator. once this is established, we consider questions of efficiency 
and, in most cases, whether we can rely on asymptotic normality as a basis for statistical 
inference.

asymptotic efficiency of the nonlinear least squares estimator is difficult to establish 
without a distributional assumption. there is an indirect approach that is one possibility. 
the assumption of the orthogonality of the pseudoregressors and the true disturbances 
implies that the nonlinear least squares estimator is a gmm estimator in this context. 
With the assumptions of homoscedasticity and nonautocorrelation, the optimal weighting 
matrix is the one that we used, which is to say that in the class of gmm estimators for 
this model, nonlinear least squares uses the optimal weighting matrix. as such, it is 
asymptotically efficient in the class of gmm estimators.

the requirement that the matrix in (7-12) converges to a positive definite matrix 
implies that the columns of the regressor matrix X0 must be linearly independent. this 
identification condition is analogous to the requirement that the independent variables 
in the linear model be linearly independent. Nonlinear regression models usually involve 
several independent variables, and at first blush, it might seem sufficient to examine the 
data directly if one is concerned with multicollinearity. However, this situation is not the 
case. example 7.4 gives an application.

4an argument to this effect appears in mittelhammer et al. (2000, pp. 190–191).

THEOREM 7.2  Asymptotic Normality of the Nonlinear Least Squares 
Estimator

If the pseudoregressors defined in (7-12) are “well behaved,” then

b ∼
a

NJB, 
s2

n
 (Q0)-1 R ,

where

Q0 = plim 
1
n

 X0′X0.

The sample estimator of the asymptotic covariance matrix is

 Est.Asy.Var[b] = sn 2(X0′X0)-1. (7-15)
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a consistent estimator of s2 is based on the residuals,

 sn 2 =
1
n

 a
n

i = 1
 [yi - h(xi, b)]2. (7-16)

a degrees of freedom correction, 1/(n - K), where K is the number of elements in  B, is 
not strictly necessary here, because all results are asymptotic in any event. davidson and 
macKinnon (2004) argue that, on average, (7-16) will underestimate s2, and one should 
use the degrees of freedom correction. most software in current use for this model does, 
but analysts will want to verify this is the case for the program they are using. With this in 
mind, the estimator of the asymptotic covariance matrix for the nonlinear least squares 
estimator is given in (7-15).

once the nonlinear least squares estimates are in hand, inference and hypothesis 
tests can proceed in the same fashion as prescribed in chapter 5. a minor problem can 
arise in evaluating the fit of the regression in that the familiar measure,

 R2 = 1 - a n
i = 1ei

2

a n
i = 1(yi - y)2

, (7-17)

is no longer guaranteed to be in the range of 0 to 1. it does, however, provide a useful 
descriptive measure. an intuitively appealing measure of the fit of the model to the data 
will be the squared correlation between the fitted and actual values, h(xi,b) and yi. this 
will differ from R2, partly because the mean prediction will not equal the mean of the 
observed values.

7.2.4  ROBUST COVARIANCE MATRIX ESTIMATION

theorem 7.2 relies on assumption Nr4, homoscedasticity and nonautocorrelation. We 
considered two generalizations in the linear case, heteroscedasticity and autocorrelation 
due to clustering in the sample. the counterparts for the nonlinear case would be based 
on the linearized model,

 yi = xi
0′B + [h(xi, B) - xi

0′B] + ei

 = xi
0′B + ui.

the counterpart to (4-37) that accommodates unspecified heteroscedasticity would 
then be

Est.Asy.Var[b] = (X0′ X0)-1 c a n
i = 1xi

0 xi
0′(yi - h(xi, b))2 d (X0′X0)-1.

likewise, to allow for clustering, the computation would be analogous to (4-41) and 
(4-42),

Est.Asy.Var[b] =
C

C - 1
 (X0′ X0)-1 c aC

c = 1 e aNc

i = 1xi
0 ei f e aNc

i = 1xi
0 ei f

=

d (X0′X0)-1.

Note that the residuals are computed as ei = yi - h(xi, b) using the conditional mean 
function, not the linearized regression.
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7.2.5  HYPOTHESIS TESTING AND PARAMETRIC RESTRICTIONS

in most cases, the sorts of hypotheses one would test in this context will involve fairly 
simple linear restrictions. the tests can be carried out using the familiar formulas discussed 
in chapter 5 and the asymptotic covariance matrix presented earlier. For more involved 
hypotheses and for nonlinear restrictions, the procedures are a bit less clear-cut. two 
principal testing procedures were discussed in Section 5.4: the Wald test, which relies 
on the consistency and asymptotic normality of the estimator, and the F test, which 
is appropriate in finite (all) samples, that relies on normally distributed disturbances. 
in the nonlinear case, we rely on large-sample results, so the Wald statistic will be the 
primary inference tool. an analog to the F statistic based on the fit of the regression 
will also be developed later. Finally, Lagrange multiplier tests for the general case can 
be constructed.

the hypothesis to be tested is

 H0 : c(B) = q, (7-18)

where c(B) is a column vector of J continuous functions of the elements of B. 
these restrictions may be linear or nonlinear. it is necessary, however, that they be 
overidentifying restrictions. in formal terms, if the original parameter vector has K free 
elements, then the hypothesis c(B) - q must impose at least one functional relationship 
on the parameters. if there is more than one restriction, then they must be functionally 
independent. these two conditions imply that the J *  K Jacobian,

 R(B) = 0c(B)/0B′, (7-19)

must have full row rank and that J, the number of restrictions, must be strictly less than 
K. this situation is analogous to the linear model, in which R(B) would be the matrix of 
coefficients in the restrictions. (See, as well, Section 5.5, where the methods examined 
here are applied to the linear model.)

let b be the unrestricted, nonlinear least squares estimator, and let b* be the 
estimator obtained when the constraints of the hypothesis are imposed.5 Which test 
statistic one uses depends on how difficult the computations are. Unlike the linear 
model, the various testing procedures vary in complexity. For instance, in our example, 
the lagrange multiplier statistic is by far the simplest to compute. of the methods we 
will consider, only this test does not require us to compute a nonlinear regression.

the nonlinear analog to the familiar F statistic based on the fit of the regression (i.e., 
the sum of squared residuals) would be

 F[J, n - K] =
[S(b*) - S(b)]/J

S(b)/(n - K)
. (7-20)

this equation has the appearance of our earlier F ratio in (5-29). in the nonlinear setting, 
however, neither the numerator nor the denominator has exactly the necessary chi-
squared distribution, so the F distribution is only approximate. Note that this F statistic 
requires that both the restricted and unrestricted models be estimated.

5this computational problem may be extremely difficult in its own right, especially if the constraints are nonlinear. 
We assume that the estimates have been obtained by whatever means are necessary.
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the Wald test is based on the distance between c(b) and q. if the unrestricted 
estimates fail to satisfy the restrictions, then doubt is cast on the validity of the restrictions. 
the statistic is

 W = [c(b) - q]′{Est.Asy.Var[c(b) - q]}-1[c(b) - q]

 = [c(b) - q]′{R(b)Vn R′(b)}-1[c(b) - q],  (7-21)

where

Vn = Est.Asy.Var[b],

and R(b) is evaluated at b, the estimate of B. Under the null hypothesis, this statistic 
has a limiting chi-squared distribution with J degrees of freedom. if the restrictions are 
correct, the Wald statistic and J times the F statistic are asymptotically equivalent. the 
Wald statistic can be based on the estimated covariance matrix obtained earlier using 
the unrestricted estimates, which may provide a large savings in computing effort if the 
restrictions are nonlinear. it should be noted that the small-sample behavior of W can be 
erratic, and the more conservative F statistic may be preferable if the sample is not large.

the caveat about Wald statistics that applied in the linear case applies here as well. 
Because it is a pure significance test that does not involve the alternative hypothesis, the 
Wald statistic is not invariant to how the hypothesis is framed. in cases in which there 
is more than one equivalent way to specify c(B) = q, W can give different answers 
depending on which is chosen.

the lagrange multiplier test is based on the decrease in the sum of squared residuals 
that would result if the restrictions in the restricted model were released. For the 
nonlinear regression model, the test has a particularly appealing form.6 let e* be the 
vector of residuals yi - h(xi, b*) computed using the restricted estimates. recall that we 
defined X0 as an n *  K matrix of derivatives computed at a particular parameter vector 
in (7-29). let X*

0 be this matrix computed at the restricted estimates. then the lagrange 
multiplier statistic for the nonlinear regression model is

 LM =
e*
=  X*

0 [X*
0=

X*
0]-1X*

0′e*

e*
=e* / n

. (7-22)

Under H0, this statistic has a limiting chi-squared distribution with J degrees of freedom. 
What is especially appealing about this approach is that it requires only the restricted 
estimates. this method may provide some savings in computing effort if, as in our 
example, the restrictions result in a linear model. Note, also, that the lagrange multiplier 
statistic is n times the uncentered R2 in the regression of e* on X*

0. many lagrange 
multiplier statistics are computed in this fashion.

7.2.6  APPLICATIONS

this section will present two applications of estimation and inference for nonlinear 
regression models. example 7.4 illustrates a nonlinear consumption function  that 
extends examples 1.2 and 2.1. the model provides a simple demonstration of estimation 
and hypothesis testing for a nonlinear model. example 7.5 analyzes the Box–cox 
transformation. this specification is used to provide a more general functional form 

6this test is derived in Judge et al. (1985). discussion appears in mittelhammer et al. (2000).
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than the linear regression—it has the linear and loglinear models as special cases. Finally, 
example 7.6 in the next section is a lengthy examination of an exponential regression 
model. in this application, we will explore some of the implications of nonlinear modeling, 
specifically “interaction effects.” We examined interaction effects in Section 6.5.2 in a 
model of the form

y = b1 + b2x + b3z + b4xz + e.

in this case, the interaction effect is 02E[ y � x, z] / 0x0z = b4. there is no interaction effect 
if b4 equals zero. example 7.6 considers the (perhaps unintended) implication of the 
nonlinear model that when E[y � x, z] = h(x, z, B), there is an interaction effect even if 
the model is

h(x, z, B) = h(b1 + b2x + b3z).

Example  7.4  Analysis of a Nonlinear Consumption Function
The linear model analyzed at the beginning of Chapter 2 is a restricted version of the more 
general function

C = a + bYg + e,

in which g equals 1. With this restriction, the model is linear. If g is free to vary, however, 
then this version becomes a nonlinear regression. Quarterly data on consumption, real 
disposable income, and several other variables for the U.S. economy for 1950 to 2000 are 
listed in Appendix Table F5.2. The restricted linear and unrestricted nonlinear least squares 
regression results are shown in Table 7.1. The procedures outlined earlier are used to obtain 
the asymptotic standard errors and an estimate of s2. (To make this comparable to s2 in the 
linear model, the value includes the degrees of freedom correction.)

In the preceding example, there is no question of collinearity in the data matrix X = [i, y]; 
the variation in Y is obvious on inspection. But, at the final parameter estimates, the R2 in 
the regression is 0.998834 and the correlation between the two pseudoregressors x2

0 = Yg 
and x3

0 = bYg ln Y  is 0.999752. The condition number for the normalized matrix of sums of 
squares and cross products is 208.306. (The condition number is computed by computing 
the square root of the ratio of the largest to smallest characteristic root of D-1X0

 ′X0D-1 where 
x1

0 = 1 and D is the diagonal matrix containing the square roots of xk
0′xk

0 on the diagonal.) 
Recall that 20 was the benchmark for a problematic data set. By the standards discussed in 

Linear Model Nonlinear Model

Parameter Estimate Standard Error Estimate Standard Error

a -80.3547 14.3059 458.7990 22.5014
b 0.9217 0.003872 0.10085 0.01091
g 1.0000 – 1.24483 0.01205
e′e 1,536,321.881 504,403.1725
s 87.20983 50.0946

R2 0.996448 0.998834

est.Var[b] – 0.000119037
est.Var[c] – 0.00014532
est.cov[b,c] – -0.000131491

TABLE 7.1 Estimated Consumption Functions
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Sections 4.7.1 and A.6.6, the collinearity problem in this data set is severe. In fact, it appears 
not to be a problem at all.

For hypothesis testing and confidence intervals, the familiar procedures can be used, 
with the proviso that all results are only asymptotic. As such, for testing a restriction, the 
chi-squared statistic rather than the F ratio is likely to be more appropriate. For example, for 
testing the hypothesis that g is different from 1, an asymptotic t test, based on the standard 
normal distribution, is carried out, using

z =
1.24483 - 1

0.01205
= 20.3178.

This result is larger than the critical value of 1.96 for the 5% significance level, and we thus 
reject the linear model in favor of the nonlinear regression. The three procedures for testing 
hypotheses produce the same conclusion.

 F[1,204 - 3] =
(1,536,321.881 - 504,403.17)/1

504,403.17/(204 - 3)
= 411.29,

 W =
(1.24483 - 1)2

0.012052 = 412.805,

 LM =
996,103.9

(1,536,321.881/204)
= 132.267.

For the Lagrange multiplier statistic, the elements in xi
 * are xi

 * = [1, Yg, bYg ln Y ]. To 
compute this at the restricted estimates, we use the ordinary least squares estimates for a 
and b and 1 for g so that xi

 * = [1, Y, bY ln Y ]. The residuals are the least squares residuals 
computed from the linear regression.

Example  7.5  The Box–Cox Transformation
The Box–Cox transformation is used as a device for generalizing the linear model.7 The 
transformation is

x(l) = (xl - 1)/l.

Special cases of interest are l = 1, which produces a linear transformation, x(1) = x - 1, and 
l = 0. When l equals zero, the transformation is, by L’Hôpital’s rule,

lim
lS0

 
xl - 1

l
= lim

lS0
 
d(xl - 1) / dl

1
= lim

lS0
xl * ln x = ln x.

The regression analysis can be done conditionally on l. For a given value of l, the model,

 y = a + a
K

k = 2
bk xk  

(l) + e, (7-23)

is a linear regression that can be estimated by least squares. However, if l in (7-23) is taken 
to be an unknown parameter, then the regression becomes nonlinear in the parameters.

In principle, each regressor could be transformed by a different value of l, but, in most 
applications, this level of generality becomes excessively cumbersome, and l is assumed to 
be the same for all the variables in the model.8 To be defined for all values of l, x must be 
strictly positive. In most applications, some of the regressors—for example, a dummy 

7Box and cox (1964); Zarembka (1974).

variable—will not be transformed. For such a variable, say vk, vk
(l) = vk, and the relevant 

derivatives in (7-24) will be zero. It is also possible to transform y, say, by y (u). Transformation 
of the dependent variable, however, amounts to a specification of the whole model, not just 
the functional form of the conditional mean. For example, u = 1 implies a linear equation while 
u = 0 implies a logarithmic equation.

Nonlinear least squares is straightforward. In most instances, we can expect to find the 
least squares value of l between -2 and 2. Typically, then, l is estimated by scanning this 
range for the value that minimizes the sum of squares. Once the optimal value of l is located, 
the least squares estimates, the mean squared residual, and this value of l constitute the 
nonlinear least squares estimates of the parameters. The optimal value of ln is an estimate of 
an unknown parameter. The least squares standard errors will always underestimate the 
correct asymptotic standard errors if ln is treated as if it were a known constant.9 To get the 
appropriate values, we need the pseudoregressors,

 
0h(.)
0a

= 1,

 
0h(.)
0bk

= xk
(l),

 
0h(.)
0l

= a
K

k = 1
bk 

0xk
(l)

0l
= a

K

k = 1
bk c 1

l
 1xk

l ln xk - xk
(l)2 d . 

(7-24)

We can now use (7-15) and (7-16) to estimate the asymptotic covariance matrix of the 
parameter estimates. Note that ln xk appears in 0h(.) / 0l. If xk = 0, then this matrix cannot be 
computed.

The coefficients in a nonlinear model are not equal to the slopes (or the elasticities) with 
respect to the variables. For the Box–Cox model ln Y = a + bX (l) + P,

0 E [ln y � x]
0 ln x

= x 
0E [ln y � x]

0x
= bxl = h.

A standard error for this estimator can be obtained using the delta method. The derivatives 
are 0h/0b = xl = h/b and 0h/0l = h ln x. Collecting terms, we obtain

Asy.Var[hn ] = (h/b)25Asy.Var[bn] + (b ln x)2 Asy.Var[ln] + (2b ln x) Asy.Cov[bn, ln]6 .

7.2.7  LOGLINEAR MODELS

loglinear models play a prominent role in statistics. many derive from a density function 
of the form f( y � x) = p[ y �a0 + x′B, u], where a0 is a constant term and u is an additional 
parameter such that

E[y � x] = g(u) exp(a0 + x′B).

(Hence the name loglinear models). examples include the Weibull, gamma, lognormal, 
and exponential models for continuous variables and the poisson and negative binomial 
models for counts. We can write E[ y � x] as exp[ln g(u) + a0 + x′B], and then absorb 
lng(u) in the constant term in ln E[ y � x] = a + x′B. the lognormal distribution (see 
Section B.4.4) is often used to model incomes. For the lognormal random variable,

8See, for example, Seaks and layson (1983). 9See Fomby, Hill, and Johnson (1984, pp. 426–431).
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variable—will not be transformed. For such a variable, say vk, vk
(l) = vk, and the relevant 

derivatives in (7-24) will be zero. It is also possible to transform y, say, by y (u). Transformation 
of the dependent variable, however, amounts to a specification of the whole model, not just 
the functional form of the conditional mean. For example, u = 1 implies a linear equation while 
u = 0 implies a logarithmic equation.

Nonlinear least squares is straightforward. In most instances, we can expect to find the 
least squares value of l between -2 and 2. Typically, then, l is estimated by scanning this 
range for the value that minimizes the sum of squares. Once the optimal value of l is located, 
the least squares estimates, the mean squared residual, and this value of l constitute the 
nonlinear least squares estimates of the parameters. The optimal value of ln is an estimate of 
an unknown parameter. The least squares standard errors will always underestimate the 
correct asymptotic standard errors if ln is treated as if it were a known constant.9 To get the 
appropriate values, we need the pseudoregressors,

 
0h(.)
0a

= 1,

 
0h(.)
0bk

= xk
(l),

 
0h(.)
0l

= a
K

k = 1
bk 

0xk
(l)

0l
= a

K

k = 1
bk c 1

l
 1xk

l ln xk - xk
(l)2 d . 

(7-24)

We can now use (7-15) and (7-16) to estimate the asymptotic covariance matrix of the 
parameter estimates. Note that ln xk appears in 0h(.) / 0l. If xk = 0, then this matrix cannot be 
computed.

The coefficients in a nonlinear model are not equal to the slopes (or the elasticities) with 
respect to the variables. For the Box–Cox model ln Y = a + bX (l) + P,

0 E [ln y � x]
0 ln x

= x 
0E [ln y � x]

0x
= bxl = h.

A standard error for this estimator can be obtained using the delta method. The derivatives 
are 0h/0b = xl = h/b and 0h/0l = h ln x. Collecting terms, we obtain

Asy.Var[hn ] = (h/b)25Asy.Var[bn] + (b ln x)2 Asy.Var[ln] + (2b ln x) Asy.Cov[bn, ln]6 .

7.2.7  LOGLINEAR MODELS

loglinear models play a prominent role in statistics. many derive from a density function 
of the form f( y � x) = p[ y �a0 + x′B, u], where a0 is a constant term and u is an additional 
parameter such that

E[y � x] = g(u) exp(a0 + x′B).

(Hence the name loglinear models). examples include the Weibull, gamma, lognormal, 
and exponential models for continuous variables and the poisson and negative binomial 
models for counts. We can write E[ y � x] as exp[ln g(u) + a0 + x′B], and then absorb 
lng(u) in the constant term in ln E[ y � x] = a + x′B. the lognormal distribution (see 
Section B.4.4) is often used to model incomes. For the lognormal random variable,

8See, for example, Seaks and layson (1983). 9See Fomby, Hill, and Johnson (1984, pp. 426–431).
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p[y �a0 + x′B, u] =
exp[-1

2 (ln y - a0 - x′B)2/u2]

uy22p
, y 7 0,

E[y � x] = exp(a0 + x′B + u2/2) = exp(a + x′B).

the exponential regression model is also consistent with a gamma distribution. the 
density of a gamma distributed random variable is

p[y �a0 + x′B, u] =
lu exp(-ly)yu-1

Γ(u)
, y 7 0, u 7 0, l = exp(-a0 - x′b),

E[y � x] = u/l = u exp(a0 + x′B) = exp(ln u + a0 + x′B) = exp(a + x′B).

the parameter u determines the shape of the distribution. When u 7 2, the gamma 
density has the shape of a chi-squared variable (which is a special case). Finally, the 
Weibull model has a similar form,

p[y �a0 + x′B, u] = ulu exp[-(ly)u]yu-1, y Ú 0, u 7 0, l = exp(-a0 - x′B),

E[y � x] = Γ(1 + 1/u) exp(a0 + x′B) = exp[ln Γ(1 + 1/u) +a0 + x′B] = exp (a + x′B).

in all cases, the maximum likelihood estimator is the most efficient estimator of the 
parameters.  (maximum likelihood estimation of the parameters of this model is 
considered in chapter 14.) However, nonlinear least squares estimation of the model

E[y � x] = exp(a + x′B) + e

has a virtue in that the nonlinear least squares estimator will be consistent even if the 
distributional assumption is incorrect—it is robust to this type of misspecification since 
it does not make explicit use of a distributional assumption. However, since the model 
is nonlinear, the coefficients do not give the magnitudes of the interesting effects in the 
equation. in particular, for this model,

 0E[y � x]/0xk = exp(a + x′B) * 0(a + x′B)/0xk

 = bkexp(a + x′B).

the implication is that the analyst must be careful in interpreting the estimation results, 
as interest usually focuses on partial effects, not coefficients.

Example 7.6  Interaction Effects in a Loglinear Model for Income
In Incentive Effects in the Demand for Health Care: A Bivariate Panel Count Data Estimation, 
Riphahn, Wambach, and Million (2003) were interested in counts of physician visits and 
hospital visits and in the impact that the presence of private insurance had on the utilization 
counts of interest, that is, whether the data contain evidence of moral hazard. The sample 
used is an unbalanced panel of 7,293 households, the German Socioeconomic Panel (GSOEP) 
data set.10 Among the variables reported in the panel are household income, with numerous 

10the data are published on the Journal of Applied Econometrics data archive Web site, at http://qed.econ 
.queensu.ca/jae/2003-v18.4/riphahn-wambach-million/. the variables in the data file are listed in appendix table F7.1. 
the number of observations in each year varies from one to seven with a total number of 27,326 observations. We 
will use these data in several examples here and later in the book.
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FIGURE 7.1  Histogram and Kernel Density Estimate for Income.
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other sociodemographic variables such as age, gender, and education. For this example, we 
will model the distribution of income using the 1988 wave of the data set, a cross section with 
4,483 observations. Two of the individuals in this sample reported zero income, which is 
incompatible with the underlying models suggested in the development below. Deleting these 
two observations leaves a sample of 4,481 observations. Figure 7.1 displays a histogram and 
a kernel density estimator for the household income variable for these observations. Table 7.2 
provides descriptive statistics for the exogenous variables used in this application.

We will fit an exponential regression model to the income variable, with

 Income = exp( b1 + b2 Age + b3 Age2 + b4 Education + b5 Female

 + b6 Female * Education + b7 Age * Education) + e.

As we have constructed the model, the derivative result, 0E[y � x]/0xk = bkexp(a + x′B), must 
be modified because the variables appear either in a quadratic term or as a product with 
some other variable. Moreover, for the dummy variable, Female, we would want to compute 
the partial effect using

∆E[ y � x] /∆Female = E[ y � x, Female = 1] - E[ y � x, Female = 0].

Variable Mean Std.Dev. Minimum Maximum

Income  0.344896  0.164054 0.0050  2
Age 43.4452 11.2879 25 64
Educ 11.4167  2.36615 7 18
Female  0.484267 0.499808 0  1

TABLE 7.2 Descriptive Statistics for Variables Used in Nonlinear Regression
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Another consideration is how to compute the partial effects, as sample averages or at the 
means of the variables. For example, 0E [ y � x] / 0 Age = E[ y � x] * ( b2 + 2b3 Age + b7 Educ). 
We will estimate the average partial effects by averaging these values over the sample 
observations. Table 7.3 presents the nonlinear least squares regression results. Superficially, 
the pattern of signs and significance might be expected—with the exception of the dummy 
variable for female.

The average value of Age in the sample is 43.4452 and the average value of Education 
is 11.4167. The partial effect of a year of education is estimated to be 0.015736 if it is 
computed by computing the partial effect for each individual and averaging the results. 
The partial effect is difficult to interpret without information about the scale of the income 
variable. Since the average income in the data is about 0.35, these partial effects suggest 
that an additional year of education is associated with a change in expected income of about 
4.5% (i.e., 0.015736/0.35).

The rough calculation of partial effects with respect to Age does not reveal the model 
implications about the relationship between age and expected income. Note, for example, 
that the coefficient on Age is positive while the coefficient on Age2 is negative. This implies 
(neglecting the interaction term at the end), that the Age—Income relationship implied by 
the model is parabolic. The partial effect is positive at some low values and negative at 
higher values. To explore this, we have computed the expected Income using the model 
separately for men and women, both with assumed college education (Educ = 16) and for 
the range of ages in the sample, 25 to 64. Figure 7.2 shows the result of this calculation. 
The upper curve is for men (Female = 0) and the lower one is for women. The parabolic 
shape is as expected; what the figure reveals is the relatively strong effect—ceteris paribus, 
incomes are predicted to rise by about 80% between ages 25 and 48. The figure reveals a 
second implication of the estimated model that would not be obvious from the regression 
results. The coefficient on the dummy variable for Female is positive, highly significant, and, 
in isolation, by far the largest effect in the model. This might lead the analyst to conclude 
that on average, expected incomes in these data are higher for women than men. But 
Figure 7.2 shows precisely the opposite. The difference is accounted for by the interaction 
term, Female *  Education. The negative sign on the latter coefficient is suggestive. But 
the total effect would remain ambiguous without the sort of secondary analysis suggested 
by the figure.

Nonlinear Least Squares Linear Least Squares

Variable Estimate Std. Error t Ratio Estimate Projection

Constant -2.58070 0.17455 14.78 -0.13050 0.10746
Age 0.06020 0.00615 9.79 0.01791 0.00066

Age2 -0.00084 0.00006082 -13.83 -0.00027

Education -0.00616 0.01095 -0.56 -0.00281 0.01860
Female 0.17497 0.05986 2.92 0.07955 0.00075
Female * Educ -0.01476 0.00493 -2.99 -0.00685
Age * Educ 0.00134 0.00024 5.59 0.00055
e′e 106.09825 106.24323
s 0.15387 0.15410

R2 0.12005 0.11880

TABLE 7.3 Estimated Regression Equations
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FIGURE 7.2  Expected Incomes vs. Age for Men and Women with EDUC = 16.

Female

Male

25

0.200

0.270

0.340

0.410

0.480

0.550

30 35 40 45 50 55 60 65
Years

In
co

m
e

Expected Income Given Age and Gender

Finally, in addition to the quadratic term in age, the model contains an interaction term, 
Age *  Education. The coefficient is positive and highly significant. But, it is not obvious how 
this should be interpreted. In a linear model,

 Income = b1 + b2 Age + b3 Age2 + b4 Education + b5 Female

 + b6 Female * Education + b7 Age * Education + e,

we would find that b7 = 02E[Income � x]/0 Age 0Education. That is, the “interaction effect” 
is the change in the partial effect of Age associated with a change in Education (or vice 
versa). Of course, if b7 equals zero, that is, if there is no product term in the model, then 
there is no interaction effect—the second derivative equals zero. However, this simple 
interpretation usually does not apply in nonlinear models (i.e., in any nonlinear model). 
Consider our exponential regression, and suppose that in fact, b7 is indeed zero. For 
convenience, let m(x) equal the conditional mean function. Then, the partial effect with 
respect to Age is

0m(x)/0 Age = m(x) * (b2 + 2b3 Age),

and

 02m(x) /0 Age0 Educ = m(x) * ( b2 + 2b3 Age) ( b4 + b6 Female), (7-25)

which is nonzero even if there is no interaction term in the model. The interaction effect in 
the model that includes the product term, b7Age *  Education, is

02E[ y � x]/0 Age0 Educ = m(x) * [b7 + ( b2 + 2b3 Age + b7 Educ) ( b4 + b6 Female + b7 Age)].
 (7-26)
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At least some of what is being called the interaction effect in this model is attributable entirely to 
the fact the model is nonlinear. To isolate the “functional form effect” from the true “interaction 
effect,” we might subtract (7-25) from (7-26) and then reassemble the components:

02m(x) / 0 Age 0 Educ = m(x)[( b2 + 2b3 Age)( b4 + b6 Female)]
+ m(x) b7[1 + Age( b2 + 2b3 Age) + Educ( b4 + b6 Female) + Educ * Age( b7)].

 (7-27)

It is clear that the coefficient on the product term bears essentially no relationship to the 
quantity of interest (assuming it is the change in the partial effects that is of interest). On the 
other hand, the second term is nonzero if and only if b7 is nonzero. One might, therefore, 
identify the second part with the “interaction effect” in the model. Whether a behavioral 
interpretation could be attached to this is questionable, however. Moreover, that would leave 
unexplained the functional form effect. The point of this exercise is to suggest that one should 
proceed with some caution in interpreting interaction effects in nonlinear models. This sort 
of analysis has a focal point in the literature in Ai and Norton (2004). A number of comments 
and extensions of the result are to be found, including Greene (2010b).

Section 4.4.5 considered the linear projection as a feature of the joint distribution of y 
and x. It was noted that, assuming the conditional mean function in the joint distribution is 
E[y � x] = m(x), then the slopes of linear projection, g = [E{xx′}]-1E[xy], might resemble the 
slopes of m(x), D = 0m(x)/0x at least for some x. In a loglinear, single-index function model such 
as the one analyzed here, this would relate to the linear least squares regression of y on x.  
Table 7.4 reports two sets of least squares regression coefficients. The ones on the right 
show the regression of Income on all of the first- and second-order terms that appear in the 
conditional mean. This would not be the projection of y on x. At best it might be seen as an 
approximation to m(x). The rightmost coefficients report the projection. Both results suggest 
superficially that nonlinear least squares and least squares are computing completely different 
relationships. To uncover the similarity (if there is one), it is useful to consider the partial effects 
rather than the coefficients. Table 7.4 reports the results of the computations. The average 
partial effects for the nonlinear regression are obtained by computing the derivatives for each 
observation and averaging the results. For the linear approximation, the derivatives are linear 
functions of the variables, so the average partial effects are simply computed at the means of 
the variables. Finally, the coefficients of the linear projection are immediate estimates of the 
partial effects. We find, for example, the partial effect of education in the nonlinear model is 
0.01574. Although the linear least squares coefficients are very different, if the partial effect 
for education is computed for the linear approximation the result of 0.01789 is reasonably 
close, and results from the fact that in the center of the data, the exponential function is 
passably linear. The linear projection is less effective at reproducing the partial effects. The 
comparison for the other variables is mixed. The conclusion from Example 4.4 is unchanged. 
The substantive comparison here would be between the slopes of the nonlinear regression 
and the slopes of the linear projection. They resemble each other, but not as closely as one 
might hope.

Variable Nonlinear Regression Linear Approximation Linear Projection

Age 0.00095 0.00091 0.00066
Educ 0.01574 0.01789 0.01860
Female 0.00084 0.00135 0.00075

TABLE 7.4 Estimated Partial Effects
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Example 7.7   Generalized Linear Models for the Distribution of Healthcare 
Costs

Jones, Lomas, and Rice (2014, 2015) examined the distribution of healthcare costs in the 
UK. Two aspects of the analysis were different from our examinations to this point. First, 
while nearly all of the development we have considered so far involves regression, that is, the 
conditional mean (or median) of the distribution of the dependent variable, their interest was 
in other parts of the distribution, specifically conditional and unconditional tail probabilities for 
relatively outlying parts of the distribution. Second, the variable under study is nonnegative, 
highly asymmetric (skewness 13.03), and leptokurtic (kurtosis 363.13- the distribution has a 
thick right tail). Some values from the estimated survival function (Jones et al., 2015, Table 1) 
are S(£500) = 0.8296, S(£1,000) = 0.5589, S(£5,000) = 0.1383, and S(£10,000) = 0.0409. 
The skewness and kurtosis values would compare to 0.0 and 3.0, respectively, for the normal 
distribution. The survival function values for the normal distribution with this mean and 
standard deviation would be 0.6608, 0.6242, 0.3193, and 0.0732, respectively. The model is 
constructed with these features of the data in mind. Several methods of fitting the distribution 
were examined, including a set of nine parametric models. Several of these were special 
cases of the generalized beta of the second kind. The functional forms are generalized linear 
models constructed from a family of distributions, such as the normal or exponential, and a 
link function, g(x′B) such that link(g(x′B)) = x′B. Thus, if the link function is “ln” (log link), then 
g(x′B) = exp(x′B). Among the nine special cases examined are

•	 Gamma family, log link:

f(cost � x) =
[g(x′B)]-P

Γ(P)
 exp[-cost/g(x′B)]costP-1,

g(x′B) = exp(x′B); E[cost � x] = Pg(x′B).

•	 Lognormal family, identity link:

f(cost � x) =
1

scost22p
 exp c -

(ln cost - g(x′B))2

2s2 d ,

g(x′B) = x′B; E[cost � x] = exp3g(x′B) + 1
2 s24 .

•	 Finite mixture of two gammas, inverse square root link:

f(cost � x) = a 2
j = 1aj 

[g(x′Bj)]-Pj

Γ(Pj)
 exp[-cost/g(x′Bj)]costPj-1, 0 … aj … 1, a 2

j = 1aj = 1,

g(x′B) = 1/(x′B)2; E[cost � x] = a1P1g(x′B1) + a2P2g(x′B2).

(The models have been reparameterized here to simplify them and show their similarities.) In each 
case, there is a conditional mean function. However, the quantity of interest in the study is not 
the regression function; it is the survival function, S(cost � x,k) = Prob(cost Ú k � x). The measure 
of a model’s performance is its ability to estimate the sample survival rate for values of k; the one 
of particular interest is the largest, k = 10,000. The main interest is the marginal rate, 
Ex[S(cost � x,k)] = 1xS(cost � x,k)f(x)dx. This is estimated by estimating B and the ancillary 
parameters of the specific model, then estimating S(cost � k) with (1/n)Σ i = 1

n S(costi � xi,k  :  Bn ) The 
covariates include a set of morbidity characteristics and an interacted cubic function of age and 
sex. Several semiparametric and nonparametric methods are examined along with the parametric 
regression–based models. Figure 7.3 shows the bias and variability of the three parametric 
estimators and two of the proposed semiparametric methods.11 Overall, none of the 14 methods 
examined emerges as best overall by a set of fitting criteria that includes bias and variability.

11derived from the results in Figure 4 in Jones et al. (2015).
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7.2.8  COMPUTING THE NONLINEAR LEAST SQUARES ESTIMATOR

minimizing the sum of squared residuals for a nonlinear regression is a standard problem 
in nonlinear optimization that can be solved by a number of methods. (See Section e.3.) 
the method of gauss–Newton is often used. this algorithm (and most of the sampling 
theory results for the asymptotic properties of the estimator) is based on a linear taylor 
series approximation to the nonlinear regression function. the iterative estimator is 
computed by transforming the optimization to a series of linear least squares regressions.

the nonlinear regression model is y = h(x, B) + e. (to save some notation, we have 
dropped the observation subscript.) the procedure is based on a linear taylor series 
approximation to h(x, B) at a particular value for the parameter vector, B0,

 h(x, B) ≈ h(x, B0) + a
K

k = 1
 
0h(x, B0)

0bk
0  (bk - bk

0). (7-28)

this form of the equation is called the linearized regression model. By collecting terms, 
we obtain

 h(x, b) ≈ Jh(x, B0) - a
K

k = 1
bk

0a 0h(x, B0)

0bk
0 b R + a

K

k = 1
bka

0h(x, B0)

0bk
0 b . (7-29)

let xk
0 equal the kth partial derivative,12 0h(x, B0)/0bk

0. For a given value of B0, xk
0 is a 

function only of the data, not of the unknown parameters. We now have

h(x, B) ≈ Jh0 - a
K

k = 1
xk

0 bk
0 R + a

K

k = 1
xk

0bk,

which may be written

h(x, B) ≈ h0 - x0′B0 + x0′B,

12You should verify that for the linear regression model, these derivatives are the independent variables.

FIGURE 7.3  Performance of Several Estimators of S(cost � k).
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which implies that

y ≈ h0 - x0′B0 + x0′B + e.

By placing the known terms on the left-hand side of the equation, we obtain a linear 
equation,

 y0 = y - h0 + x0′B0 = x0′B + e0. (7-30)

Note that e0 contains both the true disturbance, e, and the error in the first-order taylor 
series approximation to the true regression, shown in (7-29). that is,

 e0 = e + Jh(x, B) - ah0 - a
K

k = 1
xk

0bk
0 + a

K

k = 1
xk

0bkb R . (7-31)

Because all the errors are accounted for, (7-30) is an equality, not an approximation. With a 
value of B0 in hand, we could compute y0 and x0 and then estimate the parameters of (7-30) 
by linear least squares. Whether this estimator is consistent or not remains to be seen.

Example 7.8  Linearized Regression
For the model in Example 7.3, the regressors in the linearized equation would be

 x1
0 =

0h(.)

0b1
0 = 1,

 x2
0 =

0h(.)

0b2
0 = eb0

3 x,

 x3
0 =

0h(.)

0b3
0 = b2

0xeb0
3x.

With a set of values of the parameters B0,

y0 = y - h(x, b1
0, b2

0, b3
0 ) + b1

0 x1
0 + b2

0 x2
0 + b3

0 x3
0

can be linearly regressed on the three pseudoregressors to estimate b1, b2, and b3.

the linearized regression model shown in (7-30) can be estimated by linear least 
squares. once a parameter vector is obtained, it can play the role of a new B0, and the 
computation can be done again. the iteration can continue until the difference between 
successive parameter vectors is small enough to assume convergence. one of the main 
virtues of this method is that at the last iteration the estimate of (Q0)-1 will, apart from 
the scale factor sn 2/n, provide the correct estimate of the asymptotic covariance matrix 
for the parameter estimator.

this iterative solution to the minimization problem is

 bt + 1 = Jan
i = 1

xi
0xi

0′R -1Jan
i = 1

xi
0 (yi - hi

0 + xi
0′bt) R

 = bt + Jan
i = 1

xi
0xi

0′R -1Jan
i = 1

xi
0 (yi - hi

0) R
 = bt + (X0′X0)-1X0′e0

 = bt + �t,  

(7-32)

M07_GREE1366_08_SE_C07.indd   223 2/24/17   11:05 AM



224 PART I  ✦   The Linear Regression Model

where all terms on the right-hand side are evaluated at bt and e0 is the vector of 
nonlinear least squares residuals. this algorithm has some intuitive appeal as well. For 
each iteration, we update the previous parameter estimates by regressing the nonlinear 
least squares residuals on the derivatives of the regression functions. the process will 
have converged (i.e., the update will be 0) when X0′e0 is close enough to 0. this derivative 
has a direct counterpart in the normal equations for the linear model, X′e = 0.

as usual, when using a digital computer, we will not achieve exact convergence with 
X0′e0 exactly equal to zero. a useful, scale-free counterpart to the convergence criterion 
discussed in Section e.3.6 is d = e0′X0(X0′X0)-1X0′e0. [See (7-22).] We note, finally, that 
iteration of the linearized regression, although a very effective algorithm for many 
problems, does not always work. as does Newton’s method, this algorithm sometimes 
“jumps off” to a wildly errant second iterate, after which it may be impossible to compute 
the residuals for the next iteration. the choice of starting values for the iterations can 
be crucial. there is art as well as science in the computation of nonlinear least squares 
estimates.13 in the absence of information about starting values, a workable strategy is 
to try the gauss–Newton iteration first. if it fails, go back to the initial starting values 
and try one of the more general algorithms, such as BFgS, treating minimization of the 
sum of squares as an otherwise ordinary optimization problem.

Example 7.9  Nonlinear Least Squares
Example 7.4 considered analysis of a nonlinear consumption function,

C = a + bYg + e.

The linearized regression model is

C - (a0 + b0Yg0) + (a01 + b0Yg0 + g0b0Yg0 ln Y) = a + b(Yg0) + g( b0Yg0 ln Y) + e0.

Combining terms, we find that the nonlinear least squares procedure reduces to iterated 
regression of

C0 = C + g0b0Yg0 ln Y

on

x0 = c 0h(.)
0a

 
0h(.)
0b

 
0h(.)
0g

d
=

= C 1
Yg0

b0Yg0
lnY

S .

Finding the starting values for a nonlinear procedure can be difficult. Simply trying a 
convenient set of values can be unproductive. Unfortunately, there are no good rules for 
starting values, except that they should be as close to the final values as possible (not 
particularly helpful). When it is possible, an initial consistent estimator of B will be a good 
starting value. In many cases, however, the only consistent estimator available is the one 
we are trying to compute by least squares. For better or worse, trial and error is the most 
frequently used procedure. For the present model, a natural set of values can be obtained 
because a simple linear model is a special case. Thus, we can start a and b at the linear 
least squares values that would result in the special case of g = 1 and use 1 for the starting 
value for g. The iterations are begun at the least squares estimates for a and b and 1 for g.

13See mccullough and Vinod (1999).
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The solution is reached in eight iterations, after which any further iteration is merely fine 
tuning the hidden digits (i.e., those that the analyst would not be reporting to their reader; 
“gradient” is the scale-free convergence measure, d, noted earlier). Note that the coefficient 
vector takes a very errant step after the first iteration—the sum of squares becomes huge—
but the iterations settle down after that and converge routinely.

Begin NLSQ iterations. Linearized regression.

 Iteration = 1; Sum of squares = 1536321.88; Gradient = 996103.930
 Iteration = 2; Sum of squares = 0.184780956E + 12; Gradient = 0.184780452E + 12 (*1012)
 Iteration = 3; Sum of squares = 20406917.6; Gradient = 19902415.7
 Iteration = 4; Sum of squares = 581703.598; Gradient = 77299.6342
 Iteration = 5; Sum of squares = 504403.969; Gradient = 0.752189847
 Iteration = 6; Sum of squares = 504403.216; Gradient = 0.526642396E@04
 Iteration = 7; Sum of squares = 504403.216; Gradient = 0.511324981E@07
 Iteration = 8; Sum of squares = 504403.216; Gradient = 0.606793426E@10

7.3 MEDIAN AND QUANTILE REGRESSION

We maintain the essential assumptions of the linear regression model,

y = x′B + e,

where E[e � x] = 0 and E[y � x] = x′B. if e � x is normally distributed, so that the 
distribution of e � x is also symmetric, then the median, med[e � x], is also zero and 
med[y � x] = x′B. Under these assumptions, least squares remains a natural choice for 
estimation of B. But, as we explored in example 4.3, least absolute deviations (LAD) is 
a possible alternative that might even be preferable in a small sample. Suppose, however, 
that we depart from the second assumption directly. that is, the statement of the model is

med[y � x] = x′B.

this result suggests a motivation for lad in its own right, rather than as a robust (to 
outliers) alternative to least squares.14 the conditional median of yi � xi might be an 
interesting function. more generally, other quantiles of the distribution of yi � xi might 
also be of interest. For example, we might be interested in examining the various 
quantiles of the distribution of income or spending. Quantile regression (rather than 
least squares) is used for this purpose. the (linear) quantile regression model can be 
defined as

 Q[y � x, q] = x′Bq such that prob [y … x′Bq � x] = q, 0 6 q 6 1. (7-33)

the median regression would be defined for q = 1
2. other focal points are the lower and 

upper quartiles, q = 1
4 and q = 3

4, respectively. We will develop the median regression 
in detail in Section 7.3.1, once again largely as an alternative estimator in the linear 
regression setting.

the quantile regression model is a richer specification than the linear model that 
we have studied thus far because the coefficients in (7-33) are indexed by q. the model 

14in example 4.3, we considered the possibility that in small samples with possibly thick-tailed disturbance 
distributions, the lad estimator might have a smaller variance than least squares.
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is semiparametric—it requires a much less detailed specification of the distribution of 
y � x. in the simplest linear model with fixed coefficient vector, B, the quantiles of y � x 
would be defined by variation of the constant term. the implication of the model is 
shown in Figure 7.4. For a fixed b and conditioned on x, the value of aq + bx such that 
prob(y 6 aq + bx) is shown for q = 0.15, 0.5, and 0.9 in Figure 7.4. there is a value of 
aq for each quantile. in Section 7.3.2, we will examine the more general specification of 
the quantile regression model in which the entire coefficient vector plays the role of aq 
in Figure 7.4.

7.3.1  LEAST ABSOLUTE DEVIATIONS ESTIMATION

least squares can be distorted by outlying observations. recent applications in 
microeconomics and financial economics involving thick-tailed disturbance distributions, 
for example, are particularly likely to be affected by precisely these sorts of observations. 
(of course, in those applications in finance involving hundreds of thousands of 
observations, which are becoming commonplace, this discussion is moot.) these 
applications have led to the proposal of “robust” estimators that are unaffected by 
outlying observations.15 in this section, we will examine one of these, the least absolute 
deviations, or lad estimator.

that least squares gives such large weight to large deviations from the regression 
causes the results to be particularly sensitive to small numbers of atypical data points 

15For some applications, see taylor (1974), amemiya (1985, pp. 70–80), andrews (1974), Koenker and Bassett 
(1978), li and racine (2007), Henderson and parmeter (2015), and a survey written at a very accessible level by 
Birkes and dodge (1993). a somewhat more rigorous treatment is given by Hardle (1990).

FIGURE 7.4  Quantile Regression Model.
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when the sample size is small or moderate. the least absolute deviations (lad) 
estimator has been suggested as an alternative that remedies (at least to some degree) 
the problem. the lad estimator is the solution to the optimization problem,

minb0a
n

i = 1
� yi - xi

=b0 � .

the lad estimator’s history predates least squares (which itself was proposed over 
200 years ago). it has seen little use in econometrics, primarily for the same reason that 
gauss’s method (lS) supplanted lad at its origination; lS is vastly easier to compute. 
moreover, in a more modern vein, its statistical properties are more firmly established 
than lad’s and samples are usually large enough that the small sample advantage of 
lad is not needed.

the lad estimator is a special case of the quantile regression,

prob[yi … xi
=Bq] = q.

the lad estimator estimates the median regression. that is, it is the solution to the 
quantile regression when q = 0.5. Koenker and Bassett (1978, 1982), Koenker and 
Hallock (2001), Huber (1967), and rogers (1993) have analyzed this regression.16 their 
results suggest an estimator for the asymptotic covariance matrix of the quantile 
regression estimator,

Est.Asy.Var[bq] = (X′X)-1X′DX(X′X)-1,

where D is a diagonal matrix containing weights,

di = c q

f(0)
d

2

 if yi - xi
= B is positive and c 1 - q

f(0)
d

2

 otherwise,

and f(0) is the true density of the disturbances evaluated at 0.17 [it remains to obtain 
an estimate of f(0).] there is a useful symmetry in this result. Suppose that the true 
density were normal with variance s2. then the preceding would reduce to 
s2(p/2)(X′X)-1, which is the result we used in example 4.5. For more general cases, 
some other empirical estimate of f(0) is going to be required. Nonparametric methods 
of density estimation are available.18 But for the small sample situations in which 
techniques such as this are most desirable (our application below involves 25 
observations), nonparametric kernel density estimation of a single ordinate is 
optimistic; these are, after all, asymptotic results. But asymptotically, as suggested by 
example 4.3, the results begin overwhelmingly to favor least squares. For better or 

16powell (1984) has extended the lad estimator to produce a robust estimator for the case in which data on the 
dependent variable are censored, that is, when negative values of yi are recorded as zero. See melenberg and van 
Soest (1996) for an application. For some related results on other semiparametric approaches to regression, see 
Butler et al. (1990) and mcdonald and White (1993).
17Koenker suggests that for independent and identically distributed observations, one should replace di with the 
constant a = q(1 - q)/[f(F -1(q))]2 = [.50/f(0)]2 for the median (lad) estimator. this reduces the expression to 
the true asymptotic covariance matrix, a(X′X)-1. the one given is a sample estimator which will behave the same 
in large samples. (personal communication with the author.)
18See Section 12.4 and, for example, Johnston and diNardo (1997, pp. 370–375).
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worse, a convenient estimator would be a kernel density estimator as described in 
Section 12.4.1. looking ahead, the computation would be

fn(0) =
1
n

 a
n

i = 1

1
h

 K c ei

h
d ,

where h is the bandwidth (to be discussed shortly), K[.] is a weighting, or kernel function, 
and ei, i = 1, c, n is the set of residuals. there are no hard and fast rules for choosing 
h; one popular choice is that used by Stata (2014), h = .9s/n1/5. the kernel function is 
likewise discretionary, though it rarely matters much which one chooses; the logit kernel 
(see table 12.2) is a common choice.

the bootstrap method of inferring statistical properties is well suited for this 
application. Since the efficacy of the bootstrap has been established for this purpose, the 
search for a formula for standard errors of the lad estimator is not really necessary. the 
bootstrap estimator for the asymptotic covariance matrix can be computed as follows:

Est.Var[bLAD] =
1
R

 a
R

r = 1
(bLAD(r) - bLAD)(bLAD(r) - bLAD)′,

where bLAD(r) is the rth lad estimate of B based on a sample of n observations, drawn 
with replacement, from the original data set and bLAD is the mean of the r lad estimators.

Example 7.10  LAD Estimation of a Cobb–Douglas Production Function
Zellner and Revankar (1970) proposed a generalization of the Cobb–Douglas production 
function that allows economies of scale to vary with output. Their statewide data on 
Y = value added (output), K = capital, L = labor, and N = the number of establishments 
in the transportation industry are given in Appendix Table F7.2. For this application, estimates 
of the Cobb–Douglas production function,

ln(Yi / Ni) = b1 + b2 ln(Ki / Ni) + b3 ln(Li / Ni) + ei,

are obtained by least squares and LAD. The standardized least squares residuals shown in 
Figure 7.5 suggest that two observations (Florida and Kentucky) are outliers by the usual 
construction. The least squares coefficient vectors with and without these two observations are 
(2.293, 0.279, 0.927) and (2.205, 0.261, 0.879), respectively, which bears out the suggestion that 
these two points do exert considerable influence. Table 7.5 presents the LAD estimates of the 
same parameters, with standard errors based on 500 bootstrap replications. The LAD estimates 
with and without these two observations are identical, so only the former are presented. 
Using the simple approximation of multiplying the corresponding OLS standard error by 
(p/2)1/2 = 1.2533 produces a surprisingly close estimate of the bootstrap-estimated standard 
errors for the two slope parameters (0.102, 0.123) compared with the bootstrap estimates of 
(0.124, 0.121). The second set of estimated standard errors are based on Koenker’s suggested 
estimator, 0.25/ fn 2(0) = 0.25/1.54672 = 0.104502. The bandwidth and kernel function are 
those suggested earlier. The results are surprisingly consistent given the small sample size.

7.3.2  QUANTILE REGRESSION MODELS

the quantile regression model is

Q[y � x, q] = x′Bq such that prob[y … x′Bq � x] = q, 0 6 q 6 1.

this is a semiparametric specification. No assumption is made about the distribution 
of y � x or about its conditional variance. the fact that q can vary continuously (strictly) 
between zero and one means that there are an infinite number of possible parameter 
vectors. it seems reasonable to view the coefficients, which we might write B(q) less 
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FIGURE 7.5  Standardized Residuals for a Production Function.
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as fixed parameters, as we do in the linear regression model, than loosely as features 
of the distribution of y � x. For example, it is not likely to be meaningful to view B49 to 
be discretely different from B50 or to compute precisely a particular difference such 
as B.5 - B.3. on the other hand, the qualitative difference, or possibly the lack of a 
difference, between B.3 and B.5 as displayed in our following example, may well be an 
interesting characteristic of the distribution.

the estimator, bq, of Bq, for a specific quantile is computed by minimizing the function

 Fn(Bq � y, X) = a
n

i:yi Ú xi
=Bq

q � yi - xi
=Bq � + a

n

i:yi 6 xi
=Bq

(1 - q) � yi - xi
=Bq �

 = a
n

i = 1
 g(yi - xi

=Bq � q),

Least Squares LAD

Bootstrap Kernel Density

Coefficient Estimate Standard  
Error

t Ratio Estimate Standard  
Error

t Ratio Standard  
Error

t Ratio

Constant 2.293 0.107 21.396 2.275 0.202 11.246 0.183 12.374
bk 0.279 0.081 3.458 0.261 0.124 2.099 0.138 1.881
bl 0.927 0.098 9.431 0.927 0.121 7.637 0.169 5.498

Σe2 0.7814 0.7984

Σ � e � 3.3652 3.2541

TABLE 7.5 LS and LAD Estimates of a Production Function
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where

g(ei,q � q) = bqei,q if ei, q Ú 0
(1 - q)ei,q if ei, q 6 0

r , ei,q = yi - xi
=Bq.

When q = 0.5, the estimator is the least absolute deviations estimator we examined in 
example 4.5 and Section 7.3.1. Solving the minimization problem requires an iterative 
estimator. it can be set up as a linear programming problem.19

We cannot use the methods of chapter 4 to determine the asymptotic covariance 
matrix of the estimator. But the fact that the estimator is obtained by minimizing a sum 
does lead to a set of results similar to those we obtained in Section 4.4 for least squares.20 
assuming that the regressors are well behaved, the quantile regression estimator of Bq 
is consistent and asymptotically normally distributed with asymptotic covariance matrix

Asy.Var.[bq] =
1
n

 H-1 GH-1,

where

H = plim 
1
n

 a
n

i = 1
fq(0 � xi)xixi

=

and

G = plim 
q(1 - q)

n
 a

n

i = 1
xixi

=.

this is the result we had earlier for the lad estimator, now with quantile q instead of 
0.5. as before, computation is complicated by the need to compute the density of eq at 
zero. this will require either an approximation of uncertain quality or a specification of 
the particular density, which we have hoped to avoid. the usual approach, as before, is 
to use bootstrapping.

Example 7.11  Quantile Regression for Smoking Behavior
Laporte, Karimova, and Ferguson (2010) employed Becker and Murphy’s (1988) model of 
rational addiction to study the behavior of a sample of Canadian smokers. The rational 
addiction model is a model of inter-temporal optimization, meaning that, rather than making 
independent decisions about how much to smoke in each period, the individual plots out an 
optimal lifetime smoking trajectory, conditional on future values of exogenous variables such 
as price. The optimal control problem which yields that trajectory incorporates the individual’s 
attitudes to the harm smoking can do to her health and the rate at which she will trade the 
present against the future. This means that factors like the individual’s degree of myopia are 
built into the trajectory of cigarette consumption which she will follow, and that consumption 
trajectory is what yields the forward-looking second-order difference equation which 
characterizes rational addiction behavior.21

The proposed empirical model is a dynamic regression,

Ct = a + xt′B + g1Ct + 1 + g0Ct - 1 + et.

19See Koenker and d’oray (1987) and Koenker (2005).
20See Buchinsky (1998).
21laporte et al., p. 1064.
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FIGURE 7.6  Male Coefficient in Quantile Regressions.
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If it is assumed that xt is fixed at x* and et is fixed at its expected value of zero, then a long 
run equilibrium consumption occurs where Ct = Ct - 1 = C* so that

C* =
a + x*

=B

1 - g1 - g0

.

(Some restrictions on the coefficients must hold for a finite positive equilibrium to exist. We 
can see, for example, g0 + g1 must be less than one.) The long run partial effects are then 
0C*/0x*k = bk/(1 - g0 - g1). Various covariates enter the model including, gender, whether 
smoking is restricted in the workplace, self-assessment of poor diet, price, and whether the 
individual jumped to zero consumption.

The analysis in the study is done primarily through graphical descriptions of the quantile 
regressions. Figure 7.6 (Figure 4 from the article) shows the estimates of the coefficient on a 
gender dummy variable in the model. The center line is the quantile-based coefficient on the 
dummy variable. The bands show 95% confidence intervals. (The authors do not mention 
how the standard errors are computed.) The dotted horizontal line shows the least squares 
estimate of the same coefficient. Note that it coincides with the 50th quantile estimate of this 
parameter.

Example 7.12  Income Elasticity of Credit Card Expenditures
Greene (1992, 2007c) analyzed the default behavior and monthly expenditure behavior of a 
sample (13,444 observations) of credit card users. Among the results of interest in the study 
was an estimate of the income elasticity of the monthly expenditure. A quantile regression 
approach might be based on

Q[ln Spending � x, q] = b1, q + b2, q ln Income + b3, q Age + b4, q Dependents.

The data in Appendix Table F7.3 contain these and numerous other covariates that might explain 
spending; we have chosen these three for this example only. The 13,444 observations in the 
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Estimated Parameters

Quantile Constant ln Income Age Dependents

0.1 -6.73560 1.40306 -0.03081 -0.04297
0.2 -4.31504 1.16919 -0.02460 -0.04630
0.3 -3.62455 1.12240 -0.02133 -0.04788
0.4 -2.98830 1.07109 -0.01859 -0.04731

(median) 0.5 -2.80376 1.07493 -0.01699 -0.04995
Std.error (0.24564) (0.03223) (0.00157) (0.01080)

t -11.41 33.35 -10.79 -4.63

least Squares -3.05581 1.08344 -0.01736 -0.04461
Std.error (0.23970) (0.03212) (0.00135) (0.01092)

t -12.75 33.73 -12.88 -4.08

0.6 -2.05467 1.00302 -0.01478 -0.04609
0.7 -1.63875 0.97101 -0.01190 -0.03803
0.8 -0.94031 0.91377 -0.01126 -0.02245
0.9 -0.05218 0.83936 -0.00891 -0.02009

TABLE 7.6 Estimated Quantile Regression Models

data set are based on credit card applications. Of the full sample, 10,499 applications were 
approved and the next 12 months of spending and default behavior were observed.22 Spending 
is the average monthly expenditure in the 12 months after the account was initiated. Average 
monthly income and number of household dependents are among the demographic data in the 
application. Table 7.6 presents least squares estimates of the coefficients of the conditional 
mean function as well as full results for several quantiles.23 Standard errors are shown for the 
least squares and median (q = 0.5) results. The least squares estimate of 1.08344 is slightly and 
significantly greater than one—the estimated standard error is 0.03212 so the t statistic is 
(1 - 1.08344)/0.03212 = 2.60. This suggests an aspect of consumption behavior that might 
not be surprising. However, the very large amount of variation over the range of quantiles might 
not have been expected. We might guess that at the highest levels of spending for any income 
level, there is (comparably so) some saturation in the response of spending to changes in income.

Figure 7.7 displays the estimates of the income elasticity of expenditure for the range of 
quantiles from 0.1 to 0.9, with the least squares estimate, which would correspond to the fixed 
value at all quantiles, shown in the center of the figure. Confidence limits shown in the figure 
are based on the asymptotic normality of the estimator. They are computed as the estimated 
income elasticity plus and minus 1.96 times the estimated standard error. Figure 7.8 shows 
the implied quantile regressions for q = 0.1, 0.3, 0.5, 0.7, and 0.9.

22the expenditure data are taken from the credit card records while the income and demographic data are taken 
from the applications. While it might be tempting to use, for example, powell’s (1986a,b) censored quantile 
regression estimator to accommodate this large cluster of zeros for the dependent variable, this approach would 
misspecify the model—the zeros represent nonexistent observations, not true zeros and not missing data. a more 
detailed approach—the one used in the 1992 study—would model separately the presence or absence of the 
observation on spending and then model spending conditionally on acceptance of the application. We will revisit 
this issue in chapter 19 in the context of the sample selection model. the income data are censored at 100,000 
and 220 of the observations have expenditures that are filled with $1 or less. We have not “cleaned” the data set 
for these aspects. the full 10,499 observations have been used as they are in the original data set.
23We would note, if (7-33) is the statement of the model, then it does not follow that the conditional mean function 
is a linear regression. that would be an additional assumption.
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FIGURE 7.7  Estimates of Income Elasticity of Expenditure.
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FIGURE 7.8  Quantile Regressions for Spending vs. Income.
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7.4 PARTIALLY LINEAR REGRESSION

the proper functional form in the linear regression is an important specification issue. 
We examined this in detail in chapter 6. Some approaches, including the use of dummy 
variables, logs, quadratics, and so on, were considered as a means of capturing nonlinearity. 
the translog model in particular  (example 2.4) is a well-known approach to 
approximating an unknown nonlinear function. even with these approaches, the 
researcher might still be interested in relaxing the assumption of functional form in the 
model. the partially linear model is another approach.24 consider a regression model in 
which one variable, x, is of particular interest, and the functional form with respect to x 
is problematic. Write the model as

yi = f(xi) + zi
=B + ei,

where the data are assumed to be well behaved and, save for the functional form, the 
assumptions of the classical model are met. the function f(xi) remains unspecified. as 
stated, estimation by least squares is not feasible until f(xi) is specified. Suppose the 
data were such that they consisted of pairs of observations (yj1, yj2), j = 1, c, n/2, in 
which xj1 = xj2 within every pair. if so, then estimation of B could be based on the simple 
transformed model,

yj2 - yj1 = (zj2 - zj1)′B + (ej2 - ej1), j = 1, c, n/2.

as long as observations are independent, the constructed disturbances, vi, still have zero 
mean, variance now 2s2, and remain uncorrelated across pairs, so a classical model 
applies and least squares is actually optimal. indeed, with the estimate of B, say, Bnd in 
hand, a noisy estimate of f(xi) could be estimated with yi - zi

=Bnd (the estimate contains 
the estimation error as well as ei).25

the problem, of course, is that the enabling assumption is heroic. data would not 
behave in that fashion unless they were generated experimentally. the logic of the 
partially linear regression estimator is based on this observation nonetheless. Suppose 
that the observations are sorted so that x1 6 x2 6 g 6 xn. Suppose, as well, that 
this variable is well behaved in the sense that, as the sample size increases, this sorted 
data vector more completely and uniformly fills the space within which xi is assumed 
to vary. then, intuitively, the difference is “almost” right, and becomes better as the 
sample size grows.26 a theory is also developed for a better differencing of groups of 
two or more observations. the transformed observation is yd,i = aM

m = 0dmyi - m, where 

aM
m = 0dm = 0 and aM

m = 0dm
2 = 1. (the data are not separated into nonoverlapping 

groups for this transformation—we merely used that device to motivate the 
technique.) the pair of weights for M = 1 is obviously {20.5 —this is just a scaling 
of the simple difference, 1, -1. Yatchew [1998, p. 697)] tabulates optimal differencing 
weights for M = 1, c, 10. the values for M = 2 are (0.8090, -0.500, -0.3090) and 
for M = 3 are (0.8582, -0.3832, -0.2809, -0.1942). this estimator is shown to be 

24analyzed in detail by Yatchew (1998, 2000) and Härdle, liang, and gao (2000).
25See estes and Honoré (1995) who suggest this approach (with simple differencing of the data).
26Yatchew (1997, 1998) goes more deeply into the underlying theory. 27Yatchew (2000, p. 191) denotes this covariance matrix E[cov[z � x]].
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7.4 PARTIALLY LINEAR REGRESSION

the proper functional form in the linear regression is an important specification issue. 
We examined this in detail in chapter 6. Some approaches, including the use of dummy 
variables, logs, quadratics, and so on, were considered as a means of capturing nonlinearity. 
the translog model in particular  (example 2.4) is a well-known approach to 
approximating an unknown nonlinear function. even with these approaches, the 
researcher might still be interested in relaxing the assumption of functional form in the 
model. the partially linear model is another approach.24 consider a regression model in 
which one variable, x, is of particular interest, and the functional form with respect to x 
is problematic. Write the model as

yi = f(xi) + zi
=B + ei,

where the data are assumed to be well behaved and, save for the functional form, the 
assumptions of the classical model are met. the function f(xi) remains unspecified. as 
stated, estimation by least squares is not feasible until f(xi) is specified. Suppose the 
data were such that they consisted of pairs of observations (yj1, yj2), j = 1, c, n/2, in 
which xj1 = xj2 within every pair. if so, then estimation of B could be based on the simple 
transformed model,

yj2 - yj1 = (zj2 - zj1)′B + (ej2 - ej1), j = 1, c, n/2.

as long as observations are independent, the constructed disturbances, vi, still have zero 
mean, variance now 2s2, and remain uncorrelated across pairs, so a classical model 
applies and least squares is actually optimal. indeed, with the estimate of B, say, Bnd in 
hand, a noisy estimate of f(xi) could be estimated with yi - zi

=Bnd (the estimate contains 
the estimation error as well as ei).25

the problem, of course, is that the enabling assumption is heroic. data would not 
behave in that fashion unless they were generated experimentally. the logic of the 
partially linear regression estimator is based on this observation nonetheless. Suppose 
that the observations are sorted so that x1 6 x2 6 g 6 xn. Suppose, as well, that 
this variable is well behaved in the sense that, as the sample size increases, this sorted 
data vector more completely and uniformly fills the space within which xi is assumed 
to vary. then, intuitively, the difference is “almost” right, and becomes better as the 
sample size grows.26 a theory is also developed for a better differencing of groups of 
two or more observations. the transformed observation is yd,i = aM

m = 0dmyi - m, where 

aM
m = 0dm = 0 and aM

m = 0dm
2 = 1. (the data are not separated into nonoverlapping 

groups for this transformation—we merely used that device to motivate the 
technique.) the pair of weights for M = 1 is obviously {20.5 —this is just a scaling 
of the simple difference, 1, -1. Yatchew [1998, p. 697)] tabulates optimal differencing 
weights for M = 1, c, 10. the values for M = 2 are (0.8090, -0.500, -0.3090) and 
for M = 3 are (0.8582, -0.3832, -0.2809, -0.1942). this estimator is shown to be 

24analyzed in detail by Yatchew (1998, 2000) and Härdle, liang, and gao (2000).
25See estes and Honoré (1995) who suggest this approach (with simple differencing of the data).
26Yatchew (1997, 1998) goes more deeply into the underlying theory. 27Yatchew (2000, p. 191) denotes this covariance matrix E[cov[z � x]].

consistent, asymptotically normally distributed, and have asymptotic covariance 
matrix,27

Asy.Var[Bnd] = a1 +
1

2M
b  
sv

2

n
 Ex[Var[z � x]].

the matrix can be estimated using the sums of squares and cross products of the 
differenced data. the residual variance is likewise computed with

sn v
2 = a n

i = M + 1(yd,i - zd,i
= Bnd)2

n - M
.

Yatchew suggests that the partial residuals, yd,i - zd,i
= Bnd, be smoothed with a kernel 

density estimator to provide an improved estimator of f(xi). manzan and Zeron (2010) 
present an application of this model to the U.S. gasoline market.

Example 7.13  Partially Linear Translog Cost Function
Yatchew (1998, 2000) applied this technique to an analysis of scale effects in the costs 
of electricity supply. The cost function, following Nerlove (1963) and Christensen and 
Greene (1976), was specified to be a translog model (see Example 2.4 and Section 10.3.2) 
involving labor and capital input prices, other characteristics of the utility, and the variable 
of interest, the number of customers in the system, C. We will carry out a similar analysis 
using Christensen and Greene’s 1970 electricity supply data. The data are given in Appendix 
Table F4.4. (See Section 10.3.1 for description of the data.) There are 158 observations in the 
data set, but the last 35 are holding companies that are comprised of combinations of the 
others. In addition, there are several extremely small New England utilities whose costs are 
clearly unrepresentative of the best practice in the industry. We have done the analysis using 
firms 6–123 in the data set. Variables in the data set include Q = output, C = total cost, and 
PK, PL, and PF = unit cost measures for capital, labor, and fuel, respectively. The parametric 
model specified is a restricted version of the Christensen and Greene model,

c = b1k + b2l + b3q + b4 (q2/2) + b5 + e,

where c = ln[C/(Q * PF)], k = ln(PK/PF), l = ln(PL/PF), and q = ln Q. The partially linear 
model substitutes f(q) for the last three terms. The division by PF ensures that average cost is 
homogeneous of degree one in the prices, a theoretical necessity. The estimated equations, 
with estimated standard errors, are shown here.

(parametric) c = -7.32 + 0.069k + 0.241 - 0.569q + 0.057q2/2 + e,
(0.333) (0.065) (0.069)   (0.042)     (0.006) s = 0.13949

(partially linear) cd = 0.108kd + 0.163ld + f(q) + v
(0.076) (0.081) s = 0.16529

7.5 NONPARAMETRIC REGRESSION

the regression function of a variable y on a single variable x is specified as

y = m(x) + e.

No assumptions about distribution, homoscedasticity, serial correlation or, most 
importantly, functional form are made at the outset; m(x) may be quite nonlinear. 
Because this is the conditional mean, the only substantive restriction would be that 
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236 PART I  ✦   The Linear Regression Model

deviations from the conditional mean function are not a function of (correlated with) x.  
We have already considered several possible strategies for allowing the conditional 
mean to be nonlinear, including spline functions, polynomials, logs, dummy variables, 
and so on. But each of these is a “global” specification. the functional form is still the 
same for all values of x. Here, we are interested in methods that do not assume any 
particular functional form.

the simplest case to analyze would be one in which several (different) observations 
on yi were made with each specific value of xi. then, the conditional mean function 
could be estimated naturally using the simple group means. the approach has two 
shortcomings, however. Simply connecting the points of means, (xi, y � xi) does not 
produce a smooth function. the method would still be assuming something specific 
about the function between the points, which we seek to avoid. Second, this sort of data 
arrangement is unlikely to arise except in an experimental situation. given that data 
are not likely to be grouped, another possibility is a piecewise regression in which we 
define “neighborhoods” of points around each x of interest and fit a separate linear or 
quadratic regression in each neighborhood. this returns us to the problem of continuity 
that we noted earlier, but the method of splines, discussed in Section 6.3.1, is actually 
designed specifically for this purpose. Still, unless the number of neighborhoods is quite 
large, such a function is still likely to be crude.

Smoothing techniques are designed to allow construction of an estimator of the 
conditional mean function without making strong assumptions about the behavior of the 
function between the points. they retain the usefulness of the nearest neighbor concept 
but use more elaborate schemes to produce smooth, well-behaved functions. the general 
class may be defined by a conditional mean estimating function

mn (x*) = a
n

i = 1
wi(x* � x1, x2, c, xn)yi = a

n

i = 1
wi(x* � x)yi,

where the weights sum to 1. the linear least squares regression line is such an estimator. 
the predictor is

mn (x*) = a + bx*,

where a and b are the least squares constant and slope. For this function, you can show that

wi(x* � x) =
1
n

+
x*(xi - x)

a n
i = 1(xi - x)2

.

the problem with this particular weighting function, which we seek to avoid here, is that 
it allows every xi to be in the neighborhood of x*, but it does not reduce the weight of 
any xi when it is far from x*. a number of smoothing functions have been suggested that 
are designed to produce a better behaved regression function.28 We will consider two.

the locally weighted smoothed regression estimator (loess or lowess depending 
on your source) is based on explicitly defining a neighborhood of points that is close 
to x*. this requires the choice of a bandwidth, h. the neighborhood is the set of points 
for which � x* - xi � is small. For example, the set of points that are within the range 
x* { h/2 might constitute the neighborhood. the choice of bandwidth is crucial, as we 

28See cleveland (1979) and Schimek (2000).
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will explore in the following example, and is also a challenge. there is no single best 
choice. a common choice is Silverman’s (1986) rule of thumb,

hSilverman =
.9[min(s, IQR)]

1.349n0.2 ,

where s is the sample standard deviation and IQR is the interquartile range (0.75 quantile 
minus 0.25 quantile). a suitable weight is then required. cleveland (1979) recommends 
the tricube weight,

Ti(x* � x, h) = J1 - a � xi - x* �
h

b
3 R 3

.

combining terms, then the weight for the loess smoother is

wi(x* � x, h) = 1(xi in the neighborhood) * Ti(x* � x, h).

the bandwidth is essential in the results. a wider neighborhood will produce a smoother 
function, but the wider neighborhood will track the data less closely than a narrower one. 
a second possibility, similar to the least squares approach, is to allow the neighborhood 
to be all points but make the weighting function decline smoothly with the distance 
between x* and any xi. a variety of kernel functions are used for this purpose. two 
common choices are the logistic kernel,

K(x* � xi, h) = Λ(vi)[1 - Λ(vi)] where Λ(vi) = exp(vi)/[1 + exp(vi)], vi = (xi - x*)/h,

and the Epanechnikov kernel,

K(x* � xi, h) = 0.75(1 - 0.2vi
2)/U5 if � vi � … 5 and 0 otherwise.

this produces the kernel weighted regression estimator,

mn (x* � x, h) =

1
n

 a
n

i = 1
 
1
h

 K c xi - x*

h
d yi

1
n

 a
n

i = 1
 
1
h

 K c xi - x*

h
d

,

which has become a standard tool in nonparametric analysis.

Example 7.14  A Nonparametric Average Cost Function
In Example 7.13, we fit a partially linear regression for the relationship between average cost and 
output for electricity supply. Figure 7.9 shows the less ambitious nonparametric regressions of 
average cost on output. The overall picture is the same as in the earlier example. The kernel 
function is the logistic density in both cases. The functions in Figure 7.9 use bandwidths of 
2,000 and 100. Because 2,000 is a fairly large proportion of the range of variation of output, 
this function is quite smooth. The other function in Figure 7.9 uses a bandwidth of only 100. 
The function tracks the data better, but at an obvious cost. The example demonstrates what 
we and others have noted often. The choice of bandwidth in this exercise is crucial.

data smoothing is essentially data driven. as with most nonparametric techniques, 
inference is not part of the analysis—this body of results is largely descriptive. as can 
be seen in the example, nonparametric regression can reveal interesting characteristics 

M07_GREE1366_08_SE_C07.indd   237 2/24/17   11:05 AM



238 PART I  ✦   The Linear Regression Model

of the data set. For the econometrician, however, there are a few drawbacks. there is no 
danger of misspecifying the conditional mean function; however, the great generality of 
the approach limits the ability to test one’s specification or the underlying theory.29 most 
relationships are more complicated than a simple conditional mean of one variable. in 
example 7.14, some of the variation in average cost relates to differences in factor prices 
(particularly fuel) and in load factors. extensions of the fully nonparametric regression 
to more than one variable is feasible, but very cumbersome.30 a promising approach is 
the partially linear model considered earlier. Henderson and parmeter (2015) describe 
extensions of the kernel regression that accommodate multiple regression.

7.6 SUMMARY AND CONCLUSIONS

in this chapter, we extended the regression model to a form that allows nonlinearity 
in the parameters in the regression function. the results for interpretation, estimation, 
and hypothesis testing are quite similar to those for the linear model. the two crucial 
differences between the two models are, first, the more involved estimation procedures 
needed for the nonlinear model and, second, the ambiguity of the interpretation of the 
coefficients in the nonlinear model (because the derivatives of the regression are often 
nonconstant, in contrast to those in the linear model).

29See, for example, Blundell, Browning, and crawford’s (2003) extensive study of British expenditure patterns.
30See Härdle (1990), li and racine (2007), and Henderson and parmeter (2015).

FIGURE 7.9  Nonparametric Cost Functions.
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Exercises

1. describe how to obtain nonlinear least squares estimates of the parameters of the 
model y = axb + e.

2. Verify the following differential equation, which applies to the Box–cox 
transformation:

 
dix(l)

dli = a 1
l
b cxl(ln x)i -

idi - 1x(l)

dli - 1 d . (7-34)

Show that the limiting sequence for l = 0 is

 lim
lS0

 
dix(l)

dli =
(ln x)i + 1

i + 1
. (7-35)

these results can be used to great advantage in deriving the actual second 
derivatives of the log-likelihood function for the Box–cox model.

Key Terms and Concepts

•	Bandwidth
•	Bootstrap
•	Box–cox transformation
•	conditional mean function
•	conditional median
•	delta method
•	epanechnikov kernel
•	gmm estimator
•	identification condition
•	identification problem
•	indirect utility function
•	interaction term
•	iteration

•	Jacobian
•	Kernel density estimator
•	Kernel functions
•	lagrange multiplier test
•	least absolute deviations 

(lad)
•	linear regression model
•	linearized regression 

model
•	logistic kernel
•	median regression
•	Nearest neighbor
•	Neighborhood

•	Nonlinear least squares
•	Nonlinear regression model
•	Nonparametric regression
•	orthogonality condition
•	overidentifying restrictions
•	partially linear model
•	pseudoregressors
•	Quantile regression model
•	roy’s identity
•	Semiparametric
•	Silverman’s rule of thumb
•	Smoothing function
•	Starting values

Applications

1. Using the Box–cox transformation, we may specify an alternative to the cobb–
douglas model as

ln Y = a + bk 
(Kl - 1)

l
+ bl 

(Ll - 1)

l
+ e.

Using Zellner and revankar’s data in appendix table F7.2, estimate a, bk, bl, and 
l by using the scanning method suggested in example 7.5. (do not forget to scale 
Y, K, and L by the number of establishments.) Use (7-24), (7-15), and (7-16) to 
compute the appropriate asymptotic standard errors for your estimates. compute 
the two output elasticities, 0 ln Y/0 ln K and 0 ln Y/0 ln L, at the sample means of K 
and L. (Hint: 0 ln Y/0 ln K = K0 ln Y/0K.)

2. For the model in application 1, test the hypothesis that l = 0 using a Wald test 
and a lagrange multiplier test. Note that the restricted model is the cobb–douglas 
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240 PART I  ✦   The Linear Regression Model

loglinear model. the lm test statistic is shown in (7-22). to carry out the test, you 
will need to compute the elements of the fourth column of X0, the pseudoregressor 
corresponding to l is 0E[y � x]/0l �l = 0. result (7-35) will be useful.

3. the National institute of Standards and technology (NiSt) has created a Web site 
that contains a variety of estimation problems, with data sets, designed to test the 
accuracy of computer programs. (the Url is http://www.itl.nist.gov/div898/strd/.) 
one of the five suites of test problems is a set of 27 nonlinear least squares problems, 
divided into three groups: easy, moderate, and difficult. We have chosen one of them 
for this application. You might wish to try the others (perhaps to see if the software 
you are using can solve the problems). this is the misralc problem (http://www 
.itl.nist.gov/div898/strd/nls/data/misra1c.shtml). the nonlinear regression model is

 yi = h(x, B) + e

 = b1¢1 -
121 + 2b2xi

≤ + ei.

the data are as follows:

Y X

10. 07 77.6
14. 73 114.9
17. 94 141.1
23. 93 190.8
29. 61 239.9
35. 18 289.0
40. 02 332.8
44. 82 378.4
50. 76 434.8
55. 05 477.3
61. 01 536.8
66. 40 593.1
75. 47 689.1
81. 78 760.0

For each problem posed, NiSt also provides the “certified solution” (i.e., the right 
answer). For the misralc problem, the solutions are as follows:

Estimate Estimated Standard Error

b1 6.3642725809e+02 4.6638326572e+00
b2 2.0813627256e–04 1.7728423155e–06
e′e 4.0966836971e–02

s2 = e′e/(n - K) 5.8428615257e–02

Finally, NiSt provides two sets of starting values for the iterations, generally one 
set that is “far” from the solution and a second that is “close” to the solution. 
For this problem, the starting values provided are B1 = (500, 0.0001) and 
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B2 = (600, 0.0002). the exercise here is to reproduce the NiSt results with your 
software. [For a detailed analysis of the NiSt nonlinear least squares benchmarks 
with several well-known computer programs, see mccullough (1999).]

4. in example 7.1, the ceS function is suggested as a model for production,

 ln y = ln g -
n

r
 ln [dK-r + (1 - d)L-r] + e. (7-36)

example 6.19 suggested an indirect method of estimating the parameters of this 
model. the function is linearized around r = 0, which produces an intrinsically 
linear approximation to the function,

ln y = b1 + b2 ln K + b3 ln L + b4[1/2(ln K - ln L)2] + e,

where b1 = ln g, b2 = nd, b3 = n(1 - d) and b4 = rnd(1 - d). the approximation 
can be estimated by linear least squares. estimates of the structural parameters are 
found by inverting the preceding four equations. an estimator of the asymptotic 
covariance matrix is suggested using the delta method. the parameters of (7-36) 
can also be estimated directly using nonlinear least squares and the results given 
earlier in this chapter.

christensen and greene’s (1976) data on U.S. electricity generation are given in 
appendix table F4.4. the data file contains 158 observations. Using the first 123, fit 
the ceS production function, using capital and fuel as the two factors of production 
rather than capital and labor. compare the results obtained by the two approaches, 
and comment on why the differences (which are substantial) arise.

the following exercises require specialized software. the relevant techniques 
are available in several packages that might be in use, such as SAS, Stata, or 
NLOGIT. the exercises are suggested as departure points for explorations using a 
few of the many estimation techniques listed in this chapter.

5. Using the gasoline market data in appendix table F2.2, use the partially linear 
regression method in Section 7.4 to fit an equation of the form

ln(G/Pop) = b1 ln(Income) + b2 ln Pnew cars + b3 ln Pused cars + g(ln Pgasoline) + e.

6. to continue the analysis in application 5, consider a nonparametric regression of 
G/Pop on the price. Using the nonparametric estimation method in Section 7.5, 
fit the nonparametric estimator using a range of bandwidth values to explore the 
effect of bandwidth.
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8

EndogEnEity and instrumEntal 
VariablE Estimation

§
8.1 INTRODUCTION

the assumption that xi and ei are uncorrelated in the linear regression model,

 y = x=B + e, (8-1)

has been crucial in the development thus far. but there are many applications in which 
this assumption is untenable. Examples include models of treatment effects such as 
those in Examples 6.8–6.13, models that contain variables that are measured with error, 
dynamic models involving expectations, and a large variety of common situations that 
involve variables that are unobserved, or for other reasons are omitted from the equation. 
Without the assumption that the disturbances and the regressors are uncorrelated, none 
of the proofs of consistency or unbiasedness of the least squares estimator that were 
obtained in Chapter 4 will remain valid, so the least squares estimator loses its appeal. 
this chapter will develop an estimation method that arises in situations such as these.

it is convenient to partition x in (8-1) into two sets of variables, x1 and x2, with the 
assumption that x1 is not correlated with e and x2 is, or may be (part of the empirical 
investigation). We are assuming that x1 is exogenous in the model—see assumption a.3 
in the statement of the linear regression model in section 2.3. it will follow that x2 is, 
by this definition, endogenous in the model. How does endogeneity arise? Example 8.1 
suggests some common settings.

Example 8.1  Models with Endogenous Right-Hand-Side Variables
The following models and settings will appear at various points in this book.

Omitted Variables: In Example 4.2, we examined an equation for gasoline consumption 
of the form

ln G = b1 + b2 ln Price + b3 ln Income + e.

When income is improperly omitted from this (any) demand equation, the resulting “model” is

ln G = b1 + b2 ln Price + w,

where w = b3 ln Income + e. Linear regression of lnG on a constant and lnPrice does not 
consistently estimate (b1, b2) if lnPrice is correlated with w. It surely will be in aggregate 
time-series data. The omitted variable reappears in the equation, in the disturbance, causing 
omitted variable bias in the least squares estimator of the misspecified equation.

Berry, Levinsohn, and Pakes (1995) examined the equilibrium in the U.S. automobile 
market. The centerpiece of the model is a random utility, multinomial choice model. For 
consumer i in market t, the utility of brand choice j is Uijt = U(wi, pjt, xjt, fjt �B), where wi is 
individual heterogeneity, pjt is the price, xjt is a vector of observed attributes, and fjt is a vector 
of unobserved features of the brand. Under the assumptions of random utility maximizing, and 
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aggregating over individuals, the model produces a market share equation, sjt = sj(pt, Xt, ft �B). 
Because ft is unobserved features that consumers care about (i.e., fjt influences the market 
share of brand j), and fjt is reflected in the price of the brand, pjt, pt is endogenous in this 
choice model that is based on observed market shares.

Endogenous Treatment Effects: Krueger and Dale (1999) and Dale and Krueger (2002, 
2011) examined the effect of attendance at an elite college on lifetime earnings. The regression 
model with a “treatment effect” dummy variable, T, which equals one for those who attended 
an elite college and zero otherwise, appears as

ln y = x′B + dT + e.

Least squares regression of a measure of earnings, ln y, on x and T attempts to produce an 
estimate of d, the impact of the treatment. It seems inevitable, however, that some unobserved 
determinants of lifetime earnings, such as ambition, inherent abilities, persistence, and so on 
would also determine whether the individual had an opportunity to attend an elite college. 
If so, then the least squares estimator of d will inappropriately attribute the effect to the 
treatment, rather than to these underlying factors. Least squares will not consistently estimate 
d, ultimately because of the correlation between T and e.

In order to quantify definitively the impact of attendance at an elite college on the individuals 
who did so, the researcher would have to conduct an impossible experiment. Individuals in 
the sample would have to be observed twice, once having attended the elite college and a 
second time (in a second lifetime) without having done so. Whether comparing individuals 
who attended elite colleges to other individuals who did not adequately measures the effect 
of the treatment on the treated individuals is the subject of a vast current literature. See, 
for example, Imbens and Wooldridge (2009) for a survey.

Simultaneous Equations: In an equilibrium model of price and output determination in 
a market, there would be equations for both supply and demand. For example, a model of 
output and price determination in a product market might appear,

 (Demand)  QuantityD = a0 + a1 Price + a2 Income + eD,

 (Supply)  QuantityS = b0 + b1 Price + b2 Input Price + eS,

 (Equilibrium) QuantityD = QuantityS.

Consider attempting to estimate the parameters of the demand equation by regression of a 
time series of equilibrium quantities on equilibrium prices and incomes. The equilibrium price 
is determined by the equation of the two quantities. By imposing the equilibrium condition, 
we can solve for Price = (a0 - b0 + a2 Income - b2 Input Price + eD - eS)/(b1 - a1). The 
implication is that Price is correlated with eD—if an external shock causes eD to change, that 
induces a shift in the demand curve and ultimately causes a new equilibrium Price. Least 
squares regression of quantity on Price and Income does not estimate the parameters of the 
demand equation consistently. This “feedback” between eD and Price in this model produces 
simultaneous equations bias in the least squares estimator.

Dynamic Panel Data Models: In Chapter 11, we will examine a dynamic random 
effects model of the form yit = xit′B + gyi,t - 1 + eit + ui where ui contains the time-invariant 
unobserved features of individual i. Clearly, in this case, the regressor yi,t - 1 is correlated 
with the disturbance, (eit + ui)—the unobserved heterogeneity is present in yit in every 
period. In Chapter 13, we will examine a model for municipal expenditure of the form 
Sit = f(Si,t - 1, c) + eit. The disturbances are assumed to be freely correlated across periods, 
so both Si,t - 1 and eit are correlated with ei,t - 1. It follows that they are correlated with each 
other, which means that this model, even without time-persistent effects, does not satisfy the 
assumptions of the linear regression model. The regressors and disturbances are correlated.
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Omitted Parameter Heterogeneity: Many cross-country studies of economic growth 
have the following structure (greatly simplified for purposes of this example),

∆ ln Yit = ai + uit + bi ∆ ln Yi,t - 1 + eit,

where ∆ ln Yit is the growth rate of country i in year t.1 Note that the coefficients in the model 
are country specific. What does least squares regression of growth rates of income on a time 
trend and lagged growth rates estimate? Rewrite the growth equation as

 ∆ ln Yit = a + ut + b(∆ ln Yi,t - 1) + (ai - a) + (ui - u)t + (bi - b)(∆ ln Yi,t - 1) + eit
 = a + ut + b(∆ ln Yi,t - 1) + wit.

We assume that the “average” parameters, a, u, and b, are meaningful fixed parameters to 
be estimated. Does the least squares regression of ∆ ln Yit on a constant, t, and ∆ ln Yi,t - 1 
estimate these parameters consistently? We might assume that the cross-country variation in 
the constant terms is purely random, and the time trends, ui, are driven by purely exogenous 
factors. But the differences across countries of the convergence parameters, bi, are likely 
at least to be correlated with the growth in incomes in those countries, which will induce 
a correlation between the lagged income growth and the term (bi - b) embedded in wit. If 
(bi - b) is random noise that is uncorrelated with ∆ ln Yi,t - 1, then (bi - b) ∆ ln Yi,t - 1 will be also.

Measurement Error: Ashenfelter and Krueger (1994), Ashenfelter and Zimmerman (1997), 
and Bonjour et al. (2003) examined applications in which an earnings equation,

yi,t = f(Educationi,t, c) + ei,t,

is specified for sibling pairs (twins) t = 1, 2 for n families. Education is a variable that is 
inherently unmeasurable; years of schooling is typically the best proxy variable available. 
Consider, in a very simple model, attempting to estimate the parameters of

yit = b1 + b2 Educationit + eit,

by a regression of Earningsit on a constant and Schoolingit, with

Schoolingit = Educationit + uit,

where uit is the measurement error. By a simple substitution, we find

yit = b1 + b2 Schoolingit + wit,

where wit = eit - b2uit. Schooling is clearly correlated with wit = (eit - b2uit). The interpretation 
is that at least some of the variation in Schooling is due to variation in the measurement 
error, uit. Because schooling is correlated with wit, it is endogenous in the earnings equation, 
and least squares is not a suitable estimator. As we will show later, in cases such as this 
one, the mismeasurement of a relevant variable causes a particular form of inconsistency, 
attenuation bias, in the estimator of b2.

Nonrandom Sampling: In a model of the effect of a training program, an employment 
program, or the labor supply behavior of a particular segment of the labor force, the sample 
of observations may have voluntarily selected themselves into the observed sample. 
The Job Training Partnership Act (JTPA) was a job training program intended to provide 
employment assistance to disadvantaged youth. Anderson et al. (1991) found that for 
a sample that they examined, the program appeared to be administered most often to 
the best qualified applicants. In an earnings equation estimated for such a nonrandom 
sample, the implication is that the disturbances are not truly random. For the application just 
described, for example, on average, the disturbances are unusually high compared to the 

1see, for example, lee, Pesaran, and smith (1997).
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full population. Merely unusually high would not be a problem save for the general finding 
that the explanation for the nonrandomness is found at least in part in the variables that 
appear elsewhere in the model. This nonrandomness of the sample translates to a form of 
omitted variable bias known as sample selection bias.

Attrition: We can observe two closely related important cases of nonrandom sampling. 
In panel data studies of firm performance, the firms still in the sample at the end of the 
observation period are likely to be a subset of those present at the beginning—those firms 
that perform badly, “fail,” or drop out of the sample. Those that remain are unusual in the same 
fashion as the previous sample of JTPA participants. In these cases, least squares regression 
of the performance variable on the covariates (whatever they are) suffers from a form of 
selection bias known as survivorship bias. In this case, the distribution of outcomes, firm 
performances for the survivors is systematically higher than that for the population of firms as 
a whole. This produces a phenomenon known as truncation bias. In clinical trials and other 
statistical analyses of health interventions, subjects often drop out of the study for reasons 
related to the intervention itself—for a quality of life intervention such as a drug treatment for 
cancer, subjects may leave because they recover and feel uninterested in returning for the exit 
interview, or they may pass away or become incapacitated and be unable to return. In either 
case, the statistical analysis is subject to attrition bias. The same phenomenon may impact 
the analysis of panel data in health econometrics studies. For example, Contoyannis, Jones, 
and Rice (2004) examined self-assessed health outcomes in a long panel data set extracted 
from the British Household Panel Survey. In each year of the study, a significant number of 
the observations were absent from the next year’s data set, with the result that the sample 
was winnowed significantly from the beginning to the end of the study.

in all the cases listed in Example 8.1, the term bias refers to the result that least 
squares (or other conventional modifications of least squares) is an inconsistent 
(persistently biased) estimator of the coefficients of the model of interest. though the 
source of the result differs considerably from setting to setting, all ultimately trace back 
to endogeneity of some or all of the right-hand-side variables and this, in turn, translates 
to correlation between the regressors and the disturbances. these can be broadly viewed 
in terms of some specific effects:

●● omitted variables, either observed or unobserved,
●● Feedback effects,
●● dynamic effects,
●● Endogenous sample design, and so on.

there are three general solutions to the problem of constructing a consistent 
estimator. in some cases, a more detailed, structural specification of the model can 
be developed. these usually involve specifying additional equations that explain the 
correlation between xi and ei in a way that enables estimation of the full set of parameters 
of interest. We will develop a few of these models in later chapters, including, for example, 
Chapter 19, where we consider Heckman’s (1979) model of sample selection. the second 
approach, which is becoming increasingly common in contemporary research, is the 
method of instrumental variables. the method of instrumental variables is developed 
around the following estimation strategy: suppose that in the model of (8-1), the K 
variables xi may be correlated with ei. suppose as well that there exists a set of L variables 
zi, such that zi is correlated with xi, but not with ei. We cannot estimate B consistently by 
using the familiar least squares estimator. but the assumed lack of correlation between 
zi and ei implies a set of relationships that may allow us construct a consistent estimator 
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of B by using the assumed relationships among zi, xi, and ei. a third method that builds 
off the second augments the equation with a constructed exogenous variable (or set of 
variables), Ci, such that in the presence of the control function, C, xi2 is not correlated with 
ei. the best known approach to the sample selection problem turns out to be a control 
function estimator. the method of two-stage least squares can be construed as another.

this chapter will develop the method of instrumental variables as an extension of 
the models and estimators that have been considered in Chapters 2–7. section 8.2 will 
formalize the model in a way that provides an estimation framework. the method of 
instrumental variables (IV) estimation and two-stage least squares (2SLS) is developed 
in detail in section 8.3. two tests of the model specification are considered in section 8.4. 
a particular application of the estimation with measurement error is developed in detail 
in section 8.5. section 8.6 will consider nonlinear models and begin the development of 
the generalized method of moments (gmm) estimator. the iV estimator is a powerful 
tool that underlies a great deal of contemporary empirical research. a shortcoming, the 
problem of weak instruments, is considered in section 8.7. Finally, some observations 
about instrumental variables and the search for causal effects are presented in section 8.8.

this chapter will develop the fundamental results for iV estimation. the use of 
instrumental variables will appear in many applications in the chapters to follow, including 
multiple equations models in Chapter 10, the panel data methods in Chapter 11, and in 
the development of the generalized method of moments in Chapter 13.

8.2 ASSUMPTIONS OF THE EXTENDED MODEL

the assumptions of the linear regression model, laid out in Chapters 2 and 4, are:

A.1. Linearity: yi = xi1b1 + xi2b2 + g + xiKbK + ei.
A.2. Full rank: the n * K sample data matrix, X, has full column rank.
A.3.  Exogeneity of the independent variables: E[ei � xj1, xj2, c, xjk] = 0, i, j = 1, c, n. 

there is no correlation between the disturbances and the independent variables.
A.4.  Homoscedasticity and nonautocorrelation: Each disturbance, ei, has the same finite 

variance, s2, and is uncorrelated with every other disturbance, ej, conditioned on X.
A.5. Stochastic or nonstochastic data: (xi1, xi2, c, xiK), i = 1, c, n.
A.6. Normal distribution: the disturbances are normally distributed.

We will maintain the important result that plim (X′X/n) = Qxx. the basic 
assumptions of the regression model have changed, however. First, a.3 (no correlation 
between x and e) is, under our new assumptions,

A.I3. E[ei � xi] = h.

We interpret assumption a.i3 to mean that the regressors now provide information 
about the expectations of the disturbances. the important implication of a.i3 is that 
the disturbances and the regressors are now correlated. assumption a.i3 implies that

 E[xiei] = G (8-2)

for some nonzero G. if the data are well behaved, then we can apply theorem d.5 
(Khinchine’s theorem) to assert that,

 plim (1/n)X′E = G. (8-3)
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notice that the original model results if h = 0. the implication of (8-3) is that the 
regressors, X, are no longer exogenous. assumptions a.4–a.6 will be secondary 
considerations in the discussion of this chapter. We will develop some essential results 
with a.4 in place, then turn to robust inference procedures that do not rely on it. as 
before, we will characterize the essential results based on random sampling from the 
joint distribution of y and x (and z). assumption a.6 is no longer relevant—all results 
from here forward will be based on asymptotic distributions.

We now assume that there is an additional set of variables, z = (z1, c, zL), that 
have two essential properties:

1. Relevance: they are correlated with the independent variables, X.
2. Exogeneity: they are uncorrelated with the disturbance.

We will formalize these notions as we proceed. in the context of our model, variables 
that have these two properties are instrumental variables. We assume the following:

A.I7. [xi, zi, ei], i = 1, c, n, are an i.i.d. sequence of random variables.
A.I8a. E [xik

2 ] = Qxx,kk 6 ∞, a finite constant, k = 1, c, K.
A.I8b. E [zil

2] = Qzz,ll 6 ∞, a finite constant, l = 1, c, L.
A.I8c. E [zilxik] = Qzx,lk 6 ∞, a finite constant, l = 1, c, L, k = 1, c, K.
A.I9. E [ei � zi] = 0.

in later work in time-series models, it will be important to relax assumption a.i7. Finite 
means of zl follows from a.i8b. using the same analysis as in section 4.4, we have

 plim (1/n)Z′Z = Qzz, a finite, positive definite matrix (well@behaved data),
 plim (1/n)Z′X = Qzx, a finite, L * K matrix with rank K (relevance),
 plim (1/n)Z′E = 0 (exogeneity).

in our statement of the regression model, we have assumed thus far the special case of 
h = 0; G = 0 follows.

For the present, we will assume that L = K—there are the same number of 
instrumental variables as there are right-hand-side variables in the equation. recall in the 
introduction and in Example 8.1, we partitioned x into x1, a set of K1 exogenous variables, 
and x2, a set of K2 endogenous variables, on the right-hand side of (8-1). in nearly all 
cases in practice, the problem of endogeneity is attributable to one or a small number 
of variables in x. in the Krueger and dale (1999) study of endogenous treatment effects 
in Example 8.1, we have a single endogenous variable in the equation, the treatment 
dummy variable, T. the implication for our formulation here is that in such a case, the K1 
variables x1 will be K1 of the variables in Z and the K2 remaining variables will be other 
exogenous variables that are not the same as x2. the usual interpretation will be that 
these K2 variables, z2, are the instruments for x2 while the x1 variables are instruments for 
themselves. to continue the example, the matrix Z for the endogenous treatment effects 
model would contain the K1 columns of X and an additional instrumental variable, z, 
for the treatment dummy variable. in the simultaneous equations model of supply and 
demand, the endogenous right-hand-side variable is x2 = price while the exogenous 
variables are (1, Income). one might suspect (correctly), that in this model, a set of 
instrumental variables would be z = (1, Income, InputPrice). in terms of the underlying 
relationships among the variables, this intuitive understanding will provide a reliable 
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guide. For reasons that will be clear shortly, however, it is necessary statistically to treat 
Z as the instruments for X in its entirety.

there is a second subtle point about the use of instrumental variables that will 
likewise be more evident below. the relevance condition must actually be a statement of 
conditional correlation. Consider, once again, the treatment effects example, and suppose 
that z is the instrumental variable in question for the treatment dummy variable T. the 
relevance condition as stated implies that the correlation between z and (x,T) is nonzero. 
Formally, what will be required is that the conditional correlation of z with T � x be nonzero. 
one way to view this is in terms of a projection; the instrumental variable z is relevant if 
the coefficient on z in the projection of T on (x, z) is nonzero. intuitively, z must provide 
information about the movement of T that is not provided by the x variables that are 
already in the model.

8.3 INSTRUMENTAL VARIABLES ESTIMATION

For the general model of section 8.2, we lose most of the useful results we had for 
least squares. We will consider the implications for least squares and then construct an 
alternative estimator for B in this extended model.

8.3.1  LEAST SQUARES

the least squares estimator, b, is no longer unbiased,

E[b � X] = B + (X′X)-1X′h ≠ B,

so the gauss–markov theorem no longer holds. the estimator is also inconsistent,

 plim b = B + plim aX′X
n

b
-1

 plimaX′e
n

b = B + QXX
-1 G ≠ B. (8-4)

(the asymptotic distribution is considered in the exercises.) the inconsistency of least 
squares is not confined to the coefficients on the endogenous variables. to see this, apply 
(8-4) to the treatment effects example discussed earlier. in that case, all but the last 
variable in X are uncorrelated with E. this means that

plim aX′E
n

b = § 0
0
f
gK

¥ = gK§ 0
0
f
1

¥.

it follows that for this special case, the result in (8-4) is

plim b = B + gK * the last column of QXX
-1 .

there is no reason to expect that any of the elements of the last column of QXX
-1  will equal 

zero. the implication is that even though only one of the variables in X is correlated 
with E, all of the elements of b are inconsistent, not just the estimator of the coefficient 
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on the endogenous variable. this effect is called smearing; the inconsistency due to the 
endogeneity of the one variable is smeared across all of the least squares estimators.

8.3.2  THE INSTRUMENTAL VARIABLES ESTIMATOR

because E[ziEi] = 0 and all terms have finite variances, it follows that plimaZ′E
n

b = 0. 

therefore,

 plim aZ′y
n

b = Jplim aZ′X
n

b RB + plimaZ′E
n

b = JplimaZ′X
n

b RB. (8-5)

We have assumed that Z has the same number of variables as X. For example, suppose 
in our consumption function that xt = [1, Yt] when zt = [1, Yt - 1]. We have also assumed 
that the rank of Z′X is K, so now Z′X is a square matrix. it follows thatJplim aZ′X

n
b R -1

 plimaZ′y
n

b = B,

which leads us to the instrumental variable estimator,

 biV = (Z′X)-1Z′y. (8-6)

For a model with a constant term and a single x and instrumental variable z, we have

biV = a n
i = 1(zi - z)(yi - y)

a n
i = 1(zi - z)(xi - x)

=
Cov(z, y)

Cov(z, x)
.

We have already proved that biV is consistent. We now turn to the asymptotic 
distribution. We will use the same method as in section 4.4.3. First,2n (biV - B) = aZ′X

n
b

-1

 
12n

 Z′E,

which has the same limiting distribution as Qzx
-1[(1/2n)Z′E]. our analysis of (1/2n)Z′E 

can be the same as that of (1/2n)X′E in section 4.4.3, so it follows that

a 12n
 Z′Eb ¡d

N[0, S2Qzz],

and

aZ′X
n

b
-1

a 12n
 Z′Eb ¡d

N[0, s2Qzx
-1QzzQxz

-1].

this step completes the derivation for the next theorem.
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THEOREM 8.1  Asymptotic Distribution of the Instrumental Variables 
Estimator

If Assumptions A.1–A5, A.I7, A.I8a–c, and A.I9 all hold for [yi, xi, zi, ei], where z is 
a valid set of L = K instrumental variables, then the asymptotic distribution of the 
instrumental variables estimator biV = (Z′X)-1Z′y is

 biV ∼
a

NJB, 
s2

n
 Qzx

-1QzzQxz
-1 R . (8-7)

where Qzx = plim(Z′X/n) and Qzz = plim(Z′Z/n). If Assumption A4 is dropped, 
then the asymptotic covariance matrix will be the population counterpart to the 
robust estimators in (8-8h) or (8-8c), below.

8.3.3  ESTIMATING THE ASYMPTOTIC COVARIANCE MATRIX

to estimate the asymptotic covariance matrix, we will require an estimator of s2. the 
natural estimator is

sn 2 =
1

n - K a
n

i = 1
(yi - xi′biV)2.

the correction for degrees of freedom is unnecessary, as all results here are asymptotic, 
and sn 2 would not be unbiased in any event. nonetheless, it is standard practice to make 
the degrees of freedom correction. using the same approach as in section 4.4.2 for 
the regression model, we find that sn 2 is a consistent estimator of s2. We will estimate 
asy.Var[biV] with

 Est.asy.Var[biV] =
1
n

 ¢En ′En
n

b aZ′X
n

b
-1

aZ′Z
n

b aX′Z
n

b
-1

 = sn 2(Z′X)-1(Z′Z)(X′Z)-1.  

(8-8)

the estimator in (8-8) is based on assumption a.4, homoscedasticity and 
nonautocorrelation. by writing the iV estimator as

bIV = B + Ja n
i = 1zixi′R -1

a n
i = 1ziei

we can use the same logic as in (4-35)–(4-37) and (4-40)–(4-42) to construct estimators 
of the asymptotic covariance matrix that are robust to heteroscedasticity,

 Est.asy.Var[bIV] = Ja n
i = 1zixi′R -1Ja n

i = 1zizi′eni
2 R Ja n

i = 1xi′ziR -1

 = n(Z′X)-1 c 1
n a n

i = 1zizi′eni
2 d (X′Z)-1, 

(8-8h)

and to clustering,
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Est.asy.Var[bIV] = C(Z′X)-1 c a C
C - 1

b 1
C aC

c = 1¢aNc

i = 1zicenic≤ ¢aNc

i = 1zicenic≤=R (X′Z)-1,

 (8-8c)
respectively.

8.3.4  MOTIVATING THE INSTRUMENTAL VARIABLES ESTIMATOR

in obtaining the iV estimator, we relied on the solutions to the equations in (8-5), 
plim(Z′y/n) = plim(Z′X/n)B or QZy = QZXB. the iV estimator is obtained by solving 
this set of K moment equations. because this is a set of K equations in K unknowns, 
if QZX

-1  exists, then there is an exact solution for B, given in (8-6). the corresponding 
moment equations if only X is used would be

plim(X′y/n) = plim(X′X/n)B + plim(X′E/n) = plim(X′X/n)B + G

or

QXy = QXXB + G,

which is, without further restrictions, K equations in 2K unknowns. there are insufficient 
equations to solve this system for either B or G. the further restrictions that would allow 
estimation of B would be G = 0; this is precisely the exogeneity assumption a.3. the 
implication is that the parameter vector B is not identified in terms of the moments of X 
and y alone—there does not exist a solution. but it is identified in terms of the moments 
of Z, X, and y, plus the K restrictions imposed by the exogeneity assumption, and the 
relevance assumption that allows computation of biV.

by far the most common application of iV estimation involves a single endogenous 
variable in a multiple regression model,

yi = xi1b1 + xi2b2 + gxi KbK + ei,

with Cov(xK, e) ≠ 0. the instrumental variable estimator, based on instrument z, 
proceeds from two conditions:

●● relevance: Cov(z, xK � x1, c, xK - 1) ≠ 0,
●● Exogeneity: E(e � z) = 0.

in words, the relevance condition requires that the instrument provide explanatory 
power of the variation of the endogenous variable beyond that provided by the other 
exogenous variables already in the model. a theoretical basis for the relevance condition 
would be a projection of xK on all of the exogenous variables in the model,

xK = u1x1 + u2x2 + g + uK - 1xK - 1 + lz + u.

in this form, the relevance condition will require l ≠ 0. this can be verified empirically; 
in a linear regression of xK on (x1, c, xK - 1, z), one would expect the least squares 
estimate of l to be statistically different from zero. the exogeneity condition is not 
directly testable. it is entirely theoretical. (the Hausman and Wu tests suggested below 
are only indirect.)

Consider these results in the context of a simplified model,

y = bx + dT + e.
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in order for least squares consistently to estimate d (and b), it is assumed that movements 
in T are exogenous to the model, so that covariation of y and T is explainable by the 
movement of T and not by the movement of e. When T and e are correlated and e varies 
through some factor not in the equation, the movement of y will appear to be induced 
by variation in T when it is actually induced by variation in e which is transmitted 
through T. if T is exogenous, that is, not correlated with e, then movements in e will not 
“cause” movements in T (we use the term cause very loosely here) and will thus not be 
mistaken for exogenous variation in T. the exogeneity assumption plays precisely this 
role. What is needed, then, to identify d is movement in T that is definitely not induced 
by movement in e? Enter the instrumental variable, z. if z is an instrumental variable 
with Cov(z, T) ≠ 0 and Cov(z, e) = 0, then movement in z provides the variation that 
we need. if we can consider doing this exercise experimentally, in order to measure the 
“causal effect” of movement in T, we would change z and then measure the per unit 
change in y associated with the change in T, knowing that the change in T was induced 
only by the change in z, not e. that is, the estimator of d is (∆y/∆z)/(∆T/∆z).

Example 8.2  Instrumental Variable Analysis
Grootendorst (2007) and Deaton (1997) recount what appears to be the earliest application 
of the method of instrumental variables:

Although IV theory has been developed primarily by economists, the method originated in 
epidemiology. IV was used to investigate the route of cholera transmission during the London 
cholera epidemic of 1853–54. A scientist from that era, John Snow, hypothesized that cholera 
was waterborne. To test this, he could have tested whether those who drank purer water had 
lower risk of contracting cholera. In other words, he could have assessed the correlation between 
water purity (x) and cholera incidence (y). Yet, as Deaton (1997) notes, this would not have been 
convincing: “The people who drank impure water were also more likely to be poor, and to live in 
an environment contaminated in many ways, not least by the ‘poison miasmas’ that were then 
thought to be the cause of cholera.” Snow instead identified an instrument that was strongly 
correlated with water purity yet uncorrelated with other determinants of cholera incidence, both 
observed and unobserved. This instrument was the identity of the company supplying households 
with drinking water. At the time, Londoners received drinking water directly from the Thames 
River. One company, the Lambeth Water Company, drew water at a point in the Thames above 
the main sewage discharge; another, the Southwark and Vauxhall Company, took water below 
the discharge. Hence the instrument z was strongly correlated with water purity x. The instrument 
was also uncorrelated with the unobserved determinants of cholera incidence (y). According to 
Snow (1855, pp. 74–75), the households served by the two companies were quite similar; indeed: 
“the mixing of the supply is of the most intimate kind. The pipes of each Company go down all the 
streets, and into nearly all the courts and alleys. . . . The experiment, too, is on the grandest scale. 
No fewer than three hundred thousand people of both sexes, of every age and occupation, and 
of every rank and station, from gentlefolks down to the very poor, were divided into two groups 
without their choice, and in most cases, without their knowledge; one group supplied with water 
containing the sewage of London, and amongst it, whatever might have come from the cholera 
patients, the other group having water quite free from such impurity.

A stylized sketch of Snow’s experiment is useful for suggesting how the instrumental 
variable estimator works. The theory states that

Cholera Occurrence = f(Impure Water, Other Factors).

For simplicity, denote the occurrence of cholera in household i with

ci = a + dwi + ei,
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where ci represents the presence of cholera, wi = 1 if the household has (measurably) impure 
water, 0 if not, and d is the sought after causal effect of the water impurity on the prevalence 
of cholera. It would seem that one could simply compute d = (c � w = 1) - (c � w = 0), which 
would be the result of a regression of c on w, to assess the effect of impure water on the 
prevalence of cholera. The flaw in this strategy is that a cholera prone environment, u, affects 
both the water quality, w, and the other factors, e. Interpret this to say that both Cov(w, u) and 
Cov(e, u) are nonzero and therefore, Cov(w, e) is nonzero. The endogeneity of w in the equation 
invalidates the regression estimator of d. The pernicious effect of the common influence, u, 
works through the unobserved factors, e. The implication is that E[c � w] ≠ a + dw because 
E[e � w] ≠ 0. Rather,

 E[c � w = 1] = a + d + E[e � w = 1]

 E[c � w = 0] = a + g + E[e � w = 0]

so,

E[c � w = 1] - E[c � w = 0] = d + {E[e � w = 1] - E[e � w = 0]}.

It follows that comparing the cholera rates of households with bad water to those with good 
water, P[c � w = 1] - P[c � w = 0], does not reveal only the impact of the bad water on the 
prevalence of cholera. It partly reveals the impact of bad water on some other factor in e that, 
in turn, impacts the cholera prevalence. Snow’s IV approach based on the water supplying 
company works as follows: Define

l = 1 if water is supplied by Lambeth,
0 if Southwark and Vauxhall.

To establish the relevance of this instrument, Snow argued that

E[w � l = 1] ≠ E[w � l = 0].

Snow’s theory was that water supply was the culprit, and Lambeth supplied purer water than 
Southwark. This can be verified observationally. The instrument is exogenous if

E[e � l = 1] = E[e � l = 0].

This is the theory of the instrument. Water is supplied randomly to houses. Homeowners do 
not even know who supplies their water. The assumption is not that the unobserved factor, e, 
is unaffected by the water quality. It is that the other factors, not the water quality, are present 
in equal measure in households supplied by the two different water suppliers. This is Snow’s 
argument that the households supplied by the two water companies are otherwise similar. 
The assignment is random. To use the instrument, we note E[c � l] = dE[w � l] + E[e � l], so

 E[c � l = 1] = a + dE[w � l = 1] + E[e � l = 1],

 E[c � l = 0] = a + dE[w � l = 0] + E[e � l = 0].

This produces an estimating equation,

 E[c � l = 1] - E[c � l = 0] = d{E[w � l = 1] - E[w � l = 0]}

 + {E[e � l = 1] - E[e � l = 0]}.

The second term in braces is zero if l is exogenous, which was assumed. The IV estimator 
is then

dn =
E[c � l = 1] - E[c � l = 0]

E[w � l = 1] - E[w � l = 0]
.
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254 PART I  ✦   The Linear Regression Model

Note that the nonzero denominator results from the relevance condition. We can see that d 
is analogous to Cov(c,l)/Cov(w,l), which is (8-6).

To operationalize the estimator, we will use

 P(c � l = 1) = En(c � l = 1) = c1 = proportion of households supplied by Lambeth that
have cholera,

 P(w � l = 1) = En(w � l = 1) = w1 = proportion of households supplied by Lambeth that
have bad water,

 P(c � l = 0) = En(c � l = 0) = c0 = proportion of households supplied by Vauxhall that
have cholera,

 P(w � l = 0) = En(w � l = 0) = w0 = proportion of households supplied by Vauxhall that
 have bad water.

To complete this development of Snow’s experiment, we can show that the estimator dn is an 
application of (8-6). Define three dummy variables, ci = 1 if household i suffers from cholera 
and 0 if not, wi = 1 if household i receives impure water and 0 if not, and li = 1 if household 
i receives its water from Lambeth and 0 if from Vauxhall; let c, w, and l denote the column 
vectors of n observations on the three variables; and let i denote a column of ones. For the 
model ci = a + dwi + ei, we have Z = [i, l], X = [i, w], and y = c. The estimator is

 ¢a
d
≤ = [Z′X]-1Z′y =

 J i′i i′w
l′i l′w

R -1¢ i′c
l′c

≤ = J n nw
n1 n1w1

R -1¢ nc
n1c1

≤ =
1

nn1(w1 - w)
 Jn1w1 -nw

-n1 n
R ¢ nc

n1c1
≤.

Collecting terms, d = (c1 - c)/(w1 - w). Because n = n0 + n1, c1 = (n0c1 + n1c1)/n and 
c = (n0c0 + n1c1)/n, so c1 - c = (n0/n)(c1 - c0). Likewise, w1 - w = (n0/n)(w1 - w0) so 
d = (c1 - c0)/(w1 - w0) = dn. This estimator based on the difference in means is the Wald 
(1940) estimator.

Example 8.3  Streams as Instruments
In Hoxby (2000), the author was interested in the effect of the amount of school “choice” in 
a school “market” on educational achievement in the market. The equations of interest were 
of the form

Aikm

ln Ekm
= b1Cm + xikm

= B2 + x.km
= B3 + x..m

= B4 + eikm + ekm + em,

where “ikm” denotes household i in district k in market m, Aikm is a measure of achievement, 
and Eikm is per capita expenditures. The equation contains individual-level data, district means, 
and market means. The exogenous variables are intended to capture the different sources of 
heterogeneity at all three levels of aggregation. (The compound disturbance, which we will 
revisit when we examine panel data specifications in Chapter 10, is intended to allow for random 
effects at all three levels as well.) Reasoning that the amount of choice available to students, 
Cm, would be endogenous in this equation, the author sought a valid instrumental variable that 
would “explain” (be correlated with) Cm but uncorrelated with the disturbances in the equation. 
In the U.S. market, to a large degree, school district boundaries were set in the late 18th through 
the 19th centuries and handed down to present-day administrators by historical precedent. In 
the formative years, the author noted, district boundaries were set in response to natural travel 
barriers, such as rivers and streams. It follows, as she notes, that “the number of districts in a 
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given land area is an increasing function of the number of natural barriers”; hence, the number 
of streams in the physical market area provides the needed instrumental variable.2 This study 
is an example of a “natural experiment,” as described in Angrist and Pischke (2009).

Example 8.4  Instrumental Variable in Regression
The role of an instrumental variable in identifying parameters in regression models was 
developed in Working’s (1926) classic application, adapted here for our market equilibrium 
example in Example 8.1. Figure 8.1a displays the observed data for the market equilibria 
in a market in which there are random disturbances (eS, eD) and variation in demanders’ 
incomes and input prices faced by suppliers. The market equilibria in Figure 8.1a are scattered 
about as the aggregates of all these effects. Figure 8.1b suggests the underlying conditions 
of supply and demand that give rise to these equilibria. Different outcomes in the supply 
equation corresponding to different values of the input price and different outcomes on the 
demand side corresponding to different income values produce nine regimes, punctuated 

2the controversial topic of the study and the unconventional choice of instruments caught the attention of the 
popular press, for example, http://www.wsj.com/articles/sb113011672134577225 and http://www.thecrimson.com/
article/2005/7/8/star-ec-prof-caught-in-academic/, and academic observers including rothstein (2004).

FIGURE 8.1  Identifying a Demand Curve with an Instrumental Variable.
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by the random variation induced by the disturbances. Given the ambiguous mass of points, 
linear regression of quantity on price (and income) is likely to produce a result such as that 
shown by the heavy dotted line in Figure 8.1c. The slope of this regression barely resembles 
the slope of the demand equations. Faced with this prospect, how is it possible to learn 
about the slope of the demand curve? The experiment needed, shown in Figure 8.1d, would 
involve two elements: (1) Hold Income constant, so we can focus on the demand curve in a 
particular demand setting. That is the function of multiple regression—Income is included as 
a conditioning variable in the equation. (2) Now that we have focused on a particular set of 
demand outcomes (e.g., D2), move the supply curve so that the equilibria now trace out the 
demand function. That is the function of the changing InputPrice, which is the instrumental 
variable that we need for identification of the demand function(s) for this experiment.

8.4 TWO-STAGE LEAST SQUARES, CONTROL FUNCTIONS, AND LIMITED 
INFORMATION MAXIMUM LIKELIHOOD

thus far, we have assumed that the number of instrumental variables in Z is the same as 
the number of variables (exogenous plus endogenous) in X. in the typical application, 
there is one instrument for the single endogenous variable in the equation. the 
model specification may imply additional instruments. recall the market equilibrium 
application considered in Examples 8.1 and 8.4. suppose this were an agricultural market 
in which there are two exogenous conditions of supply, InputPrice and Rainfall. then, 
the equations of the model are

 (demand) QuantityD = a0 + a1 Price + a2 Income + eD,

 (supply) QuantityS = b0 + b1 Price + b2 Input Price + b3 Rain fall + eS,

 (Equilibrium) QuantityD = QuantityS.

given the approach taken in Example 8.4, it would appear that the researcher could simply 
choose either of the two exogenous variables (instruments) in the supply equation for 
purpose of identifying the demand equation. intuition should suggest that simply choosing 
a subset of the available instrumental variables would waste sample information—it 
seems inevitable that it will be preferable to use the full matrix Z, even when L 7 K. 
(in the example above, z = (1, Income, InputPrice, Rainfall.) the method of two-stage 
least squares solves the problem of how to use all the information in the sample when Z 
contains more variables than are necessary to construct an instrumental variable estimator. 
We will also examine two other approaches to estimation. The results developed here also 
apply to the case in which there is one endogenous variable and one instrument.

in the model

y = x1
=B + x2l + e,

where x2 is a single variable, and there is a single instrument, z1, that is relevant and 
exogenous, then the parameters of the model, (B, l), can be estimated using the moments 
of (y, x1, x2, z1). the iV estimator in (8-6) shows the one function of the moments that 
can be used for the estimation. in this case, (B, l) are said to be exactly identified. there 
are exactly enough moments for estimation of the parameters. if there were a second 
exogenous and relevant instrument, say z2, then we could use z2 instead of z1 in (8-6) 
and obtain a second, different estimator. in this case, the parameters are overidentified 
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in terms of the moments of (y, x1, x2, z1, z2). this does not mean that there is now 
simply a second estimator. if z1 and z2 are both exogenous and relevant, then any linear 
combination of them, z* = a1z1 + a2z2, would also be a valid instrument. more than 
one iV estimator means an infinite number of possible estimators. overidentification is 
qualitatively different from exact identification. the methods examined in this section 
are usable for overidentified models.

8.4.1  TWO-STAGE LEAST SQUARES

if Z contains more variables than X, then Z′X will be L * K with rank K 6 L and will 
thus not have an inverse—(8-6) is not useable. the crucial result for estimation is plim 
(Z′E/n) = 0. that is, every column of Z is asymptotically uncorrelated with E. that also 
means that every linear combination of the columns of Z is also uncorrelated with E,  
which suggests that one approach would be to choose K linear combinations of the 
columns of Z. Which to choose? one obvious possibility is simply to choose K variables 
among the L in Z. discarding the information contained in the extra L - K columns will 
turn out to be inefficient. a better choice that uses all of the instruments is the projection 
of the columns of X in the column space of Z,

 Xn = Z(Z′Z)-1Z′X = ZF. (8-9)

the instruments in this case are linear combinations of the variables (columns) in Z. 
With this choice of instrumental variables, we have

 biV = (Xn ′X)-1Xn ′y
 = [X′Z(Z′Z)-1Z′X]-1X′Z(Z′Z)-1Z′y. (8-10)

the estimator of the asymptotic covariance matrix will be sn 2 times the bracketed matrix 
in (8-10). the proofs of consistency and asymptotic normality for this estimator are 
exactly the same as before, because our proof was generic for any valid set of instruments, 
and Xn  qualifies.

there are two reasons for using this estimator—one practical, one theoretical. if 
any column of X also appears in Z, then that column of X is reproduced exactly in Xn . 
this result is important and useful. Consider what is probably the typical application in 
which the regression contains K variables, only one of which, say, the kth, is correlated 
with the disturbances. We have one or more instrumental variables in hand, as well as 
the other K - 1 variables that certainly qualify as instrumental variables in their own 
right. then what we would use is Z = [X(k), z1, z2, c], where we indicate omission of 
the kth variable by (k) in the subscript. another useful interpretation of Xn  is that each 
column is the set of fitted values when the corresponding column of X is regressed on 
all the columns of Z. the coefficients for xk are in the kth column of F in (8-9). it also 
makes clear why each xk that appears in Z is perfectly replicated. Every xk provides a 
perfect predictor for itself, without any help from the remaining variables in Z. in the 
example, then, every column of X except the one that is omitted from X(k) is replicated 
exactly, whereas the one that is omitted is replaced in Xn  by the predicted values in the 
regression of this variable on all the z’s including the other x variables.

of all the different linear combinations of Z that we might choose, Xn  is the most 
efficient in the sense that the asymptotic covariance matrix of an iV estimator based on 
a linear combination ZF is smaller when F = (Z′Z)-1Z′X than with any other F that 
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258 PART I  ✦   The Linear Regression Model

uses all L columns of Z; a fortiori, this result eliminates linear combinations obtained by 
dropping any columns of Z.3

We close this section with some practical considerations in the use of the instrumental 
variables estimator. by just multiplying out the matrices in the expression, you can show that

 bIV = (Xn ′X)-1Xn ′y

 = (X′(I - MZ)X)-1X′(I - MZ)y

 = (Xn ′Xn )-1Xn ′y 

(8-11)

because I - MZ is idempotent. thus, when (and only when) Xn  is the set of instruments, 
the iV estimator is computed by least squares regression of y on Xn . this conclusion 
suggests that biV can be computed in two steps, first by computing Xn , then by the least 
squares regression. For this reason, this is called the two-stage least squares (2sls) 
estimator. one should be careful of this approach, however, in the computation of the 
asymptotic covariance matrix; sn 2 should not be based on Xn . the estimator

siV
2 = a n

i = 1(yi - xn i
=biV)2

n

is inconsistent for s2, with or without a correction for degrees of freedom. (the 
appropriate calculation is built into modern software.)

an obvious question is where one is likely to find a suitable set of instrumental 
variables. the recent literature on natural experiments focuses on local policy changes 
such as the mariel boatlift (Example 6.9) or global policy changes that apply to the 
entire economy such as mandatory schooling (Example 6.13), or natural outcomes such 
as occurrences of streams (Example 8.3) or birthdays [angrist and Krueger (1992)]. in 
many time-series settings, lagged values of the variables in the model provide natural 
candidates. in other cases, the answer is less than obvious and sometimes involves some 
creativity as in Examples 8.9 and 8.11. unfortunately, there usually is not much choice 
in the selection of instrumental variables. the choice of Z is often ad hoc.

Example 8.5  Instrumental Variable Estimation of a Labor Supply Equation
Cornwell and Rupert (1988) analyzed the returns to schooling in a panel data set of 595 
observations on heads of households. The sample data are drawn from years 1976 to 1982 
from the “Non-Survey of Economic Opportunity” from the Panel Study of Income Dynamics. 
The estimating equation is

 ln Wageit = a1 + a2Expit + a3Expit
2 + a4Wksit + a5Occit + a6Indit + a7Southit +

 a8SMSAit + a9MSit + a10Unionit + a11Edi + a12Femi + a13Blki + eit.

(The variables are described in Example 4.6.) The main interest of the study, beyond comparing 
various estimation methods, is a11, the return to education. The equation suggested is a 
reduced form equation; it contains all the variables in the model but does not specify 
the underlying structural relationships. In contrast, the three-equation model specified at 
the beginning of this section is a structural equation system. The reduced form for this 
model would consist of separate regressions of Price and Quantity on (1, Income, InputPrice, 
Rainfall). We will return to the idea of reduced forms in the setting of simultaneous equations 
models in Chapter 10. For the present, the implication for the suggested model is that this 

3see brundy and Jorgenson (1971) and Wooldridge (2010, pp. 103–104).
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market equilibrium equation represents the outcome of the interplay of supply and demand 
in a labor market. Arguably, the supply side of this market might consist of a household labor 
supply equation such as

Wksit = b1 + b2 ln Wageit + b3Edi + b4Unionit + b5Femi + eit.

(One might prefer a different set of right-hand-side variables in this structural equation.) 
Structural equations are more difficult to specify than reduced forms. If the number of weeks 
worked and the accepted wage offer are determined jointly, then lnWageit and uit in this 
equation are correlated. We consider two instrumental variable estimators based on

z1 = [1, Indit, Edi, Unionit, Femi]

and

z2 = [1, Indit, Edi, Unionit, Femi, SMSAit].

We begin by examining the relevance condition. In the regression of ln Wage on z1, the t ratio 
on Ind is +6.02. In the regression of ln Wage on z2, the Wald statistic for the joint test that 
the coefficients on Ind and SMSA are both zero is +240.932. In both cases, the hypothesis 
is rejected, and we conclude that the instruments are, indeed, relevant. Table 8.1 presents 
the three sets of estimates. The least squares estimates are computed using the standard 
results in Chapters 3 and 4. One noteworthy result is the very small coefficient on the log 
wage variable. The second set of results is the instrumental variable estimates. Note that, 
here, the single instrument is INDit. As might be expected, the log wage coefficient becomes 
considerably larger. The other coefficients are, perhaps, contradictory. One might have different 
expectations about all three coefficients. The third set of coefficients are the two-stage least 
squares estimates based on the larger set of instrumental variables. In this case, SMSA and 
Ind are both used as instrumental variables.

8.4.2  A CONTROL FUNCTION APPROACH

a control function is a constructed variable that is added to a model to “control for” 
the correlation between an endogenous variable and the unobservable elements. in the 
presence of the control function, the endogenous variable becomes exogenous. Control 
functions appear in the estimators for several of the nonlinear models we will consider 
later in the book. For the linear model we are studying here, the approach provides a 

OLS IV with Z1 IV with Z2 Control Function

Variable Estimate Std. Err. Estimate Std. Err. Estimate Std. Err. Estimate Std. Err.

Constant 44.7665 1.2153 18.8987 13.0590 30.7044 4.9997 30.7044 4.9100
ln Wage 0.7326 0.1972 5.1828 2.2454 3.1518 0.8572 3.1518 0.8418
Education -0.1532 0.03206 -0.4600 0.1578 -0.3200 0.0661 -0.3200 0.0649
Union -1.9960 0.1701 -2.3602 0.2567 -2.1940 0.1860 -2.1940 0.1826
Female -1.3498 0.2642 0.6957 1.0650 -0.2378 0.4679 -0.2378 0.4594
un -2.5594 0.8659
sn a 1.0301 5.3195 5.1110 5.0187

asquare root of sum of squared residuals/n.

TABLE 8.1 Estimated Labor Supply Equation
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useful view of the iV estimator. For the model underlying the preceding example, we 
have a structural equation,

Wksit = b1 + b2 ln Wageit + b3Edi + b4 Unionit + b5Femi + eit,

and the projection (based on z2),

ln Wage = g1 + g2Indit + g3Edi + g4Unionit + g5Femi + g6SMSAit + uit.

the ultimate source of the endogeneity of ln Wage in the structural equation for Wks is 
the correlation of the unobservable variables, u and e. if u were observable—we’ll call 
this observed counterpart un—then the parameters in the augmented equation,

Wksit = b1 + b2 ln Wageit + b3Edi + b4Unionit + b5Femi + run + e∼it,

could be estimated consistently by least squares. in the presence of un , ln Wage is 
uncorrelated with the unobservable in this equation—un  would be the control function 
that we seek.

to formalize the approach, write the main equation as

 y = x1
=B + x2l + e, (8-12)

where x2 is the endogenous variable, so E[x2e] ≠ 0. the instruments, including x1, are 
in z. the projection of x2 on z is

 x2 = z′P + u, (8-13)

with E[zu] = 0. We can also form the projection of e on u,

 e = ru + w, (8-14)

where r = suw/sw
2 . by construction, u and w are uncorrelated. Finally, insert (8-14) in 

(8-12) so that

 y = x1
=B + x2l + ru + w. (8-15)

this is the control function form we had earlier. the loose end, as before, is that in order 
to proceed, we must observe u. We cannot observe u directly, but we can estimate it using 
(8-13), the “reduced form” equation for x2—this is the equation we used to check the 
relevance of the instrument(s) earlier. We can estimate u as the residual in (8-13), then 
in the second step, estimate (B, l, r) by simple least squares. the estimating equation is

 y = x1
=B + x2l + r(x2 - z′p) + w∼. (8-16)

(the constructed disturbance w∼ contains both w and the estimation error, z′p - z′P .) 
the  estimated residual is a control function. the control function estimates with 
estimated standard errors for the model in Example 8.5 are shown in the two rightmost 
columns in table 8.1.

this approach would not seem to provide much economy over 2sls. it still requires 
two steps (essentially the same two steps). surprisingly, as you can see in table 8.1, it is 
actually identical to 2sls, at least for the coefficients. (the proof of this result is pursued 
in the exercises.) the standard errors, however, are different. the general outcome is that 
control function estimators, because they contain constructed variables, require an 
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adjustment of the standard errors.  (We will examine several applications, notably 
Heckman’s sample selection model in Chapter 19.) Correction of the standard errors 
associated with control function estimators often requires elaborate post-estimation 
calculations (though some of them are built-in procedures in modern software).4 the 
calculation for 2sls, however, is surprisingly simple. the difference between the CF 
standard errors and the appropriate 2sls standard errors is a simple scaling.5 the 2sls 
difference is the estimator of s. because the coefficients on x are identical to 2sls, the 
sum of squared residuals for the CF estimator is smaller than that for the 2sls 
estimator. (see theorem 3.5.) the values are shown in the last row of table 8.1. it 
follows  that the only correction needed is to rescale the CF covariance matrix by 
(snCF/sn2SLS)2 = (5.1110/5.0187)2.

8.4.3  LIMITED INFORMATION MAXIMUM LIKELIHOOD6

We have considered estimation of the two equation model,

 Wksit = b1 + b2 ln Wageit + b3Edi + b4Unionit + b5Femi + eit,

 ln Wageit = g1 + g2Indit + g3Edi + g3Unionit + g4Femi + g5SMSAit + ui,

using 2sls. in generic form, the equations are

y = x1′B + x2l + e,

x2 = z′G + u.

the control function estimator is always identical to 2sls. they use exactly the same 
information contained in the moments and the two conditions, relevance and exogeneity. 
if we add to this system an assumption that (e, u) have a bivariate normal density, then we 
can construct another estimator, the limited information maximum likelihood estimator. 
the estimator is formed from the joint density of the two variables, (y, x2 � x1, z). We can 
write this as f(e, u � x1, z)abs � J �  where J is the Jacobian of the transformation from (e, u) 
to (y, x2),7 abs � J � = 1, e = (y - x1′B + x2l), and u = (x2 - z′G). the joint normal 
distribution with correlation r can be written f(e, u � x1, z) = f(e � u, x1, z)f(u � x1, z), where 
u ∼ N[0, su

2] and e � u ∼ N[(rse/su)u, (1 - r2)se
2]. (see appendix b.9.) For convenience, 

write the second of these as N[t u, sw
2 ]. then, the log of the joint density for an observation 

in the sample will be

ln fi = ln f(ei � ui) + lnf(ui) = -(1/2)ln sw
 2 - (1/2){[yi - x1′B - x2il - t(x2i - zi

=g)]/sw}2

 (8-17)

-  (1/2) ln su
 2 - (1/2){[x2i - zi

=g]/su}2.

4see, for example, Wooldridge (2010, appendix 6a and Chapter 12).
5you can see this in the results. the ratio of any two of the iV standard errors is the same as the ratio for the CF 
standard errors. For example, for ED and Union, 0.0661/0.1860 = 0.0649/0.1826.
6maximum likelihood estimation is developed in detail in Chapter 14. the term  Limited Information refers to the 
focus on only one structural equation in what might be a larger system of equations, such as those considered in 
section 10.4.

7J = J 0e/0y 0e/0x2

0u/0y 0u/0x2
R = J1 l

0 1
R , so abs � J � = 1.
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the log likelihood to be maximized is Σi ln fi.8 table 8.2 compares the 2sls and liml 
estimates for the model of Example 8.5 using instruments z2. the liml estimates are 
only slightly different from the 2sls results, but have substantially smaller standard 
errors. We can view this as the payoff to the narrower specification, that is, the additional 
normality assumption (though one should be careful about drawing a conclusion about 
the efficiency of an estimator based on one set of results). there is yet another approach 
to estimation. the liml estimator could be computed in two steps, by computing the 
estimates of G and su first (by least squares estimation of the second equation), then 
maximizing the log likelihood over (B, l, t, sw). this would be identical to the control 
function estimator—(B, l, t) would be estimated by regressing y on (x1, x2, un), then sw 
would be estimated using the residuals. (note that this would not estimate se. that would 
be done by using only the coefficients on x1 and x2 to compute the residuals.)

8.5 ENDOGENOUS DUMMY VARIABLES:  ESTIMATING TREATMENT 
EFFECTS

the leading recent application of models of sample selection and endogeneity is the 
evaluation of “treatment effects.” the central focus is on analysis of the effect of 
participation in a treatment, C, on an outcome variable, y—examples include job training 

8the parameter estimates would be computed by minimizing (8-17)using one of the methods described in 
appendix E. if the equation is overidentified, the least variance ratio estimator described in section 10.4.4 is an 
alternative estimation approach. the two approaches will produce the same results.

2SLS LIML

Variable
Estimated 
Parameter

Standard  
Error a

Estimated 
Parameter

Standard 
Error a

Constant 30.7044 8.25041 30.6392 5.05118
ln Wage 3.15182 1.41058 3.16303 0.87325
Education -0.31997 0.11453 -0.32074 0.06755
Union -2.19398 0.30507 -2.19490 0.19697
Female -0.23784 0.79781 -0.23269 0.46572
sw 5.01870b  5.01865 0.03339
Constant  5.71303 0.03316
Ind  0.08364 0.01284
Education  0.06560 0.00232
Union  0.05853 0.01448
Female  -0.46930 0.02158
SMSA  0.18225 0.01289
su  0.38408 0.00384
t  -2.57121 0.90334

a standard errors are clustered at the individual level using (8-8c).
b based on mean squared residual.

TABLE 8.2 Estimated Labor Supply Equation
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programs9 and education.10 imbens and Wooldridge (2009, pp. 22–23) cite a number of 
labor market applications. recent, more narrow, examples include munkin and trivedi’s 
(2007) analysis of the effect of dental insurance and Jones and rice’s (2011) survey that 
notes a variety of techniques and applications in health economics. a simple starting 
point, useful for framing ideas, is the linear regression model with a “treatment dummy 
variable,”

y = x′B + dC + e.

the analysis turns on whether it is possible to estimate the “treatment effect” (here, d), and 
under what assumptions is d a meaningful quantity that we are interested in measuring.

Empirical measurement of treatment effects, such as the impact of going to college 
or participating in a job training or agricultural extension program, presents a large 
variety of econometric complications. the natural, ultimate objective of an analysis of 
a treatment or intervention would be the effect of treatment on the treated. For example, 
what is the effect of a college education on the lifetime income of someone who goes 
to college? measuring this effect econometrically encounters at least two compelling 
complications:

Endogeneity of the treatment: the analyst risks attributing to the treatment causal 
effects that should be attributed to factors that motivate both the treatment and the 
outcome. in our example, the individual who goes to college might well have succeeded 
(more) in life than his or her counterpart who did not go to college even if the individual 
did not attend college. Example 6.8 suggests another case in which some of the students 
who take the sat a second time in hopes of improving their scores also take a test 
preparation course (C = 1),

∆SAT = (SAT1 - SAT0) = x′B + dC + e.

the complication here would be whether it is appropriate to attach a causal interpretation 
to d.

Missing counterfactual: the preceding thought experiment is not actually the effect 
we wish to measure. in order to measure the impact of college attendance on lifetime 
earnings in a pure sense, we would have to run an individual’s lifetime twice, once 
with college attendance and once without (and with all other conditions as they were). 
any individual is observed in only one of the two states, so the pure measurement is 
impossible. the sat example has the same nature - the experiment can only be run 
once, either with C = 1 or with C = 0.

accommodating these two problems forms the focal point of this enormous and 
still growing literature. rubin’s causal model (1974, 1978) provides a useful framework 
for the analysis. Every individual in a population has a potential outcome, y, and can be 
exposed to the treatment, C. We will denote by C the binary indicator of whether or not 
the individual receives the treatment. thus, the potential outcomes are y � (C = 1) = y1 
and y � (C = 0) = y0. We can combine these in

y = Cy1 + (1 - C)y0 = y0 + C(y1 - y0).

9see lalonde (1986), business Week (2009), Example 8.6.
10For example, test scores, angrist and lavy (1999), Van der Klaauw (2002).
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the average treatment effect, averaged across the entire population, is

ATE = E[y1 - y0].

the compelling complication is that the individual will exist in only one of the 
two states, so it is not possible to estimate ATE without further assumptions. more 
specifically, what the researcher would prefer to see is the average treatment effect 
on the treated,

ATET = E[y1 - y0 � C = 1],

and note that the second term is now the missing counterfactual.11

one of the major themes of the recent research is to devise robust methods of 
estimation that do not rely heavily on fragile assumptions such as identification by 
functional form (e.g., relying on bivariate normality) and identification by exclusion 
restrictions (e.g., relying on basic instrumental variable estimators). this is a challenging 
exercise—we will rely heavily on these assumptions in much of the rest of this book. For 
purposes of the general specification, we will denote by x the exogenous information 
that will be brought to bear on this estimation problem. the vector x may (usually will) 
be a set of variables that will appear in a regression model, but it is useful to think more 
generally than that and consider x rather to be an information set. Certain minimal 
assumptions are necessary to make any headway at all. the following appear at different 
points in the analysis.

Conditional independence: receiving the treatment, C, does not depend on the 
outcome variable once the effect of x on the outcome is accounted for. in particular, 
(y0, y1) � x is independent of C. Completely random assignment to the treatment would 
certainly imply this. if assignment is completely random, then we could omit the effect 
of x in this assumption. a narrower case would be assignment based completely on 
observable criteria (x), which would be “selection on observables” (as opposed to 
“selection on unobservables which is the foundation of models of “sample selection”). 
this assumption is extended for regression approaches with the conditional mean 
independence assumption: E[y0 � x, C] = E[y0 � x] and E[y1 � x, C] = E[y1 � x]. this states 
that the outcome in the untreated state does not affect the participation. the assumption 
is also labeled ignorability of the treatment. as its name implies (and as is clear from the 
definitions), under ignorability, ATE = ATET.

Distribution of potential outcomes: the model that is used for the outcomes is the same 
for treated and nontreated, f(y � x, C = 1) = f(y � x, C = 0). in a regression context, this 
would mean that the same regression applies in both states and that the disturbance is 
uncorrelated with T, or that T is exogenous. this is a very strong assumption that we 
will relax later.

11imbens and angrist (1994) define a still narrower margin, the “local average treatment effect,” or LATE. 
LATE is defined with respect to a specific binary instrumental variable. unlike ATET, the LATE is defined for a 
subpopulation related to the instrumental variable and differs with the definition of the instrument. broadly, the 
LATE narrows the relevant subpopulation to those induced to participate by the variation of the instrument. this 
specification extends the function of the iV to make it part of the specification of the model to the extent that the 
object of estimation (LATE) is defined by the iV, not independently of it, as in the usual case.
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Stable unit treatment value assumption (SUTVA): the treatment of individual i does 
not affect the outcome of any other individual, j. Without this assumption, which 
observations are subject to treatment becomes ambiguous. Pure random sampling of 
observations in a data set would be sufficient for statistical purposes.

Overlap assumption: For any value of x, 0 6 Prob(C = 1 � x) 6 1. the strict inequality 
in this assumption means that for any x, the population will contain a mix of treated 
and nontreated individuals. the usefulness of the overlap assumption is that with it, we 
can expect to find, for any treated individual, an individual who looks like the treated 
individual, but is not treated. this assumption will be useful for regression approaches.

the following sections will describe three major tools used in the analysis of 
treatment effects: instrumental variable regression, regression analysis with control 
functions, and propensity score matching. a fourth, regression discontinuity design, was 
discussed in section 6.4.2. as noted, this is a huge and rapidly growing literature. For 
example, imbens and Wooldridge’s (2009) survey paper runs to 85 pages and includes 
nearly 300 references, most of them since 2000 (likewise, Wooldridge (2010, Chapter 21)). 
our purpose here is to provide some of the vocabulary and a superficial introduction to 
methods. the survey papers by imbens and Wooldridge (2009) and Jones and rice 
(2010) provide greater detail. the conference volume by millment, smith, and Vytlacil 
(2008) contains many theoretical contributions and empirical applications.12 a Journal 
of Business and Economic Statistics symposium [angrist (2001)] raised many of the 
important questions on whether and how it is possible to measure treatment effects.

Example 8.6  German Labor Market Interventions
“Germany long had the highest ratio of unfilled jobs to unemployed people in Europe. Then, in 
2003, Berlin launched the so-called Hartz reforms, ending generous unemployment benefits 
that went on indefinitely. Now payouts for most recipients drop sharply after a year, spurring 
people to look for work. From 12.7% in 2005, unemployment fell to 7.1% last November. Even 
now, after a year of recession, Germany’s jobless rate has risen to just 8.6%.

At the same time, lawmakers introduced various programs intended to make it easier for 
people to learn new skills. One initiative instructed the Federal Labor Agency, which had 
traditionally pushed the long-term unemployed into government-funded make-work positions, 
to cooperate more closely with private employers to create jobs. That program last year paid 
Dutch staffing agency Randstad to teach 15,000 Germans information technology, business 
English, and other skills. And at a Daimler truck factory in Wörth, 55 miles west of Stuttgart, 
several dozen short-term employees at risk of being laid off got government help to continue 
working for the company as mechanic trainees.

Under a second initiative, Berlin pays part of the wages of workers hired from the ranks of 
the jobless. Such payments make employers more willing to take on the costs of training new 
workers. That extra training, in turn, helps those workers keep their jobs after the aid expires, 
a study by the government-funded Institute for Employment Research found. Café Nenninger 
in the city of Kassel, for instance, used the program to train an unemployed single mother. 
Co-owner Verena Nenninger says she was willing to take a chance on her in part because the 
government picked up about a third of her salary the first year. ‘It was very helpful, because 
you never know what’s going to happen,’ Nenninger says.” [Business Week (2009)]

12in the initial essay in the volume, goldberger (2008) reproduces goldberger (1972), in which the author explores 
the endogeneity issue in detail with specific reference to the Head start program of the 1960s.
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Example 8.7  Treatment Effects on Earnings
LaLonde (1986) analyzed the results of a labor market experiment, The National Supported Work 
Demonstration, in which a group of disadvantaged workers lacking basic job skills were given 
work experience and counseling in a sheltered environment. Qualified applicants were assigned 
to training positions randomly. The treatment group received the benefits of the program. Those 
in the control group “were left to fend for themselves.”13 The training period was 1976–1977; the 
outcome of interest for the sample examined here was post-training 1978 earnings. We will 
attempt to replicate some of the received results based on these data in Example 8.10.

Example 8.8  The Oregon Health Insurance Experiment
The Oregon Health Insurance Experiment is a landmark study of the effect of expanding public 
health insurance on health care use, health outcomes, financial strain, and well-being of low-
income adults. It uses an innovative randomized controlled design to evaluate the impact of 
Medicaid in the United States. Although randomized controlled trials are the gold standard in 
medical and scientific studies, they are rarely possible in social policy research. In 2008, the state 
of Oregon drew names by lottery for its Medicaid program for low-income, uninsured adults, 
generating just such an opportunity. This ongoing analysis represents a collaborative effort 
between researchers and the state of Oregon to learn about the costs and benefits of expanding 
public health insurance. (www.nber.org/oregon/) (Further details appear in Chapter 6.)

Example 8.9  The Effect of Counseling on Financial Management
Smith, Hochberg, and Greene (2014) examined the impact of a financial management skills 
program on later credit outcomes such as credit scores, debt, and delinquencies of a sample 
of home purchasers. From the abstract of the study:

 . . . . [D]evelopments in mortgage products and drastic changes in the housing market 
have made the realization of becoming a homeowner more challenging. Fortunately, 
homeownership counseling is available to help navigate prospective homebuyers in their 
quest. But the effectiveness of such counseling over time continues to be contemplated. 
Previous studies have made important strides in our understanding of the value of 
homeownership counseling, but more work is needed. More specifically, homeownership 
education and counseling have never been rigorously evaluated through a randomized field 
experiment.

This study is based on a long-term (five-year) effort undertaken by the Federal Reserve 
Bank of Philadelphia on the effectiveness of pre-purchase homeownership and financial 
management skills counseling. . . . [T]he study employs an experimental design, with study 
participants randomly assigned to a control or a treatment group. Participants completed a 
baseline survey and were tracked for four years after receiving initial assistance by means 
of an annual survey, which also tracks participants’ life changes over time. To assist in the 
analysis, additional information was obtained annually to track changes in the participants’ 
creditworthiness. The study considers the influence of counseling on credit scores, total 
debt, and delinquencies in payments.

8.5.1  REGRESSION ANALYSIS OF TREATMENT EFFECTS

an earnings equation that purports to account for the value of a college education is

ln Earningsi = xi
=B + dCi + ei,

13the demonstration was run in numerous cities in the mid-1970s. see lalonde (1986, pp. 605–609) for details on 
the nsW experiments.
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where Ci is a dummy variable indicating whether or not the individual attended 
college. the same format has been used in any number of other analyses of programs, 
experiments, and treatments. the question is: does d measure the value of a college 
education (assuming that the rest of the regression model is correctly specified)? the 
answer is no if the typical individual who chooses to go to college would have relatively 
high earnings whether or not he or she went to college. the problem is one of self-
selection. if our observation is correct, then least squares estimates of d will actually 
overestimate the treatment effect—it will likely pick up the college effect as well as 
effects explainable by the other latent factors (that are not in x). the same observation 
applies to estimates of the treatment effects in other settings in which the individuals 
themselves decide whether or not they will receive the treatment.

8.5.2  INSTRUMENTAL VARIABLES

the starting point to the formulation of the earnings equation would be the familiar 
rCm,

y = m0 + C(m1 - m0) + e0 + C(e1 - e0),

where mj = E[yj]. suppose, first, that e1 = e0, so the final term falls out of the equation. 
[though the assumption is unmotivated, we note that no sample will contain direct 
observations on (e1 - e0)—no individual will be in both states—so the assumption is a 
reasonable normalization.] there is no presumption at this point that ej is uncorrelated 
with x. suppose, as well, that there exist instrumental variables, z, that contain at least one 
variable that is not in x, such that the linear projection of e0 on x and z, Proj(e0 � x, z), equals 
Proj(e0 � x). that is, z is exogenous. (see section 4.4.5 and (4-34) for definition of the linear 
projection. it will be convenient to assume that x and z have no variables in common.) the 
linear projection is Proj(e0 � x) = g0 + x ′G. then,

y = (m0 + g0) + dC + x′G + w0,

where w0 = e0 - (g0 + x ′G). by construction, w0 and x are uncorrelated. there is also 
no assumption that C is uncorrelated with w0 since we have assumed that C is correlated 
with e0 at the outset. the setup would seem now to lend itself to a familiar iV approach. 
However, we have yet to certify z as a proper instrument. We assumed z is exogenous. 
We assume it is relevant, still using the projections, with Proj(C � x, z) ≠ Proj(C � x). this 
would be the counterpart to the relevance condition in assumption 1 in section 8.2. the 
model is, then,

y = l0 + dC + x ′G + w0 .

the parameters of this model can, in principle, be estimated by 2sls. in the notation of 
section 6.3, Xi = [1,Ci, xi

=] and Zi = [1, zi
=, xi

=]. Consistency and asymptotic normality of 
the 2sls estimator are based on the usual results. see theorem 8.1. because we have not 
assumed anything about Var[w0 � x], efficiency is unclear. Consistency is the objective, 
however, and inference can be based on heteroscedasticity robust estimators of the 
asymptotic covariance matrix of the 2sls estimator, as in (8-8h) or (8-8c).

the relevance assumption holds that in the projection of C on x and z,

C = g0 + x′Gx + z′Gz + wc = f′Gc + wc,
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Gz is not zero. strictly, the projection works. However, because C is a binary variable, wc 
equals either -f′Gc or 1 - f′Gc, so the lack of correlation between wc and f (specifically z)  
is a result of the construction of the linear projection, not necessarily a characteristic 
of the underlying design of the real-world counterpart to the variables in the model 
(though one would expect z to have been chosen with this in mind). one might 
observe that the understanding of the functioning of the instrument is that its variation 
makes participation more (or less) likely. as such, the relevance of the instrument is 
to the probability of participation. a more convincing specification that is consistent 
with this observation, albeit one less general, can replace the relevance assumption 
with a formal parametric specification of the conditional probability that C equals 1, 
Prob(C = 1 � x, z) = F(x, z: U) ≠ Prob(C = 1 � x). We also replace projections with 
expected values in the exogeneity assumption; Proj(e0 � x, z) = Proj(e0 � x) will now 
be E(e0 � x , z ) = Proj(e0 � x) = (g0 + x ′G).  this suggests an instrument of the form 
F(x, z: U) = Prob(C = 1 � x, z), a known function—the usual choice would be a 
probit model  (see section 17.2)—Φ(u0 + x ′Ux + z ′Uz) where Φ(t) is the standard 
normal CdF. to reiterate, the conditional probability is correlated with C � x but not 
correlated with w0 � x. With this additional assumption, a natural instrument in the form 
of Fn(x, z: U) = Φ(un0 + x′Unx + z′Unz) (estimated by maximum likelihood) can be used. 
the advantages of this approach are internally consistent specification of the treatment 
dummy variable and some gain in efficiency of the estimator that follows from the 
narrower assumptions.

this approach creates an additional issue that is not present in the previous linear 
approach. the approach suggested here would succeed even if there were no variables 
in z. the iV estimator is (Z′X)-1Z′y where the rows of Z and X are [1, Φn , x′] and 
[1, C, x′]. as long as Φn  is not a linear function of x (and is both relevant and exogenous), 
then the parameters will be identified by this iV estimator. because Φn  is nonlinear, it 
could meet these requirements even without any variables in z. the parameters in this 
instance are identified by the nonlinear functional form of the probability model. 
typically, the probability is at least reasonably highly (linearly) correlated with the 
variables in the model, so possibly severe problems of multicollinearity are likely to 
appear. but, more to the point, the entire logic of the instrumental variable approach is 
based on an exogenous source of variation that is correlated with the endogenous 
variable and not with the disturbance. the nonlinear terms in the probability model do 
not persuasively pass that test. thus, the typical application does, indeed, ensure that 
there are excluded (from the main equation) variables in z.14

Finally, note that because Fn(x, z: U) is not a linear function of x and z, this iV 
estimator is not two-stage least squares. that is, y is not regressed on (1, Φn , x) to estimate 
l0, d, G. rather, the estimator is in (8-6), (Z′X)-1Z′y. because no assumption has been 
made about the disturbance variance, the robust covariance matrix estimator in (8-8h) 
should be used.

14as an example, scott, schurer, Jensen, and sivey (2009) state, “although the model is formally identified by its 
nonlinear functional form, as long as the full rank condition of the data matrix is ensured (Heckman, 1978; Wilde, 
2000), we introduce exclusion restrictions to aid identification of the causal parameter . . . the row vector Iij 
captures the variables included in the PiP participation Equation (5) but excluded from the outcome Equation (4).” 
(“the Effects of an incentive Program on Quality of Care in diabetes management,” Health Economics, 19, 2009, 
pp. 1091–1108, section 4.2.)
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8.5.3  A CONTROL FUNCTION ESTIMATOR

the list of assumptions and implications that produced the second iV estimator above was:
Rubin Causal Model y = Cy1 + (1 - C)y0

= m0 + C(m1 - m0) + e0 + C(e1 - e0),

Nonignorability of the Treatment Cov(C, e0) ≠ 0,

Normalization e1 - e0 = 0,

Exogeneity and Linearity Proj(e0 � x , z ) = E[e0 � x , z ] = g0 + x ′G,   
no assumption is made about Var[e0 � x],

Relevance of the Instruments Prob(C = 1 � x, z) = F(x, z: U) ≠ Prob(C = 1 � x),

Reduced Form y = l0 + dC + x ′G + w0 , Cov(x , w0) = 0   
is implied,

Endogenous Treatment Dummy Variable Cov(C, w0) ≠ 0,

Probit Model for Prob(C = 1 ∣ x, z) C* = g0 + x′Gx + z′Gz + wc, wc ∼ N[0, 12],
C = 1 if C* 7 0 and C = 0 if C* … 0,
Prob(C = 1 � x, z ) = Φ(u0 + x ′Ux + z ′Uz).

the source of the endogeneity of the treatment dummy variable is now more explicit. 
because neither x nor z is correlated with w0, the source is the correlation of wc and w0. 
as in all such cases, the ultimate source of the endogeneity is the covariation among the 
unobservables in the model.

the foregoing is sufficient to produce a consistent instrumental variable estimator. 
We now pursue whether with the same data and assumptions, there is a regression-based 
estimator. based on the assumptions, we find that

E[y � C = 1, x, z] = l0 + d + x′G + E[w0 � C = 1, x, z],
E[y � C = 0, x, z] = l0 + x′G + E[w0 � C = 0, x, z].

because we have not specified the last term, the model is incomplete. suppose the 
model is fully parameterized with (w0, wc) bivariate normally distributed with means 0, 
variances s2 and 1 and covariance rs. under these assumptions, the functional form of 
the conditional mean is known,

 E[y � C = 1, x, z] = l0 + x′G + d + E[w0 � C = 1, x, z]

 = l0 + x′G + d + E[w0 � wc 7 (-g0 - x′Gx - z′Gz)]

 = l0 + x′G + d + rsJ f(g0 + x′Gx + z′Gz)

Φ(g0 + x′Gx + z′Gz)
R .

the counterpart for C = 0 would be

E[y � C = 0, x, z] = l0 + x′G + rsJ -f(g0 + x′Gx + z′Gz)

[1 - Φ(g0 + x′Gx + z′Gz)]
R .

by using the symmetry of the normal distribution, f(t) = f(- t) and Φ(t) = 1 - Φ(- t), 
we can combine these into a single regression,

 E[y � C xi, zi] = l0 + x′G + dC + rsJ (2C - 1)f[(2C - 1)(g0 + x′Gx + z′Gz)]

Φ[(2C - 1)(g0 + x′Gx + z′Gz)]
R

 = l0 + x′G + dC + tG(C, x, z: U).
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(see theorem 19.5.) the result is a feature of the bivariate normal distribution. there 
are two approaches that could be taken. the conditional mean function is a nonlinear 
regression that can be estimated by nonlinear least squares. the bivariate normality 
assumption carries an implicit assumption of homoscedasticity, so there is no need for 
a heteroscedasticity robust estimator for the covariance matrix. nonlinear least squares 
might be quite cumbersome. a simpler, two-step “control function” approach would 
be to fit the probit model as before, then compute the bracketed term and add it as an 
additional term. the estimating equation is

y = l0 + dC + x′G + TGn + h,

where h = y - E[y � C, x, z]. this can be estimated by linear least squares. as with other 
control function estimators, the asymptotic covariance matrix for the estimator must be 
adjusted for the constructed regressor. [see Heckman (1979) for results related to this 
model.] the result of murphy and topel (2002) can be used to obtain the correction. 
bootstrapping can be used as well. [this turns out to be identical to Heckman’s (1979) 
“sample selection” model developed in section 19.5.2. a covariance matrix for the two-step 
estimator as well as a full information maximum likelihood estimator are developed there.]

the precision and compactness of this result has been purchased by adding the 
bivariate normality assumption. it has also been made much simpler with the still 
unmotivated assumption, e1 - e0 = 0. a distributional assumption can be substituted 
for the normalization. Wooldridge (2010, pp. 945–948) assumes that [wc, (e1 - e0)] are 
bivariate normally distributed, and obtains another control function estimator, again 
based on properties of the bivariate normal distribution.

8.5.4  PROPENSITY SCORE MATCHING

if the treatment assignment is completely ignorable, then, as noted, estimation of the 
treatment effects is greatly simplified. suppose, as well, that there are observable variables 
that influence both the outcome and the treatment assignment. suppose it is possible to 
obtain pairs of individuals matched by a common xi, one with Ci = 0, the other with 
Ci = 1. if done with a sufficient number of pairs so as to average over the population of 
xi s, then a matching estimator, the average value of (yi � Ci = 1) - (yi � Ci = 0), would 
estimate E[y1 - y0], which is what we seek. of course, it is optimistic to hope to find a 
large sample of such matched pairs, both because the sample overall is finite and because 
there may be many regressors, and the “cells” in the distribution of xi are likely to be 
thinly populated. this will be worse when the regressors are continuous, for example, with 
a family income variable. rosenbaum and rubin (1983) and others15 suggested, instead, 
matching on the propensity score, F(xi) = Prob(Ci = 1 � xi). individuals with similar 
propensity scores are paired and the average treatment effect is then estimated by the 
differences in outcomes. Various strategies are suggested by the authors for obtaining the 
necessary subsamples and for verifying the conditions under which the procedures will 
be valid.16 We will examine and try to replicate a well-known application in Example 8.10.

15other important references in this literature are becker and ichino (1999), dehejia and Wahba (1999), lalonde 
(1986), Heckman, ichimura, and todd (1997, 1998), robins and rotnitzky (1995), Heckman, ichimura, smith, and 
todd (1998), Heckman, lalonde, and smith (1999), Heckman, tobias, and Vytlacil (2003), Hirano, imbens, and 
ridder (2003), and Heckman and Vytlacil (2000).
16see, for example, becker and ichino (2002).
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Example 8.10  Treatment Effects on Earnings
LaLonde (1986) analyzed the results of a labor market experiment, The National Supported Work 
Demonstration, in which a group of disadvantaged workers lacking basic job skills were given 
work experience and counseling in a sheltered environment. Qualified applicants were assigned 
to training positions randomly. The treatment group received the benefits of the program. Those 
in the control group “were left to fend for themselves.” The training period was 1976–1977; the 
outcome of interest for the sample examined here was posttraining 1978 earnings.

LaLonde reports a large variety of estimates of the treatment effect, for different subgroups 
and using different estimation methods. Nonparametric estimates for the group in our sample 
are roughly $900 for the income increment in the posttraining year. (See LaLonde, p. 609.) 
Similar results are reported from a two-step regression-based estimator similar to the control 
function estimator in Section 8.5.3. (See LaLonde’s footnote to Table 6, p. 616.)

LaLonde’s data are fairly well traveled, having been used in replications and extensions 
in, for example, Dehejia and Wahba (1999), Becker and Ichino (2002), Stata (2006), Dehejia 
(2005), Smith and Todd (2005), and Wooldridge (2010). We have reestimated the matching 
estimates reported in Becker and Ichino along with several side computations including the 
estimators developed in Sections 8.5.2 and 8.5.3. The data in the file used there (and here) 
contain 2,490 control observations and 185 treatment observations on the following variables:

 t = treatment dummy variable,

 age = age in years,

 educ = education in years,

 marr = dummy variable for married,

 black = dummy variable for black,

 hisp = dummy variable for Hispanic,

 nodegree = dummy for no degree (not used),

 re74 = real earnings in 1974,

 re75 = real earnings in 1975,

 re78 = real earnings in 1978.

Transformed variables added to the equation are

 age2 = age squared,

 educ2 = educ squared,

 re742 = re74 squared,

 re752 = re75 squared,

 blacku 74 = black times 1(re74 = 0).

We also scaled all earnings variables by 10,000 before beginning the analysis. (See Appendix 
Table F19.3. The data are downloaded from the Website http://users.nber.org/~rdehejia/
nswdata2.html. The two specific subsamples are in http://www.nber.org/~rdehejia//nsw_
control.txt, and http://www.nber.org/~rdehejia/nsw_treated.txt.) (We note that Becker and 
Ichino report they were unable to replicate Dehejia and Wahba’s results, although they could 
come reasonably close. We, in turn, were not able to replicate either set of results, though 
we, likewise, obtained quite similar results. See Table 8.3.)

To begin, Figure 8.2 describes the re78 data for the treatment group in the upper panel and 
the controls in the lower. Any regression- (or sample means–) based analysis of the differences 
of the two distributions will reflect the fact that the mean of the controls is far larger than that 
of the treatment group. The re74 and re75 data appear similar, so estimators that account 
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for the observable past values should be able to isolate the difference attributable to the 
treatment, if there is a difference.

Table 8.3 lists the results obtained with the regression-based methods and matching 
based on the propensity scores. The specification for the regression-based approaches is

simple difference in means: re781 - re780 = 6,349 - 21,553 = -15,204a

Estimator d Standard Error (Method)

Regression Based
simple ols 859a 765a (robust standard Error)
2sls 2,021 1,690  (robust standard Error)
iV using predicted probabilities 2,145 1,131 (robust standard Error)
2 step Control Function 2,273 1,012 (100 bootstrap replications)

1,249 (Heckman two step)
Propensity Score Matchingc

matching 1,571   669 (25 bootstrap replications)
becker and ichino 1,537b 1,016b (100 bootstrap replications)

a see Wooldridge (2010, p. 929, table 21.1).
b see becker and ichino (2002, p. 374) based on Kernel matching and common support. number of 
controls = 1,157 (1,155 here).
c becker and ichino employed the pscore and attk routines in Stata. results here used LOGIT and 
PSMATCH in NLOGIT6.

TABLE 8.3 Estimates of Average Treatment Effect on the Treated

Percent Lower Upper

0–5 0.000591 0.000783 sample size = 1,347
5–10 0.000787 0.001061 average score = 0.137238

10–15 0.001065 0.001377 std. dev score = 0.274079
15–20 0.001378 0.001748
20–25 0.001760 0.002321 lower upper # obs
25–30 0.002340 0.002956 1 0.000591 0.098016 1041
30–35 0.002974 0.004057 2 0.098016 0.195440 63
35–40 0.004059 0.005272 3 0.195440 0.390289 65
40–45 0.005278 0.007486 4 0.390289 0.585138 36
45–50 0.007557 0.010451 5 0.585138 0.779986 32
50–55 0.010563 0.014643 6 0.779986 0.877411 17
55–60 0.014686 0.022462 7 0.877411 0.926123 7
60–65 0.022621 0.035060 8 0.926123 0.974835 86
65–70 0.035075 0.051415
70–75 0.051415 0.076188
75–80 0.076376 0.134189
80–95 0.134238 0.320638
85–90 0.321233 0.616002
90–95 0.624407 0.949418
95–100 0.949418 0.974835

TABLE 8.4 Empirical Distribution of Propensity Scores
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FIGURE 8.2  Real 1978 Earnings, Treated Versus Controls.
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re78 = l0 + y1age + y2educ + y3black + y4hisp + y5marr + y6re74 + y7re75 + dT + w0.

The additional variables in z are (age2, educ2, re742, re752, blacku74). [Note, for consistency 
with Becker and Ichino, nodegree was not used. The specification of x in the regression 
equation follows Wooldridge (2010).] As anticipated, the simple difference in means is 
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uninformative. The regression-based estimates are quite consistent; the estimate of ATT is 
roughly $2,100. The propensity score method focuses only on the observable differences 
in the observations (including, crucially, re74 and re75) and produces an estimate of about 
$1,550.

The propensity score matching analysis proceeded as follows: A logit model in which the 
included variables were a constant, age, age2, education, education2, marr, black, hisp, re74, 
re75, re742, re752, and blacku74 was computed for the treatment assignment. The fitted 
probabilities are used for the propensity scores. By means of an iterative search, the range 
of propensity scores was partitioned into eight regions within which, by a simple F test, the 
mean scores of the treatments and controls were not statistically different. The partitioning 
is shown in Table 8.4. The 1,347 observations are all the treated observations and the 1,162 
control observations are those whose propensity scores fell within the range of the scores 
for the treated observations.

Within each interval, each treated observation is paired with a small number of the nearest 
control observations. We found the average difference between treated observation and 
control to equal $1,574.35. Becker and Ichino reported $1,537.94.

8.6 HYPOTHESIS TESTS

there are several tests to be carried out in this model.

8.6.1  TESTING RESTRICTIONS

For testing linear restrictions in H0: RB = q, the Wald statistic based on whatever form 
of asy.Var[biV] has been computed will be the usual choice. The test statistic, based on 
the unrestricted estimator, will be

 x2[J] = (RBn - q)′[R Est.asy.Var(Bn)R′]-1(RBn - q). (8-18)

For testing the simple hypothesis that a coefficient equals zero, this is the square of the 
usual t ratio that is always reported with the estimated coefficient. the t ratio, itself, can 
be used instead, though the implication is that the large sample critical value, 1.96 for 
95%, for example, would be used rather than the t distribution.

For the 2sls estimator based on least squares regression of y on Xn  an asymptotic F 
statistic can be computed as follows:

 F[J, n - K ] =
b a n

i = 1(yi - xn i
=Bnrestricted)2 - a n

i = 1(yi - xn i
=Bnunrestricted)2 r /J

a n
i = 1(yi - xi

=Bnunrestricted)2/(n - K)
. (8-19)

[see Wooldridge (2010, p. 105).] as in the regression model [see (5-14) and (5-15)], an 
approximation to the F statistic will be the chi-squared statistic, JF. unlike the earlier 
case, however, J times the statistic in (8-19) is not equal to the result in (8-18) even if the 
denominator is rescaled by (n-K)/n. they are different approximations. the F statistic 
is computed using both resticted and unresticted estimators.

a third approach to testing the hypothesis of the restrictions can be based on the 
lagrange multiplier principle. the moment equation for the 2sls estimator is

g =
1
n a n

i = 1xni(yi - xi
=Bn) =

1
n a n

i = 1xnieni = 0.
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(note that the residuals are computed using the original x, not the prediction.) the mean 
vector g will equal 0 when it is computed using Bnunrestricted to compute the residuals. it 
will generally not equal zero if Bnrestricted is used instead. We consider using a Wald test 
to test the hypothesis that E[g] = 0. the asymptotic variance of g will be estimated 
using 1/n times the matrix in (8-8), (8-8h) or (8-8c), whichever is appropriate. the Wald 
statistic will be

x2[J] = Ja n
i = 1xni(yi - xi

=Bnrestricted) R =

a 1
n

 Est.asy.VarJBnrestricted R ≤-1Ja n
i = 1xni(yi - xi

=Bnrestricted) R .

a convenient way to carry out this test is the approximation x2[J] = nR2 where the R2 
is the uncentered R2 in the least squares regression of En on Xn .

8.6.2  SPECIFICATION TESTS

there are two aspects of the model that we would be interested in verifying if possible, 
rather than assuming them at the outset. First, it will emerge in the derivation in 
section 8.4.1 that of the two estimators considered here, least squares and instrumental 
variables, the first is unambiguously more efficient (i.e., has a smaller variance around 
its mean). the iV estimator is robust; it is consistent whether or not plim(X′E/n) = 0. 
However, if iV is not needed, that is, if G = 0, then least squares would be a better 
estimator by virtue of its smaller variance.17 For this reason, and possibly in the interest 
of a test of the theoretical specification of the model, a test that reveals information 
about the bias of least squares will be useful. second, the use of two-stage least squares 
with L 7 K, that is, with “additional” instruments, entails L - K restrictions on the 
relationships among the variables in the model. as might be apparent from the derivation 
thus far, when there are K variables in X, some of which may be endogenous, then there 
must be at least K variables in Z in order to identify the parameters of the model, that 
is, to obtain consistent estimators of the parameters using the information in the sample. 
When there is an excess of instruments, one is actually imposing additional, arguably 
superfluous restrictions on the process generating the data. Consider, once again, the 
agricultural market example at the end of section 8.3.4. in that structure, it is certainly 
safe to assume that Rainfall is an exogenous event that is uncorrelated with the 
disturbances in the demand equation. but, it is conceivable that the interplay of the 
markets involved might be such that the InputPrice is correlated with the shocks in the 
demand equation. in the market for biofuels, corn is both an input in the market supply 
and an output in other markets. in treating InputPrice as exogenous in that example, we 
would be imposing the assumption that InputPrice is uncorrelated with eD, at least by 
some measure unnecessarily because the parameters of the demand equation can be 
estimated without this assumption. this section will describe two specification tests that 
consider these aspects of the iV estimator.

17it is possible that even if least squares is inconsistent, it might still be more precise. if ls is only slightly biased 
but has a much smaller variance than iV, then by the expected squared error criterion, variance plus squared bias, 
least squares might still prove the preferred estimator. this turns out to be nearly impossible to verify empirically.
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8.6.3  TESTING FOR ENDOGENEITY: THE HAUSMAN AND WU SPECIFICATION TESTS

if the regressors in the model are not correlated with the disturbances and are not 
measured with error, then there would be some benefit to using the least squares (ls) 
estimator rather than the iV estimator. Consider a comparison of the two covariance 
matrices under the hypothesis that both estimators are consistent, that is, assuming 
plim (1/n)X′E = 0 and assuming a.4 (section 8.2). the difference between the 
asymptotic covariance matrices of the two estimators is

  asy .Var[biV] - asy .Var[bls] =
s2

n
 plim¢X′Z(Z′Z)-1Z′X

n
≤-1

-
s2

n
 plimaX′X

n
b

-1

 =
s2

n
 plim n[(X′Z(Z′Z)-1Z′X)-1 - (X′X)-1]

 =
s2

n
 plim n{[X′(I - MZ)X]-1 - [X′X]-1}

 =
s2

n
 plim n{[X′X - X′MZX]-1 - [X′X]-1}.

 (8-20)

the matrix in braces is nonnegative definite, which establishes that least squares is 
more efficient than iV. our interest in the difference between these two estimators 
goes beyond the question of efficiency. the null hypothesis of interest will be specifically 
whether plim(1/n)X′E = 0. seeking the covariance between X and E through (1/n)X′e 
is fruitless, of course, because (1/n)X′e = 0. in a seminal paper, Hausman (1978) 
developed an alternative testing strategy. the logic of Hausman’s approach is as follows. 
under the null hypothesis, we have two consistent estimators of B, bls and biV. under 
the alternative hypothesis, only one of these, biV, is consistent. the suggestion, then, is 
to examine d = biV - bls. under the null hypothesis, plim d = 0, whereas under the 
alternative, plim d ≠ 0. We will test this hypothesis with a Wald statistic,

 H = d′{Est.asy.Var[d]}-1d
 = (biV - bls)′{Est.asy.Var[biV] - Est.asy.Var[bls]}-1(biV - bls)
 = (biV - bls)′Hn -1(biV - bls),

where Hn -1  is the estimator of the covariance matrix in (8-20). under the null hypothesis, 
we have two different, but consistent, estimators of s2. if we use s2 as the common 
estimator, then the statistic will be

H =
d ′[(Xn ′Xn)-1 - (X′X)-1]-1d

s 2 .

it is tempting to invoke our results for the full rank quadratic form in a normal vector 
and conclude the degrees of freedom for this chi-squared statistic is K. However, the 
rank of [(Xn ′Xn)-1 - (X′X)-1] is only K* = K - K0, where K0 is the number of exogenous 
variables in X (and the ordinary inverse will not exist), so K* is the degrees of freedom 
for the test. the Wald test requires a generalized inverse [see Hausman and taylor 
(1981)], so it is going to be a bit cumbersome. an alternative variable addition test 
approach devised by Wu (1973) and durbin (1954) is simpler. an F or Wald statistic with 
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K* and n - K - K* degrees of freedom can be used to test the joint significance of the 
elements of G in the augmented regression,

 y = XB + Xn*G + E*, (8-21)

where Xn* are the fitted values in regressions of the variables in X* on Z. this result is 
equivalent to the Hausman test for this model.18

Example 8.5  Labor Supply Model (Continued)
For the labor supply equation estimated in Example 8.5, we used the Wu (variable addition) 
test to examine the endogeneity of the In Wage variable. For the first step, In Wageit is 
regressed on z1,it. The predicted value from this equation is then added to the least squares 
regression of Wksit on xit. The results of this regression are

Wksit = 18.8987 + 0.6938 ln Wageit - 0.4600 Edi - 2.3602Unionit

(12.3284) (0.1980)   (0.1490)  (0.2423)
    + 0.6958 Femi + 4.4891 fitted ln Wageit + uit,

    (1.0054)  (2.1290),

where the estimated standard errors are in parentheses. The t ratio on the fitted log wage 
coefficient is 2.108, which is larger than the critical value from the standard normal table of 
1.96. Therefore, the hypothesis of exogeneity of the log Wage variable is rejected. If z2,it is 
used instead, the t ratio on the predicted value is 2.96, which produces the same conclusion.

the control function estimator based on (8-16),

y = x1
=B + x2l + r(x2 - z′p) + w∼,

resembles the estimating equation in (8-21). it is actually equivalent. if the residual in 
(8-16) is replaced by the prediction, z′p, the identical least squares results are obtained 
save for the coefficient on the residual, which changes sign. the results in the preceding 
example would thus be identical save for the sign of the coefficient on the prediction of 
ln Wage, which would be negative. the implication (as happens in many applications) is 
that the control function estimator provides a simple constructive test for endogeneity 
that is the same as the Hausman–Wu test. a test of the significance of the coefficient on 
the control function is equivalent to the Hausman test.

8.6.4  A TEST FOR OVERIDENTIFICATION

the motivation for choosing the iV estimator is not efficiency. the estimator is 
constructed to be consistent; efficiency is a secondary consideration. in Chapter 13, we 
will revisit the issue of efficient method of moments estimation. the observation that 
2sls represents the most efficient use of all L instruments establishes only the efficiency 
of the estimator in the class of estimators that use K linear combinations of the columns 
of Z. the iV estimator is developed around the orthogonality conditions,

 E[ziei] = 0. (8-22)

the sample counterpart to this is the moment equation,

 
1
n a

n

i = 1
ziei = 0. (8-23)

18algebraic derivations of this result can be found in the articles and in davidson and macKinnon (2004, section 8.7).
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the solution, when L = K, is bIV = (Z′X)-1Z′y, as we have seen. if L 7 K, then there 
is no single solution, and we arrived at 2sls as a strategy. Estimation is still based on 
(8-23). However, the sample counterpart is now L equations in K unknowns and (8-23) 
has no solution. nonetheless, under the hypothesis of the model, (8-22) remains true. 
We can consider the additional restrictions as a hypothesis that might or might not be 
supported by the sample evidence. the excess of moment equations provides a way to 
test the overidentification of the model. the test will be based on (8-23), which, when 
evaluated at biV, will not equal zero when L 7 K, though the hypothesis in (8-22) might 
still be true.

the test statistic will be a Wald statistic. (see section 5.4.) the sample statistic, based 
on (8-23) and the iV estimator, is

m =
1
n a

n

i = 1
zieiV,i =

1
n a

n

i = 1
zi(yi - xi

=biV).

the Wald statistic is

x2[L - K] = m′[Var(m)]-1m.

to complete the construction, we require an estimator of the variance. there are two 
ways to proceed. under the assumption of the model,

Var[m] =
s2

n2  Z′Z,

which can be estimated easily using the sample estimator of s2. alternatively, we might 
base the estimator on (8-22), which would imply that an appropriate estimator would be

Est.Var[m] =
1
n2 a

i = 1
(zieiV,i)(zieiV,i)′ =

1
n2 a

i = 1
eiV,i

2 zizi
=.

these two estimators will be numerically different in a finite sample, but under the 
assumptions that we have made so far, both (multiplied by n) will converge to the same 
matrix, so the choice is immaterial. Current practice favors the second. the Wald statistic 
is, then,

LM = na 1
n a

n

i = 1
zieiV,ib

=

c 1
n a

n

i = 1
eiV,i

2 zizi
= d

-1

a 1
n a

n

i = 1
zieiV,ib .

a remaining detail is the number of degrees of freedom. the test can only detect the 
failure of L - K moment equations, so that is the rank of the quadratic form; the 
limiting distribution of the statistic is chi squared with L - K degrees of freedom. if 
the equation is exactly identified, then (1/n)Z′eiV will be exactly zero. as we saw in 
testing linear restrictions in section 8.5.1, there is a convenient way to compute the lm 
statistic. the chi-squared statistic can be computed as n times the uncentered R2 in the 
linear regression of eiV on Z that would be

LM =
eIV
= Z(Z′Z)-1Z′eIV

eIV
= eIV

.
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IND SMSA IND and SMSA

Variable Estimate Std. Err. Estimate Std. Err. Estimate Std. Err.

Constant 18.8987 20.26604 33.0018 9.10852 30.7044 8.25041
LWAGE 5.18285 3.47416 2.75658 1.56100 3.15182 1.41058
ED -0.46000 0.24352 -0.29272 0.12414 -0.31997 0.11453
UNION -2.36016 0.43069 -2.16164 0.30395 -2.19398 0.30507
FEM 0.69567 1.66754 -0.41950 0.85547 -0.23784 0.79781
sn 5.32268 5.08719 5.11405

TABLE 8.5 2SLS Estimates of the Labor Supply Equation

Example 8.11  Overidentification of the Labor Supply Equation
In Example 8.5, we computed 2SLS estimates of the parameters of an equation for weeks 
worked. The estimator is based on

x = [1, ln Wage, Education, Union, Female]

and

z = [1, Ind, Education, Union, Female, SMSA].

There is one overidentifying restriction. The sample moment based on the 2SLS results in 
Table 8.1 is

(1/4165)Z′e2 SLS = [0, .03476, 0, 0, 0, - .01543]′.

The chi-squared statistic is 1.09399 with one degree of freedom. If the first suggested variance 
estimator is used, the statistic is 1.05241. Both are well under the 95 percent critical value 
of 3.84, so the hypothesis of overidentification is not rejected. Table 8.5 displays the 2SLS 
estimates based on the two instruments separately and the estimates based on both.

We note a final implication of the test. one might conclude, based on the underlying 
theory of the model, that the overidentification test relates to one particular instrumental 
variable and not another. For example, in our market equilibrium example with two 
instruments for the demand equation, Rainfall and InputPrice, rainfall is obviously 
exogenous, so a rejection of the overidentification restriction would eliminate InputPrice 
as a valid instrument. However, this conclusion would be inappropriate; the test suggests 
only that one or more of the elements in (8-22) are nonzero. it does not suggest which 
elements in particular these are.

8.7 WEAK INSTRUMENTS AND LIML

our analysis thus far has focused on the “identification” condition for iV estimation, 
that is, the “exogeneity assumption,” a.i9, which produces

 plim (1/n)Z′E = 0. (8-24)

taking the “relevance” assumption,

 plim (1/n)Z′X = QZX, a finite, nonzero, L * K matrix with rank K, (8-25)
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as given produces a consistent iV estimator. in absolute terms, with (8-24) in place, 
(8-25) is sufficient to assert consistency. as such, researchers have focused on exogeneity 
as the defining problem to be solved in constructing the iV estimator. a growing 
literature has argued that greater attention needs to be given to the relevance condition. 
While, strictly speaking, (8-25) is indeed sufficient for the asymptotic results we have 
claimed, the common case of “weak instruments,” in which (8-25) is only barely true has 
attracted considerable scrutiny. in practical terms, instruments are “weak” when they 
are only slightly correlated with the right-hand-side variables, X; that is, (1/n)Z′X is close 
to zero. researchers have begun to examine these cases, finding in some an explanation 
for perverse and contradictory empirical results.19

superficially, the problem of weak instruments shows up in the asymptotic 
covariance matrix of the iV estimator,

asy.Var[biV] =
se

2

n
 J aX′Z

n
b aZ′Z

n
b

-1

aZ′X
n

b R -1

,

which will be “large” when the instruments are weak, and, other things equal, larger the 
weaker they are. However, the problems run deeper than that. nelson and startz 
(1990a,b) and Hahn and Hausman (2003) list two implications: (i) the 2sls estimator 
is badly biased toward the ordinary least squares estimator, which is known to be 
inconsistent, and (ii) the standard first-order asymptotics (such as those we have used 
in the preceding) will not give an accurate framework for statistical inference. thus, the 
problem is worse than simply lack of precision. there is also at least some evidence that 
the issue goes well beyond “small sample problems.”20

Current research offers several prescriptions for detecting weakness in instrumental 
variables. For a single endogenous variable (x that is correlated with E), the standard 
approach is based on the first-step ols regression of 2sls. the conventional F statistic 
for testing the hypothesis that all the coefficients in the regression

xi = zi
=P + ui

are zero is used to test the “hypothesis” that the instruments are weak. an F statistic less 
than 10 signals the problem.21 When there are more than one endogenous variables in 
the model, testing each one separately using this test is not sufficient, because collinearity 
among the variables could impact the result but would not show up in either test. shea 
(1997) proposes a four-step multivariate procedure that can be used. godfrey (1999) 
derived a surprisingly simple alternative method of doing the computation. For 
endogenous variable k, the godfrey statistic is the ratio of the estimated variances of 
the two estimators, ols and 2sls,

Rk
2 =

vk(OLS)/e′e(ols)

vk(2SLS)/e′e(2sls)
,

19important references are nelson and startz (1990a,b), staiger and stock (1997), stock, Wright, and yogo (2002), 
Hahn and Hausman (2002, 2003), Kleibergen (2002), stock and yogo (2005), and Hausman, stock, and yogo 
(2005).
20see bound, Jaeger, and baker (1995).
21see nelson and startz (1990b), staiger and stock (1997), and stock and Watson (2007, Chapter 12) for 
motivation of this specific test.
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where vk (ols) is the kth diagonal element of [e′e(ols)/(n - K)](X′X)-1 and vk 
(2sls) is defined likewise. With the scalings, the statistic reduces to

Rk
2 =

(X′X)kk

(Xn ′Xn )kk
,

where the superscript indicates the element of the inverse matrix. the F statistic can 
then be based on this measure, F = [Rk

2/(L - 1)]/[(1 - Rk
2)/(n - L)] assuming that Z 

contains a constant term.
it is worth noting that the test for weak instruments is not a specification test, nor 

is it a constructive test for building the model. rather, it is a strategy for helping the 
researcher avoid basing inference on unreliable statistics whose properties are not well 
represented by the familiar asymptotic results, for example, distributions under assumed 
null model specifications. several extensions are of interest. other statistical procedures 
are proposed in Hahn and Hausman (2002) and Kleibergen (2002).

the stark results of this section call the iV estimator into question. in a fairly narrow 
circumstance, an alternative estimator is the “moment”-free liml estimator discussed 
in section 8.4.3. another, perhaps somewhat unappealing, approach is to retreat to least 
squares. the ols estimator is not without virtue. the asymptotic variance of the ols 
estimator,

asy.Var[bls] = (s2/n)QXX
-1 ,

is unambiguously smaller than the asymptotic variance of the iV estimator,

asy.Var[biV] = (s2/n)(QXZQZZ
-1 QZX)-1.

(the proof is considered in the exercises.) given the preceding results, it could be far 
smaller. the ols estimator is inconsistent, however,

plim bls - B = QXX
-1 G,

[see (8-4)]. by a mean squared error comparison, it is unclear whether the ols estimator 
with

M(bls �B) = (s2/n)QXX
-1 + QXX

-1 GG′QXX
-1 ,

or the iV estimator, with

M(biV �B) = (S2/n)(QXZQZZ
-1 QZX)-1,

is more precise. the natural recourse in the face of weak instruments is to drop the 
endogenous variable from the model or improve the instrument set. Each of these is a 
specification issue. strictly in terms of estimation strategy within the framework of the 
data and specification in hand, there is scope for ols to be the preferred strategy.

8.8 MEASUREMENT ERROR

thus far, it has been assumed (at least implicitly) that the data used to estimate the 
parameters of our models are true measurements on their theoretical counterparts. 
in practice, this situation happens only in the best of circumstances. all sorts of 
measurement problems creep into the data that must be used in our analyses. Even 
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carefully constructed survey data do not always conform exactly to the variables the 
analysts have in mind for their regressions. aggregate statistics such as gdP are only 
estimates of their theoretical counterparts, and some variables, such as depreciation, the 
services of capital, and “the interest rate,” do not even exist in an agreed-upon theory. 
at worst, there may be no physical measure corresponding to the variable in our model; 
intelligence, education, and permanent income are but a few examples. nonetheless, they 
all have appeared in very precisely defined regression models.

8.8.1  LEAST SQUARES ATTENUATION

in this section, we examine some of the received results on regression analysis with badly 
measured data. the biases introduced by measurement error can be rather severe. there 
are almost no known finite-sample results for the models of measurement error; nearly 
all the results that have been developed are asymptotic.22 the following presentation 
will use a few simple asymptotic results for the classical regression model.

the simplest case to analyze is that of a regression model with a single regressor and 
no constant term. although this case is admittedly unrealistic, it illustrates the essential 
concepts, and we shall generalize it presently. assume that the model,

 y* = bx* + e, (8-26)

conforms to all the assumptions of the classical normal regression model. if data on y* 
and x* were available, then b would be estimable by least squares. suppose, however, that 
the observed data are only imperfectly measured versions of y* and x*. in the context 
of an example, suppose that y* is ln(output/labor) and x* is ln(capital/labor). neither 
factor input can be measured with precision, so the observed y and x contain errors of 
measurement. We assume that

 y = y* + v with v ∼ N[0, sv
2], (8-27a)

 x = x* + u with u ∼ N[0, su
2]. (8-27b)

assume, as well, that u and v are independent of each other and of y* and x*. (as we 
shall see, adding these restrictions is not sufficient to rescue a bad situation.)

as a first step, insert (8-27a) into (8-26), assuming for the moment that only y* is 
measured with error,

y = bx* + e + v = bx* + e′.

this result still conforms to the assumptions of the classical regression model. as long as 
the regressor is measured properly, measurement error on the dependent variable can 
be absorbed in the disturbance of the regression and ignored. to save some cumbersome 
notation, therefore, we shall henceforth assume that the measurement error problems 
concern only the independent variables in the model.

Consider, then, the regression of y on the observed x. by substituting (8-27b) into 
(8-26), we obtain

 y = bx + [e - bu] = bx + w. (8-28)

22see, for example, imbens and Hyslop (2001).
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because x equals x* + u, the regressor in (8-28) is correlated with the disturbance,

 Cov[x, w] = Cov[x* + u, e - bu] = -bsu
2. (8-29)

this result violates one of the central assumptions of the classical model, so we can 
expect the least squares estimator,

b =
(1/n)a n

i = 1xiyi

(1/n)a n
i = 1xi

2
,

to be inconsistent. to find the probability limits, insert (8-26) and (8-27b) and use the 
slutsky theorem,

plim b =
plim(1/n)a n

i = 1(xi* + ui)(bxi* + ei)

plim(1/n)a n
i = 1(xi* + ui)

2
.

because x*, e, and u are mutually independent, this equation reduces to

 plim b =
bQ*

Q* + su
2 =

b

1 + su
2/Q*

, (8-30)

where Q* = plim(1/n)a ixi*
2. as long as su

2 is positive, b is inconsistent, with a persistent 
bias toward zero. Clearly, the greater the variability in the measurement error, the worse 
the bias. the effect of biasing the coefficient toward zero is called attenuation.

in a multiple regression model, matters only get worse. suppose, to begin, we assume 
that y = X*B + E and X = X* + U, allowing every observation on every variable to 
be measured with error. the extension of the earlier result is

plim aX′X
n

b = Q* + �uu, and plim aX′y
n

b = Q*B.

Hence,

 plim b = [Q* + Σuu]-1Q*B = B - [Q* + �uu]-1�uuB. (8-31)

this probability limit is a mixture of all the parameters in the model. in the same fashion 
as before, bringing in outside information could lead to identification. the amount of 
information necessary is extremely large, however, and this approach is not particularly 
promising.

it is common for only a single variable to be measured with error. one might 
speculate that the problems would be isolated to the single coefficient. unfortunately, 
this situation is not the case. For a single bad variable—assume that it is the first—the 
matrix �uu is of the form

�uu = Dsu
2 0 g 0

0 0 g 0
f

0 0 g 0

T .

it can be shown that for this special case,

 plim b1 =
b1

1 + su
2q*11

, (8-32a)
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[note the similarity of this result to (8-30)], and, for k ≠ 1,

 plim bk = bk - b1J su
2q*k1

1 + su
2q*11 R , (8-32b)

where q*k1 is the (k,1)th element in (Q*)-1.23 this result depends on several unknowns 
and cannot be estimated. the coefficient on the badly measured variable is still biased 
toward zero. the other coefficients are all biased as well, although in unknown directions. 
a badly measured variable contaminates all the least squares estimates.24 if more than 
one variable is measured with error, there is very little that can be said.25 although 
expressions can be derived for the biases in a few of these cases, they generally depend 
on numerous parameters whose signs and magnitudes are unknown and, presumably, 
unknowable.

8.8.2  INSTRUMENTAL VARIABLES ESTIMATION

an alternative set of results for estimation in this model (and numerous others) is built 
around the method of instrumental variables. Consider once again the errors in variables 
model in (8-26) and (8-27a,b). the parameters, b, se

2, q*, and su
2 are not identified in 

terms of the moments of x and y. suppose, however, that there exists a variable z such 
that z is correlated with x* but not with u. For example, in surveys of families, income 
is notoriously badly reported, partly deliberately and partly because respondents often 
neglect some minor sources. suppose, however, that one could determine the total 
amount of checks written by the head(s) of the household. it is quite likely that this z 
would be highly correlated with income, but perhaps not significantly correlated with 
the errors of measurement. if Cov[x*, z] is not zero, then the parameters of the model 
become estimable, as

 plim 
(1/n)a iyizi

(1/n)a ixizi
=

b Cov[x*, z]

Cov[x*, z]
= b. (8-33)

the special case when the instrumental variable is binary produces a useful result. if zi is 
a dummy variable such that x�z = 1 - x�z = 0 is not zero—that is, the instrument is relevant 
(see section 8.2), then the estimator in (8-33) is

bn =
y�z = 1 - y�z = 0

x�z = 1 - x�z = 0
.

a proof of the result is given in Example 8.2.26 this is called the Wald (1940) estimator.
For the general case, y = X*B + E, X = X* + U, suppose that there exists a matrix 

of variables Z that is not correlated with the disturbances or the measurement error, 

23use (a-66) to invert [Q* + �uu] = [Q* + (sue1)(sue1)′], where e1 is the first column of a K * K identity matrix. 
the remaining results are then straightforward.
24this point is important to remember when the presence of measurement error is suspected.
25some firm analytic results have been obtained by levi (1973), theil (1961), Klepper and leamer (1983), garber 
and Klepper (1980), griliches (1986), and Cragg (1997).
26the proof in Example 8.2 is given for a dependent variable that is also binary. However, the proof is generic, and 
extends without modification to this case.
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but is correlated with regressors, X. then the instrumental variables estimator, based 
on Z, biV = (Z′X)-1Z′y, is consistent and asymptotically normally distributed with 
asymptotic covariance matrix that is estimated with

 Est.asy.Var[biV] = sn 2[Z′X]-1[Z′Z][X′Z]-1. (8-34)

For more general cases, theorem 8.1 and the results in section 8.3 apply.

8.8.3  PROXY VARIABLES

in some situations, a variable in a model simply has no observable counterpart. 
Education, intelligence, ability, and like factors are perhaps the most common examples. 
in this instance, unless there is some observable indicator for the variable, the model 
will have to be treated in the framework of missing variables. usually, however, such an 
indicator can be obtained; for the factors just given, years of schooling and test scores 
of various sorts are familiar examples. the usual treatment of such variables is in the 
measurement error framework. if, for example,

income = b1 + b2 education + e,

and

years of schooling = education + u,

then the model of section 8.8.1 applies. the only difference here is that the true variable 
in the model is “latent.” no amount of improvement in reporting or measurement would 
bring the proxy closer to the variable for which it is proxying.

the preceding is a pessimistic assessment, perhaps more so than necessary. Consider 
a structural model,

Earnings = b1 + b2 Experience + b3 Industry + b4 Ability + e.

Ability is unobserved, but suppose that an indicator, say, IQ, is. if we suppose that IQ is 
related to Ability through a relationship such as

IQ = a1 + a2 Ability + v,

then we may solve the second equation for Ability and insert it in the first to obtain the 
reduced form equation,

Earnings = (b1 - b4a1/a2) + b2 Experience + b3 Industry + (b4/a2)IQ + (e - vb4/a2).

this equation is intrinsically linear and can be estimated by least squares. We do not 
have consistent estimators of b1 and b4, but we do have them for the coefficients 
of interest, b2 and b3. this would appear to solve the problem. We should note the 
essential ingredients; we require that the indicator, IQ, not be related to the other 
variables in the model, and we also require that v not be correlated with any of 
the variables. (a perhaps obvious additional requirement is that the proxy not 
provide information in the regression that would not be provided by the missing 
variable if it were observed. in the context of the example, this would require that 
E [Earnings � Experience,  Industry,  Ability,  IQ] = E [Earnings � Experience,  Industry,
Ability].) in this instance, some of the parameters of the structural model are identified 
in terms of observable data. note, though, that IQ is not a proxy variable; it is an 
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indicator of the latent variable, Ability. this form of modeling has figured prominently 
in the education and educational psychology literature. Consider in the preceding small 
model how one might proceed with not just a single indicator, but say with a battery of 
test scores, all of which are indicators of the same latent ability variable.

it is to be emphasized that a proxy variable is not an instrument (or the reverse). 
thus, in the instrumental variables framework, it is implied that we do not regress y on 
Z to obtain the estimates. to take an extreme example, suppose that the full model was

 y = X*B + E,

 X = X* + U,

 Z = X* + W.

that is, we happen to have two badly measured estimates of X*. the parameters of this 
model can be estimated without difficulty if W is uncorrelated with U and X*, but not 
by regressing y on Z. the instrumental variables technique is called for.

When the model contains a variable such as education or ability, the question that 
naturally arises is, if interest centers on the other coefficients in the model, why not just 
discard the problem variable?27 this method produces the familiar problem of an omitted 
variable, compounded by the least squares estimator in the full model being inconsistent 
anyway. Which estimator is worse? mcCallum (1972) and Wickens (1972) show that the 
asymptotic bias (actually, degree of inconsistency) is worse if the proxy is omitted, even 
if it is a bad one (has a high proportion of measurement error). this proposition neglects, 
however, the precision of the estimates. aigner (1974) analyzed this aspect of the 
problem and found, as might be expected, that it could go either way. He concluded, 
however, that “there is evidence to broadly support use of the proxy.”

Example 8.12  Income and Education in a Study of Twins
The traditional model used in labor economics to study the effect of education on income is 
an equation of the form

yi = b1 + b2 agei + b3 agei
2 + b4 educationi + xi

=B5 + ei,

where yi is typically a wage or yearly income (perhaps in log form) and xi contains other 
variables, such as an indicator for sex, region of the country, and industry. The literature 
contains discussion of many possible problems in estimation of such an equation by least 
squares using measured data. Two of them are of interest here:

1. Although “education” is the variable that appears in the equation, the data available to 
researchers usually include only “years of schooling.” This variable is a proxy for education, 
so an equation fit in this form will be tainted by this problem of measurement error. 
Perhaps surprisingly so, researchers also find that reported data on years of schooling 
are themselves subject to error, so there is a second source of measurement error. For the 
present, we will not consider the first (much more difficult) problem.

2. Other variables, such as “ability”—we denote these mi—will also affect income and are 
surely correlated with education. If the earnings equation is estimated in the form shown 
above, then the estimates will be further biased by the absence of this “omitted variable.” 
For reasons we will explore in Chapter 19, this bias has been called the selectivity effect 
in recent studies.

27this discussion applies to the measurement error and latent variable problems equally.
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Simple cross-section studies will be considerably hampered by these problems. But, in a 
study of twins, Ashenfelter and Krueger (1994) analyzed a data set that allowed them, with a 
few simple assumptions, to ameliorate these problems.28

Annual “twins festivals” are held at many places in the United States. The largest is held 
in Twinsburg, Ohio. The authors interviewed about 500 individuals over the age of 18 at the 
August 1991 festival. Using pairs of twins as their observations enabled them to modify their 
model as follows: Let (yij, Aij) denote the earnings and age for twin j, j = 1, 2, for pair i. For 
the education variable, only self-reported “schooling” data, Sij, are available. The authors 
approached the measurement problem in the schooling variable, Sij, by asking each twin 
how much schooling he or she had and how much schooling his or her sibling had. Denote 
reported schooling by sibling m of sibling j by Sij (m). So, the self-reported years of schooling 
of twin 1 is Si1 (1). When asked how much schooling twin 1 has, twin 2 reports Si1 (2). The 
measurement error model for the schooling variable is

Sij (m) = Sij + uij (m), j, m = 1, 2, where Sij = “true’ schooling for twin j of pair i.

We assume that the two sources of measurement error, uij (m), are uncorrelated and they 
and Sij have zero means. Now, consider a simple bivariate model such as the one in (8-26),

yij = bSij + eij.

As we saw earlier, a least squares estimate of b using the reported data will be attenuated,

plim b =
b * Var[Sij]

Var[Sij] + Var[uij( j )]
= bq.

(Because there is no natural distinction between twin 1 and twin 2, the assumption that the 
variances of the two measurement errors are equal is innocuous.) The factor q is sometimes 
called the reliability ratio. In this simple model, if the reliability ratio were known, then b could 
be consistently estimated. In fact, the construction of this model allows just that. Because 
the two measurement errors are uncorrelated,

 Corr[Si1 (1), Si1 (2)] = Corr[Si2 (1), Si2 (2)]

 =
Var[Si1]

{{Var[Si1] + Var[ui1(1)]} * {Var[Si1] + Var[ui1(2)]}}1/2 = q.

In words, the correlation between the two reported education attainments measures the 
reliability ratio. The authors obtained values of 0.920 and 0.877 for 298 pairs of identical twins 
and 0.869 and 0.951 for 92 pairs of fraternal twins, thus providing a quick assessment of the 
extent of measurement error in their schooling data.

The earnings equation is a multiple regression, so this result is useful for an overall 
assessment of the problem, but the numerical values are not sufficient to undo the overall 
biases in the least squares regression coefficients. An instrumental variables estimator was 
used for that purpose. The estimating equation for yij = ln Wageij with the least squares (OLS) 
and instrumental variable (IV) estimates is as follows:

yij = b1 + b2 agei + b3 agei
2 + b4 Sij( j ) + b5 Sim(m) + b6 sexi + b7 racei + eij

LS (0.088) (-0.087) (0.084) (0.204) (-0.410)
IV (0.088) (-0.087) (0.116) (-0.037) (0.206) (-0.428).

28other studies of twins and siblings include bound, Chorkas, Haskel, Hawkes, and spector (2003). ashenfelter 
and rouse (1998), ashenfelter and Zimmerman (1997), behrman and rosengweig (1999), isacsson (1999), miller, 
mulvey, and martin (1995), rouse (1999), and taubman (1976).
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In the equation, Sij ( j)  is the person’s report of his or her own years of schooling and Sim (m) is 
the sibling’s report of the sibling’s own years of schooling. The problem variable is schooling. 
To obtain a consistent estimator, the method of instrumental variables was used, using each 
sibling’s report of the other sibling’s years of schooling as a pair of instrumental variables. 
The estimates reported by the authors are shown below the equation. (The constant term 
was not reported, and for reasons not given, the second schooling variable was not included 
in the equation when estimated by LS.) This preliminary set of results is presented to give 
a comparison to other results in the literature. The age, schooling, and gender effects 
are comparable with other received results, whereas the effect of race is vastly different, 
-  40%, here compared with a typical value of +  9% in other studies. The effect of using the 
instrumental variable estimator on the estimates of b4 is of particular interest. Recall that the 
reliability ratio was estimated at about 0.9, which suggests that the IV estimate would be 
roughly 11% higher (1/0.9). Because this result is a multiple regression, that estimate is only 
a crude guide. The estimated effect shown above is closer to 38%.

The authors also used a different estimation approach. Recall the issue of selection bias 
caused by unmeasured effects. The authors reformulated their model as

yij = b1 + b2 agei + b3 agei
2 + b4 Sij( j) + b6 sexi + b7 racei + mi + eij.

Unmeasured latent effects, such as “ability,” are contained in mi. Because mi is not observable 
but is, it is assumed, correlated with other variables in the equation, the least squares 
regression of yij on the other variables produces a biased set of coefficient estimates.29 The 
difference between the two earnings equations is

yi1 - yi2 = b4[Si1(1) - Si2(2)] + ei1 - ei2.

This equation removes the latent effect but, it turns out, worsens the measurement error 
problem. As before, b4 can be estimated by instrumental variables. There are two instrumental 
variables available, Si2(1) and Si1(2). (It is not clear in the paper whether the authors used the 
two separately or the difference of the two.) The least squares estimate is 0.092, which is 
comparable to the earlier estimate. The instrumental variable estimate is 0.167, which is nearly 
82% higher. The two reported standard errors are 0.024 and 0.043, respectively. With these 
figures, it is possible to carry out Hausman’s test,

H =
(0.167 - 0.092)2

0.0432 - 0.0242 = 4.418.

The 95% critical value from the chi-squared distribution with one degree of freedom is 3.84, 
so the hypothesis that the LS estimator is consistent would be rejected. The square root of 
H, 2.102, would be treated as a value from the standard normal distribution, from which the 
critical value would be 1.96. The authors reported a t statistic for this regression of 1.97.

8.9 NONLINEAR INSTRUMENTAL VARIABLES ESTIMATION

in section 8.2, we extended the linear regression model to allow for the possibility that 
the regressors might be correlated with the disturbances. the same problem can arise in 
nonlinear models. the consumption function estimated in Example 7.4 is almost surely 

29this is a “fixed effects model”—see section 11.4. the assumption that the latent effect, ability, is common 
between the twins and fully accounted for is a controversial assumption that ability is accounted for by nature 
rather than nurture. a search of the internet on the subject of the “nature versus nurture debate” will turn up 
millions of citations. We will not visit the subject here.
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a case in point. in this section, we will extend the method of instrumental variables to 
nonlinear regression models.

in the nonlinear model,

yi = h(xi, B) + ei,

the covariates xi may be correlated with the disturbances. We would expect this effect 
to be transmitted to the pseudoregressors, xi

0 = 0h(xi, B)/0B. if so, then the results that 
we derived for the linearized regression would no longer hold. suppose that there is a 
set of variables [z1, c, zL] such that

 plim(1/n)Z′E = 0 (8-35)

and

plim(1/n)Z′X0 = Qzx
0 ≠ 0,

where X0 is the matrix of pseudoregressors in the linearized regression, evaluated at the 
true parameter values. if the analysis that we used for the linear model in section 8.3 can be 
applied to this set of variables, then we will be able to construct a consistent estimator for 
B using the instrumental variables. as a first step, we will attempt to replicate the approach 
that we used for the linear model. the linearized regression model is given in (7-30),

y = h(X, B) + E ≈ h0 + X0(B - B0) + E,

or

y0 ≈ X0B + E,

where

y0 = y - h0 + X0B0.

For the moment, we neglect the approximation error in linearizing the model. in (8-35), 
we have assumed that

 plim(1/n)Z′y0 = plim(1/n)Z′X0B. (8-36)

suppose, as we assumed before, that there are the same number of instrumental variables 
as there are parameters, that is, columns in X0. (Note: this number need not be the 
number of variables.) then the “estimator” used before is suggested,

 biV = (Z′X0)-1Z′y0. (8-37)

the logic is sound, but there is a problem with this estimator. the unknown parameter 
vector B appears on both sides of (8-36). We might consider the approach we used for 
our first solution to the nonlinear regression model, that is, with some initial estimator 
in hand, iterate back and forth between the instrumental variables regression and 
recomputing the pseudoregressors until the process converges to the fixed point that 
we seek. once again, the logic is sound, and in principle, this method does produce the 
estimator we seek.

if we add to our preceding assumptions

12n
 Z′E ¡d

N[0, S2Qzz],
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then we will be able to use the same form of the asymptotic distribution for this estimator 
that we did for the linear case. before doing so, we must fill in some gaps in the preceding. 
First, despite its intuitive appeal, the suggested procedure for finding the estimator is 
very unlikely to be a good algorithm for locating the estimates. second, we do not wish to 
limit ourselves to the case in which we have the same number of instrumental variables 
as parameters. so, we will consider the problem in general terms. the estimation criterion 
for nonlinear instrumental variables is a quadratic form,

 
minB S(B) = 1

2 {[y - h(X, B)]′Z}(Z′Z)-1{Z′[y - h(X, B)]}
= 1

2 E(B)′Z(Z′Z)-1Z′E(B).30  (8-38)

the first-order conditions for minimization of this weighted sum of squares are

 
0S(B)

0B
= -X0′Z(Z′Z)-1Z′E(B) = 0. (8-39)

this result is the same one we had for the linear model with X0 in the role of X. this 
problem, however, is highly nonlinear in most cases, and the repeated least squares 
approach is unlikely to be effective. but it is a straightforward minimization problem 
in the frameworks of appendix E, and instead, we can just treat estimation here as a 
problem in nonlinear optimization.

We have approached the formulation of this instrumental variables estimator more 
or less strategically. However, there is a more structured approach. the orthogonality 
condition,

plim(1/n)Z′E = 0,

defines a gmm estimator. With the homoscedasticity and nonautocorrelation 
assumption, the resultant minimum distance estimator produces precisely the criterion 
function suggested above. We will revisit this estimator in this context in Chapter 13.

With well-behaved pseudoregressors and instrumental variables, we have the general 
result for the nonlinear instrumental variables estimator; this result is discussed at length 
in davidson and macKinnon (2004).

THEOREM 8.2  Asymptotic Distribution of the Nonlinear Instrumental 
 Variables Estimator

With well-behaved instrumental variables and pseudoregressors,

biV ∼
a

N[B, (S2/n)(Qxz
0 (Qzz)

-1Qzx
0 )-1].

We estimate the asymptotic covariance matrix with

Est.asy.Var[biV] = sn 2[Xn 0′Z(Z′Z)-1Z′Xn 0]-1,

where Xn 0 is X0 computed using biV.

30Perhaps the more natural point to begin the minimization would be S0(B) = [E(B)′Z][Z′E(B)]. We have 
bypassed this step because the criterion in (8-38) and the estimator in (8-39) will turn out (following and in 
Chapter 13) to be a simple yet more efficient gmm estimator.
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as a final observation, note that the 2sls interpretation of the instrumental variables 
estimator for the linear model still applies here, with respect to the iV estimator. that is, 
at the final estimates, the first-order conditions (normal equations) imply that

X0′Z(Z′Z)-1Z′y = X0′Z(Z′Z)-1Z′X0B,

which says that the estimates satisfy the normal equations for a linear regression 
of y (not y0) on the predictions obtained by regressing the columns of X0 on Z. the 
interpretation is not quite the same here, because to compute the predictions of X0, we 
must have the estimate of B in hand. thus, this two-stage least squares approach does 
not show how to compute biV; it shows a characteristic of biV.

Example 8.13  Instrumental Variables Estimates of the Consumption Function
The consumption function in Example 7.4 was estimated by nonlinear least squares without 
accounting for the nature of the data that would certainly induce correlation between X0 and E.  
As done earlier, we will reestimate this model using the technique of instrumental variables. 
For this application, we will use the one-period lagged value of consumption and one- and 
two-period lagged values of income as instrumental variables. Table 8.6 reports the nonlinear 
least squares and instrumental variables estimates. Because we are using two periods of 
lagged values, two observations are lost. Thus, the least squares estimates are not the same 
as those reported earlier.

The instrumental variable estimates differ considerably from the least squares estimates. 
The differences can be deceiving, however. Recall that the MPC in the model is bgYg - 1. The 
2000.4 value for DPI that we examined earlier was 6634.9. At this value, the instrumental 
variables and least squares estimates of the MPC are 1.1543 with an estimated standard error 
of 0.01234 and 1.08406 with an estimated standard error of 0.008694, respectively. These 
values do differ a bit, but less than the quite large differences in the parameters might have 
led one to expect. We do note that the IV estimate is considerably greater than the estimate 
in the linear model, 0.9217 (and greater than one, which seems a bit implausible).

8.10 NATURAL EXPERIMENTS AND THE SEARCH FOR CAUSAL EFFECTS

Econometrics and statistics have historically been taught, understood, and operated 
under the credo that “correlation is not causation.” but, much of the still-growing field 
of microeconometrics and some of what we have done in this chapter have been 
advanced as “causal modeling.”31 in the contemporary literature on treatment effects 

31see, for example, Chapter 2 of Cameron and trivedi (2005), which is entitled “Causal and noncausal models” and, 
especially, angrist, imbens, and rubin (1996), angrist and Krueger (2001), and angrist and Pischke (2009, 2010).

Instrumental Variables Least Squares

Parameter Estimate Standard Error Estimate Standard Error

a 627.031 26.6063 468.215 22.788
b 0.040291 0.006050 0.0971598 0.01064
g 1.34738 0.016816 1.24892 0.1220
s 57.1681 – 49.87998 –
e′e 650,369.805 – 495,114.490 –

TABLE 8.6 Nonlinear Least Squares and Instrumental Variable Estimates
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and program evaluation, the point of the econometric exercise really is to establish more 
than mere statistical association—in short, the answer to the question “does the program 
work?” requests an econometric response more committed than “the data seem to be 
consistent with that hypothesis.” a cautious approach to econometric modeling has 
nonetheless continued to base its view of “causality” essentially on statistical grounds.32

an example of the sort of causal model considered here is an equation such as 
Krueger and dale’s (1999) model for earnings attainment and elite college attendance,

ln Earnings = x′B + dT + e,

in which d is the “causal effect” of attendance at an elite college. in this model, T cannot 
vary autonomously, outside the model. Variation in T is determined partly by the same 
hidden influences that determine lifetime earnings. though a causal effect can be 
attributed to T, measurement of that effect, d, cannot be done with multiple linear 
regression. the technique of linear instrumental variables estimation has evolved as a 
mechanism for disentangling causal influences. as does least squares regression, the 
method of instrumental variables must be defended against the possibility that the 
underlying statistical relationships uncovered could be due to “something else.” but, when 
the instrument is the outcome of a “natural experiment,” true exogeneity can be claimed. 
it is this purity of the result that has fueled the enthusiasm of the most strident advocates 
of this style of investigation. the power of the method lends an inevitability and stability 
to the findings. this has produced a willingness of contemporary researchers to step 
beyond their cautious roots.33 Example 8.14 describes a controversial contribution to this 
literature. on the basis of a natural experiment, the authors identify a  cause- and-effect 
relationship that would have been viewed as beyond the reach of regression modeling 
under earlier paradigms.34

Example 8.14  Does Television Watching Cause Autism?
The following is the abstract of economists Waldman, Nicholson, and Adilov’s (2008) study 
of autism.35

An extensive literature in medicine investigates the health consequences of early childhood 
television watching. However, this literature does not address the issue of reverse 
causation, i.e., does early childhood television watching cause specific health outcomes 
or do children more likely to have these health outcomes watch more television? This 
paper uses a natural experiment to investigate the health consequences of early childhood 
television watching and so is not subject to questions concerning reverse causation. 
Specifically, we use repeated cross-sectional data from 1972 through 1992 on county-
level mental retardation rates, county-level autism rates, and county-level children’s cable-
television subscription rates to investigate how early childhood television watching affects 
the prevalence of mental retardation and autism. We find a strong negative correlation 

32see, among many recent commentaries on this line of inquiry, Heckman and Vytlacil (2007).
33see, e.g., angrist and Pischke (2009, 2010). in reply, Keane (2010, p. 48) opines “What has always bothered me about 
the ‘experimentalist’ school is the false sense of certainty it conveys. the basic idea is that if we have a ‘really good 
instrument,’ we can come up with ‘convincing’ estimates of ‘causal effects’ that are not ‘too sensitive to assumptions.”
34see the symposium in the spring 2010 Journal of Economic Perspectives, angrist and Pischke (2010), leamer 
(2010), sims (2010), Keane (2010), stock (2010), and nevo and Whinston (2010).
35Extracts from Waldman, m., nicholson, s. and adilov, n., “Positive and negative mental Health Consequences 
of Early Childhood television Watching,” Working Paper w17786, national bureau of Economic research, 
Cambridge, 2012.
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between average county-level cable subscription rates when a birth cohort is below three 
and subsequent mental retardation diagnosis rates, but a strong positive correlation 
between the same cable subscription rates and subsequent autism diagnosis rates. Our 
results thus suggest that early childhood television watching has important positive and 
negative health consequences.

The authors continue (at page 19),

“We next examine the role of precipitation on autism diagnoses. One possibility 
concerning the autism results in Table 5 is that the positive coefficients on the main cable 
variable may not be due to early childhood television watching being a trigger for autism 
but rather to some other factor positively associated with precipitation being a trigger. 
That is, Waldman et al. (2008)36 find a positive correlation between the precipitation a 
cohort experiences prior to age three and the cohort’s subsequent autism diagnosis rate, 
where the interpretation put forth in that paper is that there is an environmental trigger 
for autism positively correlated with precipitation that drives up the autism diagnosis rate 
when precipitation prior to age three is high. Possibilities include any potential trigger 
positively associated with indoor activity such as early childhood television watching, 
which is the focus here, vitamin D deficiency which could be more common when 
children are indoors more and not exposed to the sun, and any indoor chemical where 
exposure will be higher when the child spends more time indoors. So one possibility 
concerning the results in Table 5 is that cable and precipitation are positively correlated 
and early childhood television watching is not a trigger for autism. In this scenario the 
positive and statistically significant cable coefficients found in the table would not be 
due to the positive correlation between cable and early childhood television watching, 
but rather to one of these other factors being the trigger and the positive coefficients 
arise because cable, through a correlation with precipitation, is also correlated with this 
unknown ‘other’ trigger.”

They conclude (on p 30): “We believe our results are sufficiently suggestive of early 
childhood television watching decreasing mental retardation and increasing autism that 
clinical studies focused on the health effects of early childhood television watching are 
warranted. Only a clinical study can show definitively the health effects of early childhood 
television watching.”

the authors add (at page 3), “although consistent with the hypothesis that early 
childhood television watching is an important trigger for autism, our first main finding 
is also consistent with another possibility. specifically, because precipitation is likely 
correlated with young children spending more time indoors generally, not just young 
children watching more television, our first main finding could be due to any indoor 
toxin. Therefore, we also employ a second instrumental variable or natural experiment, 
that is correlated with early childhood television watching but unlikely to be substantially 
correlated with time spent indoors.” (Emphasis added.) they conclude (on pp. 39–40): 
“using the results found in table 3’s pooled cross-sectional analysis of California, 
oregon, and Washington’s county-level autism rates, we find that if early childhood 
television watching is the sole trigger driving the positive correlation between autism and 
precipitation then thirty-eight percent of autism diagnoses are due to the incremental 
television watching due to precipitation.”

36Waldman, m., s. nicholson, n. adilov, and J. Williams, “autism Prevalence and Precipitation rates in California, 
oregon, and Washington Counties,” Archives of Pediatrics & Adolescent Medicine, 162, 2008, pp. 1026–1034.
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Waldman, nicholson, and adilov’s (2008)37 study provoked an intense and widespread 
response among academics, autism researchers, and the public. Whitehouse (2007), writing 
in the Wall Street Journal, surveyed some of the discussion, which touches upon the 
methodological implications of the search for “causal effects” in econometric research. 
the author lamented that the power of techniques involving instrumental variables and 
natural experiments to uncover causal relationships had emboldened economists to 
venture into areas far from their traditional expertise, such as the causes of autism 
[Waldman et al. (2008)].38

Example 8.15  Is Season of Birth a Valid Instrument?
Buckles and Hungerman (BH, 2008) list more than 20 studies of long-term economic 
outcomes that use season of birth as an instrumental variable, beginning with one of the 
earliest and best-known papers in the “natural experiments” literature, Angrist and Krueger 
(1991). The assertion of the validity of season of birth as a proper instrument is that family 
background is unrelated to season of birth, but it is demonstrably related to long-term 
outcomes such as income and education. The assertion justifies using dummy variables for 
season of birth as instrumental variables in outcome equations. If, on the other hand, season 
of birth is correlated with family background, then it will “fail the exclusion restriction in most 
IV settings where it has been used” (BH, page 2). According to the authors, the randomness 
of quarter of birth over the population39 has been taken as a given, without scientific 
investigation of the claim. Using data from live birth certificates and census data, BH found 
a numerically modest, but statistically significant relationship between birth dates and family 
background. They found “women giving birth in the winter look different from other women; 
they are younger, less educated, and less likely to be married . . . . The fraction of children 
born to women without a high school degree is about 10% higher (2 percentage points) in 
January than in May . . . We also document a 10% decline in the fraction of children born to 
teenagers from January to May.” Precisely why there should be such a relationship remains 
uncertain. Researchers differ (of course) on the numerical implications of BH’s finding.40 But, 
the methodological implication of their finding is consistent with the observation in 
Whitehouse’s article, that bad instruments can produce misleading results.

8.11 SUMMARY AND CONCLUSIONS

the instrumental variable (iV) estimator, in various forms, is among the most fundamental 
tools in econometrics. broadly interpreted, it encompasses most of the estimation 
methods that we will examine in this book. this chapter has developed the basic results 
for iV estimation of linear models. the essential departure point is the exogeneity and 
relevance assumptions that define an instrumental variable. We then analyzed linear 
iV estimation in the form of the two-stage least squares estimator. With only a few 
special exceptions related to simultaneous equations models with two variables, almost 
no finite-sample properties have been established for the iV estimator. (We temper that, 

37Published as nbEr working paper 12632 in 2006.
38Whitehouse criticizes the use of proxy variables, e.g., Waltman’s use of rainfall patterns for tV viewing. as we 
have examined in this chapter, an instrumental variable is not a proxy and this mischaracterizes the technique. 
it remains true, as emphasized by some prominent researchers quoted in the article, that a bad instrument can 
produce misleading results.
39see, for example, Kleibergen (2002).
40see lahart (2009).
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however, with the results in section 8.7 on weak instruments, where we saw evidence 
that whatever the finite-sample properties of the iV estimator might be, under some 
well-discernible circumstances, these properties are not attractive.) We then examined 
the asymptotic properties of the iV estimator for linear and nonlinear regression models. 
Finally, some cautionary notes about using iV estimators when the instruments are only 
weakly relevant in the model are examined in section 8.7.

Key Terms and Concepts

•	attenuationasymptotic 
covariance matrix

•	asymptotic distribution
•	attenuation bias
•	attrition bias
•	attrition
•	Consistent estimator
•	Effect of the treatment 

on the treated
•	Endogenous treatment effect
•	Endogenous
•	Exogenous
•	identification
•	indicator
•	instrumental variable 

estimator

•	instrumental variables (iV)
•	limiting distribution
•	minimum distance estimator
•	moment equations
•	natural experiment
•	nonrandom sampling
•	omitted parameter 

heterogeneity
•	omitted variable bias
•	omitted variables
•	orthogonality conditions
•	overidentification
•	Panel data
•	Proxy variable
•	random effects
•	reduced form equation

•	relevance
•	reliability ratio
•	sample selection bias
•	selectivity effect
•	simultaneous equations bias
•	simultaneous equations
•	smearing
•	structural equation system
•	structural model
•	structural specification
•	survivorship bias
•	truncation bias
•	two-stage least squares 

(2sls)
•	Variable addition test
•	Weak instruments

Exercises

1. in the discussion of the instrumental variable estimator, we showed that the least 
squares estimator, bls, is biased and inconsistent. nonetheless, bls does estimate 
something—plim b = U = B + Q-1G. derive the asymptotic covariance matrix of 
bls and show that bls is asymptotically normally distributed.

2. For the measurement error model in (8-26) and (8-27), prove that when only x 
is measured with error, the squared correlation between y and x is less than that 
between y* and x*. (note the assumption that y* = y.) does the same hold true if 
y* is also measured with error?

3. derive the results in (8-32a) and (8-32b) for the measurement error model. note 
the hint in Footnote 4 in section 8.5.1 that suggests you use result (a-66) when you 
need to invert

[Q* + �uu] = [Q* + (sue1)(sue1)′].

4. at the end of section 8.7, it is suggested that the ols estimator could have a smaller 
mean squared error than the 2sls estimator. using (8-4), the results of Exercise 1, 
and theorem 8.1, show that the result will be true if

QXX - QXZQZZ
-1 QZX W

1

(s2/n) + g′QXX
-1 G

 GG′.
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296 PART I  ✦   The Linear Regression Model

How can you verify that this is at least possible? the right-hand side is a rank one, 
nonnegative definite matrix. What can be said about the left-hand side?

5. Consider the linear model, yi = a + bxi + ei, in which Cov[xi, ei] = g ≠ 0. let 
z be an exogenous, relevant instrumental variable for this model. assume, as well, 
that z is binary—it takes only values 1 and 0. show the algebraic forms of the ls 
estimator and the iV estimator for both a and b.

6. this is easy to show. in the expression for Xn , if the kth column in X is one of 
the columns in Z, say the lth, then the kth column in (Z′Z)-1Z′X will be the lth 
column of an L * L identity matrix. this result means that the kth column in 
Xn = Z(Z′Z)-1Z′X will be the lth column in Z, which is the kth column in X.

7. Prove that the control function approach in (8-16) produces the same estimates as 
2sls.

8. Prove that in the control function estimator in (8-16), you can use the predictions, 
z′p, instead of the residuals to obtain the same results apart from the sign on the 
control function itself, which will be reversed.

Applications

1. in Example 8.5, we have suggested a model of a labor market. From the “reduced 
form” equation given first, you can see the full set of variables that appears in 
the model—that is the “endogenous variables,” ln Wageit, and Wksit, and all other 
exogenous variables. the labor supply equation suggested next contains these 
two variables and three of the exogenous variables. From these facts, you can 
deduce what variables would appear in a labor “demand” equation for ln Wageit. 
assume (for purpose of our example) that ln Wageit is determined by Wksit and 
the remaining appropriate exogenous variables. (We should emphasize that this 
exercise is purely to illustrate the computations—the structure here would not 
provide a theoretically sound model for labor market equilibrium.)
a. What is the labor demand equation implied?
b. Estimate the parameters of this equation by ols and by 2sls and compare the 

results. (ignore the panel nature of the data set. Just pool the data.)
c. are the instruments used in this equation relevant? How do you know?
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9

The Generalized reGression 
Model and heTeroscedasTiciTy

§
9.1 INTRODUCTION

in this and the next several chapters, we will extend the multiple regression model 
to disturbances that violate assumption a.4 of the classical regression model. The 
generalized linear regression model is

  y = XB + E, 

  E[E � X] = 0,  (9-1)

E[EE′ � X] = s2� = �,

where � is a positive definite matrix. The covariance matrix is written in the form 
s2� at several points so that we can obtain the classical model, s2I as a convenient 
special case.

The two leading cases are heteroscedasticity and autocorrelation. disturbances 
are heteroscedastic when they have different variances. heteroscedasticity arises 
in numerous applications, in both cross-section and time-series data. Volatile high-
frequency time-series data, such as daily observations in financial markets, are 
heteroscedastic. heteroscedasticity appears in cross-section data where the scale of 
the dependent variable and the explanatory power of the model tend to vary across 
observations. Microeconomic data, such as expenditure surveys, are typical. even after 
accounting for firm size, we expect to observe greater variation in the profits of large 
firms than in those of small ones. The variance of profits might also depend on product 
diversification, research and development expenditure, and industry characteristics and 
therefore might also vary across firms of similar sizes. When analyzing family spending 
patterns, we find that there is greater variation in expenditure on certain commodity 
groups among high-income families than low ones due to the greater discretion allowed 
by higher incomes.

The disturbances are still assumed to be uncorrelated across observations, so s2� 
would be

s2� = s2 Dv1 0 g 0
0 v2 g 0

f
0 0 g vn

T = Ds1
2 0 g 0

0 s2
2 g 0

f
0 0 g sn

2

T .

autocorrelation is usually found in time-series data. economic time series often display a 
memory in that variation around the regression function is not independent from one period 
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to the next. The seasonally adjusted price and quantity series published by government 
agencies are examples. Time-series data are usually homoscedastic, so s2� might be

s2� = s2 D 1 r1 g rn - 1

r1 1 g rn - 2

f
rn - 1 rn - 2 g 1

T .

The values that appear off the diagonal depend on the model used for the disturbance. 
in most cases, consistent with the notion of a fading memory, the values decline as we 
move away from the diagonal.

a number of other cases considered later will fit in this framework. Panel data, 
consisting of cross sections observed at several points in time, may exhibit both 
heteroscedasticity and autocorrelation. in the random effects model, yit = xit

=B + ui + eit, 
with E[eit � xit] = E[ui � xit] = 0, the implication is that

s2� = D� 0 g 0
0 � g 0

f
0 0 g �

T  where � = Dse
2 + su

2 su
2 g su

2

su
2 se

2 + su
2 g su

2

f
su

2 su
2 g se

2 + su
2

T .

The specification exhibits autocorrelation. We shall consider it in chapter 11. Models 
of spatial autocorrelation, examined in chapter 11, and multiple equation regression 
models, considered in chapter 10, are also forms of the generalized regression model.

This chapter presents some general results for this extended model. We will focus 
on the model of heteroscedasticity in this chapter and in chapter 14. a general model 
of autocorrelation appears in chapter 20. chapters 10 and 11 examine in detail other 
specific types of generalized regression models. We first consider the consequences for 
the least squares estimator of the more general form of the regression model. This will 
include devising an appropriate estimation strategy, still based on least squares. We 
will then examine alternative estimation approaches that can make better use of the 
characteristics of the model.

9.2 ROBUST LEAST SQUARES ESTIMATION AND INFERENCE

The generalized regression model in (9-1) drops assumption a.4. if � ≠ I, then the 
disturbances may be heteroscedastic or autocorrelated or both. The least squares 
estimator is

 b = B + (X′X)-1a n
i = 1xiei. (9-2)

The covariance matrix of the estimator based on (9-1) and (9-2) would be

  Var[b � X] =
1
n

 ¢X′X
n

≤-1¢s2Σi = 1
n Σj = 1

n vijxixj
=

n
≤ ¢X′X

n
≤-1

  =
1
n

 ¢X′X
n

≤-1¢X′(s2�)X
n

≤ ¢X′X
n

≤-1

.  (9-3)
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Based on (9-3), we see that s2(X′X)-1 would not be the appropriate estimator for the 
asymptotic covariance matrix for the least squares estimator, b.  in section 4.5, we 
considered a strategy for estimation of the appropriate covariance matrix, without 
making explicit assumptions about the form of �, for two cases, heteroscedasticity and 
clustering (which resembles the random effects model suggested in the introduction). 
We will add some detail to that discussion for the heteroscedasticity case. clustering is 
revisited in chapter 11.

The matrix (X′X/n) is readily computable using the sample data. The complication 
is the center matrix that involves the unknown s2�. For estimation purposes, s2 is not 
a separate unknown parameter. We can arbitrarily scale the unknown �, say, by k, and 
s2 by 1/k and obtain the same product. We will remove the indeterminacy by assuming 
that trace (�) = n, as it is when � = I. let � = s2�. it might seem that to estimate 
(1/n)X′�X, an estimator of �, which contains n(n + 1)/2 unknown parameters, is 
required. But fortunately (because with only n observations, this would be hopeless), 
this observation is not quite right. What is required is an estimator of the K(K + 1)/2 

unknown elements in the center matrix Q* = plim 
X′(s2�)X

n
= plim 

1
n a

n

i = 1
a
n

j = 1
sijxixj

=. 

The point is that Q* is a matrix of sums of squares and cross products that involves sij 
and the rows of X. The least squares estimator b is a consistent estimator of B, which 
implies that the least squares residuals ei are “pointwise” consistent estimators of their 
population counterparts ei. The general approach, then, will be to use X and e to devise 
an estimator of Q* for the heteroscedasticity case, sij = 0 when i ≠ j.

We seek an estimator of Q* = plim(1/n)a
n

i = 1
si

2xixi
=. White (1980, 2001) shows that, 

under very general conditions, the estimator

 S0 =
1
n a

n

i = 1
ei

2xixi
= (9-4)

has plim S0 = Q*.1 The end result is that the White heteroscedasticity consistent 
estimator

  est.asy.Var[b] =
1
n

 ¢ 1
n

 X′X≤-1¢ 1
n a

n

i = 1
ei

2xixi
=≤ ¢ 1

n
 X′X≤-1

  = n(X′X)-1S0(X′X)-1 (9-5)

can be used to estimate the asymptotic covariance matrix of b. This result implies that 
without actually specifying the type of heteroscedasticity, we can still make appropriate 
inferences based on the least squares estimator. This implication is especially useful if 
we are unsure of the precise nature of the heteroscedasticity (which is probably most 
of the time).

a number of studies have sought to improve on the White estimator for least 
squares.2 The asymptotic properties of the estimator are unambiguous, but its usefulness 
in small samples is open to question. The possible problems stem from the general result 
that the squared residuals tend to underestimate the squares of the true disturbances. 

1 see also eicker (1967), horn, horn, and duncan (1975), and MacKinnon and White (1985).
2 see, for example, MacKinnon and White (1985) and Messer and White (1984).
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[That is why we use 1/(n - K) rather than 1/n in computing s2.] The end result is that in 
small samples, at least as suggested by some Monte carlo studies,3 the White estimator is 
a bit too optimistic; the matrix is a bit too small, so asymptotic t ratios are a little too large. 
davidson and MacKinnon (1993) suggest a number of fixes, which include: (1) scaling up 
the end result by a factor n/(n - K) and (2) using the squared residual scaled by its true 
variance, ei

2/mii, instead of ei
2, where mii = 1 - xi

=(X′X)-1xi.4 (see exercise 9.6.b.) on the 
basis of their study, davidson and MacKinnon strongly advocate one or the other 
correction. Their admonition “one should never use [the White estimator] because 
[(2)] always performs better” seems a bit strong, but the point is well taken. The use of 
sharp asymptotic results in small samples can be problematic. The last two rows of 
Table 9.1 show the recomputed standard errors with these two modifications.

Example 9.1  Heteroscedastic Regression and the White Estimator
The data in Appendix Table F7.3 give monthly credit card expenditure, for 13,444 individuals. 
A subsample of 100 observations used here is given in Appendix Table F9.1. The estimates 
are based on the 72 of these 100 observations for which expenditure is positive. Linear 
regression of monthly expenditure on a constant, age, income and its square, and a dummy 
variable for home ownership produces the residuals plotted in Figure 9.1. The pattern of the 
residuals is characteristic of a regression with heteroscedasticity.

Using White’s estimator for the regression produces the results in the row labeled “White S. E.” 
in Table 9.1. The adjustment of the least squares results is fairly large, but the Davidson and 
MacKinnon corrections to White are, even in this sample of only 72 observations, quite modest. 
The two income coefficients are individually and jointly statistically significant based on the 

3 For example, MacKinnon and White (1985).
4  This is the standardized residual in (4-69). The authors also suggest a third correction, ei

2/mii
2, as an approximation 

to an estimator based on the “jackknife” technique, but their advocacy of this estimator is much weaker than that 
of the other two. note that both n/(n - K) and mii converge to 1 (quickly). The davidson and MacKinnon results 
are strictly small sample considerations.

Figure 9.1  Plot of Residuals against Income.
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individual t ratios and F(2, 67) = [(0.244 - 0.064)/2]/[0.756/(72 - 5)] = 7.976. The 1% critical 
value is 4.94. (Using the internal digits, the value is 7.956.)

The differences in the estimated standard errors seem fairly minor given the extreme 
heteroscedasticity. One surprise is the decline in the standard error of the age coefficient. The 
F test is no longer available for testing the joint significance of the two income coefficients 
because it relies on homoscedasticity. A Wald test, however, may be used in any event. The 
chi-squared test is based on

W = (rb)′[r(Est.Asy.Var[b])r′]-1(rb) where r = J0 0 0 1 0
0 0 0 0 1

R ,

and the estimated asymptotic covariance matrix is the White estimator. The F statistic based 
on least squares is 7.976. The Wald statistic based on the White estimator is 20.604; the 
95% critical value for the chi-squared distribution with two degrees of freedom is 5.99, so 
the conclusion is unchanged.

9.3 PROPERTIES OF LEAST SQUARES AND INSTRUMENTAL VARIABLES

The essential results for the classical model with E[E � X] = 0 and E[EE′ � X] = s2I are 
developed in chapters 2 through 6. The least squares estimator

 b = (X′X)-1X′y = B + (X′X)-1X′E (9-6)

is best linear unbiased (BlU), consistent and asymptotically normally distributed, and 
if the disturbances are normally distributed, asymptotically efficient. We now consider 
which of these properties continue to hold in the model of (9-1). To summarize, the least 
squares estimator retains only some of its desirable properties in this model. it remains 
unbiased, consistent, and asymptotically normally distributed. it will, however, no longer 
be efficient and the usual inference procedures based on the t and F distributions are 
no longer appropriate.

9.3.1  FINITE-SAMPLE PROPERTIES OF LEAST SQUARES

By taking expectations on both sides of (9-6), we find that if E[E � X] = 0, then

 E[b] = EX[E[b � X]] = B (9-7)

Constant Age OwnRent Income Income2

sample mean 31.28 0.36 3.369
coefficient -237.15 -3.0818 27.941 234.35 -14.997
standard error 199.35 5.5147 82.922 80.366 7.4693
t ratio -1.19 -0.5590 0.337 2.916 -2.0080
White s.e. 212.99 3.3017 92.188 88.866 6.9446
d. and M. (1) 220.79 3.4227 95.566 92.122 7.1991
d. and M. (2) 221.09 3.4477 95.672 92.084 7.1995

R2 = 0.243578, s = 284.7508, R2 without income and income2 = 0.06393.

Mean expenditure = $262.53, income is * $10,000
Tests for heteroscedasticity: White = 14.239, Breusch9Pagan = 49.061, Koenker9Bassett = 7.241.

TABLe 9.1 Least Squares Regression Results
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and

 Var[b � X] = E[(b - B)(b - B)′ � X]

 = E[(X′X)-1X′EE′X(X′X)-1 � X]

 = (X′X)-1X′(s2�)X(X′X)-1

 =
s2

n
 ¢X′X

n
≤-1¢X′�X

n
≤ ¢X′X

n
≤-1

. 

(9-8)

Because the variance of the least squares estimator is not s2(X′X)-1, statistical inference 
based on s2(X′X)-1 may be misleading. There is usually no way to know whether 
s2(X′X)-1 is larger or smaller than the true variance of b in (9-8). Without assumption 
a.4, the familiar inference procedures based on the F and t distributions will no longer 
be appropriate even if a.6 (normality of E) is maintained.

THEOREM 9.1  Finite-Sample Properties of b in the Generalized Regression 
Model

If the regressors and disturbances are uncorrelated, then the least squares  estimator 
is unbiased in the generalized regression model. With nonstochastic regressors, or 
conditional on X, the sampling variance of the least squares estimator is given by  
(9-8). If the regressors are stochastic, then the unconditional variance is 
EX [Var[b � X]]. From (9-6), b is a linear function of E. Therefore, if E is normally 
distributed, then b � X ∼ N[B, s2(X′X)-1(X′�X)(X′X)-1].

9.3.2  ASYMPTOTIC PROPERTIES OF LEAST SQUARES

if Var[b � X] converges to zero, then b is mean square consistent.5 With well-behaved 
regressors, (X′X/n)-1 will converge to a constant matrix, and s2/n will converge to zero. 
But (s2/n)(X′�X/n) need not converge to zero. By writing this product as

 
s2

n
 ¢X′�X

n
≤ = ¢s2

n
≤ ¢ a n

i = 1a n
j = 1vij xixj

=

n
≤ (9-9)

we see that the matrix is a sum of n2 terms, divided by n. Thus, the product is a scalar 
that is o(1/n) times a matrix that is o(n) (at least at this juncture) which is o(1). so, 
it does appear that if the product in (9-9) does converge, it might converge to a matrix 
of nonzero constants. in this case, the covariance matrix of the least squares estimator 
would not converge to zero, and consistency would be difficult to establish. We will 
examine in some detail the conditions under which the matrix in (9-9) converges to a 
constant matrix. if it does, then because s2/n does vanish, least squares is consistent as 
well as unbiased.

5 The argument based on the linear projection in section 4.4.5 cannot be applied here because, unless � = I, (X, y) 
cannot be treated as a random sample from a joint distribution.
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consistency will depend on both X and �. a formula that separates the two 
components is as follows:6

1. The smallest characteristic root of X′X increases without bound as n S ∞ , which 
implies that plim(X′X)-1 = 0. if the regressors satisfy the Grenander conditions 
in Table 4.2, then they will meet this requirement.

2. The largest characteristic root of � is finite for all n. For the heteroscedastic 
model, the variances are the characteristic roots, which requires them to be finite. 
For models with autocorrelation, the requirements are that the elements of � be 
finite and that the off-diagonal elements not be too large relative to the diagonal 
elements. We will examine this condition in chapter 20.

The least squares estimator is asymptotically normally distributed if the limiting 
distribution of

 2n(b - B) = ¢X′X
n

≤-1

 
12n

 X′E (9-10)

is normal. if plim(X′X/n) = Q, then the limiting distribution of the right-hand side is 
the same as that of

 vn,LS = Q-1 
12n

 X′E = Q-1 
12n

a
n

i = 1
xiei, (9-11)

where xi
= is a row of X. The question now is whether a central limit theorem can be 

applied directly to v. if the disturbances are merely heteroscedastic and still uncorrelated, 
then the answer is generally yes. in fact, we already showed this result in section 4.4.2 
when we invoked the lindeberg–Feller central limit theorem (d.19) or the lyapounov 
theorem (d.20). The theorems allow unequal variances in the sum. The proof of 
asymptotic normality in Section 4.4.2 is general enough to include this model without 
modification. as long as X is well behaved and the diagonal elements of � are finite and 
well behaved, the least squares estimator is asymptotically normally distributed, with 
the covariance matrix given in (9-8). In the heteroscedastic case, if the variances of ei are 
finite and are not dominated by any single term, so that the conditions of the Lindeberg–
Feller central limit theorem apply to vn,LS in (9-11), then the least squares estimator is 
asymptotically normally distributed with covariance matrix

 asy.Var[b] =
s2

n
 Q-1 plim¢ 1

n
 X′�X≤Q-1. (9-12)

For the most general case, asymptotic normality is much more difficult to establish 
because the sums in (9-11) are not necessarily sums of independent or even uncorrelated 
random variables. nonetheless, amemiya (1985) and anderson (1971) have established 
the asymptotic normality of b in a model of autocorrelated disturbances general enough 
to include most of the settings we are likely to meet in practice. We will revisit this issue 
in chapter 20 when we examine time-series modeling. We can conclude that, except in 
particularly unfavorable cases, we have the following theorem.

6 amemiya (1985, p. 184).
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9.3.3  HETEROSCEDASTICITY AND Var[b � X]

in the presence of heteroscedasticity, the least squares estimator b is still unbiased, 
consistent, and asymptotically normally distributed. The asymptotic covariance matrix 
is given in (9-12). For this case, with well-behaved regressors,

asy.Var[b � X] =
s2

n
 Q-1¢plim 

1
n a

n

i = 1
vixixi

=≤Q-1.

The mean square consistency of b depends on the limiting behavior of the matrix

Qn
* =

1
n a

n

i = 1
vixixi

=.

if Qn
* converges to a positive definite matrix, then as n S ∞ , b will converge to B in 

mean square. Under most circumstances, if vi is finite for all i, then we would expect 
this result to be true. note that Qn

* is a weighted sum of the squares and cross products 
of x with weights vi/n, which sum to 1. We have already assumed that another weighted 
sum, X′X/n, in which the weights are 1/n, converges to a positive definite matrix Q, so it 
would be surprising if Qn

* did not converge as well. in general, then, we would expect that

b ∼
a

NJB, 
s2

n
 Q-1Q*Q-1 R , with Q* = plim Qn

*.

The conventionally estimated covariance matrix for the least squares estimator 
s2(X′X)-1 is inappropriate; the appropriate matrix is s2(X′X)-1(X′�X)(X′X)-1. it is 
unlikely that these two would coincide, so the usual estimators of the standard errors 
are likely to be erroneous. in this section, we consider how erroneous the conventional 
estimator is likely to be. it is easy to show that if b is consistent for B, then plim 
s2 = plim e′e/(n -  K) = s2, assuming tr(�) = n. The normalization tr(�) = n implies 
that s2 = s2 = (1/n)Σisi

2 and vi = si
2/s 2. Therefore, the least squares estimator, s2, 

converges to plim s2, that is, the probability limit of the average variance of the disturbances.
The difference between the conventional estimator and the appropriate (true) 

covariance matrix for b is

 est.Var[b � X] - Var[b � X] = s2(X′X)-1 - s2(X′X)-1(X′�X)(X′X)-1. (9-13)

in a large sample (so that s2 ≈ s2), this difference is approximately equal to

 D =
s2

n
 ¢X′X

n
≤-1

c X′X
n

-
X′�X

n
d ¢X′X

n
≤-1

. (9-14)

THEOREM 9.2  Asymptotic Properties of b in the Generalized Regression 
Model

If Q = plim(X′X/n) and plim(X′�X/n) are both finite positive definite  matrices, 
then b is consistent for B. Under the assumed conditions, plim b = B. If the 
regressors are sufficiently well behaved and the off-diagonal terms in � diminish 
sufficiently rapidly, then the least squares estimator is asymptotically normally dis-
tributed with mean B and asymptotic covariance matrix given in (9-12).

M09_GREE1366_08_SE_C09.indd   304 2/24/17   10:44 AM



 CHaPtEr 9  ✦  the Generalized regression Model and Heteroscedasticity 305

The difference between the two matrices hinges on the bracketed matrix,

 � = Σi = 1
n (1/n)xixi

= - Σi = 1
n (vi/n)xixi

= = (1/n)Σi = 1
n (1 - vi)xixi

=, (9-15)

where xi
= is the ith row of X. These are two weighted averages of the matrices xixi

= using 
weights 1 for the first term and vi for the second. The scaling tr(�) = n implies that 
Σi(vi/n) = 1. Whether the weighted average based on vi/n differs much from the one 
using 1/n depends on the weights. if the weights are related to the values in xi, then the 
difference can be considerable. if the weights are uncorrelated with xixi

=, however, then 
the weighted average will tend to equal the unweighted average.

Therefore, the comparison rests on whether the heteroscedasticity is related to 
any of xk or xj * xk. The conclusion is that, in general: If the heteroscedasticity is not 
correlated with the variables in the model, then at least in large samples, the ordinary least 
squares computations, although not the optimal way to use the data, will not be misleading.

9.3.4  INSTRUMENTAL VARIABLE ESTIMATION

chapter 8 considered cases in which the regressors, X, are correlated with the 
disturbances, E. The instrumental variables (iV) estimator developed there enjoys a 
kind of robustness that least squares lacks in that it achieves consistency whether or not 
X and E are correlated, while b is neither unbiased nor consistent. however, efficiency 
was not a consideration in constructing the iV estimator. We will reconsider the iV 
estimator here, but because it is inefficient to begin with, there is little to say about the 
implications of (9-1) for the efficiency of the estimator. as such, the relevant question for 
us to consider here would be, essentially, does iV still work in the generalized regression 
model. consistency and asymptotic normality will be the useful properties.

The iV/2sls estimator is

 biV = [X′Z(Z′Z)-1Z′X]-1X′Z(Z′Z)-1Z′y

 = [Xn ′X]-1Xn ′y

 = B + [Xn ′X]-1Xn ′E,  (9-16)

where X is the set of K regressors and Z is a set of L Ú K instrumental variables. 
We now consider the extension of Theorem 9.2 to the iV estimator when 
E[EE′ � X] = s2�. suppose that X and Z are well behaved as assumed in section 8.2. 
That is, (1/n)Z′Z, (1/n)X′X, and (1/n)Z′X all converge to finite nonzero matrices. For 
convenience let

 QXX.Z = plimJ ¢ 1
n

 X′Z≤ ¢ 1
n

 Z′Z≤-1¢ 1
n

 Z′X≤ R -1¢ 1
n

 X′Z≤ ¢ 1
n

 Z′Z≤-1

 = [QXZQZZ
-1 QZX]-1QXZQZZ

-1 .

if Z is a valid set of instrumental variables, that is, if the second term in (9-16) vanishes 
asymptotically, then

plim biV = B + QXX.Z plim¢ 1
n

 Z′E≤ = B.

The large sample behavior of biV depends on the behavior of
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vn, iV =
12n

a
n

i = 1
ziei.

This result is exactly the one we analyzed in section 4.4.2. if the sampling distribution of 
vn converges to a normal distribution, then we will be able to construct the asymptotic 
distribution for biV. This set of conditions is the same that was necessary for X when we 
considered b above, with Z in place of X. We will rely on the results of anderson (1971) 
or amemiya (1985) that, under very general conditions,

12n
a
n

i = 1
ziei ¡d

NJ0, s2 plim¢ 1
n

 Z′�Z≤ R .

With the other results already in hand, we now have the following.

THEOREM 9.3  Asymptotic Properties of the IV Estimator in the 
 Generalized Regression Model

If the regressors and the instrumental variables are well behaved in the fashions 
discussed above, then biV is consistent and asymptotically normally distributed with

biV ∼
a

N[B, ViV],

where

ViV =
s2

n
 (QXX.Z) plim¢ 1

n
 Z′�Z≤(QXX.Z

= ).

9.4 EFFICIENT ESTIMATION BY GENERALIZED LEAST SQUARES

efficient estimation of B in the generalized regression model requires knowledge of �. 
To begin, it is useful to consider cases in which � is a known, symmetric, positive 
definite matrix. This assumption will occasionally be true, though in most models � 
will contain unknown parameters that must also be estimated. We shall examine this 
case in section 9.4.2.

9.4.1  GENERALIZED LEAST SQUARES (GLS)

Because � is a positive definite symmetric matrix, it can be factored into

� = C�C′,

where the columns of C are the characteristic vectors of � and the characteristic roots 
of � are arrayed in the diagonal matrix, �. let �1/2 be the diagonal matrix with ith 
diagonal element, 2li, and let T = C�1/2. Then, � = TT′. also, let P′ = C�-1/2, so 
�-1 = P′P. Premultiply the model in (9-1) by P to obtain

Py = PXB + PE

or
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 y* = X*B + E*. (9-17)

The conditional variance of E* is

E[E*E*
= � X*] = Ps2�P′ = s2I,

so the classical regression model applies to this transformed model. Because � is 
assumed to be known, y* and X* are observed data. in the classical model, ordinary 
least squares is efficient; hence,

 Bn = (X*
=X*)

-1X*
=y*

 = (X′P′PX)-1X′P′Py

 = (X′�-1X)-1X′�-1y

is the efficient estimator of B. This estimator is the generalized least squares (GLS) or 
aitken (1935) estimator of B. This estimator is in contrast to the ordinary least squares 
(OLS) estimator, which uses a weighting matrix, I, instead of �-1. By appealing to the 
classical regression model in (9-17), we have the following theorem, which includes the 
generalized regression model analogs to our results of chapter 4:

THEOREM 9.4 Properties of the Generalized Least Squares Estimator
If E[E* � X*] = 0, then

E[Bn � X*] = E[(X*
=X*)

-1X*
=y* � X*] = B + E[(X*

=X*)
-1X*

=E* � X*] = B.

The GLS estimator Bn  is unbiased. This result is equivalent to E[PE � PX] = 0, 
but because P is a matrix of known constants, we return to the familiar 
requirement E[E � X] = 0. The requirement that the regressors and disturbances 
be uncorrelated is unchanged.

The GLS estimator is consistent if plim(1/n)X*
=X* = Q*, where Q* is a 

finite positive definite matrix. Making the substitution, we see that this implies

 plim[(1/n)X′�-1X]-1 = Q*
-1. (9-18)

We require the transformed data X* = PX, not the original data X, to be well 
behaved.7 Under the assumption in (9-1), the following hold:

The GLS estimator is asymptotically normally distributed, with mean B 
and sampling variance

 Var[Bn � X*] = s2(X*
=X*)

-1 = s2(X′�-1X)-1. (9-19)

The GLS estimator Bn  is the minimum variance linear unbiased estimator 
in the generalized regression model. This statement follows by applying the 
Gauss–Markov theorem to the model in (9-17). The result in Theorem 9.5 
is Aitken’s theorem (1935), and Bn  is sometimes called the Aitken estimator. 
This broad result includes the Gauss–Markov theorem as a special case when 
� = I.

7 once again, to allow a time trend, we could weaken this assumption a bit.
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For testing hypotheses, we can apply the full set of results  in chapter 5 to the 
transformed model in (9-17). For testing the J linear restrictions, RB = q, the appropriate 
statistic is

F[J, n - K] =
(RBn - q)′[Rsn 2(X*

=X*)
-1R′]-1(RBn - q)

J
=

(Enc
=Enc - En ′En)/J

sn 2 ,

where the residual vector is

En = y* - X*B
n

and

 sn 2 =
En ′En

n - K
=

(y - XBn)′�-1(y - XBn)

n - K
. (9-20)

The constrained Gls residuals, Enc = y* - X*B
n

c, are based on

Bnc = Bn - [X′�-1X]-1R′[R(X′�-1X)-1R′]-1(RBn - q).8

To summarize, all the results for the classical model, including the usual inference 
procedures, apply to the transformed model in (9-17).

There is no precise counterpart to R2 in the generalized regression model. 
alternatives have been proposed, but care must be taken when using them. For example, 
one choice is the R2 in the transformed regression, (9-17). But this regression need 
not have a constant term, so the R2 is not bounded by zero and one. even if there is 
a constant term, the transformed regression is a computational device, not the model 
of interest. That a good (or bad) fit is obtained in the model in (9-17) may be of no 
interest; the dependent variable in that model, y*, is different from the one in the model 
as originally specified. The usual R2 often suggests that the fit of the model is improved 
by a correction for heteroscedasticity and degraded by a correction for autocorrelation, 
but both changes can often be attributed to the computation of y*. a more appealing 
fit measure might be based on the residuals from the original model once the Gls 
estimator is in hand, such as

RG
2 = 1 -

(y - XBn)′(y - XBn)

a n
i = 1(yi - y)2 .

like the earlier contender, however, this measure is not bounded in the unit interval. in 
addition, this measure cannot be reliably used to compare models. The generalized least 
squares estimator minimizes the generalized sum of squares

E*
=E* = (y - XB)′�-1(y - XB),

not E′E. as such, there is no assurance, for example, that dropping a variable from the 
model will result in a decrease in RG

2 , as it will in R2. other goodness-of-fit measures, 
designed primarily to be a function of the sum of squared residuals (raw or weighted by 
�-1) and to be bounded by zero and one, have been proposed.9 Unfortunately, they all 
suffer from at least one of the previously noted shortcomings. The R2@like measures in 

8 note that this estimator is the constrained ols estimator using the transformed data. [see (5-23).]
9 see Judge et al. (1985, p. 32) and Buse (1973).
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this setting are purely descriptive. That being the case, the squared sample correlation 
between the actual and predicted values, r2

y, yn = corr2(y, yn) = corr2(y, x′bn), would 
likely be a useful descriptor. note, though, that this is not a proportion of variation 
explained, as is R2; it is a measure of the agreement of the model predictions with the 
actual data.

9.4.2  FEASIBLE GENERALIZED LEAST SQUARES (FGLS)

To use the results of section 9.4.1, � must be known. if � contains unknown parameters 
that must be estimated, then generalized least squares is not feasible. But with an 
unrestricted �, there are n(n + 1)/2 additional parameters in s2�. This number is far 
too many to estimate with n observations. obviously, some structure must be imposed 
on the model if we are to proceed.

The typical problem involves a small set of parameters A such that � = �(A). For 
example, a commonly used formula in time-series settings is

�(r) = D 1 r r2 r3 g rn - 1

r 1 r r2 g rn - 2

f
rn - 1 rn - 2 g 1

T ,

which involves only one additional unknown parameter. a model of heteroscedasticity 
that also has only one new parameter is

 si
2 = s2zi

u (9-21)

for some exogenous variable z. suppose, then, that An  is a consistent estimator of A. 
(We consider later how such an estimator might be obtained.) To make Gls estimation 
feasible, we shall use �n = �(An ) instead of the true �. The issue we consider here is 
whether using �(An ) requires us to change any of the results of section 9.4.1.

it would seem that if plim An = A, then using �n  is asymptotically equivalent to using 
the true �.10 let the feasible generalized least squares estimator be denoted

Bn
n = (X′�n -1X)-1X′�n -1y.

conditions that imply that Bn
n

 is asymptotically equivalent to Bn  are

 plim J ¢ 1
n

 X′�n -1X≤ - ¢ 1
n

 X′�-1X≤ R = 0 (9-22)

and

 plim J ¢ 12n
 X′�n -1E≤ - ¢ 12n

 X′�-1E≤ R = 0. (9-23)

The first of these equations states that if the weighted sum of squares matrix based on 
the true � converges to a positive definite matrix, then the one based on �n  converges 
to the same matrix. We are assuming that this is true. in the second condition, if the 

10 This equation is sometimes denoted plim �n - �. Because � is n * n, it cannot have a probability limit. We 
use this term to indicate convergence element by element.
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transformed regressors are well behaved, then the right-hand-side sum will have a 
limiting normal distribution. This condition is exactly the one we used in chapter 4 to 
obtain the asymptotic distribution of the least squares estimator; here we are using the 
same results for X* and E*. Therefore, (9-23) requires the same condition to hold when 
� is replaced with �n .11

These conditions, in principle, must be verified on a case-by-case basis. Fortunately, 
in most familiar settings, they are met. if we assume that they are, then the FGls 
estimator based on An  has the same asymptotic properties as the Gls estimator. This 
result is extremely useful. note, especially, the following theorem.

except for the simplest cases, the finite-sample properties and exact distributions of 
FGls estimators are unknown. The asymptotic efficiency of FGls estimators may not 
carry over to small samples because of the variability introduced by the estimated �. 
some analyses for the case of heteroscedasticity are given by Taylor (1977). a model 
of autocorrelation is analyzed by Griliches and rao (1969). in both studies, the authors 
find that, over a broad range of parameters, FGls is more efficient than least squares. 
But if the departure from the classical assumptions is not too severe, then least squares 
may be more efficient than FGls in a small sample.

9.5 HETEROSCEDASTICITY AND WEIGHTED LEAST SQUARES

in the heteroscedastic regression model,

Var[ei � X] = si
2 = s2vi, i = 1, c, n.

This form is an arbitrary scaling which allows us to use a normalization, 
trace(�) = Σivi = n. This makes the classical regression with homoscedastic 
disturbances a simple special case with vi = 1, i = 1, c, n. intuitively, one might then 
think of the v s as weights that are scaled in such a way as to reflect only the variety in 
the disturbance variances. The scale factor s2 then provides the overall scaling of the 
disturbance process.

We will examine the heteroscedastic regression model, first in general terms, then 
with some specific forms of the disturbance covariance matrix. specification tests for 
heteroscedasticity are considered in section 9.6. section 9.6 considers generalized 
(weighted) least squares, which requires knowledge at least of the form of �. Finally, 
two common applications are examined in section 9.7.

11 The condition actually requires only that if the right-hand-side sum has any limiting distribution, then the left-
hand one has the same one. conceivably, this distribution might not be the normal distribution, but that seems 
unlikely except in a specially constructed, theoretical case.

THEOREM 9.5 Efficiency of the FGLS Estimator
An asymptotically efficient FGLS estimator does not require that we have an 
 efficient estimator of A; only a consistent one is required to achieve full efficiency 
for the FGLS estimator.
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9.5.1  WEIGHTED LEAST SQUARES

The Gls estimator is

 Bn = (X′�-1X)-1X′�-1y. (9-24)

in the most general case, Var[ei � X] = si
2 = s2vi, �-1 is a diagonal matrix whose ith 

diagonal element is 1/vi. The Gls estimator is obtained by regressing

Py = D y1/2v1

y2/2v2

f
yn/2vn

T on PX = D x1
= /2v1

x2
= /2v2

f
xn
= /2vn

T .

applying ordinary least squares to the transformed model, we obtain the weighted least 
squares estimator.

 Bn = Jan
i = 1

wixixi
= R -1Jan

i = 1
wixiyiR , (9-25)

where wi = 1/vi.12 The logic of the computation is that observations with smaller 
variances receive a larger weight in the computations of the sums and therefore have 
greater influence in the estimates obtained.

9.5.2  WEIGHTED LEAST SQUARES WITH KNOWN �

a common specification is that the variance is proportional to one of the regressors or its 
square. our earlier example of family expenditures is one in which the relevant variable 
is usually income. similarly, in studies of firm profits, the dominant variable is typically 
assumed to be firm size. if

si
2 = s2xik

2 ,

then the transformed regression model for Gls is

 
y
xk

= bk + b1¢ x1

xk
≤ + b2¢ x2

xk
≤ + g +

e

xk
. (9-26)

if the variance is proportional to xk instead of xk
2, then the weight applied to each 

observation is 1/2xk instead of 1/xk.
in (9-26), the coefficient on xk becomes the constant term. But if the variance is 

proportional to any power of xk other than two, then the transformed model will no longer 
contain a constant, and we encounter the problem of interpreting R2 mentioned earlier. For 
example, no conclusion should be drawn if the R2 in the regression of y/z on 1/z and x/z is 
higher than in the regression of y on a constant and x for any z, including x. The good fit of 
the weighted regression might be due to the presence of 1/z on both sides of the equality.

it is rarely possible to be certain about the nature of the heteroscedasticity in a 
regression model. in one respect, this problem is only minor. The weighted least squares 
estimator

12 The weights are often denoted wi = 1/si
2. This expression is consistent with the equivalent 

Bn = [X=(s2�)-1X′]-1X′(s2�)-1y. The s2s cancel, leaving the expression given previously.
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Bn = Jan
i = 1

wixixi
= R -1Jan

i = 1
wixiyiR

is consistent regardless of the weights used, as long as the weights are uncorrelated with 
the disturbances. But using the wrong set of weights has two other consequences that 
may be less benign. First, the improperly weighted least squares estimator is inefficient. 
This point might be moot if the correct weights are unknown, but the Gls standard 
errors will also be incorrect. The asymptotic covariance matrix of the estimator

 Bn = [X′V-1X]-1X′V-1y (9-27)

is

 asy.Var[Bn] = s2[X′V-1X]-1X′V-1�V-1X[X′V-1X]-1. (9-28)

This result may or may not resemble the usual estimator, which would be the matrix in 
brackets, and underscores the usefulness of the White estimator in (9-5).

The standard approach in the literature is to use ols with the White estimator or 
some variant for the asymptotic covariance matrix. one could argue both flaws and 
virtues in this approach. in its favor, robustness to unknown heteroscedasticity is a 
compelling virtue. in the clear presence of heteroscedasticity, however, least squares 
can be inefficient. The question becomes whether using the wrong weights is better than 
using no weights at all. There are several layers to the question. if we use one of the 
models mentioned earlier—harvey’s, for example, is a versatile and flexible candidate—
then we may use the wrong set of weights and, in addition, estimation of the variance 
parameters introduces a new source of variation into the slope estimators for the model. 
however, the weights we use might well be better than none. a heteroscedasticity robust 
estimator for weighted least squares can be formed by combining (9-27) with the White 
estimator. The weighted least squares estimator in (9-27) is consistent with any set of 
weights V = diag[v1, v2, c, vn]. its asymptotic covariance matrix can be estimated with

 est.asy.Var[Bn] = (X′V-1X)-1Jan
i = 1

¢ ei
2

vi
2 ≤xixi

= R (X′V-1X)-1. (9-29)

any consistent estimator can be used to form the residuals. The weighted least squares 
estimator is a natural candidate.

9.5.3  ESTIMATION WHEN �  CONTAINS UNKNOWN PARAMETERS

The general form of the heteroscedastic regression model has too many parameters to 
estimate by ordinary methods. Typically, the model is restricted by formulating s2� as 
a function of a few parameters, as in si

2 = s2xi
a or si

2 = s2(xi
=A)2. Write this as �(A). 

FGls based on a consistent estimator of �(A) (meaning a consistent estimator of A) is 
asymptotically equivalent to full Gls. The new problem is that we must first find consistent 
estimators of the unknown parameters in �(A). Two methods are typically used, two-step 
Gls and maximum likelihood. We consider the two-step estimator here and the maximum 
likelihood estimator in chapter 14.

For the heteroscedastic model, the Gls estimator is

 Bn = Jan
i = 1

¢ 1
si

2 ≤xixi
= R -1Jan

i = 1
¢ 1
si

2 ≤xiyiR . (9-30)
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The two-step estimators are computed by first obtaining estimates sn i
2, usually using some 

function of the ordinary least squares residuals. Then, Bn
n

 uses (9-30) and sn i
2. The ordinary 

least squares estimator of B, although inefficient, is still consistent. as such, statistics 
computed using the ordinary least squares residuals, ei = (yi - xi

=b), will have the same 
asymptotic properties as those computed using the true disturbances, ei = (yi - xi

=B). This 
result suggests a regression approach for the true disturbances and variables zi that may 
or may not coincide with xi. now E[ei

2 � zi] = si
2, so ei

2 = si
2 + vi, where vi is just the 

difference between ei
2 and its conditional expectation. Because ei is unobservable, we 

would use the least squares residual, for which ei = ei - xi
=(b - B) = ei + ui. Then, 

ei
2 = ei

2 + ui
2 + 2eiui. But, in large samples, as b ¡p

B, terms in ui will become 
negligible, so that at least approximately,13

 ei
2 = si

2 + vi
*. (9-31)

The procedure suggested is to treat the variance function as a regression and use the 
squares or some other functions of the least squares residuals as the dependent variable.14 
For example, if si

2 = zi
=A, then a consistent estimator of A will be the least squares slopes, 

a, in the “model,”

ei
2 = zi

=A + vi
*.

in this model, vi
* is both heteroscedastic and autocorrelated, so a is consistent but 

inefficient. But consistency is all that is required for asymptotically efficient estimation 
of B using �(An ). it remains to be settled whether improving the estimator of A in this 
and the other models we will consider would improve the small sample properties of the 
two-step estimator of B.15

The two-step estimator may be iterated by recomputing the residuals after computing 
the FGls estimates and then reentering the computation. The asymptotic properties 
of the iterated estimator are the same as those of the two-step estimator, however. in 
some cases, this sort of iteration will produce the maximum likelihood estimator at 
convergence. yet none of the estimators based on regression of squared residuals on 
other variables satisfy the requirement. Thus, iteration in this context provides little 
additional benefit, if any.

9.6 TESTING FOR HETEROSCEDASTICITY

Tests for heteroscedasticity are based on the following strategy. ordinary least squares 
is a consistent estimator of B even in the presence of heteroscedasticity. as such, the 
ordinary least squares residuals will mimic, albeit imperfectly because of sampling 
variability, the heteroscedasticity of the true disturbances. Therefore, tests designed 
to detect heteroscedasticity will, in general, be applied to the ordinary least squares 
residuals.

13 see amemiya (1985) and harvey (1976) for formal analyses.
14 see, for example, Jobson and Fuller (1980).
15 Fomby, hill, and Johnson (1984, pp. 177–186) and amemiya (1985, pp. 203–207; 1977) examine this model.
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9.6.1  WHITE’S GENERAL TEST

To formulate the available tests, it is necessary to specify, at least in rough terms, the 
nature of the heteroscedasticity. White’s (1980) test proposes a general hypothesis of 
the form

 H0 : si
2 = E[ei

2 � xi] = s2 for all i,

 H1 : Not H0.

a simple operational version of his test is carried out by obtaining nR2 in the regression 
of the squared ols residuals, ei

2, on a constant and all unique variables contained in x 
and x ⊗ x. The statistic has a limiting chi-squared distribution with P - 1 degrees of 
freedom, where P is the number of regressors in the equation, including the constant. 
an equivalent approach is to use an F test to test the hypothesis that G1 = 0 and G2 = 0 
in the regression

ei
2 = g0 + xi

=G1 + (xi ⊗ xi)′G2 + vi
*.

[as before, (xi ⊗ xi) contains only the unique components.] The White test is extremely 
general. To carry it out, we need not make any specific assumptions about the nature of 
the heteroscedasticity.

9.6.2  THE LAGRANGE MULTIPLIER TEST

Breusch and Pagan (1979) and Godfrey (1988) present a Lagrange multiplier test of 
the hypothesis that si

2 = s2f(a0 + A′zi), where zi is a vector of independent variables. 
The disturbance is homoscedastic if A = 0. The test can be carried out with a simple 
regression:

 lM = 1
2 * explained sum of squared residuals in the regression of ei

2/(e′e/n) on (1, zi).
 (9-32)

For computational purposes, let Z be the n * P matrix of observations on (1, zi), and let g 
be the vector of observations of gi = ei

2/(e′e/n) - 1. Then lM = (1/2)[g′Z(Z′Z)-1Z′g]. 
Under the null hypothesis of homoscedasticity, lM has a limiting chi-squared distribution 
with P - 1 degrees of freedom.

it has been argued that the Breusch–Pagan Lagrange multiplier test is sensitive to 
the assumption of normality. Koenker (1981) and Koenker and Bassett (1982) suggest 
that the computation of lM be based on a more robust estimator of the variance of ei

2,

V =
1
n a

n

i = 1
Jei

2 -
e′e
n

R 2

.

let u equal (e1
2, e2

2, c, en
2) and i be an n * 1 column of 1s. Then u = e′e/n. With 

this change, the computation becomes lM = (1/V)(u - u i)′Z(Z′Z)-1Z′(u - u i). 
Under normality, this modified statistic will have the same limiting distribution as the 
Breusch–Pagan statistic, but absent normality, there is some evidence that it provides a 
more powerful test. Waldman (1983) has shown that if the variables in zi are the same 
as those used for the White test described earlier, then the two tests are algebraically 
the same.
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Example 9.2  Testing for Heteroscedasticity
We use the suggested diagnostics to test for heteroscedasticity in the credit card expenditure 
data in Example 9.2.

1. White’s Test: There are 15 variables in (x, x ⊗ x), including the constant term. But 
because OwnRent2 = OwnRent and Income * Income = Income2, which is also in the 
equation, only 13 of the 15 are unique. Regression of the squared least squares residuals 
on these 13 variables produces R2 = 0.199013. The chi-squared statistic is therefore 
72(0.199013) = 14.329. The 95% critical value of chi-squared with 12 degrees of freedom 
is 21.03, so despite what might seem to be obvious in Figure 9.1, the hypothesis of 
homoscedasticity is not rejected by this test.

2. Breusch–Pagan Test: This test requires a specific alternative hypothesis. For this purpose, 
we specify the test based on z = [1, Income, Income2]. Using the least squares residuals, 
we compute gi = ei

2/(e′e/72) - 1; then LM = 1
2 g′Z(Z′Z)-1Z′g. The computation produces 

LM = 41.920. The critical value for the chi-squared distribution with two degrees of 
freedom is 5.99, so the hypothesis of homoscedasticity is rejected. The Koenker and 
Bassett variant of this statistic is only 6.187, which is still significant but much smaller 
than the LM statistic. The wide difference between these two statistics suggests that the 
assumption of normality is erroneous. If the Breusch and Pagan test is based on (1, x), the 
chi squared statistic is 49.061 with 4 degrees of freedom, while the Koenker and Bassett 
version is 7.241. The same conclusions are reached.

9.7 TWO APPLICATIONS

This section will present two common applications of the heteroscedastic regression 
model, harvey’s model of multiplicative heteroscedasticity and a model of groupwise 
heteroscedasticity that extends to the disturbance variance some concepts that are 
usually associated with variation in the regression function.

9.7.1  MULTIPLICATIVE HETEROSCEDASTICITY

harvey’s (1976) model of multiplicative heteroscedasticity is a very flexible, general 
model that includes most of the useful formulations as special cases. The general 
formulation is

si
2 = s2 exp(zi

=A).

a model with heteroscedasticity of the form si
2 = s2 q

M

m = 1
zim
am results if the logs of the 

variables are placed in zi. The groupwise heteroscedasticity model described in example 9.4 
is produced by making zi a set of group dummy variables (one must be omitted). in this 
case, s2 is the disturbance variance for the base group whereas for the other groups, 
sg

2 = s2 exp(ag).

Example 9.3  Multiplicative Heteroscedasticity
In Example 6.6, we fit a cost function for the U.S. airline industry of the form

In Cit = b1 + b2 In Qit + b3(ln Qit)2 + b4 ln Pfuel,i,t + b5 Loadfactori,t + ei,t

where Ci,t is total cost, Qi,t is output, and Pfuel,i,t is the price of fuel, and the 90 observations in 
the data set are for six firms observed for 15 years. (The model also included dummy variables 
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for firm and year, which we will omit for simplicity.) We now consider a revised model in which 
the load factor appears in the variance of ei,t rather than in the regression function. The model is

 si,t
2 = s2 exp(g Loadfactori,t)

 = exp(g1 + g2 Loadfactori,t).

The constant in the implied regression is g1 = ln s2. Figure 9.2 shows a plot of the least 
squares residuals against Loadfactor for the 90 observations. The figure does suggest the 
presence of heteroscedasticity. (The dashed lines are placed to highlight the effect.) We 
computed the LM statistic using (9-32). The chi-squared statistic is 2.959. This is smaller than 
the critical value of 3.84 for one degree of freedom, so on this basis, the null hypothesis of 
homoscedasticity with respect to the load factor is not rejected.

To begin, we use OLS to estimate the parameters of the cost function and the set of 
residuals, ei,t. Regression of log(eit

2) on a constant and the load factor provides estimates of 
g1 and g2, denoted c1 and c2. The results are shown in Table 9.2. As Harvey notes, exp(c1) 
does not necessarily estimate s2 consistently—for normally distributed disturbances, it is low 
by a factor of 1.2704. However, as seen in (9-24), the estimate of s2 (biased or otherwise) is 
not needed to compute the FGLS estimator. Weights wi,t = exp(-c1 - c2 Loadfactori,t) are 
computed using these estimates, then weighted least squares using (9-25) is used to obtain 
the FGLS estimates of B. The results of the computations are shown in Table 9.2.

We might consider iterating the procedure. Using the results of FGLS at step 2, we can 
recompute the residuals, then recompute c1 and c2 and the weights, and then reenter the 
iteration. The process converges when the estimate of c2 stabilizes. This requires seven iterations. 
The results are shown in Table 9.2. As noted earlier, iteration does not produce any gains here. 
The second step estimator is already fully efficient. Moreover, this does not produce the MLE, 
either. That would be obtained by regressing [ei,t

2 /exp(c1 + c2 Loadfactori,t) - 1] on the constant 
and load factor at each iteration to obtain the new estimates. We will revisit this in Chapter 14.

Figure 9.2  Plot of Residuals against Load Factor.
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9.7.2  GROUPWISE HETEROSCEDASTICITY

a groupwise heteroscedastic regression has the structural equations

 yi = xi′B + ei, i = 1, c, n

 E[ei � xi] = 0.

The n observations are grouped into G groups, each with ng observations. The slope 
vector is the same in all groups, but within group g,

Var[eig � xig] = sg
2, i = 1, c, ng.

if the variances are known, then the Gls estimator is

 Bn = J a
G

g = 1
¢ 1
sg

2 ≤Xg
=Xg R -1J a

G

g = 1
¢ 1
sg

2 ≤Xg
=yg R . (9-33)

Because Xg
=yg = Xg

=Xgbg, where bg is the ols estimator in the gth subset of observations,

Bn = J a
G

g = 1
¢ 1
sg

2 ≤Xg
=Xg R -1J a

G

g = 1
¢ 1
sg

2 ≤Xg
=Xgbg R = J a

G

g = 1
Vg R -1J a

G

g = 1
Vgbg R = a

G

g = 1
Wgbg.

This result is a matrix weighted average of the G least squares estimators. The weighting 

matrices are Wg = JaG
g = 1(Var[bg � Xg])

-1 R -1

(Var[bg � Xg])
-1. The estimator with the 

smaller covariance matrix therefore receives the larger weight. [if Xg is the same in every 

group, then the matrix Wg reduces to the simple, wgI = ¢hg/a ghg≤I where hg = 1/sg
2.]

The preceding is a useful construction of the estimator, but it relies on an algebraic 
result that might be unusable. if the number of observations in any group is smaller than 
the number of regressors, then the group-specific ols estimator cannot be computed. 

Constant ln Q ln2 Q ln Pf R2 Sum of Squares

ols 9.1382 0.92615 0.029145 0.41006
0.24507a 0.032306 0.012304 0.018807 0.9861674b 1.577479c

0.22595d 0.030128 0.011346 0.017524
Two step 9.2463 0.92136 0.024450 0.40352 0.986119 1.612938

0.21896 0.033028 0.011412 0.016974
iteratede 9.2774 0.91609 0.021643 0.40174 0.986071 1.645693

0.20977 0.032993 0.011017 0.016332
aconventional ols standard errors
bsquared correlation between actual and fitted values
csum of squared residuals
dWhite robust standard errors
eValues of c2 by iteration: 8.254344, 11.622473, 11.705029, 11.710618, 11.711012, 11.711040, 11.711042

TABLe 9.2 Multiplicative Heteroscedasticity Model
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But, as can be seen in (9-33), that is not what is needed to proceed; what is needed are 
the weights. as always, pooled least squares is a consistent estimator, which means that 
using the group-specific subvectors of the ols residuals,

 sn g
2 =

eg
=eg

ng
, (9-34)

provides the needed estimator for the group-specific disturbance variance. Thereafter, 
(9-33) is the estimator and the inverse matrix in that expression gives the estimator of 
the asymptotic covariance matrix.

continuing this line of reasoning, one might consider iterating the estimator by 
returning to (9-34) with the two-step FGls estimator, recomputing the weights, then 
returning to (9-33) to recompute the slope vector. This can be continued until 
convergence. it can be shown that so long as (9-34) is used without a degrees of freedom 
correction, then if this does converge, it will do so at the maximum likelihood estimator 
(with normally distributed disturbances).16

For testing the homoscedasticity assumption, both White’s test and the lM test are 
straightforward. The variables thought to enter the conditional variance are simply a 
set of G - 1 group dummy variables, not including one of them (to avoid the dummy 
variable trap), which we’ll denote Z*. Because the columns of Z* are binary and 
orthogonal, to carry out White’s test, we need only regress the squared least squares 
residuals on a constant and Z* and compute NR2 where N = a gng. The lM test is also 
straightforward. For purposes of this application of the lM test, it will prove convenient 
to replace the overall constant in Z in (9-32) with the remaining group dummy variable. 
Because the column space of the full set of dummy variables is the same as that of a 
constant and G - 1 of them, all results that follow will be identical. in (9-32), the vector 
g will now be G subvectors where each subvector is the ng elements of [(eig

2 /sn 2) - 1], 
and sn 2 = e′e/N. By multiplying it out, we find that g′Z is the G vector with elements 
ng[(sn g

2/sn 2) - 1], while (Z′Z)-1 is the G * G matrix with diagonal elements 1/ng. it 
follows that

 LM =
1
2

 g′Z(Z′Z)-1Z′g =
1
2 a

G

g = 1
ng¢sn g

2

sn 2 - 1≤2

. (9-35)

Both statistics have limiting chi-squared distributions with G - 1 degrees of freedom 
under the null hypothesis of homoscedasticity. (There are only G - 1 degrees of freedom 
because the hypothesis imposes G - 1 restrictions, that the G variances are all equal to 
each other. implicitly, one of the variances is free and the other G - 1 equal that one.)

Example 9.4  Groupwise Heteroscedasticity
Baltagi and Griffin (1983) is a study of gasoline usage in 18 of the 30 OECD countries. The 
model analyzed in the paper is

 ln (Gasoline usage/car)i,t = b1 + b2 ln(Per capita income)i,t + b3 ln Pricei,t
 + b4 ln(Cars per capita)i,t + ei,t,

16 see oberhofer and Kmenta (1974).

M09_GREE1366_08_SE_C09.indd   318 2/24/17   10:44 AM



 CHaPtEr 9  ✦  the Generalized regression Model and Heteroscedasticity 319

where i = country and t = 1960, c, 1978. This is a balanced panel (see Section 11.2) with 
19(18) = 342 observations in total. The data are given in Appendix Table F9.2.

Figure 9.3 displays the OLS residuals using the least squares estimates of the model 
above with the addition of 18 country dummy variables (1 to 18) (and without the overall 
constant). (The country dummy variables are used so that the country-specific residuals 
will have mean zero.) The F statistic for testing the null hypothesis that all the constants are 
equal is

 F[(G - 1),(Σg = 1
G ng - K - G)] =

(e0
=e0 - e1

=e1)/(G - 1 )

e1
=e1/(Σg = 1

G ng - K - G)

 =
(14.90436 - 2.73649)/17
2.73649/(342 - 3 - 18)

= 83.960798,

where e0 is the vector of residuals in the regression with a single constant term and e1 is the 
regression with country-specific constan t terms. The critical value from the F table with 17 
and 321 degrees of freedom is 1.655. The regression results are given in Table 9.3. Figure 9.3 
does convincingly suggest the presence of groupwise heteroscedasticity. The White and LM 
statistics are 342(0.38365) = 131.21 and 279.588, respectively. The critical value from the 
chi-squared distribution with 17 degrees of freedom is 27.587. So, we reject the hypothesis 
of homoscedasticity and proceed to fit the model by feasible GLS. The two-step estimates 
are shown in Table 9.3. The FGLS estimator is computed by using weighted least squares, 
where the weights are 1/sn g

2 for each observation in country g. Comparing the White standard 
errors to the two-step estimators, we see that in this instance, there is a substantial gain to 
using feasible generalized least squares.

Figure 9.3  Plot of OLS Residuals by Country.
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320 Part II  ✦   Generalized regression Model and Equation Systems

9.8 SUMMARY AND CONCLUSIONS

This chapter has introduced a major extension of the classical linear model. By allowing for 
heteroscedasticity and autocorrelation in the disturbances, we expand the range of models 
to a large array of frameworks. We will explore these in the next several chapters. The formal 
concepts introduced in this chapter include how this extension affects the properties of the 
least squares estimator, how an appropriate estimator of the asymptotic covariance matrix 
of the least squares estimator can be computed in this extended modeling framework, and, 
finally, how to use the information about the variances and covariances of the disturbances 
to obtain an estimator that is more efficient than ordinary least squares.

We have analyzed in detail one form of the generalized regression model, the model 
of heteroscedasticity. We first considered least squares estimation. The primary result 
for least squares estimation is that it retains its consistency and asymptotic normality, 
but some correction to the estimated asymptotic covariance matrix may be needed 
for appropriate inference. The White estimator is the standard approach for this 
computation. after examining two general tests for heteroscedasticity, we then narrowed 
the model to some specific parametric forms, and considered weighted (generalized) least 
squares for efficient estimation and maximum likelihood estimation. if the form of the 
heteroscedasticity is known but involves unknown parameters, then it remains uncertain 

OLS FGLS

Coefficient Std. Error White Std. Err. Coefficient Std. Error

ln Income 0.66225 0.07339 0.07277 0.57507 0.02927
ln Price -0.32170 0.04410 0.05381 -0.27967 0.03519
ln Cars/Cap. -0.64048 0.02968 0.03876 -0.56540 0.01613
Country 1 2.28586 0.22832 0.22608 2.43707 0.11308
Country 2 2.16555 0.21290 0.20983 2.31699 0.10225
Country 3 3.04184 0.21864 0.22479 3.20652 0.11663
Country 4 2.38946 0.20809 0.20783 2.54707 0.10250

Country 5 2.20477 0.21647 0.21087 2.33862 0.10101
Country 6 2.14987 0.21788 0.21846 2.30066 0.10893
Country 7 2.33711 0.21488 0.21801 2.57209 0.11206
Country 8 2.59233 0.24369 0.23470 2.72376 0.11384
Country 9 2.23255 0.23954 0.22973 2.34805 0.10795
Country 10 2.37593 0.21184 0.22643 2.58988 0.11821
Country 11 2.23479 0.21417 0.21311 2.39619 0.10478
Country 12 2.21670 0.20304 0.20300 2.38486 0.09950
Country 13 1.68178 0.16246 0.17133 1.90306 0.08146
Country 14 3.02634 0.39451 0.39180 3.07825 0.20407
Country 15 2.40250 0.22909 0.23280 2.56490 0.11895
Country 16 2.50999 0.23566 0.26168 2.82345 0.13326
Country 17 2.34545 0.22728 0.22322 2.48214 0.10955
Country 18 3.05525 0.21960 0.22705 3.21519 0.11917

TABLe 9.3 Estimated Gasoline Consumption Equations
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whether FGls corrections are better than ols. asymptotically, the comparison is clear, 
but in small or moderately sized samples, the additional variation incorporated by the 
estimated variance parameters may offset the gains to Gls.

Key Terms and Concepts

•	asymptotic properties
•	autocorrelation
•	Breusch–Pagan lagrange 

multiplier test
•	efficient estimator
•	Feasible generalized least 

squares (FGls)
•	Finite-sample properties
•	Generalized least squares 

(Gls)
•	Generalized linear 

regression model

•	Generalized sum of squares
•	Groupwise 

heteroscedasticity
•	heteroscedasticity
•	lagrange multiplier test
•	Multiplicative 

heteroscedasticity
•	ordinary least squares 

(ols)
•	Panel data

•	robust estimator
•	robustness to unknown 

heteroscedasticity
•	Two-step estimator
•	Weighted least squares 

(Wls)
•	White heteroscedasticity 

robust estimator
•	White test
•	aitken’s theorem

exercises

1. What is the covariance matrix, cov[Bn , Bn - b], of the Gls estimator 
Bn = (X′�-1X)-1X′�-1y and the difference between it and the ols estimator, 
b = (X′X)-1X′y? The result plays a pivotal role in the development of specification 
tests in hausman (1978).

2. This and the next two exercises are based on the test statistic usually used to test a 
set of J linear restrictions in the generalized regression model,

F[J, n - K] =
(RBn - q)′[R(X′�-1X)-1R′]-1(RBn - q)/J

(y - XBn)′�-1(y - XBn)/(n - K)
,

where Bn  is the Gls estimator. show that if �  is known, if the disturbances 
are normally distributed and if the null hypothesis, RB = q, is true, then this 
statistic is exactly distributed as F with J and n - K degrees of freedom. What 
assumptions about the regressors are needed to reach this conclusion? need they 
be nonstochastic?

3. now suppose that the disturbances are not normally distributed, although � is still 
known. show that the limiting distribution of the previous statistic is (1/J) times a 
chi-squared variable with J degrees of freedom. (Hint: The denominator converges 
to s2.) conclude that, in the generalized regression model, the limiting distribution 
of the Wald statistic,

W = (RBn - q)′{R(est. Var[Bn])R′}-1(RBn - q),

is chi-squared with J degrees of freedom, regardless of the distribution of the 
disturbances, as long as the data are otherwise well behaved. note that in a finite 
sample, the true distribution may be approximated with an F[J, n - K] distribution. 
it is a bit ambiguous, however, to interpret this fact as implying that the statistic 
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322 Part II  ✦   Generalized regression Model and Equation Systems

is asymptotically distributed as F with J and n - K degrees of freedom, because 
the limiting distribution used to obtain our result is the chi-squared, not the F. in 
this instance, the F[J, n - K] is a random variable that tends asymptotically to the 
chi-squared variate.

4. Finally, suppose that � must be estimated, but that assumptions (9-22) and (9-23) 
are met by the estimator. What changes are required in the development of the 
previous problem?

5. in the generalized regression model, if the K columns of X are characteristic vectors 
of �, then ordinary least squares and generalized least squares are identical. (The 
result is actually a bit broader; X may be any linear combination of exactly K 
characteristic vectors. This result is Kruskal’s theorem.)
a. Prove the result directly using matrix algebra.
b. Prove that if X contains a constant term and if the remaining columns are in 

deviation form (so that the column sum is zero), then the model of exercise 8 
is one of these cases. (The seemingly unrelated regressions model with identical 
regressor matrices, discussed in chapter 10, is another.)

6. in the generalized regression model, suppose that � is known.
a. What is the covariance matrix of the ols and Gls estimators of B?
b. What is the covariance matrix of the ols residual vector e = y - Xb?
c. What is the covariance matrix of the Gls residual vector En = y - XBn?
d. What is the covariance matrix of the ols and Gls residual vectors?

7. suppose that y has the pdf f(y � x) = (1/x′B)e-y/(x′B), y 7 0. Then E[y � x] = x′B 
and Var[y � x] = (x′B)2. For this model, prove that Gls and Mle are the same, 
even though this distribution involves the same parameters in the conditional mean 
function and the disturbance variance.

8. suppose that the regression model is y = m + e, where e has a zero mean, constant 
variance, and equal correlation, r, across observations. Then cov[ei, ej] = s2r 
if i ≠ j. Prove that the least squares estimator of m is inconsistent. Find the 
characteristic roots of � and show that condition 2 before (9-10) is violated.

9. suppose that the regression model is yi = m + ei, where

E[ei � xi] = 0, cov[ei, ej � xi, xj] = 0 for i = j, but Var[ei � xi] = s2xi
2, xi 7 0.

a. Given a sample of observations on yi and xi, what is the most efficient estimator 
of m? What is its variance?

b. What is the ols estimator of m, and what is the variance of the ols estimator?
c. Prove that the estimator in part a is at least as efficient as the estimator in part b.

10. For the model in exercise 9, what is the probability limit of s2 =
1
n a n

i = 1(yi - y)2? 

note that s2 is the least squares estimator of the residual variance. it is also n times 
the conventional estimator of the variance of the ols estimator,

est.Var [y] = s2(X′X)-1 =
s2

n
.

how does this equation compare with the true value you found in part b of exercise 9? 
does the conventional estimator produce the correct estimator of the true asymptotic 
variance of the least squares estimator?
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11. For the model in exercise 9, suppose that e is normally distributed, with mean zero 
and variance s2[1 + (gx)2]. show that s2 and g2 can be consistently estimated by a 
regression of the least squares residuals on a constant and x2. is this estimator efficient?

12. Two samples of 50 observations each produce the following moment matrices. (in 
each case, X is a constant and one variable.)

 sample 1 sample 2

X′X c 50
300
 

300
2100

d c 50
300
 

300
2100

d
y′X [300 2000] [300 2200]
y′y [2100] [2800]

a. compute the least squares regression coefficients and the residual variances s2 
for each data set. compute the R2 s for each regression.

b. compute the ols estimate of the coefficient vector assuming that the coefficients 
and disturbance variance are the same in the two regressions. also compute the 
estimate of the asymptotic covariance matrix of the estimate.

c. Test the hypothesis that the variances in the two regressions are the same without 
assuming that the coefficients are the same in the two regressions.

d. compute the two-step FGls estimator of the coefficients in the regressions, 
assuming that the constant and slope are the same in both regressions. compute 
the estimate of the covariance matrix and compare it with the result of part b.

13. suppose that in the groupwise heteroscedasticity model of section 9.7.2, Xi is the 
same for all i. What is the generalized least squares estimator of B? how would you 
compute the estimator if it were necessary to estimate si

2?
14. The model Jy1

y2
R = Jx1

x2
Rb + JE1

E2
R

satisfies the groupwise heteroscedastic regression model of section 9.7.2 all 
variables have zero means. The following sample second-moment matrix is obtained 
from a sample of 20 observations:

y1 y2 x1 x2

y1

y2

x1

x2

 D20 6 4 3
6 10 3 6
4 3 5 2
3 6 2 10

T .

a. compute the two separate ols estimates of b, their sampling variances, the 
estimates of s1

2 and s2
2, and the R2 s in the two regressions.

b. carry out the lagrange multiplier test of the hypothesis that s1
2 = s2

2.
c. compute the two-step FGls estimate of b and an estimate of its sampling 

variance. Test the hypothesis that b equals 1.
d. compute the maximum likelihood estimates of b, s1

2, and s2
2 by iterating the 

FGls estimates to convergence.
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15. The following table presents a hypothetical panel of data:

i = 1 i = 2 i = 3

t y x y x y x

1 30.27 24.31 38.71 28.35 37.03 21.16
2 35.59 28.47 29.74 27.38 43.82 26.76
3 17.90 23.74 11.29 12.74 37.12 22.21
4 44.90 25.44 26.17 21.08 24.34 19.02
5 37.58 20.80 5.85 14.02 26.15 18.64
6 23.15 10.55 29.01 20.43 26.01 18.97
7 30.53 18.40 30.38 28.13 29.64 21.35
8 39.90 25.40 36.03 21.78 30.25 21.34
9 20.44 13.57 37.90 25.65 25.41 15.86

10 36.85 25.60 33.90 11.66 26.04 13.28

a. estimate the groupwise heteroscedastic model of section 9.7.2. include an 
estimate of the asymptotic variance of the slope estimator. Use a two-step 
procedure, basing the FGls estimator at the second step on residuals from the 
pooled least squares regression.

b. carry out the lagrange multiplier tests of the hypothesis that the variances are 
all equal.

Applications

1. This application is based on the following data set.

50 Observations on y:

-1.42 2.75 2.10 -5.08 1.49 1.00 0.16 -1.11 1.66
-0.26 -4.87 5.94 2.21 -6.87 0.90 1.61 2.11 -3.82
-0.62 7.01 26.14 7.39 0.79 1.93 1.97 -23.17 -2.52
-1.26 -0.15 3.41 -5.45 1.31 1.52 2.04 3.00 6.31
5. 51 -15.22 -1.47 -1.48 6.66 1.78 2.62 -5.16 -4.71

-0.35 -0.48 1.24 0.69 1.91
50 Observations on x1:

-1.65 1.48 0.77 0.67 0.68 0.23 -0.40 -1.13 0.15
-0.63 0.34 0.35 0.79 0.77 -1.04 0.28 0.58 -0.41
-1.78 1.25 0.22 1.25 -0.12 0.66 1.06 -0.66 -1.18
-0.80 -1.32 0.16 1.06 -0.60 0.79 0.86 2.04 -0.51
0. 02 0.33 -1.99 0.70 -0.17 0.33 0.48 1.90 -0.18

-0.18 -1.62 0.39 0.17 1.02
50 Observations on x2:

-0.67 0.70 0.32 2.88 -0.19 -1.28 -2.72 -0.70 -1.55
-0.74 -1.87 1.56 0.37 -2.07 1.20 0.26 -1.34 -2.10
0. 61 2.32 4.38 2.16 1.51 0.30 -0.17 7.82 -1.15
1. 77 2.92 -1.94 2.09 1.50 -0.46 0.19 -0.39 1.54
1. 87 -3.45 -0.88 -1.53 1.42 -2.70 1.77 -1.89 -1.85
2. 01 1.26 -2.02 1.91 -2.23
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a. compute the ols regression of y on a constant, x1, and x2. Be sure to compute 
the conventional estimator of the asymptotic covariance matrix of the ols 
estimator as well.

b. compute the White estimator of the appropriate asymptotic covariance matrix 
for the ols estimates.

c. Test for the presence of heteroscedasticity using White’s general test. do your 
results suggest the nature of the heteroscedasticity?

d. Use the Breusch-Pagan (1980) and Godfrey (1988) lagrange multiplier test to 
test for heteroscedasticity.

e. reestimate the parameters using a two-step FGls estimator. Use harvey’s 
formulation, Var[ei � xi1, xi2] = s2 exp(g1xi1 + g2xi2).

2. (We look ahead to our use of maximum likelihood to estimate the 
models discussed in this chapter in chapter 14.) in example 9.3, we 
computed an iterated FGls estimator using the airline data and the model 
Var[eit � Loadfactori,t] = exp(g1 + g2 Loadfactori,t). The weights computed at each 
iteration were computed by estimating (g1, g2) by least squares regression of ln eni,t

2  
on a constant and Loadfactor. The maximum likelihood estimator would proceed 
along similar lines, however the weights would be computed by regression of 
[eni,t

2 /sn i,t
2 - 1] on a constant and Loadfactori,t instead. Use this alternative procedure 

to estimate the model. do you get different results?
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10

SyStemS of RegReSSion equationS

§
10.1 INTRODUCTION

there are many settings in which the single-equation models of the previous chapters 
apply to a group of related variables. in these contexts, we will want to consider the 
several models jointly. Here are example:

1. Set of Regression Equations. munnell’s (1990) model for output by the 48 contiguous 
states in the u.S., m, at time t is

 ln GSPmt = b1m + b2m ln pcmt + b3m ln hwymt + b4m ln watermt + b5m ln utilmt

 + b6m ln empmt + b7m unempmt + emt,

where the variables are labor and public capital. taken one state at a time, this 
provides a set of 48 linear regression models. the application develops a model 
in which the observations are correlated across time (t,s) within a state. it would 
be natural as well for observations at a point in time to be correlated across states 
(m,n), at least for some states. an important question is whether it is valid to assume 
that the coefficient vector is the same for all states in the sample.

2. Identical Regressors. the capital asset pricing model of finance specifies that, for 
a given security,

rit - rft = ai + bi(rmt - rft) + eit,

where rit is the return over period t on security i, rft is the return on a risk-free security, 
rmt is the market return, and bi is the security’s beta coefficient. the disturbances 
are obviously correlated across securities. the knowledge that the return on security 
i exceeds the risk-free rate by a given amount provides some information about 
the excess return of security j, at least for some j’s. it may be useful to estimate the 
equations jointly rather than ignore this connection. the fact that the right-hand 
side, [constant, rmt - rft], is the same for all i makes this model an interesting special 
case of the more general set of regressions.

3. Dynamic Linear Equations. Pesaran and Smith (1995) proposed a dynamic model 
for wage determination in 38 uK industries. the central equation is of the form

ymt = am + xmt
= Bm + gmym,t - 1 + emt.

nair-Reichert and Weinhold’s (2001) cross-country analysis of growth in developing 
countries takes the same form. in both cases, each group (industry, country) 
could be analyzed separately. However, the connections across groups and the 
interesting question of “poolability”—that is, whether it is valid to assume identical 
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coefficients—is a central part of the analysis. the lagged dependent variable in the 
model produces a substantial complication.

4. System of Demand Equations. in a model of production, the optimization conditions 
of economic theory imply that, if a firm faces a set of factor prices p, then its set of 
cost-minimizing factor demands for producing output Q will be a set of M equations 
of the form xm = fm(Q, p). the empirical model is

x1 = f1(Q, p �U) + e1,
x2 = f2(Q, p �U) + e2,

g
xM = fM(Q, p �U) + eM,

where U is a vector of parameters that are part of the technology and em represents 
errors in optimization. once again, the disturbances should be correlated. in 
addition, the same parameters of the production technology will enter all the 
demand equations, so the set of equations has cross-equation restrictions. estimating 
the equations separately will waste the information that the same set of parameters 
appears in all the equations.

5. Vector Autoregression. a useful formulation that appears in many macroeconomics 
applications is the vector autoregression, or VaR. in Chapter 13, we will examine a 
model of Swedish municipal government fiscal activities in the form

 Sm,t = a1 + g11Sm,t - 1 + g12Rm,t - 1 + g13Gm,t - 1 + eS,m,t,

 Rm,t = a2 + g21Sm,t - 1 + g22Rm,t - 1 + g23Gm,t - 1 + eR,m,t,

 Gm,t = a3 + g31Sm,t - 1 + g32Rm,t - 1 + g33Gm,t - 1 + eG,m,t,

where S, R, and G are spending, tax revenues, and grants, respectively, for 
municipalities m in period t. VaRs without restrictions are similar to example 2 
above. the dynamic equations can be used to trace the influences of shocks in a 
system as they exert their influence through time.

6. Linear panel data model. in Chapter 11, we will examine models for panel data
– t = 1, c, T repeated observations on individuals m, of the form

ymt = xmt
 =B + emt.

in example 11.1, we consider a wage equation,

ln Wagemt =  b1 + b2 Experiencemt + c + xmt
 =B + emt.

for some purposes, it is useful to consider this model as a set of T regression 
equations, one for each period. Specification of the model focuses on correlations 
of the unobservables in emt across periods and with dynamic behavior of ln Wagemt.

7. Simultaneous Equations System. a common form of a model for equilibrium in a 
market would be

 QDemand = a1 + a2 Price + a3 Income + d′A + eDemand,

 QSupply = b1 + b2 Price + b3 FactorPrice + s′B + eSupply,

 QEquilibrium = QDemand = QSupply,
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where d and s are exogenous variables that influence the equilibrium through their 
impact on the demand and supply curves, respectively. this model differs from 
those suggested thus far because the implication of the third equation is that Price 
is not exogenous in the equation system. the equations of this model fit into the 
endogenous variables framework developed in Chapter 8. the multiple equations 
framework developed in this chapter provides additional results for estimating 
“simultaneous equations models” such as this.

this chapter will develop the essential theory for sets of related regression 
equations. Section 10.2 examines the general model in which each equation has its 
own set of parameters and examines efficient estimation techniques and the special 
case in which the coefficients are the same in all equations. Production and consumer 
demand models are special cases of the general model in which the equations obey 
an adding-up constraint that has implications for specification and estimation. Such 
demand systems are examined in Section 10.3. this section examines an application of 
the seemingly unrelated regressions model that illustrates the interesting features of 
empirical demand studies. the seemingly unrelated regressions model is also extended 
to the translog specification, which forms the platform for many microeconomic studies 
of production and cost. finally, Section 10.4 combines the results of Chapter 8 on models 
with endogenous variables with the development in this chapter of multiple equation 
systems. in this section, we will develop simultaneous equations models. the supply and 
demand model suggested in example 6 above, of equilibrium in which price and quantity 
in a market are jointly determined, is an application.

10.2 THE SEEMINGLY UNRELATED REGRESSIONS MODEL

all the examples suggested in the introduction have a common structure, which we 
may write as

y1 = X1B1 + E1,
y2 = X2B2 + E2,

c
yM = XMBM + EM.

there are M equations and T observations in the sample.1 the seemingly unrelated 
regressions (SUR) model is

 ym = XmBm + Em, m = 1, c, M. (10-1)

the equations are labeled “seemingly unrelated” because they are linked by the possible 
correlation of the unobserved disturbances, emt and ent.2 By stacking the sets of 
observations, we obtain

1the use of T is not meant to imply any connection to time series. for instance, in the fourth example, above, the 
data might be cross sectional.
2See Zellner (1962) who coined the term.
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 D y1

y2

f
yM

T = DX1 0 0 0
0 X2 0 0
f f f f
0 0 0 XM

T § B1

B2

f
BM

¥ + § E1

E2

f
EM

¥ = XB + E. (10-2)

the MT * 1 vector of disturbances is

E = [E1
= , E2

= , c, EM
= ]′.

We assume strict exogeneity of Xi,

E[E � X1, X2, c, XM] = 0,

and homoscedasticity and nonautocorrelation within each equation,

E[EmEm
= � X1, X2, c, XM] = smmIT.

the strict exogeneity assumption is a bit stronger than necessary for present purposes. 
We could allow more generality by assuming only E[Em � Xm] = 0—that is, allowing the 
disturbances in equation n to be correlated with the regressors in equation m but not 
equation n. But that extension would not arise naturally in an application. a total of T 
observations are to be used in estimating the parameters of the M equations. each equation 
involves Km regressors, for a total of K = aM

m = 1Km in (10-2). We will require T 7 Km 
(so that, if desired, we could fit each equation separately). the data are assumed to be well 
behaved,as described in Section 4.4.1, so we shall not treat the issue separately here. for the 
present, we also assume that disturbances are not correlated across periods (or individuals) 
but may be correlated across equations (at a point in time or for a given individual). therefore,

E[emtens � X1, X2, c, XM] = smn, if t = s and 0 if t ≠ s.

the disturbance formulation for the entire model is

 E[EE′ � X1, X2, c, XM] = � = D s11I s12I g s1MI
s21I s22I g s2MI

f
sM1I sM2I g sMMI

T
 = � ⊗ I,  

(10-3)

where

� = D s11 s12 g s1M

s21 s22 g s2M

f
sM1 sM2 g sMM

T
is the M * M covariance matrix of the disturbances for the t  th observation, Et.

the SuR model thus far assumes that each equation obeys the assumptions of the 
linear model of Chapter 2—no heteroscedasticity or autocorrelation (within or across 
equations). Bartels and fiebig (1992), Bartels and aigner (1991), mandy and martins-
filho (1993), and Kumbhakar (1996) suggested extensions that involved heteroscedasticity 
within each equation. autocorrelation of the disturbances of regression models is usually 
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not the focus of the investigation, though munnell’s application to aggregate statewide 
data might be a natural application.3 (it might also be a natural candidate for the “spatial 
autoregression” model of Section 11.7.) all of these extensions are left for more advanced 
treatments and specific applications.

10.2.1  ORDINARY LEAST SQUARES AND ROBUST INFERENCE

for purposes of developing effective estimation methods, there are two ways to visualize 
the arrangement of the data. Consider the model in example 10.2, which examines a 
cost function for electricity generation. the three equations are

 ln(C/Pf) = a1 + a2 ln Q + a3 ln(Pk/Pf) + a4 ln(Pl/Pf) + ec,

 sk = b1 + ek,
 sl = g1 + el,

where C is total cost, Pk, Pl, and Pf  are unit prices for capital, labor, and fuel, Q is 
output, and sk and sl are cost shares for capital and labor. (the fourth equation, for sf, is 
obtained from sk + sl + sf = 1.) there are T = 145 observations for each of the M = 3 
equations. the data may be stacked by equations as in the following,

 C ln(C/Pf)
sk

sl

S = C i ln Q ln(Pk/Pf) ln(Pl/Pf) 0 0
0 0 0 0 i 0
0 0 0 0 0 i

S ¶a1

a2

a3

a4

b1

g1

∂ + C Ec

Ek

El

S ,

 C yc

yk

yl

S = CXc 0 0
0 Xk 0
0 0 Xl

S £Bc

Bk

Bl

≥ + C Ec

Ek

El

S .

 (10-4)

each block of data in the bracketed matrices contains the T observations for equation m. 
the covariance matrix for the MT * 1 vector of disturbances appears in (10-3). the data 
may instead be stacked by observations by reordering the rows to obtain

 y = G £ ln(C/Pf)
sk

sl
≥ i = firm 1

c£ ln(C/Pf)
sk

sl
≥ i = firm T

W , E = G £ ec

ek

sl
≥ i = firm 1

c£ ec

ek

el
≥ i = firm T

W  and X likewise. (10-5)

3Dynamic SuR models are proposed by anderson, and Blundell (1982). other applications are examined in Kiviet, 
Phillips, and Schipp (1995), DesChamps (1998), and Wooldridge (2010, p. 194). the VaR models are an important 
group of applications, but they come from a different analytical framework. Related results may be found in 
guilkey and Schmidt (1973), guilkey (1974), Berndt and Savin (1977), moschino and moro (1994), mcLaren 
(1996), and Holt (1998).
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By this arrangement,

 E[EE′ � X] = D � 0 c 0
0 � g 0
0 0 f 0
0 0 g �

T = I ⊗ �. (10-6)

the arrangement in (10-4) will be more convenient for formulating the applications, 
as in example 10.4. the format in (10-5) will be more convenient for formulating the 
estimator and examining its properties.

from (10-2), we can see that with no restrictions on B, ordinary least squares 
estimation of B will be equation by equation oLS,

b = (X′X)-1X′y 1 bm = (Xm
 =Xm)-1Xm

 =ym.

therefore,

bm = Bm + (Xm
 =Xm)-1Xm

 =Em.

Because this is a simple regression model with homoscedastic and nonautocorrelated 
disturbances, the familiar estimator of the asymptotic covariance matrix for (bm, bn) is

 Vn = est.asy.Cov[bm, bn] = smn(Xm
 =Xm)-1Xm

 =Xn (Xn
 =Xn)-1, (10-7)

where smn = em
 =en/T. there is a small ambiguity about the degrees of freedom in smn. 

for the diagonal elements, (T - Km) would be appropriate. one suggestion for the off-
diagonal elements that seems natural, but does not produce an unbiased estimator, is 
[(T - Km)(T - Kn)]1/2.4

for inference purposes, equation (10-7) relies on the two assumptions of 
homoscedasticity and nonautocorrelation. We can see in (10-6) what features are 
accommodated and what are not. the estimator does allow a form of heteroscedasticity 
across equations, in that smm ≠ snn when m ≠ n. this is not a real generality, however. 
for example, in the cost-share equation, it allows the variance of the cost disturbance 
to be different from the share disturbance, but that would be expected. it does assume 
that observations are homoscedastic within each equation, in that e[EmEm

 = � X] = smmI. 
it allows observations to be correlated across equations, in that smn ≠ 0, but it does not 
allow observations at different times (or different firms in our example) to be correlated. 
So, the estimator thus far is not generally robust. Robustness to autocorrelation would be 
the case of lesser interest, save for the panel data models considered in the next chapter. 
an extension to more general heteroscedasticity might be attractive. We can allow the 
diagonal matrices in (10-6) to vary arbitrarily or to depend on Xm. the common � in 
(10-6) would be replaced with �m. the estimator in (10-7) would be replaced by

 VnRobust = est.asy.Var[b] = ¢ a T
t = 1Xt

=Xt≤-1¢ a T
t = 1(Xt

=et)(et
=Xt)≤ ¢ a T

t = 1Xt
=Xt≤-1

.

 (10-8)

4See Srivastava and giles (1987).
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note Xt is M rows and Σm = 1
M Km columns corresponding to the tth observations for all M 

equations, while et is an M * 1 vector of oLS residuals based on (10-5). for example, 
in (10-5), X1 is the 3 * 6 matrix,

X1 = C1 ln Q ln(Pk/Pf) ln(Pl/Pf)
0 0 0 0
0 0 0 0

 
0 0
1 0
0 1

S
firm 1

.

then, (10-8) would be a multiple equation version of the White estimator for arbitrary 
heteroscedasticity shown in Section 9.4.4.

for testing hypotheses, either within or across equations, of the form H0: RB = q, 
we can use the Wald statistic,

W = (RBn - q)′[RVn R′]-1(RBn - q),

which has a limiting chi-squared distribution with degrees of freedom equal to the number 
of restrictions. for simple hypotheses involving one coefficient, such as H0: bk = 0, we 
would report the square root of W as the “asymptotic t ratio,” zk = bnk/asy.S.e.(bnk) where 
the asymptotic standard error would be the square root of the diagonal element of Vn . this 
would have a standard normal distribution in large samples under the null hypothesis.

10.2.2  GENERALIZED LEAST SQUARES

each equation is, by itself, a linear regression. therefore, the parameters could be 
estimated consistently, if not efficiently, one equation at a time, by ordinary least squares. 
the generalized regression model applies to the stacked model in (10-2). in (10-3), where 
the I matrix is T * T, the MT * MT covariance matrix for all of the disturbances is 
� = � ⊗ I and

 �-1 = �-1 ⊗ I.5 (10-9)

the efficient estimator is generalized least squares.6 the gLS estimator is

Bn = [X′�-1X]-1X′�-1y = [X′(�-1 ⊗ I)X]-1X′(�-1 ⊗ I)y.

Denote the mnth element of �-1 by smn. expanding the Kronecker products produces

 Bn = D s11X1
=X1 s12X1

=X2 g s1MX1
=XM

s21X2
=X1 s22X2

=X2 g s2MX2
=XM

f
sM1XM

= X1 sM2XM
= X2 g sMMXM

= XM

T -1G aM
m = 1s

1mX1
=ym

aM
m = 1s

2mX2
=ym

f

aM
m = 1s

MmXM
= ym

W . (10-10)

5See appendix Section a.5.5.
6See Zellner (1962).
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the asymptotic covariance matrix for the gLS estimator is the bracketed inverse matrix 
in (10-10).7 all the results of Chapter 9 for the generalized regression model extend to 
this model.

this estimator is obviously different from ordinary least squares. at this point, 
however, the equations are linked only by their disturbances—hence the name seemingly 
unrelated regressions model—so it is interesting to ask just how much efficiency is gained 
by using generalized least squares instead of ordinary least squares. Zellner (1962) and 
Dwivedi and Srivastava (1978) have noted two important special cases:

1. if the equations are actually unrelated—that is, if smn = 0 for m ≠ n—then there 
is obviously no payoff to gLS estimation of the full set of equations. indeed, full 
gLS is equation by equation oLS.8

2. if the equations have identical explanatory variables—that is, if Xm = Xn = X—
then generalized least squares (gLS) is identical to equation by equation ordinary 
least squares (oLS). this case is common, notably in the capital asset pricing model 
in empirical finance (see the chapter introduction) and in VaR models. a proof is 
considered in the exercises. this general result is lost if there are any restrictions on B, 
either within or across equations. (the application in example 10.2 is one of these cases.) 
the X matrices are identical, but there are cross-equation restrictions on the parameters, 
for example, in (10-4), b1 = a3 and g1 = a4. also, the asymptotic covariance matrix 
of Bn  for this case is given by the large inverse matrix in brackets in (10-10), which 
would be estimated by est.asy.Cov [Bnm, Bnn] = snmn(X′X)-1, m, n = 1, c, M, 
where snmn = em

= en/T. for the full set of estimators, est.asy.Cov[Bn] = �n ⊗ (X′X)-1.

in the more general case, with unrestricted correlation of the disturbances and 
different regressors in the equations, the extent to which gLS provides an improvement 
over oLS is complicated and depends on the data. two propositions that apply generally 
are as follows:

1. the greater the correlation of the disturbances, the greater the efficiency gain 
obtained by using gLS.

2. the less correlation there is between the X matrices, the greater the gain in efficiency 
in using gLS.9

10.2.3  FEASIBLE GENERALIZED LEAST SQUARES

the computation in (10-10) assumes that � is known, which, as usual, is unlikely to be 
the case. fgLS estimators based on the oLS residuals may be used.10 a first step to 
estimate the elements of � uses

 snmn = smn = em
= en/T. (10-11)

7a robust covariance matrix along the lines of (10-8) could be constructed. However, note that the structure 
of � = e[EtEt

=] has been used explicitly to construct the gLS estimator. the greater generality would be 
accommodated by assuming that e[EtEt

= � Xt] = �t is not restricted, again, a form of heteroscedasticity robust 
covariance matrix. this extension is not standard in applications, however. [See Wooldridge (2010, pp. 173–176) 
for further development.]
8See also Kruskal (1968), Baltagi (1989), and Bartels and fiebig (1992) for other cases where oLS equals gLS.
9See Binkley (1982) and Binkley and nelson (1988).
10See Zellner (1962) and Zellner and Huang (1962). the fgLS estimator for this model is also labeled Zellner’s 
efficient estimator, or Zef, in reference to Zellner (1962), where it was introduced.
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With

 S = D s11 s12 g s1M

s21 s22 g s2M

f
sM1 sM2 g sMM

T  (10-12)

in hand, fgLS can proceed as usual.
the fgLS estimator requires inversion of the matrix S where the mnth element is given 

by (10-11). this matrix is M * M. it is computed from the least squares residuals using

 S =
1
T a

T

t = 1
etet

= =
1
T

 E′E, (10-13)

where et
= is a 1 * M vector containing all M residuals for the M equations at time t, 

placed as the tth row of the T * M matrix of residuals, E. the rank of this matrix cannot 
be larger than T. note what happens if M 7 T. in this case, the M * M matrix has 
rank T, which is less than M, so it must be singular, and the fgLS estimator cannot be 
computed. in example 10.1, we aggregate the 48 states into M = 9 regions. it would not 
be possible to fit a full model for the M = 48 states with only T = 17 observations. the 
data set is too short to obtain a positive definite estimate of �.

10.2.4  TESTING HYPOTHESES

for testing a hypothesis about B, a statistic analogous to the F ratio in multiple regression 
analysis is

 F[J, MT - K] =
(RBn - q)′[R(X′�-1X)-1R′]-1(RBn - q)/J

En ′�-1En/(MT - K)
. (10-14)

the computation uses the the unknown �. if we insert the estimator �n  based on (10-11) 
and use the result that the denominator in (10-14) converges to one in T (M is fixed) then, 
in large samples, the statistic will behave the same as

 Fn =
1
J

 ¢RBn
n - q≤ bR est.asy.Var.JBnn RR′ r -1¢RBn

n - q≤. (10-15)

this can be referred to the standard F table. Because it uses the estimated �, even 
with normally distributed disturbances, the F distribution is only valid approximately. in 
general, the statistic F[J, n] converges to 1/J times a chi-squared [J] as n S ∞ . therefore, 
an alternative test statistic that has a limiting chi-squared distribution with J degrees of 
freedom when the null hypothesis is true is

 JFn = ¢RBn
n - q≤ ′bR est.asy.Var.JBnn RR′ r -1¢RBn

n - q≤. (10-16)

this is a Wald statistic that measures the distance between RBn
n

 and q.
one hypothesis of particular interest is the homogeneity or pooling restriction of equal 

coefficient vectors in (10-2). the pooling restriction is that Bm = BM, i = 1, c, M - 1. 
Consistent with (10-15) and (10-16), we would form the hypothesis as
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 RB = D I 0 g 0 - I
0 I g 0 - I

g
0 0 g I - I

T § B1

B2

g
BM

¥ = § B1 - BM

B2 - BM

g
BM - 1 - BM

¥ = 0. (10-17)

this specifies a total of (M - 1)K restrictions on the MK * 1 parameter vector. Denote 

the estimated asymptotic covariance for ¢Bnnm, Bn
n

n≤ as Vnmn. the matrix in braces in (10-16) 

would have the typical K * K block,bR est.asy.Var.JBnn RR′ r
mn

= Vn mn - VnmM - Vn Mn + Vn MM.

it is also of interest to assess statistically whether the off-diagonal elements of � 
are zero. if so, then the efficient estimator for the full parameter vector, absent within 
group heteroscedasticity or autocorrelation, is equation-by-equation ordinary least 
squares. there is no standard test for the general case of the SuR model unless the 
additional assumption of normality of the disturbances is imposed in (10-1) and (10-2). 
With normally distributed disturbances, the standard trio of tests, Wald, likelihood ratio, 
and Lagrange multiplier, can be used. the Wald test is likely to be quite cumbersome. 
the likelihood ratio statistic for testing the null hypothesis that the matrix � in (10-3) 
is a diagonal matrix against the alternative that Σ is simply an unrestricted positive 
definite matrix would be

 lLR = T[ln � S0 � - ln � S1 � ], (10-18)

where S1 is the residual covariance matrix defined in (10-12) (without a degrees of 
freedom correction). the residuals are computed using maximum likelihood estimates 
of the parameters, not fgLS.11 under the null hypothesis, the model would be efficiently 
estimated by individual equation oLS, so

ln � S0 � = a
M

m = 1
ln(em

= em/T).

the statistic would be used for a chi-squared test with M(M - 1)/2 degrees of freedom. 
the Lagrange multiplier statistic developed by Breusch and Pagan (1980) is

 lLM = T a
M

m = 2
a

m - 1

n = 1
rmn

2 , (10-19)

based on the sample correlation matrix of the M sets of T oLS residuals. this has the 
same large sample distribution under the null hypothesis as the likelihood ratio statistic, 
but is obviously easier to compute, as it only requires the oLS residuals. alternative 
approaches that have been suggested, such as the LR test in (10-18), are based on the 
“excess variation,” (�n 0 - �n 1).12

11in the SuR model of this chapter, the mLe for normally distributed disturbances can be computed by iterating 
the fgLS procedure, back and forth between (10-10) and (10-12), until the estimates are no longer changing.
12See, for example, Johnson and Wichern (2005, p. 424).
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10.2.5  THE POOLED MODEL

if the variables in Xm are all the same and the coefficient vectors in (10-2) are assumed 
all to be equal, then the pooled model,

ymt = xmt
= B + emt,

results. Collecting the T observations for group m, we obtain

ym = XmB + Em.

for all M groups,

 D y1

y2

f
yM

T = D X1

X2

f
XM

TB + D E1

E2

f
EM

T = XB + E, (10-20)

where

E[Ei � X] = 0,

 E[EmEn
= � X] = smnI, 

(10-21)

or

E[EE′] = � ⊗ I.

the generalized least squares estimator under this assumption is

 Bn = [X′(� ⊗ I)-1X]-1[X′(� ⊗ I)-1y]

  = J a
M

m = 1
a
M

n = 1
smnXm

= Xn R -1J a
M

m = 1
a
M

n = 1
smnXm

= yn R . 
(10-22)

the fgLS estimator can be computed using (10-11), where em would be a subvector of 
the pooled oLS residual vector using all MT observations.

Example 10.1  A Regional Production Model for Public Capital
Munnell (1990) proposed a model of productivity of public capital at the state level. The central 
equation of the analysis that we will extend here is a Cobb–Douglas production function,

 ln gspmt = am + b1m ln pcmt + b2m ln hwymt + b3m ln watermt + b4m ln utilmt

 + b5m ln empmt + b6m unempmt + emt,

where

gsp  = gross state product,

pc  = private capital,

hwy  = highway capital,

water  = water utility capital,

util  = utility capital,

emp  = employment (labor),

 unemp = unemployment rate.
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The data, measured for the 48 contiguous states in the U.S. (excluding Alaska and Hawaii) 
and years 1970–1986 are given in Appendix Table F10.1. We will aggregate the data for the 48 
states into nine regions consisting of the following groups of states (the state codes appear 
in the data file):

Gulf States  = GF = AL, FL, LA, MS,

Southwest  = SW = AZ, NV, NM, TX, UT,

West Central = WC = CA, OR, WA,

Mountain  = MT = CO, ID, MT, ND, SD, WY,

Northeast  = NE = CT, ME, MA, NH, RI, VT,

Mid Atlantic  = MA = DE, MD, NJ, NY, PA, VA,

South  = SO = GA, NC, SC, TN, WV, AR,

Midwest  = MW = IL, IN, KY, MI, MN, OH, WI,

Central  = CN = IA, KS, MO, NE, OK.

This defines a nine-equation model. Note that with only 17 observations per state, it is not 
possible to fit the unrestricted 48-equation model. This would be a case of the short rank 
problem noted at the end of Section 10.2.2. The calculations for the data setup are are 
described in Application 1 at the end of this chapter, where the reader is invited to replicate 
the computations and fill in the omitted parts of Table 10.3.

We initially estimated the nine equations of the regional productivity model separately by 
OLS. The OLS estimates are shown in Table 10.1. (For brevity, the estimated standard errors 
are not shown.)

The correlation matrix for the OLS residuals is shown in Table 10.2.

Region A B1 B2 B3 B4 B5 B6 R2

gf oLS 11.570 0.002 -2.028 0.101 1.358 0.805 -0.007 0.997
fgLS 12.310 -0.201 -1.886 0.178 1.190 0.953 -0.003

SW oLS 3.028 0.164 -0.075 -0.169 0.637 0.362 -0.017 0.998
fgLS 4.083 0.077 -0.131 -0.136 0.522 0.539 -0.156

WC oLS 3.590 0.295 0.174 -0.226 -0.215 0.917 -0.008 0.994
fgLS 1.960 0.170 0.132 -0.347 0.895 1.070 -0.006

mt oLS 6.378 -0.153 -0.123 0.306 -0.533 1.344 0.005 0.999
fgLS 3.463 -0.115 0.180 0.262 -0.330 1.079 -0.002

ne oLS -13.730 -0.020 0.661 -0.969 -0.107 3.380 0.034 0.985
fgLS -12.294 -0.118 0.934 -0.557 -0.290 2.494 0.020

ma oLS -22.855 -0.378 3.348 -0.264 -1.778 2.637 0.026 0.986
fgLS -18.616 -0.311 3.060 -0.109 -1.659 2.186 0.018

So oLS 3.922 0.043 -0.773 -0.035 0.137 1.665 0.008 0.994
fgLS 3.162 -0.063 -0.641 -0.081 0.281 1.620 0.008

mW oLS -9.111 0.233 1.604 0.717 -0.356 -0.259 -0.034 0.989
fgLS -9.258 0.096 1.612 0.694 -0.340 -0.062 -0.031

Cn oLS -5.621 0.386 1.267 0.546 -0.108 -0.475 -0.313 0.995
fgLS -3.405 0.295 0.934 0.539 0.003 -0.321 -0.030

TABLE 10.1 Estimates of Seemingly Unrelated Regression Equations
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The correlations are large enough to suggest that there is substantial correlation of the 
disturbances across regions. The LM statistic in (10-19) for testing the hypothesis that the 
covariance matrix of the disturbances is diagonal equals 103.1 with 8(9)/2 = 36 degrees 
of freedom. The critical value from the chi-squared table is 50.998, so the null hypothesis 
that smn = 0 (or rmn = 0) for all m ≠ n, that is, that the seemingly unrelated regressions 
are actually unrelated, is rejected on this basis. Table 10.1 also presents the FGLS estimates 
of the model parameters. These are computed in two steps, with the first-step OLS results 
producing the estimate of � for FGLS. The correlations in Table 10.2 suggest that there is likely 
to be considerable benefit to using FGLS in terms of efficiency of the estimator. The individual 
equation OLS estimators are consistent, but they neglect the cross-equation correlation and 
heteroscedasticity. A comparison of some of the estimates for the main capital and labor 
coefficients appears in Table 10.3. The estimates themselves are comparable. But the estimated 
standard errors for the FGLS coefficients are roughly half as large as the corresponding OLS 
values. This suggests a large gain in efficiency from using GLS rather than OLS.

The pooling restriction is formulated as

H0: B1 = B2 = g = BM,
H1: Not H0.

GF SW WC MT NE MA SO MW CN

gf � 1
SW � 0.173 1
WC � 0.447 0.697 1
mt � -0.547 -0.290 -0.537 1
ne � 0.525 0.489 0.343 -0.241 1
ma � 0.425 0.132 0.130 -0.322 0.259 1
So � 0.763 0.314 0.505 -0.351 0.783 0.388 1
mW � 0.167 0.565 0.574 -0.058 0.269 -0.037 0.366 1
Cn � 0.325 0.119 0.037 0.091 0.200 0.713 0.350 0.298 1

TABLE 10.2 Correlations of OLS Residuals

B1 B5

Region OLS FGLS OLS FGLS

gf 0.002 (0.301) -0.201 (0.142) 0.805 (0.159) 0.953 (0.085)
SW 0.164 (0.166) 0.077 (0.086) 0.362 (0.165) 0.539 (0.085)
WC 0.295 (0.205) 0.170 (0.092) 0.917 (0.377) 1.070 (0.171)
mt -0.153 (0.084) -0.115 (0.048) 1.344 (0.188) 1.079 (0.105)
ne -0.020 (0.286) -0.118 (0.131) 3.380 (1.164) 2.494 (0.479)
ma -0.378 (0.167) -0.311 (0.081) 2.673 (1.032) 2.186 (0.448)
So 0.043 (0.279) -0.063 (0.104) 1.665 (0.414) 1.620 (0.185)
mW 0.233 (0.206) 0.096 (0.102) -0.259 (0.303) -0.062 (0.173)
Cn 0.386 (0.211) 0.295 (0.090) -0.475 (0.259) -0.321 (0.169)
Pooled 0.260 (0.017) 0.254 (0.006) 0.330 (0.030) 0.343 (0.001)

*estimates of Capital (b1) and Labor (b5) coefficients. estimated standard errors in parentheses.

TABLE 10.3 Comparison of OLS and FGLS Estimates*
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The R matrix for this hypothesis is shown in (10-17). The test statistic is in (10-16). For 
our model with nine equations and seven parameters in each, the null hypothesis imposes 
(9@1)7 = 56 restrictions. The computed test statistic is 6092.5, which is far larger than the 
critical value from the chi-squared table, 74.468. So, the hypothesis of homogeneity is 
rejected. Part of the pooled estimator is shown in Table 10.3. The benefit of the restrictions 
on the estimator can be seen in the much smaller standard errors in every case compared 
to the separate estimators. If the hypothesis that all the coefficient vectors were the same 
were true, the payoff to using that information would be obvious. Because the hypothesis is 
rejected, that benefit is less clear, as now the pooled estimator does not consistently estimate 
any of the individual coefficient vectors.

10.3 SYSTEMS OF DEMAND EQUATIONS: SINGULAR SYSTEMS

many of the applications of the seemingly unrelated regression model have estimated 
systems of demand equations, either commodity demands, factor demands, or factor 
share equations in studies of production. each is merely a particular application of the 
model of Section 10.2. But some special problems arise in these settings. first, the 
parameters of the systems are usually constrained across the equations. this usually 
takes the form of parameter equality constraints across the equations, such as the 
symmetry assumption in production and cost models—see (10-32) and (10-33).13 
a second feature of many of these models is that the disturbance covariance matrix � 
is singular, which would seem to preclude gLS (or fgLS).

10.3.1  COBB–DOUGLAS COST FUNCTION

Consider a Cobb–Douglas production function,

Q = a0 q
M

m = 1
xm
am.

Profit maximization with an exogenously determined output price calls for the firm to 
maximize output for a given cost level C (or minimize costs for a given output Q). the 
Lagrangean for the maximization problem is

Λ = a0 q
M

m = 1
xm
am + l(C - p′x),

where p is the vector of M factor prices. the necessary conditions for maximizing this 
function are

0Λ
0xm

=
amQ
xm

- lpm = 0 and 
0Λ
0l

= C - p′x = 0.

the joint solution provides xm(Q, p) and l(Q, p). the total cost of production is then

a
M

m = 1
pmxm = a

M

m = 1

amQ

l
.

the cost share allocated to the mth factor is

13See Silver and ali (1989) for a discussion of testing symmetry restrictions.
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pmxm

aM
m = 1pmxm

=
am

aM
m = 1am

= bm. (10-23)

the full model is14

 ln C = b0 + bq ln Q + a
M

m = 1
bm ln pm + ec,

 sm = bm + em, m = 1, c, M.   

(10-24)

algebraically, aM
m = 1bm = 1 and aM

m = 1sm = 1. (this is the cost function analysis begun 
in example 6.17. We will return to that application below.) the cost shares will also sum 
identically to one in the data. it therefore follows that aM

m = 1em = 0 at every data 
point so the system is singular. for the moment, ignore the cost function. Let the M * 1 
disturbance vector from the shares be E = [e1, e2, c, eM]′. Because E′i = 0, where 
i is a column of 1s, it follows that E[EE′i] = �i = 0, which implies that � is singular. 
therefore, the methods of the previous sections cannot be used here. (you should verify 
that the sample covariance matrix of the oLS residuals will also be singular.)

the solution to the singularity problem appears to be to drop one of the equations, 
estimate the remainder, and solve for the last parameter from the other M - 1. the 
constraint aM

m = 1bm = 1 states that the cost function must be homogeneous of degree 
one in the prices. if we impose the constraint

 bM = 1 - b1 - b2 - g - bM - 1, (10-25)

then the system is reduced to a nonsingular one,

 ln¢ C
pM

≤ = b0 + bq ln Q + a
M - 1

m = 1
bm ln¢ pm

pM
≤ + ec,

 sm = bm + em, m = 1, c, M - 1.

this system provides estimates of b0, bq, and b1, c, bM - 1. the last parameter is 
estimated using (10-25). it is immaterial which factor is chosen as the numeraire; fgLS 
will be invariant to which factor is chosen.

Example 10.2  Cobb–Douglas Cost Function
Nerlove’s (1963) study of the electric power industry that we examined in Example 6.6 provides 
an application of the Cobb–Douglas cost function model. His ordinary least squares estimates 
of the parameters were listed in Example 6.6. Among the results are (unfortunately) a negative 
capital coefficient in three of the six regressions. Nerlove also found that the simple Cobb–
Douglas model did not adequately account for the relationship between output and average 
cost. Christensen and Greene (1976) further analyzed the Nerlove data and augmented the 
data set with cost share data to estimate the complete demand system. Appendix Table F6.2 
lists Nerlove’s 145 observations with Christensen and Greene’s cost share data. Cost is the 
total cost of generation in millions of dollars, output is in millions of kilowatt-hours, the capital 
price is an index of construction costs, the wage rate is in dollars per hour for production and 
maintenance, the fuel price is an index of the cost per BTU of fuel purchased by the firms, and 
the data reflect the 1955 costs of production. The regression estimates are given in Table 10.4.

14We leave as an exercise the derivation of b0, which is a mixture of all the parameters, and bq, which equals 1/Σmam.
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Least squares estimates of the Cobb–Douglas cost function are given in the first column. 
The coefficient on capital is negative. Because bm = bq0 ln Q/0 ln xm—that is, a positive 
multiple of the output elasticity of the mth factor—this finding is troubling. The third column 
presents the constrained FGLS estimates. To obtain the constrained estimator, we set up the 
model in the form of the pooled SUR estimator in (10-20),

y = C ln(C/Pf)
sk

sl

S = C i ln Q ln(Pk/Pf) ln(Pl/Pf)
0 0 i 0
0 0 0 i

S §b0

bq

bk

bl

¥ + CEc

Ek

El

S .

Note this formulation imposes the restrictions b1 = a3 and g1 = a4 on (10-4). There are 
3(145) = 435 observations in the data matrices. The estimator is then FGLS, as shown in 
(10-22). An additional column is added for the log quadratic model. Two things to note are the 
dramatically smaller standard errors and the now positive (and reasonable) estimate of the 
capital coefficient. The estimates of economies of scale in the basic Cobb–Douglas model are 
1/bq = 1.39 (column 1) and 1.31 (column 3), which suggest some increasing returns to scale. 
Nerlove, however, had found evidence that at extremely large firm sizes, economies of scale 
diminished and eventually disappeared. To account for this (essentially a classical U-shaped 
average cost curve), he appended a quadratic term in log output in the cost function. The 
single equation and FGLS estimates are given in the second and fourth sets of results.

The quadratic output term gives the average cost function the expected U-shape. We 
can determine the point where average cost reaches its minimum by equating 0 ln C/0 ln Q 
to 1. This is Q* = exp[(1 - bq)/(2bqq)]. Using the FGLS estimates, this value is Q* = 4,669. 
(Application 5 considers using the delta method to construct a confidence interval for Q*.) 
About 85% of the firms in the sample had output less than this, so by these estimates, most 
firms in the sample had not yet exhausted the available economies of scale. Figure 10.1 shows 
predicted and actual average costs for the sample. (To obtain a reasonable scale, the smallest 
one third of the firms are omitted from the figure.) Predicted average costs are computed 
at the sample averages of the input prices. The figure does reveal that that beyond a quite 
small scale, the economies of scale, while perhaps statistically significant, are economically 
quite small.

Ordinary Least Squares Constrained Feasible GLS

Constant b0 -4.686 -3.764 -7.069 -5.707
(0.885) (0.702) (0.107) (0.165)

ln Output bq 0.721 0.153 0.766 0.239
(0.0174) (0.0618) (0.0154) (0.0587)

ln2 Output bqq 0.0505 0.0451

(0.0054) (0.00508)
ln Pcapital bk -0.0085 0.0739 0.424 0.425

(0.191) (0.150) (0.00946) (0.00943)
ln Plabor bl 0.594 0.481 0.106 0.106

(0.205) (0.161) (0.00386) (0.00380)
ln Pfuel bf 0.414 0.445 0.470 0.470

(0.0989) (0.0777) (0.0101) (0.0100)

TABLE 10.4 Cost Function Estimates (Estimated standard errors in parentheses)
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10.3.2  FLEXIBLE FUNCTIONAL FORMS: THE TRANSLOG COST FUNCTION

the classic paper by arrow et al. (1961) called into question the inherent restriction of 
the popular Cobb–Douglas model that all elasticities of factor substitution are equal to 
one. Researchers have since developed numerous flexible functions that allow substitution 
to be unrestricted.15 Similar strands of literature have appeared in the analysis of 
commodity demands.16 in this section, we examine in detail a specific model of production.

Suppose that production is characterized by a production function, Q = f(x). 
the solution to the problem of minimizing the cost of producing a specified output 
rate given a set of factor prices produces the cost-minimizing set of factor demands 
xm* = xm(Q, p). the total cost of production is given by the cost function,

 C = a
M

m = 1
pmxm(Q, p) = C(Q, p). (10-26)

if there are constant returns to scale, then it can be shown that C = Qc(p) or C/Q = c(p), 
where c(p) is the per unit or average cost function.17 the cost-minimizing factor demands 
are obtained by applying Shephard’s lemma (1970), which states that if C(Q, p) gives 
the minimum total cost of production, then the cost-minimizing set of factor demands 
is given by

 xm* =
0C(Q, p)

0pm

. (10-27)

15See, in particular, Berndt and Christensen (1973).
16See, for example, Christensen, Jorgenson, and Lau (1975) and two surveys, Deaton and muellbauer (1980) and 
Deaton (1983). Berndt (1990) contains many useful results.
17the Cobb–Douglas function of the previous section gives an illustration. the restriction of constant returns to 
scale is bq = 1, which is equivalent to C = Qc(p). nerlove’s more general version of the cost function allows 
nonconstant returns to scale. See Christensen and greene (1976) and Diewert (1974) for some of the formalities 
of the cost function and its relationship to the structure of production.

FiguRE 10.1  Predicted Average Costs.
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alternatively, by differentiating logarithmically, we obtain the cost-minimizing factor 
cost shares,

 sm* =
0 ln C(Q, p)

0 ln pm
=

pm

C
 
0C(Q, p)

0pm
=

pmxm*
C

. (10-28)

With constant returns to scale, ln C(Q, p) = ln Q + ln c(p), so

 sm* =
0 ln c(p)

0 ln pm

. (10-29)

in many empirical studies, the objects of estimation are the elasticities of factor 
substitution and the own price elasticities of demand, which are given by

umn =
c(02c/0pm0pn)

(0c/0pm)(0c/0pn)
and

hm = smumm.

By suitably parameterizing the cost function (10-26) and the cost shares (10-29), we obtain 
an M or M + 1 equation econometric model that can be used to estimate these quantities.

the transcendental logarithmic or translog function is the most frequently used 
flexible function in empirical work.18 By expanding ln c(p) in a second-order taylor 
series about the point ln(p) = 0, we obtain

 ln c ≈ b0 + a
M

m = 1
a 0 ln c

0 ln pm
≤ log pm +

1
2 a

M

m = 1
a
M

n = 1
¢ 02 ln c

0 ln pm 0 ln pn
b  ln pm ln pn, (10-30)

where all derivatives are evaluated at the expansion point. if we treat these derivatives 
as the coefficients, then the cost function becomes

  ln c = b0 + b1 ln p1 + g + bM ln pM + d11a 1
2

 ln2 p1b + d12 ln p1 ln p2

 + d22a 1
2

 ln2 p2b + g + dMMa 1
2

 ln2 pMb . (10-31)

this is the translog cost function. if dmn equals zero, then it reduces to the Cobb–Douglas 
function in Section 10.3.1. the cost shares are given by

 s1 =
0 ln c
0 ln p1

= b1 + d11 ln p1 + d12 ln p2 + g + d1M ln pM,

 s2 =
0 ln c
0 ln p2

= b2 + d21 ln p1 + d22 ln p2 + g + d2M ln pM,

 f

  sM =
0 ln c

0 ln pM
= bM + dM1 ln p1 + dM2 ln p2 + g + dMM ln pM. 

(10-32)

18the function was proposed in a series of papers by Berndt, Christensen, Jorgenson, and Lau, including Berndt 
and Christensen (1973) and Christensen et al. (1975).
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the theory implies a number of restrictions on the parameters. the matrix of second 
derivatives must be symmetric (by young’s theorem for continuous functions). 
the cost function must be linearly homogeneous in the factor prices. this implies 
Σm = 1

M (0 ln c(p)/0 ln pm) = 1. this implies the adding-up restriction, Σm = 1
M sm = 1. 

together, these imply the following set of cross-equation restrictions:

 dmn = dnm     (symmetry),

 a
M

m = 1
bm = 1      (linear homogeneity),

 a
M

m = 1
dmn = a

M

n = 1
dmn = 0. 

(10-33)

the system of share equations in (10-32) produces a seemingly unrelated regressions 
model that can be used to estimate the parameters of the model.19 to make the model 
operational, we must impose the restrictions in (10-33) and solve the problem of 
singularity of the disturbance covariance matrix of the share equations. the first is 
accomplished by dividing the first M - 1 prices by the Mth, thus eliminating the last 
term in each row and column of the parameter matrix. as in the Cobb–Douglas model, 
we obtain a nonsingular system by dropping the Mth share equation. for the translog 
cost function, the elasticities of substitution are particularly simple to compute once the 
parameters have been estimated,

 umn =
dmn + smsn

smsn
, umm =

dmm + sm(sm - 1)

sm
2

. (10-34)

these elasticities will differ at every data point. it is common to compute them at some 
central point such as the means of the data.20 the factor-specific demand elasticities are 
then computed using hm = smumm.

Example 10.3  A Cost Function for U.S. Manufacturing
A number of studies using the translog methodology have used a four-factor model, with 
capital K, labor L, energy E, and materials M, the factors of production. Among the studies to 
employ this methodology was Berndt and Wood’s (1975) estimation of a translog cost function 
for the U.S. manufacturing sector. The three factor shares used to estimate the model are

 sK = bK + dKK ln¢ pK

pM
≤ + dKL ln¢ pL

pM
≤ + dKE ln¢ pE

pM
≤,

 sL = bL + dKL ln¢ pK

pM
≤ + dLL ln¢ pL

pM
≤ + dLE ln¢ pE

pM
≤,

 sE = bE + dKE ln¢ pK

pM
≤ + dLE ln¢ pL

pM
≤ + dEE ln¢ pE

pM
≤.

19the system of factor share equations estimates all of the parameters in the model except for the overall constant 
term, b0. the cost function can be omitted from the model. Without the assumption of constant returns to scale, 
however, the cost function will contain parameters of interest that do not appear in the share equations. in this 
case, one would want to include it in the equation system. See Christensen and greene (1976) for an application.
20they will also be highly nonlinear functions of the parameters and the data. a method of computing asymptotic 
standard errors for the estimated elasticities is presented in anderson and thursby (1986). Krinsky and Robb 
(1986, 1990, 1991). (See also Section 15.3.) proposed their method as an alternative approach to this computation.
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Berndt and Wood’s data are reproduced in Appendix Table F10.2. Constrained FGLS 
estimates of the parameters presented in Table 10.4 were obtained by constructing the pooled 
regression in (10-20) with data matrices

 y = CsK

sL

sE

S ,

 X = C i 0 0 ln PK/PM ln PL/PM ln PE/PM 0 0 0
0 i 0 0 ln PK/PM 0 ln PL/PM ln PK/PM 0
0 0 i 0 0 ln PK/PM 0 ln PL/PM ln PE/PM

S ,

 B′ = (bK, bL, bE, dKK, dKL, dKE, dLL, dLE, dEE). 

(10-35)

Estimates are then obtained by iterating the two-step procedure in (10-11) and (10-22).21 The 
parameters not estimated directly in (10-35) are computed using (10-33). The implied 
estimates of the elasticities of substitution and demand elasticities for 1959 (the central year 
in the data) are given in TABLE 10.5 using the fitted cost shares and the estimated parameters 
in (10-34). The departure from the Cobb–Douglas model with unit elasticities is substantial. 
For example, the results suggest almost no substitutability between energy and labor and 
some complementarity between capital and energy.

The underlying theory requires that the cost function satisfy three regularity conditions, 
homogeneity of degree one in the input prices, monotonicity in the prices, and quasiconcavity. 
The first of these is imposed by (10-33), which we built into the model. The second is obtained 
if all of the fitted cost shares are positive, which we have verified at every observation. The 
third requires that the matrix,

Ft = � - diag(st) + stst
=,

21the estimates do not match those reported by Berndt and Wood. to purge their data of possible correlation 
with the disturbances, they first regressed the prices on 10 exogenous macroeconomic variables, such as u.S. 
population, government purchases of labor services, real exports of durable goods and u.S. tangible capital stock, 
and then based their analysis on the fitted values. the estimates given here are, in general, quite close to theirs. for 
example, their estimates of the constants in table 10.5 are 0.60564, 0.2539, 0.0442, and 0.6455. Berndt and Wood’s 
estimate of uEL for 1959 is 0.64 compared to ours in table 10.5 of 0.60564.

Constant Capital Labor Energy Materials

Capital 0.05689 0.02949 -0.00005 -0.01067 -0.01877*
(0.00135) (0.00580) (0.00385) (0.00339) (0.00971)

Labor 0.25344 0.07543 -0.00476 -0.07063*
(0.00223) (0.00676) (0.00234) (0.01060)

Energy 0.04441 0.01835 -0.00294*
(0.00085) (0.00499) (0.00800)

Materials 0.64526* 0.09232*
(0.00330) (0.02247)

*Derived using (10-33).

TABLE 10.5  Parameter Estimates for Aggregate Translog Cost Function (Standard errors in 
parentheses)
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be negative semidefinite, where � is the symmetric matrix of coefficients on the quadratic 
terms in Table 10.5 and st is the vector of factor shares. This condition can be checked at 
each observation by verifying that the characteristic roots of Ft are all nonpositive. For the 
1959 data, the four characteristic roots are (0, -0.00152, -0.06277, -0.23514). The results 
for the other years are similar. The estimated cost function satisfies the theoretical regularity 
conditions.

10.4 SIMULTANEOUS EQUATIONS MODELS

the seemingly unrelated regression model,

ymt = xmt
= Bm + emt,

derives from a set of regression equations that are related through the disturbances. the 
regressors, xmt, are exogenous and can vary for reasons that are not explained within the 
model. thus, the coefficients are directly interpretable as partial or causal effects and 
can be estimated by least squares or other methods that are based on the conditional 
mean functions, E[ymt � xmt] = xmt

= B. in the market equilibrium model suggested in the 
introduction,

QDemand  = a1 + a2Price + a3Income + d′A + eDemand,

QSupply  = b1 + b2Price + b3FactorPrice + s′B + eSupply,

QEquilibrium = QDemand = QSupply,

neither of the two market equations is a conditional mean. the partial equilibrium 
experiment of changing the equilibrium price and inducing a change in the equilibrium 
quantity in the hope of eliciting an estimate of the demand elasticity, a2 (or supply 
elasticity, b2), makes no sense. the model is of the joint determination of quantity and 
price. Price changes when the market equilibrium changes, but that is induced by changes 
in other factors, such as changes in incomes or other variables that affect the supply 
function. nonetheless, the elasticities of demand and supply, a2 and b2, are of interest, 
and do have a causal interpretation in the context of the model. this section considers the 
theory and methods that apply for estimation and analysis of systems of interdependent 
equations.

Capital Labor Energy Materials

Cost Shares for 1959
fitted 0.05640 0.27452 0.04389 0.62519
actual 0.06185 0.27303 0.04563 0.61948

Implied Elasticities of Substitution, 1959
Capital -7.4612
Labor 0.99691 -1.64179
Energy -3.31133 0.60533 -12.2566
Materials 0.46779 0.58848 0.89334 -0.36331

Implied Own Price Elasticities
-0.420799 -0.45070 -0.53793 -0.22714

TABLE 10.6 Estimated Elasticities
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as we saw in example 8.4, least squares regression of observed equilibrium quantities 
on price and the other factors will compute an ambiguous mixture of the supply and 
demand functions. the result follows from the endogeneity of Price in either equation. 
Simultaneous equations models arise in settings such as this one, in which the set of 
equations are interdependent. Simultaneous equations models will fit in the framework 
developed in Chapter 8, where we considered equations in which some of the right-hand-
side variables are endogenous—that is, correlated with the disturbances. the substantive 
difference at this point is the source of the endogeneity. in our treatments in Chapter 
8, endogeneity arose, for example, in the models of omitted variables, measurement 
error, or endogenous treatment effects, essentially as an unintended deviation from the 
assumptions of the linear regression model. in the simultaneous equations framework, 
endogeneity is a fundamental part of the specification. this section will consider the 
issues of specification and estimation in systems of simultaneous equations. We begin 
in Section 10.4.1 with a development of a general framework for the analysis and a 
statement of some fundamental issues. Section 10.4.2 presents the simultaneous equations 
model as an extension of the seemingly unrelated regressions model in Section 10.2. the 
ultimate objective of the analysis will be to learn about the model coefficients. the issue 
of whether this is even possible is considered in Section 10.4.3, where we develop the 
issue of identification. once the identification question is settled, methods of estimation 
and inference are presented in Sections 10.4.4 and 10.4.5.

Example 10.4.  Reverse Causality and Endogeneity in Health
As we examined in Chapter 8, endogeneity arises from several possible sources. The case 
considered in this chapter is simultaneity, sometimes labeled reverse causality. Consider 
a familiar modeling framework in health economics, the “health production function” (see 
Grossman (1972)), in which we might model health outcomes as

Health = f(income, Education, Health Care, Age, c, eH = other factors).

It is at least debatable whether this can be treated as a regression. For any individual, 
arguably, lower incomes are associated with lower results for health. But which way does 
the “causation run?” It may also be that variation in health is a driver of variation in income. 
A natural companion might appear

income = g(Health, Education, c, eI = labor market factors).

The causal effect of income on health could, in principle, be examined through the experiment 
of varying income, assuming that external factors such as labor market conditions could be 
driving the change in income. But, in the second equation, we could likewise be interested 
in how variation in health outcomes affect incomes. The idea is similarly complicated at the 
aggregate level. Deaton’s (2003) updated version of the “Preston Curve” (1978) in Figure 10.2 
suggests covariation between health (life expectancy) and income (per capita GDP) for a group 
of countries. Which variable is driving which is part of a longstanding discussion.

10.4.1  SYSTEMS OF EQUATIONS

Consider a simplified version of the equilibrium model,

 demand equation: qd,t = a1pt + a2xt + ed,t,

 supply equation: qs,t = b1pt + es,t,

 equilibrium condition: qd,t = qs,t = qt.
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these equations are structural equations in that they are derived from theory and each 
purports to describe a particular aspect of the economy. Because the model is one of 
the joint determination of price and quantity, they are labeled jointly dependent or 
endogenous variables. income, x, is assumed to be determined outside of the model, 
which makes it exogenous. the disturbances are added to the usual textbook description 
to obtain an econometric model. all three equations are needed to determine the 
equilibrium price and quantity, so the system is interdependent. finally, because an 
equilibrium solution for price and quantity in terms of income and the disturbances 
is, indeed, implied (unless a1 equals b1), the system is said to be a complete system 
of equations. as a general rule, it is not possible to estimate all the parameters of 
incomplete systems. (it may be possible to estimate some of them, as will turn out to be 
the case with this example).

Suppose that interest centers on estimating the demand elasticity a1. for simplicity, 
assume that ed and es are well behaved, classical disturbances with

 E[ed,t � xt] = E[es,t � xt] = 0,

 E[ed,t
2 � xt] = sd

2,

 E[es,t
2 � xt] = ss

2,

 E[ed,tes,t � xt] = 0.

all variables are mutually uncorrelated with observations at different time periods. 
Price, quantity, and income are measured in logarithms in deviations from their sample 

FiguRE 10.2  Updated Preston Curve.

10,000 20,000

GDP per capita, 2000, current PPP $

30,000 40,0000

Botswana
40

50L
if

e 
ex

pe
ct

an
cy

,  
20

00

60

70

80

Namibia
Nigeria

Gabon

Bangladesh
Pakistan

South Africa

Equatorial Guinea

ArgentinaRussia
Indonesia

Brazil
India

China

Korea

UK Germany

JapanFrance
ItalySpain

Mexico

USA

M10_GREE1366_08_SE_C10.indd   348 2/24/17   9:20 PM



 CHAPTER 10  ✦  Systems of Regression Equations 349

means. Solving the equations for p and q in terms of x, ed, and es produces the reduced 
form of the model,

 p =
a2x

b1 - a1
+

ed - es

b1 - a1
= p1x + v1,

 q =
b1a2x

b1 - a1
+

b1ed - a1es

b1 - a1
= p2x + v2. 

(10-36)

(note the role of the “completeness” requirement that a1 not equal b1. this means 
that the two lines are not parallel.) it follows that Cov[p, ed] = sd

2/(b1 - a1) and 
Cov[p, es] = -ss

2/(b1 - a1) so neither the demand nor the supply equation satisfies 
the assumptions of the classical regression model. the price elasticity of demand 
cannot be consistently estimated by least squares regression of q on x and p. this 
result is characteristic of simultaneous equations models. Because the endogenous 
variables are all correlated with the disturbances, the least squares estimators of the 
parameters of equations with endogenous variables on the right-hand side are 
inconsistent.22

Suppose that we have a sample of T observations on p, q, and x such that

plim(1/T)x′x = sx
2.

Because least squares is inconsistent, we might instead use an instrumental variable 
estimator. (See Section 8.3.) the only variable in the system that is not correlated with the 
disturbances is x. Consider, then, the iV estimator, bn1 = (x′p)-1x′q. this estimator has

plim bn1 = plim 
x′q/T

x′p/T
=

sx
2b1a2/(b1 - a1)

sx
2a2/(b1 - a1)

= b1.

evidently, the parameter of the supply curve can be estimated by using an instrumental 
variable estimator. in the least squares regression of p on x, the predicted values are 
pn = (x′p/x′x)x. it follows that in the instrumental variable regression the instrument 
is pn . that is,

bn1 =
pn ′q
pn ′p

.

Because pn ′p = pn ′pn , bn1 is also the slope in a regression of q on these predicted values. 
this interpretation defines the two-stage least squares estimator.

it would seem natural to use a similar device to estimate the parameters of the 
demand equation, but unfortunately, we have already used all of the information in the 
sample. not only does least squares fail to estimate the demand equation consistently, 
but without some further assumptions, the sample contains no other information that 
can be used. this example illustrates the problem of identification alluded to in the 
introduction to this section.

22this failure of least squares is sometimes labeled simultaneous equations bias.
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10.4.2  A GENERAL NOTATION FOR LINEAR SIMULTANEOUS EQUATIONS MODELS23

the structural form of the model is

 g11yt1 + g21yt2 + g + gM1ytM + b11xt1 + g + bK1xtK = et1,

 g12yt1 + g22yt2 + g + gM2ytM + b12xt1 + g + bK2xtK = et2,

 f
 g1Myt1 + g2Myt2 + g + gMMytM + b1Mxt1 + g + bKMxtK = etM.
 

(10-37)

there are M equations and M endogenous variables, denoted y1, c, yM. there are K 
exogenous variables, x1, c, xK, that may include predetermined values of y1, c, yM 
as well.24 the first element of xt will usually be the constant, 1. finally, et1, c, etM are 
the structural disturbances. the subscript t will be used to index observations, 
t = 1, c, T.

in matrix terms, the system may be written

[y1 y2 g yM]t D g11 g12 g g1M

g21 g22 g g2M

f
gM1 gM2 g gMM

T
+ [x1 x2 g xK]t D b11 b12 g b1M

b21 b22 g b2M

f
bK1 bK2 g bKM

T = [e1 e2 g eM]t,

or

yt
=� + xt

=B = Et
=.

each column of the parameter matrices is the vector of coefficients in a particular 
equation. the underlying theory will imply a number of restrictions on � and B. one of 
the variables in each equation is labeled the dependent variable so that its coefficient 
in the model will be 1. thus, there will be at least one “1” in each column of �. this 
normalization is not a substantive restriction. the relationship defined for a given 
equation will be unchanged if every coefficient in the equation is multiplied by the same 
constant. Choosing a dependent variable simply removes this indeterminacy. if there are 
any identities, then the corresponding columns of � and B will be completely known, 
and there will be no disturbance for that equation. Because not all variables appear in 
all equations, some of the parameters will be zero. the theory may also impose other 
types of restrictions on the parameter matrices.

if � is an upper triangular matrix, then the system is said to be a triangular system. 
in this case, the model is of the form

23We will be restricting our attention to linear models. nonlinear systems bring forth numerous complications that 
are beyond the scope of this text. gallant (1987), gallant and Holly (1980), gallant and White (1988), Davidson 
and macKinnon (2004), and Wooldridge (2010) provide further discussion.
24for the present, it is convenient to ignore the special nature of lagged endogenous variables and treat them the 
same as strictly exogenous variables.
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yt1 = f1(xt) + et1,
yt2 = f2(yt1,xt) + et2,

f
ytM = fM(yt1, yt2, c, yt,M - 1, xt) + etM.

the joint determination of the variables is a recursive model. the first is completely 
determined by the exogenous factors. then, given the first, the second is likewise 
determined, and so on.

the solution of the system of equations that determines yt in terms of xt and Et is 
the reduced form of the model,

 yt
= = [x1 x2 g xK]t D p11 p12 g p1M

p21 p22 g p2M

f
pK1 pK2 g pKM

T + [v1 g vM]t

 = -xt
=B�-1 + Et

=�-1

 = xt
=� + vt

=.

for this solution to exist, the model must satisfy the completeness condition for 
simultaneous equations systems: � must be nonsingular.

Example 10.5  Structure and Reduced Form in a Small Macroeconomic 
Model

Consider the model

 consumption: ct = a0 + a1yt + a2ct - 1 + et,c,

 investment: it = b0 + b1rt + b2(yt - yt - 1) + et,i,

 demand: yt = ct + it + gt.

The model contains an autoregressive consumption function based on output, yt, and one 
lagged value, an investment equation based on interest, rt, and the growth in output, and an 
equilibrium condition. The model determines the values of the three endogenous variables 
ct, it, and yt. This model is a dynamic model. In addition to the exogenous variables rt and 
government spending, gt, it contains two predetermined variables, ct - 1 and yt - 1. These are 
obviously not exogenous, but with regard to the current values of the endogenous variables, 
they may be regarded as having already been determined. The deciding factor is whether or 
not they are uncorrelated with the current disturbances, which we might assume. The reduced 
form of this model is

 ct = [a0(1 - b2) + b0a1 + a1b1rt + a1gt + a2(1 - b2)ct - 1 - a1b2yt - 1 + (1 - b2)et,c + a1et,i]/Λ,

 it = [a0b2 + b0(1 - a1) + b1(1 - a1)rt + b2gt + a2b2ct -1 - b2(1 - a1)yt -1 + b2et,c + (1 - a1)et,i]/Λ,

 yt = [a0 + b0 + b1rt + gt + a2ct - 1 - b2yt - 1 + et,c + et,i]/Λ,

where Λ = 1 - a1 - b2. The completeness condition is that a1 + b2 not equal one. 
Note that the reduced form preserves the equilibrium condition, yt = ct + it + gt. Denote 
y′ = [c, i, y], x′ = [1, r, g, c-1, y-1] and
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� = C 1 0 -1
0 1 -1

-a1 -b2 1
S , B = E -a0 -b0 0

0 -b1 0
0 0 -1

-a2 0 0
0 b2 0

U , �-1 =
1
Λ

 C1 - b2 b2 1
a1 1 - a1 1
a1 b2 1

S .

Then, the reduced form coefficient matrix is

�′ =
1
Λ

 Ca0(1 - b2) + b0a1 a1b1 a1 a2(1 - b2) -b2a1

a0b2 + b0(1 - a1) b1(1 - a1) b2 a2b2 -b2(1 - a1)
a0 + b0 b1 1 a2 -b2

S .

There is an ambiguity in the interpretation of coefficients in a simultaneous equations model. 
The effects in the structural form of the model would be labeled “causal,” in that they are 
derived directly from the underlying theory. However, in order to trace through the effects 
of autonomous changes in the variables in the model, it is necessary to work through the 
reduced form. For example, the interest rate does not appear in the consumption function. But 
that does not imply that changes in rt would not “cause” changes in consumption, because 
changes in rt change investment, which impacts demand which, in turn, does appear in 
the consumption function. Thus, we can see from the reduced form that ∆ct/∆rt = a1b1/Λ. 
Similarly, the “experiment,” ∆ct/∆yt is meaningless without first determining what caused 
the change in yt. If the change were induced by a change in the interest rate, we would find 
(∆ct/∆rt)/(∆yt/∆rt) = (a1b1/Λ)/(b1/Λ) = a1.

the structural disturbances are assumed to be randomly drawn from an M-variate 
distribution with

E[Et � xt] = 0 and E[EtEt
= � xt] = �.

for the present, we assume that

E[EtEs
= � xt, xs] = 0, 5t, s.

it will occasionally be useful to assume that Et has a multivariate normal distribution, 
but we shall postpone this assumption until it becomes necessary. it may be convenient 
to retain the identities without disturbances as separate equations. if so, then one way 
to proceed with the stochastic specification is to place rows and columns of zeros in the 
appropriate places in �. it follows that the reduced-form disturbances, vt

= = Et
=�-1, have

 E[vt � xt] = (�-1)′0 = 0,

 E[vtvt
= � xt] = (�-1)′��-1 = �.

this implies that

� = �′��.

the preceding formulation describes the model as it applies to an observation [y′, x′, E′]t 
at a particular point in time or in a cross section. in a sample of data, each joint 
observation will be one row in a data matrix,
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[Y X E] = D y1
= x1

= E1
=

y2
= x2

= E2
=

f
yT
= xT

= ET
=

T .

in terms of the full set of T observations, the structure is

Y� + XB = E,

with

E[E � X] = 0 and E[(1/T)E′E � X] = �.

under general conditions, we can strengthen this to plim[(1/T)E′E] = �. for 
convenience in what follows, we will denote a statistic consistently estimating a quantity, 
such as this one, with

(1/T)E′E S �.

an important assumption is

 (1/T)X′X S Q, a finite positive definite matrix. (10-38)

We also assume that

 (1/T)X′E S 0. (10-39)

this assumption is what distinguishes the predetermined variables from the endogenous 
variables. the reduced form is

Y = X� + V, where V = E�-1.

Combining the earlier results, we have

 
1
T

 CY′
X′
V′

S [Y X V] S C�′Q� + � �′Q �
Q� Q 0′
� 0 �

S . (10-40)

10.4.3  THE IDENTIFICATION PROBLEM

Solving the identification problem precedes estimation. We have in hand a certain 
amount of information to use for inference about the underlying structure consisting 
of the sample data and theoretical restrictions on the model such as what variables do 
and do not appear in each of the equations. the issue is whether the information is 
sufficient to produce estimates of the parameters of the specified model. the case of 
measurement error that we examined in Section 8.5 is about identification. the sample 
regression coefficient, b, converges to a function of two underlying parameters, b and 
su

2; b = x′y/x′x S b/[1 + su
2/Q], where (x′x/T) S Q. With no further information 

about su
2, we cannot infer a unique b from the sample information, b and Q—there are 

different pairs of b and su
2 that are consistent with the same information (b,Q). if there 

were some nonsample information available, such as Q = su
2, then there would be a 

unique solution for b, in particular, b S b/2.
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identification is a theoretical exercise. it arises in all econometric settings in which 
the parameters of a model are to be deduced from the combination of sample information 
and nonsample (theoretical) information. the crucial issue is whether it is possible to 
deduce the values of structural parameters uniquely from the sample information and 
nonsample information provided by theory, mainly restrictions on parameter values. 
the issue of identification is the subject of a lengthy literature including Working (1927), 
Bekker and Wansbeek (2001), and continuing through the contemporary discussion of 
natural experiments [Section 8.8 and angrist and Pischke (2010), with commentary], 
instrumental variable estimation in general, and “identification strategies.”

the structural model consists of the equation system

y′� + x′B = E′.

each column in � and B are the parameters of a specific equation in the system. the 
information consists of the sample information, (Y, X), and other nonsample information 
in the form of restrictions on parameter matrices. the sample data provide sample 
moments, X′X/T, X′Y/T, and Y′Y/T. for purposes of identification, suppose we could 
observe as large a sample as desired. then, based on our sample information, we could 
observe [from (10-40)]

(1/T)X′X S Q,
(1/T)X′Y = (1/T)X′(X� + V) S Q�,
(1/T)Y′Y = (1/T)(X� + V)′(X� + V) S �′Q� + �.

therefore, �, the matrix of reduced-form coefficients, is observable

[(1/T)X′X]-1[(1/T)X′Y] S �.

this estimator is simply the equation-by-equation least squares regression of Y on X. 
Because � is observable, � is also,

[(1/T)Y′Y] - [(1/T)Y′X][(1/T)X′X]-1[(1/T)X′Y] S �.

this result is the matrix of least squares residual variances and covariances. therefore,

� and � can be estimated consistently by least squares regression of Y on X.

the information in hand, therefore, consists of �, �, and whatever other nonsample 
information we have about the structure. the question is whether we can deduce 
(�, B, �) from (�, �). a simple counting exercise immediately reveals that the answer 
is no—there are M2 parameters in �, M(M + 1)/2 in � and KM in B, to be deduced. 
the sample data contain KM elements in � and M(M + 1)/2 elements in �. By simply 
counting equations and unknowns, we find that our data are insufficient by M2 pieces 
of information. We have (in principle) used the sample information already, so these 
M2 additional restrictions are going to be provided by the theory of the model. the 
M2 additional restrictions come in the form of normalizations—one coefficient in each 
equation equals one—most commonly exclusion restrictions, which set coefficients 
to zero and other relationships among the parameters, such as linear relationships, or 
specific values attached to coefficients. in some instances, restrictions on �, such as 
assuming that certain disturbances are uncorrelated, will provide additional information. 
a small example will help fix ideas.
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Example 10.6  Identification of a Supply and Demand Model
Consider a market in which q is quantity of Q, p is price, and z is the price of Z, a related good. 
We assume that z enters both the supply and demand equations. For example, Z might be 
a crop that is purchased by consumers and that will be grown by farmers instead of Q if its 
price rises enough relative to p. Thus, we would expect a2 7 0 and b2 6 0. So,

 qd = a0 + a1p + a2z + ed  (demand),

 qs = b0 + b1p + b2z + es  (supply),

 qd = qs = q      (equilibrium).

The reduced form is

 q =
a1b0 - a0b1

a1 - b1
+

a1b2 - a2b1

a1 - b1
 z +

a1es - b1ed

a1 - b1
= p11 + p21z + nq,

 p =
b0 - a0

a1 - b1
+

b2 - a2

a1 - b1
 z +

es - ed

a1 - b1
 = p12 + p22z + np.

With only four reduced-form coefficients and six structural parameters, that there will not 
be a complete solution for all six structural parameters in terms of the four reduced form 
parameters. This model is unidentified. There is insufficient information in the sample and the 
theory to deduce the structural parameters.

Suppose, though, that it is known that b2 = 0 (farmers do not substitute the alternative 
crop for this one). Then the solution for b1 is p21/p22. After a bit of manipulation, we also obtain 
b0 = p11 - p12p21/p22. The exclusion restriction identifies the supply parameters; b2 = 0 
excludes z from the supply equation. But this step is as far as we can go. With this restriction, 
the model becomes partially identified. Some, but not all, of the parameters can be estimated.

Now, suppose that income x, rather than z, appears in the demand equation. The revised 
model is

 q = a0 + a1p + a2x + e1,

 q = b0 + b1p + b2z + e2.

Note that one variable is now excluded from each equation. The structure is now

[q p]J 1 1
-a1 -b1

R + [1 x z]C -a0 -b0

-a2 0
0 -b2

S = [e1 e2].

The reduced form is

[q p] = [1 x z]C (a1b0 - a0b1) /Λ (b0 - a0) /Λ
-a2b1/Λ -a2 /Λ
a1b2 /Λ b2 /Λ

S + [n1 n2],

where Λ = (a1 - b1). The unique solutions for the structural parameters in terms of the 
reduced-form parameters are now

 a0 = p11 - p12¢p31

p32
≤,   b0 = p11 - p12¢p21

p22
≤,

 a1 =
p31

p32
,      b1 =

p21

p22
,

 a2 = p22¢p21

p22
-

p31

p32
≤,  b2 = p32¢p31

p32
-

p21

p22
≤.
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With this formulation, all of the parameters are identified. This is an example of an exactly 
identified model. An additional variation is worth a look. Suppose that a second variable, w 
(weather), appears in the supply equation,

 q = a0 + a1p + a2x + e1,

 q = b0 + b1p + b2z + b3w + e2.

You can easily verify that, the reduced form matrix is the same as the previous one, save 
for an additional row that contains [a1b3/Λ, b3/Λ]. This implies that there is now a second 
solution for a1, p41/p42. The two solutions, this and p31/p32, will be different. This model is 
overidentified. There is more information in the sample and theory than is needed to deduce 
the structural parameters.

Some equation systems are identified and others are not. the formal mathematical 
conditions under which an equation in a system is identified turns on two results known 
as the rank and order conditions. the order condition is a simple counting rule. it 
requires that the number of exogenous variables that appear elsewhere in the equation 
system must be at least as large as the number of endogenous variables in the equation. 
(other specific restrictions on the parameters will be included in this count—note that 
an “exclusion restriction” is a type of linear restriction.) We used this rule when we 
constructed the iV estimator in Chapter 8. in that setting, we required our model to be 
at least identified by requiring that the number of instrumental variables not contained 
in X be at least as large as the number of endogenous variables. the correspondence 
of that single equation application with the condition defined here is that the rest 
of the equation system is the source of the instrumental variables. one simple order 
condition for identification of an equation system is that each equation contain “its own” 
exogenous variable that does not appear elsewhere in the system.

the order condition is necessary for identification; the rank condition is sufficient. 
the equation system in (10-37) in structural form is y′� = -x′B + E′. the reduced 
form is y′ = x′(-B �-1) + E′�-1 = x′� + v′. the way we are going to deduce the 
parameters in (�, B, �) is from the reduced form parameters (�, �). for the jth 
equation, the solution is contained in ��j = -Bj, where �j contains all the coefficients 
in the jth equation that multiply endogenous variables. one of these coefficients will 
equal one, usually some will equal zero, and the remainder are the nonzero coefficients 
on endogenous variables in the equation, Yj [these are denoted gj in (10-41) following]. 
Likewise, Bj contains the coefficients in equation j on all exogenous variables in the 
model—some of these will be zero and the remainder will multiply variables in Xj, 
the exogenous variables that appear in this equation [these are denoted Bj in (10-
41) following]. the empirical counterpart will be Pcj = bj, where P is the estimated 
reduced form, (X′X)-1X′Y, and cj and bj will be the estimates of the jth columns of � 
and B. the rank condition ensures that there is a solution to this set of equations. in 
practical terms, the rank condition is difficult to establish in large equation systems. 
Practitioners typically take it as a given. in small systems, such as the two-equation 
systems that dominate contemporary research, it is trivial, as we examine in the next 
example. We have already used the rank condition in Chapter 8, where it played a 
role in the relevance condition for instrumental variable estimation. in particular, 
note after the statement of the assumptions for instrumental variable estimation, we 
assumed plim(1/T)Z′X is a matrix with rank K. (this condition is often labeled the 
rank condition in contemporary applications. it not identical, but it is sufficient for the 
condition mentioned here.)
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Example 10.7  The Rank Condition and a Two-Equation Model
The following two-equation recursive model provides what is arguably the platform for much 
of contemporary econometric analysis. The main equation of interest is

y = gf + bx + e.

The variable f is endogenous (it is correlated with e.); x is exogenous (it is uncorrelated with e).  
The analyst has in hand an instrument for f, z. The instrument, z, is relevant, in that in the 
auxiliary equation,

f = lx + dz + w,

d is not zero. The exogeneity assumption is E[ez] = E[wz] = 0. Note that the source of the 
endogeneity of f is the assumed correlation of w and e. For purposes of the exercise, assume 
that E[xz] = 0 and the data satisfy x′z = 0—this actually loses no generality. In this two-
equation model, the second equation is already in reduced form; x and z are both exogenous. 
It follows that l and d are estimable by least squares. The estimating equations for (g, b) are

PG1 = Jx′x x′z
z′x z′z

R -1Jx′y x′f
z′y z′f

R ¢ 1
-g

≤ = Jx′y/x′x x′f/x′x
z′y/z′z z′f/z′z

R ¢ 1
-g

≤ = Bj = ¢b
0
≤.

The solutions are g = (z′y/z′f) and b = (x′y/x′x - (z′y/z′f)x′f/x′x). Because x′x cannot 
equal zero, the solution depends on (z′f/z′z) not equal to zero—formally that this part of the 
reduced form coefficient matrix have rank M = 1, which would be the rank condition. Note 
that the solution for g is the instrumental variable estimator, with z as instrument for f. (The 
simplicity of this solution turns on the assumption that x′z = 0. The algebra gets a bit more 
complicated without it, but the conclusion is the same.)

The rank condition is based on the exclusion restrictions in the model—whether the 
exclusion restrictions provide enough information to identify the coefficients in the jth equation. 
Formally, the idea can be developed thusly. With the jth equation written as in (10-41), we 
call Xj the included exogenous variables. The remaining excluded exogenous variables are 
denoted Xj*. The Mj variables Yj in (10-41) are the included endogenous variables. With this 

distinction, we can write the Mj reduced forms for Yj as �j = J �j

�j*
R . The rank condition (which 

we state without proof) is that the rank of the lower part of the Mj * (Kj + Kj*) matrix, �j, equal 
Mj. In the preceding example, in the first equation, Yj is f, Mj = 1, Xj is x, Xj* is z, and �j is 
estimated by the regression of f on x and z; �j is the coefficient on x and �j* is the coefficient 
on z. The rank condition we noted earlier is that what is estimated by z′f/z′z, which would 
correspond to �j* not equal zero, meaning that it has rank 1.

Casual statements of the rank condition based on an IV regression of a variable yiV 
on (Mj + Kj) endogenous and exogeneous variables in XiV, using Kj + Kj* exogenous and 
instrumental variables in ZiV (in the most familiar cases, Mj = Kj* = 1), state that the rank 
requirement is that (ZIV′XiV/T) be nonsingular. In the notation we are using here, ZiV would 
be X = (Xj, Xj*) and Xiv would be (Xj, Yj). This nonsingularity would correspond to full rank 
of plim(X′X/T) times plim[(X′X*/T,X′Yj/T)] because plim(X′X/T) = Q, which is nonsingular 
[see (10-40)]. The first Kj columns of this matrix are the last Kj columns of an identity matrix, 
which have rank Kj. The last Mj columns are estimates of Q�j, which we require to have rank 
Mj, so the requirement is that �j have rank Mj. But, if Kj* Ú Mj (the order condition), then all 
that is needed is rank(�j*) = Mj, so, in practical terms, the casual statement is correct. It is 
stronger than necessary; the formal mathematical condition is only that the lower half of the 
matrix must have rank Mj, but the practical result is much easier to visualize.

It is also easy to verify that the rank condition requires that the predictions of Yj using 
(Xj, Xj*)�j be linearly independent. Continuing this line of thinking, if we use 2SLS, the rank 
condition requires that the predicted values of the included endogenous variables not be 
collinear, which makes sense.
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10.4.4  SINGLE EQUATION ESTIMATION AND INFERENCE

for purposes of estimation and inference, we write the model in the way that the 
researcher would typically formulate it,

 yj = XjBj + YjGj + Ej

  = ZjDj + Ej,  
(10-41)

where yj is the “dependent variable” in the equation, Xj is the set of exogenous variables 
that appear in the jth equation—note that this is not all the variables in the model—and 
Zj = (Xj, Yj). the full set of exogenous variables in the model, including Xj and variables 
that appear elsewhere in the model (including a constant term if any equation includes 
one), is denoted X. for example, in the supply/demand model in example 10.6, the full 
set of exogenous variables is X = (1, x, z), while XDemand = (1, x) and XSupply = (1, z). 
finally, Yj is the endogenous variables that appear on the right-hand side of the jth 
equation. once again, this is likely to be a subset of the endogenous variables in the full 
model. in example 10.6, Yj = (price) in both cases.

there are two approaches to estimation and inference for simultaneous equations 
models. Limited information estimators are constructed for each equation individually. 
the approach is analogous to estimation of the seemingly unrelated regressions model 
in Section 10.2 by least squares, one equation at a time. Full information estimators 
are used to estimate all equations simultaneously. the counterpart for the seemingly 
unrelated regressions model is the feasible generalized least squares estimator 
discussed in Section 10.2.3. the major difference to be accommodated at this point is 
the endogeneity of Yj in (10-41).

the equation in (10-41) is precisely the model developed in Chapter 8. Least squares 
will generally be unsuitable as it is inconsistent due to the correlation between Yj and Ej. the 
usual approach will be two-stage least squares as developed in Sections 8.3.2 through 8.3.4. 
the only difference between the case considered here and that in Chapter 8 is the source of 
the instrumental variables. in our general model in Chapter 8, the source of the instruments 
remained somewhat ambiguous; the overall rule was “outside the model.” in this setting, 
the instruments come from elsewhere in the model—that is, “not in the jth equation.” for 
estimating the linear simultaneous equations model, the most common estimator is

 Dnj, 2 SLS = [Zn j
=Zn j]

-1Zn j
=yj

  = [(Zj
=X)(X′X)-1(X′Zj)]-1(Zj

=X)(X′X)-1X′yj, 
(10-42)

where all columns of Zn j
= are obtained as predictions in a regression of the corresponding 

column of Zj on X. this equation also results in a useful simplification of the estimated 
asymptotic covariance matrix,

est.asy.Var[Dnj, 2 SLS] = snjj(Zn j
=Zn j)

-1.

it is important to note that sjj is estimated by

 snjj =
(yj - ZjD

n

j)′(yj - ZjD
n

j)

T
, (10-43)

using the original data, not Zn j.
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note the role of the order condition for identification in the two-stage least squares 
estimator. formally, the order condition requires that the number of exogenous variables 
that appear elsewhere in the model (not in this equation) be at least as large as the 
number of endogenous variables that appear in this equation. the implication will be that 
we are going to predict Zj = (Xj, Yj) using X = (Xj, Xj*). in order for these predictions 
to be linearly independent, there must be at least as many variables used to compute the 
predictions as there are variables being predicted. Comparing (Xj, Yj) to (Xj, Xj*), we see 
that there must be at least as many variables in Xj* as there are in Yj, which is the order 
condition. the practical rule of thumb that every equation have at least one variable in 
it that does not appear in any other equation will guarantee this outcome.

two-stage least squares is used nearly universally in estimation of linear simultaneous 
equation models—for precisely the reasons outlined in Chapter 8. However, some 
applications (and some theoretical treatments) have suggested that the limited 
information maximum likelihood (LIML) estimator based on the normal distribution 
may have better properties. the technique has also found recent use in the analysis of 
weak instruments. a result that emerges from the derivation is that the LimL estimator 
has the same asymptotic distribution as the 2SLS estimator, and the latter does not rely 
on an assumption of normality. this raises the question why one would use the LimL 
technique given the availability of the more robust (and computationally simpler) 
alternative. Small sample results are sparse, but they would favor 2SLS as well.25 one 
significant virtue of LimL is its invariance to the normalization of the equation. Consider 
an example in a system of equations,

y1 = y2g2 + y3g3 + x1b1 + x2b2 + e1.

an equivalent equation would be

 y2 = y1(1/g2) + y3(-g3/g2) + x1(-b1/g2) + x2(-b2/g2) + e1(-1/g2)

 = y1g
∼

1 + y3g
∼

3 + x1b
∼

1 + x2b
∼

2 + e∼1.

the parameters of the second equation can be manipulated to produce those of the first. 
But, as you can easily verify, the 2SLS estimator is not invariant to the normalization 
of the equation—2SLS would produce numerically different answers. LimL would give 
the same numerical solutions to both estimation problems suggested earlier. a second 
virtue is LimL’s better performance in the presence of weak instruments.

the LimL, or least variance ratio estimator, can be computed as follows.26

Let

 Wj
0 = Ej

0=
Ej

0, (10-44)

where

Yj
0 = [yj, Yj],

and

 Ej
0 = MjYj

0 = [I - Xj(Xj
=Xj)

-1Xj
=]Yj

0. (10-45)

25See Phillips (1983).
26the LimL estimator was derived by anderson and Rubin (1949, 1950). [See, also, Johnston (1984).] the much 
simpler and equally efficient two-stage least squares estimator remains the estimator of choice.
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each column of Ej
0 is a set of least squares residuals in the regression of the corresponding 

column of Yj
0 on Xj, that is, only the exogenous variables that appear in the jth equation. 

thus, Wj
0 is the matrix of sums of squares and cross products of these residuals. Define

 Wj
1 = Ej

1′Ej
1 = Yj

0′[I - X(X′X)-1X′]Yj
0. (10-46)

that is, Wj
1 is defined like Wj

0 except that the regressions are on all the x’s in the model, 
not just the ones in the jth equation. Let

 l1 = smallest characteristic root of (Wj
1)-1Wj

0. (10-47)

this matrix is asymmetric, but all its roots are real and greater than or equal to 1. 
[Depending on the available software, it may be more convenient to obtain the identical 
smallest root of the symmetric matrix D = (Wj

1)-1/2Wj
0(Wj

1)-1/2.] now partition Wj
0 into 

Wj
0 = Jwjj

0 wj
0′

wj
0 Wjj

0 R  corresponding to [yj, Yj], and partition Wj
1 likewise. then, with these 

parts in hand,

Gn j, LimL = [Wjj
0 - l1Wjj

1]-1(wj
0 - l1wj

1) (10-48)

and

Bnj, LimL = (Xj
=Xj)

-1Xj
=(yj - YjGn j, LimL).

note that Bj is estimated by a simple least squares regression.[See (3-18).] the asymptotic 
covariance matrix for the LimL estimator is identical to that for the 2SLS estimator.

Example 10.8  Simultaneity in Health Production
Example 7.1 analyzed the incomes of a subsample of Riphahn, Wambach, and Million’s 
(2003) data on health outcomes in the German Socioeconomic Panel. Here we continue 
Example 10.4 and consider a Grossman (1972) style model for health and incomes. Our 
two-equation model is

 Health Satisfaction = a1 + g1 ln income + a2 Female + a3 Working + a4 Public + a5 Add On

+ a6 Age + eH,

 ln income = b1 + g2 Health Satisfaction + b2 Female + b3 Education + b4 Married

 + b5HHKids + b6Age + ei.

For purposes of this application, we avoid panel data considerations by examining only 
the 1994 wave (cross section) of the data, which contains 3,377 observations. The health 
outcome variable is Self Assessed Health Satisfaction (HSAT). Whether this variable actually 
corresponds to a commonly defined objective measure of health outcomes is debateable. We 
will treat it as such. Second, the variable is a scale variable, coded in this data set 0 to 10. 
[In more recent versions of the GSOEP data, and in the British (BHPS) and Australian (HILDA) 
counterparts, it is coded 0 to 4.] We would ordinarily treat such a variable as a discrete ordered 
outcome, as we do in Examples 18.14 and 18.15. We will treat it as if it were continuous in 
this example, and recognize that there is likely to be some distortion in the measured effects 
that we are interested in. Female, Working, Married, and HHkids are dummy variables, the 
last indicating whether there are children living in the household. Education and Age are in 
years. Public and AddOn are dummy variables that indicate whether the individual takes 
up the public health insurance and, if so, whether he or she also takes up the additional 
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AddOn insurance, which covers some additional costs. Table 10.7 presents OLS and 2SLS 
estimates of the parameters of the two-equation model. The differences are striking. In the 
health outcome equation, the OLS coefficient on ln income is quite large (0.42) and highly 
significant (t = 5.17). However, the effect almost doubles in the 2SLS results. The strong 
negative effect of having the public health insurance might make one wonder if the insurance 
takeup is endogenous in the same fashion as ln income. (In the original study from which 
these data were borrowed, the authors were interested in whether takeup of the add on 
insurance had an impact on usage of the health care system (number of doctor visits). The 
2SLS estimates of the ln income equation are also distinctive. Now, the extremely small effect 
of health estimated by OLS (0.020) becomes the dominant effect, with marital status, in the 
2SLS results.

Both equations are overidentified—each has three excluded exogenous variables. 
Regression of the 2SLS residuals from the HSAT equation on all seven exogenous variables 
(and the constant) gives an R2 of 0.0005916, so the chi-squared test of the overidentifying 
restrictions is 3,337(.0005916) = 1.998. With two degrees of freedom, the critical value is 
5.99, so the restrictions would not be rejected. For the ln income equation, the R2 in the 
regression of the residuals on all of the exogenous variables is 0.000426, so the test statistic 
is 1.438, which is not significant. On this basis, we conclude that the specification of the 
model is adequate.

Health Equation ln Income Equation

OLS 2SLS LIML OLS 2SLS LIML

Constant 8.903 9.201 9.202 -1.817 -5.379 -5.506
(40.67) (30.31) (30.28) (30.81) (8.65) (8.46)

ln Income 0.418 0.710 0.712
(5.17) (3.20) (3.20)

Health 0.020 0.497 0.514
(5.83) (6.12) (6.04)

Female -0.211 -0.218 -0.218 -0.011 0.126 0.131
(2.76) (2.85) (2.85) (0.70) (2.78) (2.79)

Working 0.339 0.259 0.259
(3.76) (2.43) (2.43)

Public -0.472 -0.391 -0.391
(4.10) (3.05) (3.04)

Add On 0.204 0.140 0.139
(0.80) (0.54) (0.54)

Education 0.055 0.017 0.016
(17.00) (1.65) (1.46)

Married 0.352 0.263 0.260
(18.11) (5.08) (4.86)

Age -0.038 -0.039 -0.039 -0.002 0.017 0.018
(11.55) (11.60) (11.60) (2.58) (4.53) (4.51)

HHKids -0.062 -0.061 -0.061
(3.45) (1.32) (1.28)

TABLE 10.7 Estimated Health Production Model (absolute t ratios in parentheses)
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10.4.5  SYSTEM METHODS OF ESTIMATION

We may formulate the full system of equations as

 D y1

y2

f
yM

T = DZ1 0 g 0
0 Z2 g 0
f f f f
0 0 g ZM

T D D1

D2

f
DM

T + D E1

E2

f
EM

T  (10-49)

or

y = ZD + E,

where

 E[E � X] = 0, and E[EE′ � X] = � = � ⊗ I. (10-50)

[See (10-3).] the least squares estimator,

d = (Z′Z)-1Z′y,

is equation-by-equation ordinary least squares and is inconsistent. But even if ordinary 
least squares were consistent, we know from our results for the seemingly unrelated 
regressions model that it would be inefficient compared with an estimator that makes use 
of the cross-equation correlations of the disturbances. for the first issue, we turn once again 
to an iV estimator. for the second, as we did Section 10.2.1, we use a generalized least 
squares approach. thus, assuming that the matrix of instrumental variables, W, satisfies 
the requirements for an iV estimator, a consistent though inefficient estimator would be

 DniV = (W′Z)-1W′y. (10-51)

analogous to the seemingly unrelated regressions model, a more efficient estimator 
would be based on the generalized least squares principle,

 DniV, gLS = [W′(�-1 ⊗ I)Z]-1 W′(�-1 ⊗ I)y, (10-52)

or, where Wj is the set of instrumental variables for the jth equation,

DniV, gLS = D s11W1
=Z1 s12W1

=Z2 g s1MW1
=ZM

s21W2
=Z1 s22W2

=Z2 g s2MW2
=ZM

f
sM1WM

= Z1 sM2WM
= Z2 g sMMWM

= ZM

T -1D aM
n = 1s

1nW1
=yn

aM
n = 1s

2nW2
=yn

f

aM
n = 1s

MnWM
= yn

T .

three iV techniques are generally used for joint estimation of the entire system of 
equations: three-stage least squares, gmm, and full information maximum likelihood 
(FIML). in the small minority of applications that use a system estimator, 3SLS is usually 
the estimator of choice. for dynamic models, gmm is sometimes preferred. the fimL 
estimator is generally of theoretical interest, as it brings no advantage over 3SLS, but is 
much more complicated to compute.

Consider the iV estimator formed from
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W = Zn = diag[X(X′X)-1X′Z1, c, X(X′X)-1X′ZM] = DZn 1 0 g 0
0 Zn 2 g 0
f f f f
0 0 g Zn M

T .

the iV estimator,

DniV = [Zn ′Z]-1Zn ′y,

is simply equation-by-equation 2SLS. We have already established the consistency of 
2SLS. By analogy to the seemingly unrelated regressions model of Section 10.2, however, 
we would expect this estimator to be less efficient than a gLS estimator. a natural 
candidate would be

Dn3SLS = [Zn =(�-1 ⊗ I)Z]-1Zn ′(�-1 ⊗ I)y.

for this estimator to be a valid iV estimator, we must establish that

plim 
1
T

 Zn ′(�-1 ⊗ I)E = 0,

which is M sets of equations, each one of the form

plim 
1
T a

M

j = 1
sijZn i

=Ej = 0.

each is the sum of vectors, all of which converge to zero, as we saw in the development 
of the 2SLS estimator. the second requirement, that

plim 
1
T

 Zn ′(�-1 ⊗ I)Z ≠ 0,

and that the matrix be nonsingular, can be established along the lines of its counterpart 
for 2SLS. identification of every equation by the rank condition is sufficient.

once again, using the idempotency of I - M, we may also interpret this estimator 
as a gLS estimator of the form

 Dn3SLS = [Zn ′(�-1 ⊗ I)Zn )-1Zn ′(�-1 ⊗ I)]y. (10-53)

the appropriate asymptotic covariance matrix for the estimator is

 asy.Var[Dn3SLS] = (Z′(�-1 ⊗ I)Z)-1, (10-54)

where Z = diag[X�j, Xj]. this matrix would be estimated with the bracketed inverse 
matrix in (10-53).

using sample data, we find that Z may be estimated with Zn . the remaining difficulty 
is to obtain an estimate of �. in estimation of the seemingly unrelated regressions model, 
for efficient estimation, any consistent estimator of � will do. the designers of the 3SLS 
method, Zellner and theil (1962), suggest the natural choice arising out of the two-stage 
least estimates. the three-stage least squares (3SLS) estimator is thus defined as follows:

1. estimate � by ordinary least squares and compute Ynm for each equation.
2. Compute Dnm, 2SLS for each equation; then
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 snmn =
(ym - ZmD

n

m)(yn - ZnD
n

n)

T
. (10-55)

3. Compute the gLS estimator according to (10-53) and an estimate of the asymptotic 
covariance matrix according to (10-54) using Zn  and �n .

By showing that the 3SLS estimator satisfies the requirements for an iV estimator, 
we have established its consistency. the question of asymptotic efficiency remains. it can 
be shown that of all iV estimators that use only the sample information embodied in the 
system, 3SLS is asymptotically efficient.

Example 10.9  Klein’s Model I
A widely used example of a simultaneous equations model of the economy is Klein’s (1950) 
Model I. The model may be written

 Ct = a0 + a1Pt + a2Pt - 1 + a3(Wt
p + Wt

g) + e1t  (consumption),

 it = b0 + b1Pt + b2Pt - 1 + b3Kt - 1   + e2t  (investment),

 Wt
p = g0 + g1Xt + g2Xt - 1 + g3At   + e3t  (private wages),

 Xt = Ct + it + Gt      (equilibrium demand),

 Pt = Xt - Tt - Wt
p      (private profits),

 Kt = Kt - 1 + it       (capital stock).

The endogenous variables are each on the left-hand side of an equation and are labeled on the 
right. The exogenous variables are Gt = government nonwage spending, Tt = indirect business 
taxes plus net exports, Wt

g = government wage bill, At = time trend measured as years from 
1931, and the constant term. There are also three predetermined variables: the lagged values 
of the capital stock, private profits, and total demand. The model contains three behavioral 
equations, an equilibrium condition, and two accounting identities. This model provides an 
excellent example of a small, dynamic model of the economy. It has also been widely used as a 
test ground for simultaneous equations estimators. Klein estimated the parameters using yearly 
aggregate data for the U.S. for 1921 to 1941. The data are listed in Appendix Table F10.3. Table 
10.8 presents limited and full information estimates for Klein’s Model I based on the original data.

it might seem, in light of the entire discussion, that one of the structural estimators 
described previously should always be preferred to ordinary least squares, which alone 
among the estimators considered here is inconsistent. unfortunately, the issue is not so 
clear. first, it is often found that the oLS estimator is surprisingly close to the structural 
estimator. it can be shown that, at least in some cases, oLS has a smaller variance about 
its mean than does 2SLS about its mean, leading to the possibility that oLS might 
be more precise in a mean-squared-error sense. But this result must be tempered by 
the finding that the oLS standard errors are, in all likelihood, not useful for inference 
purposes. obviously, this discussion is relevant only to finite samples. asymptotically, 
2SLS must dominate oLS, and in a correctly specified model, any full information 
estimator (3SLS) must dominate any limited information one (2SLS). the finite sample 
properties are of crucial importance. most of what we know is asymptotic properties, but 
most applications are based on rather small or moderately sized samples.

although the system methods of estimation are asymptotically better, they have two 
problems. first, any specification error in the structure of the model will be propagated 
throughout the system by 3SLS. the limited information estimators will, by and large, 
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confine a problem to the particular equation in which it appears. Second, in the same 
fashion as the SuR model, the finite-sample variation of the estimated covariance 
matrix is transmitted throughout the system. thus, the finite-sample variance of 3SLS 
may well be as large as or larger than that of 2SLS.27

10.5 SUMMARY AND CONCLUSIONS

this chapter has surveyed the specification and estimation of multiple equations models. 
the SuR model is an application of the generalized regression model introduced in 
Chapter 9. the advantage of the SuR formulation is the rich variety of behavioral 
models that fit into this framework. We began with estimation and inference with the 
SuR model, treating it essentially as a generalized regression. the major difference 
between this set of results and the single-equation model in Chapter 9 is practical. While 
the SuR model is, in principle, a single equation gR model with an elaborate covariance 
structure, special problems arise when we explicitly recognize its intrinsic nature as a set 
of equations linked by their disturbances. the major result for estimation at this step is 
the feasible gLS estimator. in spite of its apparent complexity, we can estimate the SuR 
model by a straightforward two-step gLS approach that is similar to the one we used 
for models with heteroscedasticity in Chapter 9. We also extended the SuR model to 
autocorrelation and heteroscedasticity. once again, the multiple equation nature of the 
model complicates these applications. Section 10.4 presented a common application of 
the seemingly unrelated regressions model, the estimation of demand systems. one of the 
signature features of this literature is the seamless transition from the theoretical models 
of optimization of consumers and producers to the sets of empirical demand equations 
derived from Roy’s identity for consumers and Shephard’s lemma for producers.

27See Cragg (1967) and the many related studies listed by Judge et al. (1985, pp. 646–653).

2SLS 3SLS

C 16.6 0.017 0.216 0.810 16.4 0.125 0.163 0.790
(1.32) (0.118) (0.107) (0.040) (1.30) (0.108) (0.100) (0.038)

I 20.3 0.150 0.616 -0.158 28.2 -0.013 0.756 -0.195
(7.54) (0.173) (0.162) (0.036) (6.79) (0.162) (0.153) (0.033)

WP 1.50 0.439 0.147 0.130 1.80 0.400 0.181 0.150

(1.15) (0.036) (0.039) (0.029) (1.12) (0.032) (0.034) (0.028)

LIML OLS

C 17.1 -0.222 0.396 0.823 16.2 0.193 0.090 0.796
(1.84) (0.202) (0.174) (0.055) (1.30) (0.091) (0.091) (0.040)

I 22.6 0.075 0.680 -0.168 10.1 0.480 0.333 -0.112
(9.24) (0.219) (0.203) (0.044) (5.47) (0.097) (0.101) (0.027)

WP 1.53 0.434 0.151 0.132 1.50 0.439 0.146 0.130

(2.40) (0.137) (0.135) (0.065) (1.27) (0.032) (0.037) (0.032)

TABLE 10.8  Estimates of Klein’s Model I (Estimated asymptotic standard errors in 
parentheses)
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the multiple equations models surveyed in this chapter involve most of the issues 
that arise in analysis of linear equations in econometrics. Before one embarks on the 
process of estimation, it is necessary to establish that the sample data actually contain 
sufficient information to provide estimates of the parameters in question. this is the 
question of identification. identification involves both the statistical properties of 
estimators and the role of theory in the specification of the model. once identification 
is established, there are numerous methods of estimation. We considered three single-
equation techniques, least squares, instrumental variables, and maximum likelihood. 
fully efficient use of the sample data will require joint estimation of all the equations in 
the system. once again, there are several techniques-these are extensions of the single-
equation methods including three-stage least squares-and full information maximum 
likelihood. in both frameworks, this is one of those benign situations in which the 
computationally simplest estimator is generally the most efficient one.

Key Terms and Concepts

•	Behavioral equation
•	Cobb–Douglas model
•	Complete system of 

equations
•	Completeness condition
•	Constant returns to scale
•	Demand system
•	Dynamic model
•	econometric model
•	equilibrium condition
•	exclusion restrictions
•	exogenous
•	flexible functional
•	full information estimator
•	full information maximum 

likelihood (fimL)
•	generalized regression 

model
•	Homogeneity restriction
•	identical explanatory 

variables

•	identification
•	instrumental variable 

estimator
•	interdependent
•	invariance
•	Jointly dependent
•	Kronecker product
•	Least variance ratio
•	Likelihood ratio test
•	Limited information 

estimator
•	Limited information 

maximum likelihood 
(LimL) estimator

•	nonsample information
•	normalization
•	order condition
•	Pooled model
•	Predetermined variable
•	Problem of identification
•	Rank condition

•	Reduced form
•	Reduced-form disturbance
•	Restrictions
•	Seemingly unrelated 

regressions (SuR)
•	Share equations
•	Shephard’s lemma
•	Singular disturbance 

covariance matrix
•	Simultaneous equations 

bias
•	Structural disturbance
•	Structural equation
•	Structural form
•	Systems of demand 

equations
•	three-stage least squares 

(3SLS) estimator
•	translog function
•	triangular system

Exercises

1. a sample of 100 observations produces the following sample data:

y1 = 1, y2 = 2, y1
=y1 = 150, y2

=y2 = 550, y1
=y2 = 260.

the underlying seemingly unrelated regressions model is

 y1 = m + e1,

 y2 = m + e2.
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a. Compute the oLS estimate of m, and estimate the sampling variance of this 
estimator.

b. Compute the fgLS estimate of m and the sampling variance of the estimator.
2. Consider estimation of the following two-equation model:

 y1 = b1 + e1,
 y2 = b2x + e2.

a sample of 50 observations produces the following moment matrix:

1  y1  y2 x

1
y1

y2

x

 D 50
150 500
50 40 90

100 60 50 100

T .

a. Write the explicit formula for the gLS estimator of [b1, b2]. What is the 
asymptotic covariance matrix of the estimator?

b. Derive the oLS estimator and its sampling variance in this model.
c. obtain the oLS estimates of b1 and b2, and estimate the sampling covariance 

matrix of the two estimates. use n instead of (n - 1) as the divisor to compute 
the estimates of the disturbance variances.

d. Compute the fgLS estimates of b1 and b2 and the estimated sampling covariance 
matrix.

e. test the hypothesis that b2 = 1.
3. the model

 y1 = b1x1 + e1,
 y2 = b2x2 + e2

satisfies all the assumptions of the seemingly unrelated regressions model. all 
variables have zero means. the following sample second-moment matrix is obtained 
from a sample of 20 observations:

y1 y2 x1 x2

y1

y2

x1

x2

 D20 6 4 3
6 10 3 6
4 3 5 2
3 6 2 10

T .

a. Compute the fgLS estimates of b1 and b2.
b. test the hypothesis that b1 = b2.
c. Compute the maximum likelihood estimates of the model parameters.
d. use the likelihood ratio test to test the hypothesis in part b.

4. Prove that in the model

 y1 = X1B1 + E1,
 y2 = X2B2 + E2,

generalized least squares is equivalent to equation-by-equation ordinary least 
squares if X1 = X2. the general case is considered in exercise 14.
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5. Consider the two-equation system

 y1 = b1x1 + e1,

 y2 = b2x2 + b3x3 + e2.

assume that the disturbance variances and covariance are known. now suppose 
that the analyst of this model applies gLS but erroneously omits x3 from the second 
equation. What effect does this specification error have on the consistency of the 
estimator of b1?

6. Consider the system

 y1 = a1 + bx + e1,

 y2 = a2 + e2.

the disturbances are freely correlated. Prove that gLS applied to the system leads 
to the oLS estimates of a1 and a2 but to a mixture of the least squares slopes in the 
regressions of y1 and y2 on x as the estimator of b. What is the mixture? to simplify 
the algebra, assume (with no loss of generality) that x = 0.

7. for the model

 y1 = a1 + bx + e1,

 y2 = a2 + e2,

 y3 = a3 + e3,

assume that yi2 + yi3 = 1 at every observation. Prove that the sample covariance 
matrix of the least squares residuals from the three equations will be singular, 
thereby precluding computation of the fgLS estimator. How could you proceed 
in this case?

8. Consider the following two-equation model:

 y1 = g1y2 + b11x1 + b21x2 + b31x3 + e1,

 y2 = g2y1 + b12x1 + b22x2 + b32x3 + e2.

a. Verify that, as stated, neither equation is identified.
b. establish whether or not the following restrictions are sufficient to identify (or 

partially identify) the model:
(1) b21 = b32 = 0,
(2) b12 = b22 = 0,
(3) g1 = 0,
(4) g1 = g2 and b32 = 0,
(5) s12 = 0 and b31 = 0,
(6) g1 = 0 and s12 = 0,
(7) b21 + b22 = 1,
(8) s12 = 0, b21 = b22 = b31 = b32 = 0,
(9) s12 = 0, b11 = b21 = b22 = b31 = b32 = 0.
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9. obtain the reduced form for the model in exercise 8 under each of the assumptions 
made in parts a and in parts b(1) and b(9).

10. the following model is specified:

 y1 = g1y2 + b11x1 + e1,

 y2 = g2y1 + b22x2 + b32x3 + e2.

all variables are measured as deviations from their means. the sample of 25 
observations produces the following matrix of sums of squares and cross products:

 y1 y2 x1 x2 x3

 

y1

y2

x1

x2

x3

 E20 6 4 3 5
6 10 3 6 7
4 3 5 2 3
3 6 2 10 8
5 7 3 8 15

U .

a. estimate the two equations by oLS.
b. estimate the parameters of the two equations by 2SLS. also estimate the 

asymptotic covariance matrix of the 2SLS estimates.
c. obtain the LimL estimates of the parameters of the first equation.
d. estimate the two equations by 3SLS.
e. estimate the reduced form coefficient matrix by oLS and indirectly by using 

your structural estimates from part b.
11. for the model

 y1 = g1y2 + b11x1 + b21x2 + e1,

 y2 = g2y1 + b32x3 + b42x4 + e2

show that there are two restrictions on the reduced form coefficients. Describe a 
procedure for estimating the model while incorporating the restrictions.

12. Prove that

plim 
Ym

= Em

T
= Vm - �mmGm.

13. Prove that an underidentified equation cannot be estimated by 2SLS.
14. Prove the general result in point 2 in Section 10.2.2, if the X matrices in (10-1) 

are identical, then full gLS is equation-by-equation oLS. Hints: if all the Xm 
matrices are identical, then the inverse matrix in (10-10) is [�-1 ⊗ X′X]-1. also, 
Xm′ym = X′ym = X′Xbm. use these results to show that for the first equation,

Bn1 = a
M

n = 1
s1na

M

l = 1
snlbl = b1¢ a

M

n = 1
s1ns

n1≤ + b2¢ a
M

n = 1
s1ns

n2≤ + g

+ bM¢ a
M

n = 1
s1ns

nM≤,

and likewise for the others.
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Applications

Some of these applications will require econometric software for the computations. the 
calculations are standard, and are available as commands in, for example, Stata, SAS, 
E-Views or LIMDEP, or as existing programs in R.
1. Statewide aggregate production function. Continuing example 10.1, data on output, 

the capital stocks, and employment are aggregated by summing the values for the 
individual states (before taking logarithms). the unemployment rate for each 
region, m, at time t is determined by a weighted average of the unemployment 
rates for the states in the region, where the weights are

wnt = empnt/aMm

j = 1 empjt,

where Mm is the number of states in region m. then, the unemployment rate for 
region m at time t is the following average of the unemployment rates of the states 
(n) in region (m) at time t:

unempmt = Σjwnt(j)unempnt(j).

2. Continuing the analysis of Section 10.3.2, we find that a translog cost function for 
one output and three factor inputs that does not impose constant returns to scale is

 ln C = a + b1 ln p1 + b2 ln p2 + b3 ln p3 + d11 12 ln2 p1 + d12 ln p1 ln p2

 + d13 ln p1 ln p3 + d22 12 ln2 p2 + d23 ln p2 ln p3 + d33 12 ln2 p3

 + gq1 ln Q ln p1 + gq2 ln Q ln p2 + gq3 ln Q ln p3

 + bq ln Q + bqq 12 ln2 Q + ec.

the factor share equations are

 S1 = b1 + d11 ln p1 + d12 ln p2 + d13 ln p3 + gq1 ln Q + e1,

 S2 = b2 + d12 ln p1 + d22 ln p2 + d23 ln p3 + gq2 ln Q + e2,

 S3 = b3 + d13 ln p1 + d23 ln p2 + d33 ln p3 + gq3 ln Q + e3.

[See Christensen and greene (1976) for analysis of this model.]
a. the three factor shares must add identically to 1. What restrictions does this 

requirement place on the model parameters?
b. Show how the adding-up condition in (10-33) can be imposed directly on the 

model by specifying the translog model in (C/p3), (p1/p3), and (p2/p3) and 
dropping the third share equation. (See example 10.3.) notice that this reduces 
the number of free parameters in the model to 10.

c. Continuing part b, the model as specified with the symmetry and equality 
restrictions has 15 parameters. By imposing the constraints, you reduce this 
number to 10 in the estimating equations. How would you obtain estimates of 
the parameters not estimated directly?

d. estimate each of the three equations you obtained in part b by ordinary least 
squares. Do the estimates appear to satisfy the cross-equation equality and 
symmetry restrictions implied by the theory?
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e. using the data in Section 10.3.1, estimate the full system of three equations (cost 
and the two independent shares), imposing the symmetry and cross-equation 
equality constraints.

f. using your parameter estimates, compute the estimates of the elasticities in  
(10-34) at the means of the variables.

g. use a likelihood ratio statistic to test the joint hypothesis that gqi = 0, i = 1, 2, 3. 
[Hint: Just drop the relevant variables from the model.]

3. the grunfeld investment data in appendix table 10.4 constitute a classic data set 
that has been used for decades to develop and demonstrate estimators for seemingly 
unrelated regressions.28 although somewhat dated at this juncture, they remain an 
ideal application of the techniques presented in this chapter. the data consist of 
time series of 20 yearly observations on 10 firms. the three variables are

Iit = gross investment,

Fit = market value of the firm at the end of the previous year,

Cit = value of the stock of plant and equipment at the end of the previous year.

the main equation in the studies noted is

Iit = b1 + b2Fit + b3Cit + eit.

a. fit the 10 equations separately by ordinary least squares and report your results.
b. use a Wald (Chow) test to test the “aggregation” restriction that the 10 coefficient 

vectors are the same.
c. use the seemingly unrelated regressions (fgLS) estimator to reestimate the 

parameters of the model, once again, allowing the coefficients to differ across 
the 10 equations. now, use the pooled model and, again, fgLS, to estimate the 
constrained equation with equal parameter vectors, and test the aggregation 
hypothesis.

d. using the oLS residuals from the separate regressions, use the Lm statistic in 
(10-17) to test for the presence of cross-equation correlation.

e. an alternative specification to the model in part c that focuses on the variances 
rather than the means is a groupwise heteroscedasticity model. for the current 
application, you can fit this model using (10-20), (10-21), and (10-22), while 
imposing the much simpler model with sij = 0 when i ≠ j. Do the results of 
the pooled model differ in the two cases considered, simple oLS and groupwise 
heteroscedasticity?

4. the data in appendix table f5.2 may be used to estimate a small macroeconomic 
model. use these data to estimate the model in example 10.5. estimate the 
parameters of the two equations by two-stage and three-stage least squares.

5. using the cost function estimates in example 10.2, we obtained an estimate of 
the efficient scale, Q* = exp[(1 - bq)/(2bqq)]. We can use the delta method in 
Section 4.5.4 to compute an asymptotic standard error for the estimator of Q* 
and a confidence interval. the estimators of the two parameters are bq = 0.23860 
and bqq = 0.04506. the estimates of the asymptotic covariance matrix are 

28See grunfeld (1958), grunfeld and griliches (1960), Boot and de Witt (1960), and Kleiber and Zeileis (2010).
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vq = 0.00344554, vqq = 0.0000258021, cq,qq = -0.000291067. use these results to 
form a 95% confidence interval for Q*. (Hint: 0Q*/0bj = Q*0 ln Q*/0bj.)

6. using the estimated health outcomes model in example 10.8, determine the expected 
values of ln Income and Health Satisfaction for a person with the following characteristics: 
Female = 1, Working = 1, Public = 1, AddOn = 0, Education = 14, Married = 1,
HHKids = 1, Age = 35. now, repeat the calculation with the same person but 
with Age = 36. Likewise, with Female = 0 (and Age = 35). note, the sample range 
of Income is 0 – 3.0, with sample mean approximately 0.4. the income data are in 
10,000Dm units (pre-euro). in both cases, note how the health satisfaction outcome 
changes when the exogenous variable (Age or Female) changes (by one unit).
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11

MODELS FOR PANEL DATA

§
11.1 INTRODUCTION

Data sets that combine time series and cross sections are common in economics. The 
published statistics of the OECD contain numerous series of economic aggregates 
observed yearly for many countries. The Penn World Tables [CIC (2010)] is a data bank 
that contains national income data on 167 countries for more than 60 years. Recently 
constructed longitudinal data sets contain observations on thousands of individuals or 
families, each observed at several points in time. Other empirical studies have examined 
time-series data on sets of firms, states, countries, or industries simultaneously. These 
data sets provide rich sources of information about the economy. The analysis of panel 
data allows the model builder to learn about economic processes while accounting 
for both heterogeneity across individuals, firms, countries, and so on and for dynamic 
effects that are not visible in cross sections. Modeling in this context often calls for 
complex stochastic specifications. In this chapter, we will survey the most commonly 
used techniques for time-series—cross-section (e.g., cross-country) and panel (e.g., 
longitudinal)—data. The methods considered here provide extensions to most of the 
models we have examined in the preceding chapters. Section 11.2 describes the specific 
features of panel data. Most of this analysis is focused on individual data, rather than 
cross-country aggregates. We will examine some aspects of aggregate data modeling in 
Section 11.10. Sections 11.3, 11.4, and 11.5 consider in turn the three main approaches 
to regression analysis with panel data, pooled regression, the fixed effects model, and 
the random effects model. Section 11.6 considers robust estimation of covariance 
matrices for the panel data estimators, including a general treatment of cluster effects. 
Sections 11.7 through 11.10 examine some specific applications and extensions of panel 
data methods. Spatial autocorrelation is discussed in Section 11.7. In Section 11.8, we 
consider sources of endogeneity in the random effects model, including a model of the 
sort considered in Chapter 8 with an endogenous right-hand-side variable and then two 
approaches to dynamic models. Section 11.9 builds the fixed and random effects models 
into nonlinear regression models. Finally, Section 11.10 examines random parameter 
models. The random parameters approach is an extension of the fixed and random 
effects model in which the heterogeneity that the FE and RE models build into the 
constant terms is extended to other parameters as well.

Panel data methods are used throughout the remainder of this book. We will develop 
several extensions of the fixed and random effects models in Chapter 14 on maximum 
likelihood methods, and in Chapter 15 where we will continue the development of 
random parameter models that is begun in Section 11.10. Chapter 14 will also present 
methods for handling discrete distributions of random parameters under the heading of 
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374 Part II  ✦   Generalized regression Model and Equation Systems

or time-series settings alone. Recent applications have allowed researchers to study the 
impact of health policy changes3 and, more generally, the dynamics of labor market 
behavior. In principle, the methods of Chapters 6 and 21 can be applied to longitudinal 
data sets. In the typical panel, however, there are a large number of cross-sectional units 
and only a few periods. Thus, the time-series methods discussed there may be somewhat 
problematic. Recent work has generally concentrated on models better suited to these 
short and wide data sets. The techniques are focused on cross-sectional variation, or 
heterogeneity. In this chapter, we shall examine in detail the most widely used models 
and look briefly at some extensions.

11.2.1  GENERAL MODELING FRAMEWORK FOR ANALYZING PANEL DATA

The fundamental advantage of a panel data set over a cross section is that it will allow 
the researcher great flexibility in modeling differences in behavior across individuals. 
The basic framework for this discussion is a regression model of the form

 yit = xit
=B + zi

=A + eit

  = xit
=B + ci + eit.  

(11-1)

There are K regressors in xit, not including a constant term. The heterogeneity, or 
individual effect, is zi

=A where zi contains a constant term and a set of individual or 
group-specific variables, which may be observed, such as race, sex, location, and so on; 
or unobserved, such as family specific characteristics, individual heterogeneity in skill 
or preferences, and so on, all of which are taken to be constant over time t. As it stands, 
this model is a classical regression model. If zi is observed for all individuals, then the 
entire model can be treated as an ordinary linear model and fit by least squares. The 
complications arise when ci is unobserved, which will be the case in most applications. 
Consider, for example, analyses of the effect of education and experience on earnings 
from which “ability” will always be a missing and unobservable variable. In health care 
studies, for example, of usage of the health care system, “health” and “health care” will 
be unobservable factors in the analysis.

The main objective of the analysis will be consistent and efficient estimation of the 
partial effects,

B = 0E[yit � xit]/0xit.

Whether this is possible depends on the assumptions about the unobserved effects. We 
begin with a strict exogeneity assumption for the independent variables,

E[eit � xi1, xi2, c, ci] = E[eit � Xi, ci] = 0.

This implies the current disturbance is uncorrelated with the independent variables 
in every period, past, present, and future. A looser assumption of contemporaneous 
exogeneity is sometimes useful. If

E[yit � xi1, c, xiT, ci] = E[yit � xit, ci] = xit
=B + ci, 

then

E[eit � xit, ci] = 0.

2A compendium of the earliest literature is Maddala (1993). Book-length surveys on the econometrics of panel 
data include Hsiao (2003), Dielman (1989), Matyas and Sevestre (1996), Raj and Baltagi (1992), Nerlove (2002), 
Arellano (2003), and Baltagi (2001, 2013, 2015). There are also lengthy surveys devoted to specific topics, such 
as limited dependent variable models [Hsiao, Lahiri, Lee, and Pesaran (1999)], discrete choice models [Greene 
(2015)] and semiparametric methods [Lee (1998)]. 3For example, Riphahn et al.’s (2003) analysis of reforms in German public health insurance regulations.

latent class models. In Chapter 21, we will return to the models of nonstationary panel 
data that are suggested in Section 11.8.4. The fixed and random effects approaches will 
be used throughout the applications of discrete and limited dependent variables models 
in microeconometrics in Chapters 17, 18, and 19.

11.2 PANEL DATA MODELING

Many recent studies have analyzed panel, or longitudinal, data sets. Two very famous ones 
are the National Longitudinal Survey of Labor Market Experience (NLS, www.bls.gov/nls/
nlsdoc.htm) and the Michigan Panel Study of Income Dynamics (PSID, http://psidonline.isr.
umich.edu/). In these data sets, very large cross sections, consisting of thousands of 
microunits, are followed through time, but the number of periods is often quite small. The 
PSID, for example, is a study of roughly 6,000 families and 15,000 individuals who have been 
interviewed periodically from 1968 to the present. In contrast, the European Community 
Household Panel (ECHP, http://ec.europa.eu/eurostat/web/microdata/european-
community-household-panel) ran for a total of eight years (waves). An ongoing study in the 
United Kingdom is the Understanding Society survey (www.understandingsociety.ac.uk/
about) that grew out of the British Household Panel Survey (BHPS). This survey that was 
begun in 1991 with about 5,000 households has expanded to over 40,000 participants. Many 
very rich data sets have recently been developed in the area of health care and health 
economics, including the German Socioeconomic Panel (GSOEP, www.eui.eu/Research/
Library/ResearchGuides/Economics/Statistics/DataPortal/GSOEP.aspx), AHRQ’s Medical 
Expenditure Panel Survey (MEPS, www.meps.ahrq.gov/), and the Household Income and 
Labour Dynamics in Australia (HILDA, www.melbourneinstitute.com/hilda/). Constructing 
long, evenly spaced time series in contexts such as these would be prohibitively expensive, 
but for the purposes for which these data are typically used, it is unnecessary. Time effects 
are often viewed as transitions or discrete changes of state. The Current Population Survey 
(CPS, www.census.gov/cps/), for example, is a monthly survey of about 50,000 households 
that interviews households monthly for four months, waits for eight months, then 
reinterviews. This two-wave, rotating panel format allows analysis of short-term changes as 
well as a more general analysis of the U.S. national labor market. They are typically modeled 
as specific to the period in which they occur and are not carried across periods within a 
cross-sectional unit.1 Panel data sets are more oriented toward cross-section analyses; they 
are wide but typically short. Heterogeneity across units is an integral part—indeed, often 
the central focus—of the analysis. [See, e.g., Jones and Schurer (2011).]

The analysis of panel or longitudinal data is the subject of one of the most active 
and innovative bodies of literature in econometrics,2 partly because panel data provide 
such a rich environment for the development of estimation techniques and theoretical 
results. In more practical terms, however, researchers have been able to use time-series 
cross-sectional data to examine issues that could not be studied in either cross-sectional 

1Formal time-series modeling for panel data is briefly examined in Section 21.4.
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or time-series settings alone. Recent applications have allowed researchers to study the 
impact of health policy changes3 and, more generally, the dynamics of labor market 
behavior. In principle, the methods of Chapters 6 and 21 can be applied to longitudinal 
data sets. In the typical panel, however, there are a large number of cross-sectional units 
and only a few periods. Thus, the time-series methods discussed there may be somewhat 
problematic. Recent work has generally concentrated on models better suited to these 
short and wide data sets. The techniques are focused on cross-sectional variation, or 
heterogeneity. In this chapter, we shall examine in detail the most widely used models 
and look briefly at some extensions.

11.2.1  GENERAL MODELING FRAMEWORK FOR ANALYZING PANEL DATA

The fundamental advantage of a panel data set over a cross section is that it will allow 
the researcher great flexibility in modeling differences in behavior across individuals. 
The basic framework for this discussion is a regression model of the form

 yit = xit
=B + zi

=A + eit

  = xit
=B + ci + eit.  

(11-1)

There are K regressors in xit, not including a constant term. The heterogeneity, or 
individual effect, is zi

=A where zi contains a constant term and a set of individual or 
group-specific variables, which may be observed, such as race, sex, location, and so on; 
or unobserved, such as family specific characteristics, individual heterogeneity in skill 
or preferences, and so on, all of which are taken to be constant over time t. As it stands, 
this model is a classical regression model. If zi is observed for all individuals, then the 
entire model can be treated as an ordinary linear model and fit by least squares. The 
complications arise when ci is unobserved, which will be the case in most applications. 
Consider, for example, analyses of the effect of education and experience on earnings 
from which “ability” will always be a missing and unobservable variable. In health care 
studies, for example, of usage of the health care system, “health” and “health care” will 
be unobservable factors in the analysis.

The main objective of the analysis will be consistent and efficient estimation of the 
partial effects,

B = 0E[yit � xit]/0xit.

Whether this is possible depends on the assumptions about the unobserved effects. We 
begin with a strict exogeneity assumption for the independent variables,

E[eit � xi1, xi2, c, ci] = E[eit � Xi, ci] = 0.

This implies the current disturbance is uncorrelated with the independent variables 
in every period, past, present, and future. A looser assumption of contemporaneous 
exogeneity is sometimes useful. If

E[yit � xi1, c, xiT, ci] = E[yit � xit, ci] = xit
=B + ci, 

then

E[eit � xit, ci] = 0.

2A compendium of the earliest literature is Maddala (1993). Book-length surveys on the econometrics of panel 
data include Hsiao (2003), Dielman (1989), Matyas and Sevestre (1996), Raj and Baltagi (1992), Nerlove (2002), 
Arellano (2003), and Baltagi (2001, 2013, 2015). There are also lengthy surveys devoted to specific topics, such 
as limited dependent variable models [Hsiao, Lahiri, Lee, and Pesaran (1999)], discrete choice models [Greene 
(2015)] and semiparametric methods [Lee (1998)]. 3For example, Riphahn et al.’s (2003) analysis of reforms in German public health insurance regulations.
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The regression model with this assumption restricts influences of x on E[y � x, c] to the 
current period. In this form, we can see that we have ruled out dynamic models such as

yit = wit
=B + gyi.t - 1 + ci + eit

because as long as g is nonzero, covariation between eit and xit = (wit, yi,t - 1) is 
transmitted through ci in yi,t - 1. We will return to dynamic specifications in Section 11.8.3. 
In some settings (such as the static fixed effects model in Section 11.4), strict exogeneity 
is stronger than necessary. It is, however, a natural assumption. It will prove convenient 
to start there, and loosen the assumption in specific cases where it would be useful.

The crucial aspect of the model concerns the heterogeneity. A convenient assumption 
is mean independence,

E[ci � xi1, xi2, c] = a.

If the unobserved variable(s) are uncorrelated with the included variables, then, as we 
shall see, they may be included in the disturbance of the model. This is the assumption 
that underlies the random effects model, as we will explore later. It is, however, a 
particularly strong assumption—it would be unlikely in the labor market and health 
care examples mentioned previously. The alternative would be

 E[ci � xi1, xi2, c,] = h(xi1, xi2, c) = h(Xi)

for some unspecified, but nonconstant function of Xi. This formulation is more general, 
but at the same time, considerably more complicated, the more so because estimation 
may require yet further assumptions about the nature of the regression function.

11.2.2  MODEL STRUCTURES

We will examine a variety of different models for panel data. Broadly, they can be 
arranged as follows:

1. Pooled Regression: If zi contains only a constant term, then ordinary least squares 
provides consistent and efficient estimates of the common a and the slope vector B.

2. Fixed Effects: If zi is unobserved, but correlated with xit, then the least squares 
estimator of B is biased and inconsistent as a consequence of an omitted variable. 
However, in this instance, the model

yit = xit
=B + ai + eit,

where ai = zi
=A, embodies all the observable effects and specifies an estimable 

conditional mean. This fixed effects approach takes ai to be a group-specific constant 
term in the regression model. It should be noted that the term “fixed” as used here 
signifies the correlation of ci and xit, not that ci is nonstochastic.

3. Random Effects: If the unobserved individual heterogeneity, however formulated, 
is uncorrelated with xit, then the model may be formulated as

  yit = xit
=B + E[zi

=A] + {zi
=A - E[zi

=A]} + eit

  = xit
=B + a + ui + eit,

that is, as a linear regression model with a compound disturbance that may be 
consistently, albeit inefficiently, estimated by least squares. This random effects 
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approach specifies that ui is a group-specific random element, similar to eit except 
that for each group, there is but a single draw that enters the regression identically 
in each period. Again, the crucial distinction between fixed and random effects is 
whether the unobserved individual effect embodies elements that are correlated 
with the regressors in the model, not whether these effects are stochastic or not. We 
will examine this basic formulation, then consider an extension to a dynamic model.

4. Random Parameters: The random effects model can be viewed as a regression 
model with a random constant term. With a sufficiently rich data set, we may extend 
this idea to a model in which the other coefficients vary randomly across individuals 
as well. The extension of the model might appear as

yit = xit
= (B + ui) + (a + ui) + eit,

where ui is a random vector that induces the variation of the parameters across 
individuals. This random parameters model has recently enjoyed widespread 
attention in several fields. It represents a natural extension in which researchers 
broaden the amount of heterogeneity across individuals while retaining some 
commonalities—the parameter vectors still share a common mean. Some recent 
applications have extended this yet another step by allowing the mean value of the 
parameter distribution to be person specific, as in

yit = xit
= (B + �zi + ui) + (a + ui) + eit,

where zi is a set of observable, person-specific variables, and �  is a matrix of 
parameters to be estimated. As we will examine in Chapter 17, this hierarchical 
model is extremely versatile.

11.2.3  EXTENSIONS

The short list of model types provided earlier only begins to suggest the variety of 
applications of panel data methods in econometrics. We will begin in this chapter to study 
some of the formulations and uses of linear models. The random and fixed effects models 
and random parameters models have also been widely used in models of censoring, binary, 
and other discrete choices, and models for event counts. We will examine all of these in 
the chapters to follow. In some cases, such as the models for count data in Chapter 18, 
the extension of random and fixed effects models is straightforward, if somewhat more 
complicated computationally. In others, such as in binary choice models in Chapter 17 
and censoring models in Chapter 19, these panel data models have been used, but not 
before overcoming some significant methodological and computational obstacles.

11.2.4  BALANCED AND UNBALANCED PANELS

By way of preface to the analysis to follow, we note an important aspect of panel data 
analysis. As suggested by the preceding discussion, a panel data set will consist of n 
sets of observations on individuals to be denoted i = 1, c, n. If each individual in 
the data set is observed the same number of times, usually denoted T, the data set is 
a balanced panel. An unbalanced panel data set is one in which individuals may be 
observed different numbers of times. We will denote this Ti. A fixed panel is one in which 
the same set of individuals is observed for the duration of the study. The data sets we 
will examine in this chapter, while not all balanced, are fixed.
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A rotating panel is one in which the cast of individuals changes from one period to the 
next. For example, Gonzalez and Maloney (1999) examined self-employment decisions 
in Mexico using the National Urban Employment Survey. This is a quarterly data set 
drawn from 1987 to 1993 in which individuals are interviewed five times. Each quarter, 
one-fifth of the individuals is rotated out of the data set. The U.S. Census Bureau’s SIPP 
data (Survey of Income and Program Participation, www.census.gov/programs-surveys/
sipp/data.html) is another rotating panel. Some discussion and numerous references may 
be found in Baltagi (2013)

Example 11.1   A Rotating Panel: The Survey of Income and Program 
Participation (SIPP) Data

From the Census Bureau’s home site for this data set:
The SIPP survey design is a continuous series of national panels, with sample size ranging 

from approximately 14,000 to 52,000 interviewed households. The duration of each panel 
ranges from 21

2 years to 4 years. The SIPP sample is a multistage-stratified sample of the U.S. 
civilian non-institutionalized population. From 1984 to 1993, a new panel of households was 
introduced each year in February. A 4-year panel was implemented in April 1996; however, a 
3-year panel that was started in February 2000 was canceled after 8 months due to budget 
restrictions. Consequently, a 3-year panel was introduced in February 2001. The 21

2 year 
2004 SIPP Panel was started in February 2004 and was the first SIPP panel to use the 2000 
decennial-based redesign of the sample. The 2014 panel, starting in February 2014, is the 
first SIPP panel to use the 2010 decennial as the basis for its sample.

11.2.5  ATTRITION AND UNBALANCED PANELS

Unbalanced panels arise in part because of nonrandom attrition from the sample. 
Individuals may appear for only a subset of the waves. In general, if the attrition is 
systematically related to the outcome variable in the model being studied, then it may 
induce conditions of nonrandom sampling bias—sometimes called sample selection. The 
nature of the bias is unclear, but sample selection bias as a general aspect of econometric 
analysis is well documented. [An example would be attrition of subjects from a medical 
clinical trial for reasons related to the efficacy (or lack of) of the drug under study.] Verbeek 
and Nijman (1992) proposed a nonconstructive test for attrition in panel data models—
the test results detect the condition but do not imply a strategy if the hypothesis of no 
nonrandom attrition is rejected. Wooldridge (2002 and 2010, pp. 837–844) describes an 
inverse probability weighting (IPW) approach for correcting for nonrandom attrition.

Example 11.2   Attrition and Inverse Probability Weighting in a Model 
for Health

Contoyannis, Jones, and Rice (2004) employed an ordered probit model to study self-assessed 
health in the first eight waves of the BHPS.4 The sample exhibited some attrition as shown in 
Table 11.1 (from their Table V). (Although the sample size does decline after each wave, the 
remainder at each wave is not necessarily a subset of the previous wave. Some individuals 
returned to the sample. A subsample of observations for which attrition at each wave was an 
absorbing state—they did not return—was analyzed separately. This group is used for IPW-2 
in the results below.) To examine the issue of nonrandom attrition, the authors first employed 
Nijman and Verbeek’s tests. This entails adding three variables to the model:

4See Chapter 18 and Greene and Hensher (2010).
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NEXT WAVEit     = 1 if individual i is in the sample in wave t + 1,
ALL WAVEit   = 1 if individual i is in the sample for all waves,
NUMBER OF WAVES   = the number of waves for which the individual is present.

The results at this step included those in Table 11.2 (extracted from their Table IX). Curiously, 
at this step, the authors found strong evidence of nonrandom attrition in the subsample of men 
in the sample, but not in that for women. The authors then employed an inverse probability 
weighting approach to “correct” for the possibility of nonrandom attrition. They employed 
two procedures. First, for each individual in the sample, construct di = (di1, c., diT) where 
dit = 1 if individual i is present in wave t. By construction, di1 = 1 for everyone. A vector of 
covariates observed at the baseline that is thought to be relevant to attrition in each period is 
designated zi1. This includes ln Income, marital status, age, race, education, household size, 
and health status, and some indicators of morbidity. For each period, a probit model is fit for 
Prob(dit = 1 � zi1) and fitted probabilities, pn it are computed. (Note: pn i1 = 1.) With these fitted 
probabilities in hand, the model is estimated by maximizing the criterion function, in their 
case, the log-likelihood function, ln L = Σ iΣt (dit/pn it) ln Lit. (For the models examined in this 
chapter, the log-likelihood term would be the negative of a squared residuals to maximize the 
negative of the sum or squares.) These results are labeled IPW-1 in Table 11.3. For the second 
method, the sample is restricted to the subset for which attrition was permanent. For each 
period, the list of variables is expanded to include zi1 and zi,t - 1. The predicted probabilities at 
each, computed using the probit model, are denoted pnis. Finally, to account for the fact that 
the sample at each wave is based on selection from the previous wave (so that dit = Πs … tdis
) the probabilities are likewise adjusted: pn it = Πs = 1

t pnis. The results below show the influence 
of the sample treatment on one of the estimated coefficients in the full model.

Wave Individuals Survival Exited Attrition

1 10,256 — — —
2 8,957 87.33% 1299 12.67%
3 8,162 79.58% 795 8.88%
4 7,825 76.30% 337 4.13%
5 7,430 72.45% 395 5.05%
6 7,238 70.57% 192 2.58%
7 7,102 69.25% 136 1.88%
8 6,839 66.68% 263 3.70%

Table 11.1 Attrition from BHPS

Men Women

B t Ratio B t Ratio

NEXT WAVE 0.199 5.67 0.060 1.77
ALL WAVES 0.139 4.46 0.071 2.45
NUMBER OF WAVES 0.031 3.54 0.016 1.88

Table 11.2 Tests for Attrition Bias
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Example 11.3   Attrition and Sample Selection in an Earnings Model for 
Physicians

Cheng and Trivedi (2015) approached the attrition question from a nonrandom sample 
selection perspective in their panel data study of Australian physicians’ earnings. The starting 
point is a “missing at random” (MAR) interpretation of attrition. If individuals exit the sample 
for reasons that are unrelated to the variable under study—specifically, unrelated to the 
unobservables in the equation being used to model that variable—then attrition has no direct 
implications for the estimation of the parameters of the model.

Table 11.4 (derived from Table I in the article) shows that about one-third of the initial 
sample in their four-wave panel ultimately exited the sample. (Some individuals did return. 
The table shows the net effect.)

The model is a structural system,

 Attrition: Ait
* = zit

=G + uit;    Ait = 1 if Ait
* 7 0,

 ln Wages: yit
* = xit

=B + fi
=D + ai + eit; yit = yit

* if Ait = 0, unobserved otherwise,

where xit and zit are time-varying exogenous variables, fi is time-invariant, possibly endogenous 
variables, and ai is a fixed effect. This setup is an application of Heckman’s (1979) sample 
selection framework. (See Section 19.5.) The implication of the observation mechanism for 
the observed data is

 E[yit � xit, fi, ai, Ait = 0] = xit
=B + fi

=D + ai + E[eit � uit … -zit
=G]

 = xit
=B + fi

=D + ai + u l(zit
=G).

[In this reduced form of the model, u is not (yet) a structural parameter. A nonzero value of 
this coefficient implies the presence of the attrition (selection) effect. The effect is generic 
until some structure is placed on the joint observation and attrition mechanism.] If eit and 
uit are correlated, then [ul(zit

=G)] will be nonzero. Regression of yit on xit, fi, and whatever 
device is used to control for the fixed effects will be affected by the missing selection effect, 
lit = l(zit

=G). If this omitted variable is correlated with (xit, fi, ai), then the estimates of B and 
D are likely to be distorted. A partial solution is obtained by using first differences in the 

Balanced Sample Unbalanced IPW-1 IPW-2

NT = 19,460 NT = 24,371 NT = 24,370 NT = 23,211
Men 0.036 (0.022) 0.035 (0.019) 0.035 (0.020) 0.043 (0.021)

Women 0.029 (0.021) 0.033 (0.018) 0.021 (0.019) 0.018 (0.020)

*Coefficient on ln Income in Dynamic Ordered Probit Model. (Extracted from Table X and Table XI.)

Table 11.3 Estimated Coefficients* on ln Income in Ordered Probit Models 
( Standard errors in Parentheses)

General Practitioners Specialists

Year N Attrition* Survival N Attrition Survival

1 3906 840 100.0% 4596 926 100.0%
2 3066 242 78.5% 3670 303 79.9%
3 2824 270 72.3% 3367 299 73.3%
4 2554 — 65.4% 3068 — 66.8%

* Net attrition takes place after the indicated year.

Table 11.4  Attrition from the Medicine in Australia Balancing Employment and Life Data
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regression. First differences will eliminate the time-invariant components of the regression, 
(fi, ai), but will not solve the selection problem unless the attrition mechanism is also time 
invariant, which is not assumed. This nonzero correlation will be the attrition effect.

If there is attrition bias (in the estimator that ignores attrition), then the sample should 
become progressively less random as the observation period progresses. This suggests 
a possible indirect test for attrition bias. The full unbalanced sample contains a balanced 
subsample of individuals who are present for all waves of the panel. (Individuals who left 
and rejoined the panel would be bypassed for purposes of this exercise.) Under the MAR 
assumption, estimation of B based on the unbalanced full sample and the balanced subsample 
should produce the same results (aside from some sampling variability). This suggests one 
might employ a Hausman style test. (See Section 11.5.6.) The authors employed a more direct 
strategy. A narrow assumption that (eit, uit) are bivariate normally distributed with zero means, 
variances, s2 and 1, and correlation r (a variance for uit is not identified) produces

ut l(zit
=Gt) = ut 

f(-zit
=Gt)

Φ(-zit
=Gt)

.

Estimates of the coefficients in this “control function” regression are computed for each of 
waves 2–4 and added to the first difference regression,

yit - yi,t - 1 = (xit - xi,t - 1)′B + a 4
t = 2 utl

n

it + wit,

which is then estimated using least squares. Standard errors are computed using 
bootstrapping. Under the joint normality assumption, this control function estimator is robust, 
in that if there is an attrition effect (nonzero r), the effect is accounted for while if r = 0, the 
original estimator (within or first differences) will be consistent on its own. A second approach 
that loosens the bivariate normality assumption is based on a copula model (Section 12.2.2) 
that is estimated by maximum likelihood.

Table 11.5 below (derived from Tables III and IV in the paper) summarizes the results. The 
bivariate normal model strongly suggests the presence of the attrition effect, though the 
impact on the main estimation result is relatively modest. But the results for the copula are 
quite different. The effect is found to be significant only for the specialists. The impact on the 
hours coefficient is quite large for this group as well.

General Practitioners Specialists

Fixed Effects Hours Coefficient
 Unbalanced* 0.460 (0.027) [7776] 0.287 (0.022) [8904]
 Balanced 0.407 (0.038) [3464] 0.356 (0.029) [4204]

First Differences Hours Coefficient
 Unbalanced 0.428 (0.042) [4106] 0.174 (0.038) [4291]
 Balanced 0.387 (0.055) [2598] 0.244 (0.053) [3153]

Bivariate Normal Hazards Attrition Model
 Hours coefficient 0.422 (0.041) [4043] 0.180 (0.035) [4875]
 Wald Statistic (3 df) 42.47 38.65
 p Value 0.000 0.000

Frank Copula Attrition Model
 Marginals Probit, Student’s t Logit, logistic
 Hours coefficient 0.315 (0.043) [5166] 0.104 (0.026) [6109]
 Wald Statistic (1 df) 1.862 7535.119
 p Value 0.172 0.000

* Standard errors in parentheses. Sample size in brackets.

Table 11.5 Earnings Models and Tests for Attrition Bias
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Unbalanced panels may arise for systematic reasons that induce problems that 
look like sample selection issues. But the attrition from a panel data set may also 
be completely ignorable, that is, due to issues that are out of the view of the analyst. 
In such cases, it is reasonable simply to treat the unbalanced nature of the data as a 
characteristic of the random sampling. Almost none of the useful theory that we will 
examine here relies on an assumption that the panel is balanced. The development to 
follow is structured so that the distinction between balanced and unbalanced panels, 
beyond the attrition issue, will entail little more than a trivial change in notation—
where for convenience we write T suggesting a balanced panel, merely changing T to 
Ti generalizes the results. We will note specifically when this is not the case, such as in 
Breusch and Pagan’s (1980) LM statistic.

11.2.6  WELL-BEHAVED PANEL DATA

The asymptotic properties of the estimators in the classical regression model were 
established in Section 4.4 under the following assumptions:

A.1. Linearity: yi = xi1b1 + xi2b2 + g + xiKbK + ei.
A.2.  Full rank: The n * K sample data matrix, X has full column rank for every 

n 7 K.
A.3.  Strict exogeneity of the independent variables: E[ei � xj1, xj2, c, xjK] = 0, i,

 j = 1, c, n.
A.4.  Homoscedasticity and nonautocorrelation: E[eiej � X] = se

2 if i = j and 0 
otherwise.

The following are the crucial results needed: For consistency of b, we need

 plim(1/n)X′X = plim Qn = Q, a positive definite matrix,
 plim(1/n)X′E = plim wn = E[wn] = 0.

(For consistency of s2, we added a fairly weak assumption about the moments of the 
disturbances.) To establish asymptotic normality, we required consistency and2n wn ¡d

N[0, s2Q].

With these in place, the desired characteristics are then established by the methods of 
Sections 4.4.1 and 4.4.2.

Exceptions to the assumptions are likely to arise in a panel data set. The sample 
will consist of multiple observations on each of many observational units. For example, 
a study might consist of a set of observations made at different points in time on a large 
number of families. In this case, the x’s will surely be correlated across observations, at 
least within observational units. They might even be the same for all the observations 
on a single family.

The panel data set could be treated as follows. Assume for the moment that the 
data consist of a fixed number of observations, say T, on a set of n families, so that the 
total number of rows in X is N = nT. The matrix Qn, in which n is all the observations 
in the sample, is

Qn =
1
n a

i

1
T

 Xi
=Xi =

1
n a

n

i = 1
Qi.
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We then view the set of observations on the ith unit as if they were a single observation 
and apply our convergence arguments to the number of units increasing without bound. 
The point is that the conditions that are needed to establish convergence will apply with 
respect to the number of observational units. The number of observations taken for each 
observation unit might be fixed and could be quite small.

This chapter will contain relatively little development of the properties of 
estimators as was done in Chapter 4. We will rely on earlier results in Chapters 4, 8, and 
9 and focus instead on a variety of models and specifications.

11.3 THE POOLED REGRESSION MODEL

We begin the analysis by assuming the simplest version of the model, the pooled model,

 yit = a + xit
=B + eit, i = 1, c, n, t = 1, c, Ti, (11-2)

E[eit, � xi1, xi2, c, xiTi
] = 0,

E[eitejs � xi1, xi2, c, xiTi
] = se

2 if i = j and t = s and = 0 if i ≠ j or t ≠ s.

In this form, if the remaining assumptions of the classical model are met (zero 
conditional mean of eit, homoscedasticity, uncorrelatedness across observations, i and 
strict exogeneity of xit), then no further analysis beyond the results of Chapter 4 is 
needed. Ordinary least squares is the efficient estimator and inference can reliably 
proceed along the lines developed in Chapter 5.

11.3.1  LEAST SQUARES ESTIMATION OF THE POOLED MODEL

The crux of the panel data analysis in this chapter is that the assumptions underlying 
ordinary least squares estimation of the pooled model are unlikely to be met. The 
question, then, is what can be expected of the estimator when the heterogeneity does 
differ across individuals? The fixed effects case is obvious. As we will examine later, 
omitting (or ignoring) the heterogeneity when the fixed effects model is appropriate 
renders the least squares estimator inconsistent—sometimes wildly so. In the random 
effects case, in which the true model is

yit = ci + xit
=B + eit,

where E[ci � Xi] = a, we can write the model

 yit = a + xit
=B + eit + (ci - E[ci � Xi])

  = a + xit
=B + eit + ui

  = a + xit
=B + wit.

In this form, we can see that the unobserved heterogeneity induces autocorrelation; 
E[witwis] = su

2 when t ≠ s. As we explored in Chapter 9—we will revisit it in Chapter 
20—the ordinary least squares estimator in the generalized regression model may 
be consistent, but the conventional estimator of its asymptotic variance is likely to 
underestimate the true variance of the estimator.
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11.3.2  ROBUST COVARIANCE MATRIX ESTIMATION AND BOOTSTRAPPING

Suppose we consider the model more generally. Stack the Ti observations for individual 
i in a single equation,

yi = XiB + wi,

where B now includes the constant term. In this setting, there may be heteroscedasticity 
across individuals. However, in a panel data set, the more substantive effect is cross-
observation correlation, or autocorrelation. In a longitudinal data set, the group of 
observations may all pertain to the same individual, so any latent effects left out of the 
model will carry across all periods. Suppose, then, we assume that the disturbance vector 
consists of eit plus these omitted components. Then,

 Var[wi � Xi] = se
2ITi

+ �i

 = �i.

(The subscript i on �i does not necessarily indicate a different variance for each i. 
The designation is necessary because the matrix is Ti * Ti.) The ordinary least squares 
estimator of B is

  b = (X′X)-1X′y = Jan
i = 1

Xi
=XiR -1

a
n

i = 1
X=

iyi

 = Jan
i = 1

Xi
=XiR -1

a
n

i = 1
Xi

=(XiB + wi)

 = B + Jan
i = 1

Xi
=XiR -1

a
n

i = 1
Xi

=wi.

Consistency can be established along the lines developed in Chapter 4. The true 
asymptotic covariance matrix would take the form we saw for the generalized regression 
model in (9-8),

 Asy.Var[b] =
1
n

 plimJ 1
n a

n

i = 1
Xi

=XiR -1

 plimJ 1
n a

n

i = 1
Xi

=wiwi
=XiR  plimJ 1

n a
n

i = 1
Xi

=XiR -1

 =
1
n

 plimJ 1
n a

n

i = 1
Xi

=XiR -1

 plimJ 1
n a

n

i = 1
Xi

=�iXiR  plimJ 1
n a

n

i = 1
Xi

=XiR -1

.

This result provides the counterpart to (9-12). As before, the center matrix must be 
estimated. In the same fashion as the White estimator, we can estimate this matrix with

 Est.Asy.Var[b] =
1
n

 J 1
n a

n

i = 1
Xi

=XiR -1J 1
n a

n

i = 1
Xi

=wn iwn i
=XiR J 1

n a
n

i = 1
Xi

=XiR -1

, (11-3)

where wn i
= is the vector of Ti residuals for individual i. In fact, the logic of the White 

estimator does carry over to this estimator. Note, however, this is not quite the same 
as (9-5). It is quite likely that the more important issue for appropriate estimation 
of the asymptotic covariance matrix is the correlation across observations, not 
heteroscedasticity. As such, it is likely that the White estimator  in (9-5) is not the 
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solution to the inference problem here. Example 11.4 shows this effect at work. This is 
the “cluster” robust estimator developed in Section 4.5.3.

Bootstrapping offers another approach to estimating an appropriate covariance 
matrix for the estimator. We used this approach earlier in a cross-section setting in 
Example 4.6 where we devised an estimator for the LAD estimator. Here, we will take 
the group or cluster as the unit of observation. For example, in the data in Example 11.4, 
there are 595 groups of 7 observations, so the block of 7 observations is the unit of 
observation. To compute the block bootstrap estimator, we use the following procedure. 
For each of R repetitions, draw random samples of N = 595 blocks with replacement. 
(Each time, some blocks are drawn more than once and others are not drawn.) After 
the R repetitions, compute the empirical variance of the R replicates. The estimator is

Est.Asy.Var[b] =
1
R aR

r = 1(br - b)(br - b)=.

Example 11.4  Wage Equation
Cornwell and Rupert (1988) analyzed the returns to schooling in a balanced panel of 595 
observations on heads of households. The sample data are drawn from years 1976–1982 
from the “Non-Survey of Economic Opportunity” from the Panel Study of Income Dynamics. 
Our estimating equation is a modified version of the one in the paper (without the time fixed 
effects);

 ln Wageit = b1 + b2 Expit + b3 Expit
2 + b4 Wksit + b5 Occit

 + b6 Indit + b7 Southit + b8 SMSAit + b9 MSit

 + b10 Unionit + b11 Edi + b12 Femi + b13 Blki + eit

where the variables in the model are

Exp  = years of full-time work experience,
Wks  = weeks worked,
Occ  = 1 if the individual has a blue-collar occupation, 0 if not,
Ind  = 1 if the individual works in a manufacturing industry, 0 if not,
South  = 1 if the individual resides in the south, 0 if not,
SMSA = 1 if the individual resides in an SMSA, 0 if not,
MS  = 1 if the individual is married, 0 if not
Union  = 1 if the individual’s wage is set by a union contract, 0 if not
Ed  = years of education
Fem  = 1 if the individual is female, 0 if not,
Blk  = 1 if the individual is black, 0 if not.

See Appendix Table F8.1 for the data source. Note that Ed, Fem, and Blk are time 
invariant. The main interest of the study, beyond comparing various estimation methods, is 
b11, the return to education. Table 11.6 reports the least squares estimates based on the full 
sample of 4,165 observations. [The authors do not report OLS estimates. However, they do 
report linear least squares estimates of the fixed effects model, which are simple least squares 
using deviations from individual means. (See Section 11.4.)] The conventional OLS standard 
errors are given in the second column of results. The third column gives the robust standard 
errors computed using (11-3). For these data, the computation is

Est.Asy.Var[b] = Ja 595
i = 1Xi

=Xi R -1Ja 595
i = 1¢a 7

t = 1xiteit≤ ¢a 7
t = 1xiteit≤′ R Ja 595

i = 1Xi
=Xi R -1

.
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The robust standard errors are generally about twice the uncorrected ones. In contrast, the 
White robust standard errors are almost the same as the uncorrected ones. This suggests that 
for this model, ignoring the within-group correlations does, indeed, substantially affect the 
inferences one would draw. The block bootstrap standard errors based on 100 replications 
are shown in the last column. As expected, the block bootstrap results are quite similar to 
the two-step residual-based method.

11.3.3  CLUSTERING AND STRATIFICATION

Many recent studies have analyzed survey data sets, such as the Current Population 
Survey (CPS). Survey data are often drawn in clusters, partly to reduce costs. For example, 
interviewers might visit all the families in a particular block. In other cases, effects that 
resemble the common random effects in panel data treatments might arise naturally 
in the sampling setting. Consider, for example, a study of student test scores across 
several states. Common effects could arise at many levels in such a data set. Education 
curriculum or funding policies in a state could cause a “state effect”; there could be 
school district effects, school effects within districts, and even teacher effects within a 
particular school. Each of these is likely to induce correlation across observations that 
resembles the random (or fixed) effects we have identified. One might be reluctant to 
assume that a tightly structured model such as the simple random effects specification 
is at work. But, as we saw in Example 11.1, ignoring common effects can lead to serious 
inference errors.

Moulton (1986, 1990) examined the bias of the conventional least squares estimator 
of Asy.Var[b], s2(X′X)-1. The calculation is complicated because the comparison 
ultimately depends on the group sizes, the data themselves, and the within-group cross-
observation correlation of the common effects. For a simple case,

yi,g = b1 + xi,gb2 + ui,g + wg,

Variable
Least Squares 

Estimate
Standard 

Error
Clustered  
Std. Error

Bootstrapped  
Std. Error

White Hetero. 
Robust Std. Error

Constant 5.25112 0.07129 0.12355 0.11171 0.07435
Exp 0.00401 0.00216 0.00408 0.00434 0.00216
ExpSq -0.00067 0.00005 0.00009 0.00010 0.00005
Wks 0.00422 0.00108 0.00154 0.00164 0.00114
Occ -0.14001 0.01466 0.02724 0.02555 0.01494
Ind 0.04679 0.01179 0.02366 0.02153 0.01199
South -0.05564 0.01253 0.02616 0.02414 0.01274
SMSA 0.15167 0.01207 0.02410 0.02323 0.01208
MS 0.04845 0.02057 0.04094 0.03749 0.02049
Union 0.09263 0.01280 0.02367 0.02553 0.01233
Ed 0.05670 0.00261 0.00556 0.00483 0.00273
Fem -0.36779 0.02510 0.04557 0.04460 0.02310
Blk -0.16694 0.02204 0.04433 0.05221 0.02075

Table 11.6 Wage Equation Estimated by OLS
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a broad, approximate result is the Moulton factor,

Cluster Corrected Variance
OLS Uncorrected Variance

≈ [1 + (ng - 1)rxru],

where ng is the group size, rx is the cross-observation correlation (within a group) of xi,g 
and ru is the “intraclass correlation,” sw

 2/(sw
 2 + su

 2). The Moulton bias factor suggests 
that the conventional standard error is biased downward, potentially quite substantially 
if ng is large. It is worth noting the Moulton bias might create the impression that the 
correction of the standard errors always increases the standard errors. Algebraically, 
this is not true—a counterexample appears in Example 4.5. The Moulton result suggests 
a correction to the OLS standard errors. However, using it would require several 
approximations of unknown size (based on there being more than one regressor, 
variable cluster sizes, and needing an estimator for ru). The robust estimator suggested 
in Section 11.3.2 will be a preferable approach.

A refinement to (11-3) is sometimes employed to account for small-sample effects 
when the number of clusters is likely to be a significant proportion of a finite total, such 
as the number of school districts in a state. A degrees of freedom correction as shown in 
(11-4) is often employed for this purpose. The robust covariance matrix estimator would be

  Est.Asy.Var[b] = J a
G

g = 1
Xg

=Xg R -1J G
G - 1 a

G

g = 1
¢ ang

i = 1
xigwn ig≤ ¢ ang

i = 1
xigwn ig≤=R J a

G

g = 1
Xg

=Xg R -1

  = J a
G

g = 1
Xg

=Xg R -1J G
G - 1 a

G

g = 1
(Xg

=wn g)(wn g
=Xg) R J a

G

g = 1
Xg

=Xg R -1

, (11-4)

where G is the number of clusters in the sample and each cluster consists of 
ng, g = 1, c, G observations. [Note that this matrix is simply G/(G - 1) times the 
matrix in (11-3).] A further correction (without obvious formal motivation) sometimes 
employed is a degrees of freedom correction, [(Σgng) - 1]/[(Σgng) - K].

Many further refinements for more complex samples—consider the test scores 
example—have been suggested. For a detailed analysis, see Cameron and Trivedi (2005, 
Chapter 24) and Cameron and Miller (2015). Several aspects of the computation are 
discussed in Wooldridge (2010, Chapter 20) as well. An important question arises 
concerning the use of asymptotic distributional results in cases in which the number 
of clusters might be relatively small. Angrist and Lavy (2002) find that the clustering 
correction after pooled OLS, as we have done in Example 11.3, is not as helpful as might 
be hoped for (though our correction with 595 clusters each of size 7 would be “safe” by 
these standards). But, the difficulty might arise, at least in part, from the use of OLS in the 
presence of the common effects. Kezde (2001) and Bertrand, Dufflo, and Mullainathan 
(2002) find more encouraging results when the correction is applied after estimation of 
the fixed effects regression. Yet another complication arises when the groups are very 
large and the number of groups is relatively small, for example, when the panel consists 
of many large samples from a subset (or even all) of the U.S. states. Since the asymptotic 
theory we have used to this point assumes the opposite, the results will be less reliable 
in this case. Donald and Lang (2007) find that this case gravitates toward analysis of 
group means rather than the individual data. Wooldridge (2003) provides results that 
help explain this finding. Finally, there is a natural question as to whether the correction 
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388 Part II  ✦   Generalized regression Model and Equation Systems

is even called for if one has used a random effects, generalized least squares procedure 
(see Section 11.5) to do the estimation at the first step. If the data-generating mechanism 
were strictly consistent with the random effects model, the answer would clearly be 
negative. Under the view that the random effects specification is only an approximation 
to the correlation across observations in a cluster, then there would remain residual 
correlation that would be accommodated by the correction in (11-4) (or some GLS 
counterpart). (This would call the specific random effects correction in Section 11.5 
into question, however.) A similar argument would motivate the correction after fitting 
the fixed effects model as well. We will pursue these possibilities in Section 11.6.4 after 
we develop the fixed and random effects estimator in detail.

11.3.4  ROBUST ESTIMATION USING GROUP MEANS

The pooled regression model can also be estimated using the sample means of the data. 
The implied regression model is obtained by premultiplying each group by (1/T)i′ where 
i′ is a row vector of ones,

(1/T)i′yi = (1/T)i′XiB + (1/T)i′wi

or

yi. = xi
=B + wi.

In the transformed linear regression, the disturbances continue to have zero conditional 
means but heteroscedastic variances si

2 = (1/T 2)i′�ii. With �i unspecified, this is a 
heteroscedastic regression for which we would use the White estimator for appropriate 
inference. Why might one want to use this estimator when the full data set is available? If 
the classical assumptions are met, then it is straightforward to show that the asymptotic 
covariance matrix for the group means estimator is unambiguously larger, and the answer 
would be that there is no benefit. But failure of the classical assumptions is what brought 
us to this point, and then the issue is less clear-cut. In the presence of unstructured cluster 
effects the efficiency of least squares can be considerably diminished, as we saw in the 
preceding example. The loss of information that occurs through the averaging might be 
relatively small, though in principle the disaggregated data should still be better.

We emphasize that using group means does not solve the problem that is addressed 
by the fixed effects estimator. Consider the general model,

yi = XiB + cii + wi,

where as before, ci is the latent effect. If the mean independence assumption, 
E[ci � Xi] = a, is not met, then the effect will be transmitted to the group means as well. 
In this case, E[ci � Xi] = h(Xi). A common specification is Mundlak’s (1978), where we 
employ the projection of ci on the group means (see Section 4.4.5),

ci � Xi = xi
=. G + vi.

Then,

 yit = xit
=B + ci + eit

 = xit
=B + xi.

=  G + [eit + vi]

 = xit
=B + xi.

=  G + uit,
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where, by construction, Cov[uit, xi] = 0. Taking means as before,

 yi. = xi.
=  B + xi.

=  G + ui.

 = xi.
=  (B + G) + ui..

The implication is that the group means estimator estimates not B, but B + G. Averaging 
the observations in the group collects the entire set of effects, observed and latent, in 
the group means.

One consideration that remains, which, unfortunately, we cannot resolve analytically, 
is the possibility of measurement error. If the regressors are measured with error, 
then, as we examined in Section 8.7, the least squares estimator is inconsistent and, as 
a consequence, efficiency is a moot point. In the panel data setting, if the measurement 
error is random, then using group means would work in the direction of averaging it 
out—indeed, in this instance, assuming the benchmark case xitk = xitk* + uitk, one could 
show that the group means estimator would be consistent as T S ∞  while the OLS 
estimator would not.

Example 11.5  Robust Estimators of the Wage Equation
Table 11.7 shows the group means estimates of the wage equation shown in Example 11.4 
with the original least squares estimates. In both cases, a robust estimator is used for the 
covariance matrix of the estimator. It appears that similar results are obtained with the means.

11.3.5  ESTIMATION WITH FIRST DIFFERENCES

First differencing is another approach to estimation. Here, the intent would explicitly be 
to transform latent heterogeneity out of the model. The base case would be

yit = ci + xit
=B + eit,

Coefficient
OLS Estimated 

Coefficient
Cluster Robust 
Standard Error

Group Means 
Estimates

White Robust 
 Standard Error

Constant 5.25112 0.12330 5.12143 0.20425
Exp 0.04010 0.00408 0.03190 0.00478

Exp2 -0.00067 0.00009 -0.00057 0.00010

Wks 0.00422 0.00154 0.00919 0.00360
Occ -0.14001 0.02724 -0.16762 0.03382
Ind 0.04679 0.02366 0.05792 0.02554
South -0.05564 0.02616 -0.05705 0.02597
SMSA 0.15167 0.02410 0.17578 0.02576
MS 0.04845 0.04094 0.11478 0.04770
Union 0.09263 0.02367 0.10907 0.02923
Ed 0.05670 0.00556 0.05144 0.00555
Fem -0.36779 0.04557 -0.31706 0.05473
Blk -0.16694 0.04433 -0.15780 0.04501

Table 11.7 Wage Equation Estimated by OLS
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which implies the first differences equation,

∆yit = ∆ci + (∆xit)′B + ∆eit,

or
 ∆yit = (∆xit)′B + eit - ei,t - 1

 = (∆xit)′B + uit.

The advantage of the first difference approach is that it removes the latent heterogeneity 
from the model whether the fixed or random effects model is appropriate. The 
disadvantage is that the differencing also removes any time-invariant variables from the 
model. In our example, we had three, Ed, Fem, and Blk. If the time-invariant variables 
in the model are of no interest, then this is a robust approach that can estimate the 
parameters of the time-varying variables consistently. Of course, this is not helpful for 
the application in the example because the impact of Ed on ln Wage was the primary 
object of the analysis. Note, as well, that the differencing procedure trades the cross-
observation correlation in ci for a moving average (MA) disturbance, ui,t = ei,t - ei,t - 1.5 
The new disturbance, ui,t, is autocorrelated, though across only one period. Nonetheless, 
in order to proceed, it would have to be true that ∆xt is uncorrelated with ∆et. Strict 
exogeneity of xit is sufficient, but in the absence of that assumption, such as if only 
Cov(eit, xit) = 0 has been assumed, then it is conceivable that ∆xt and ∆et could be 
correlated. The presence of a lagged value of yit in the original equation would be such 
a case. Procedures are available for using two-step feasible GLS for an MA 
disturbance (see Chapter 20). Alternatively, this model is a natural candidate for OLS 
with the Newey–West robust covariance estimator because the right number of lags 
(one) is known. (See Section 20.5.2.)

As a general observation, with a variety of approaches available, the first difference 
estimator does not have much to recommend it, save for one very important application. 
Many studies involve two period panels, a before and an after treatment. In these cases, 
as often as not, the phenomenon of interest may well specifically be the change in the 
outcome variable—the “treatment effect.” Consider the model

yit = ci + xit
=B + uSit + eit,

where t = 1, 2 and Sit = 0 in period 1 and 1 in period 2; Sit indicates a treatment that 
takes place between the two observations. The treatment effect would be

E[∆yi � (∆xi = 0)] = u,

which is precisely the constant term in the first difference regression,

∆yi = u + (∆xi)′B + ui.

We examined cases like these in detail in Section 6.3.

11.3.6  THE WITHIN- AND BETWEEN-GROUPS ESTIMATORS

The pooled regression model is

 yit = a + xit
=B + eit. (11-5a)

5If the original disturbance, eit were a random walk, ei,t = ei,t - 1 + uit, then the disturbance in the first differenced 
equation would be homoscedastic and nonautocorrelated. This would be a narrow assumption that might apply in a 
particular situation. This would not seem to be a natural specification for the model in Example 11.4, for example.
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In terms of the group means,

 yi. = a + xi.
=B + ei., (11-5b)

while in terms of deviations from the group means,

yit - yi. = (xit - xi.)′B + eit - ei..

For convenience later, write this as

 y
$ = x$it

=B + e
$

it. (11-5c)

[We are assuming there are no time-invariant variables in xit, such as Ed in Example 11.4. 
These would become all zeros in (11-5c).] All three are classical regression models, and in 
principle, all three could be estimated, at least consistently if not efficiently, by ordinary 
least squares. [Note that (11-5b) defines only n observations, the group means.] Consider 
then the matrices of sums of squares and cross products that would be used in each case, 
where we focus only on estimation of B. In (11-5a), the moments would accumulate 
variation about the overall means, y and x, and we would use the total sums of squares 
and cross products,

 Sxx
total = a

n

i = 1
a
T

t = 1
(xit - x)(xit - x)′ and Sxy

total = a
n

i = 1
a
T

t = 1
(xit - x)(yit - y). (11-6)

For (11-5c), because the data are in deviations already, the means of (yit - yi.) and 
(xit - xi.) are zero. The moment matrices are within-groups (i.e., variation around group 
means) sums of squares and cross products,

Sxx
within = a

n

i = 1
a
T

t = 1
(xit - xi.)(xit - xi.)′ and Sxy

within = a
n

i = 1
a
T

t = 1
(xit - xi.)(yit - yi.).

Finally, for (11-5b), the mean of group means is the overall mean. The moment matrices 
are the between-groups sums of squares and cross products—that is, the variation of the 
group means around the overall means,

Sxx
between = a

n

i = 1
T(xi. - x)(xi. - x)′ and Sxy

between = a
n

i = 1
T(xi. - x)(yi. - y).

It is easy to verify that

Sxx
total = Sxx

within + Sxx
between and Sxy

total = Sxy
within + Sxy

between.

Therefore, there are three possible least squares estimators of B corresponding to the 
decomposition. The least squares estimator is

 btotal = JSxx
totalR -1

Sxy
total = JSxx

within + Sxx
between R -1JSxy

within + Sxy
between R . (11-7)

The within-groups estimator is

 bwithin = JSxx
within R -1

Sxy
within. (11-8)

This is the dummy variable estimator developed in Section 11.4. An alternative estimator 
would be the between-groups estimator,
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 bbetween = JSxx
between R -1

Sxy
between. (11-9)

This is the group means estimator. This least squares estimator of (11-5b) is based on 
the n sets of groups means. (Note that we are assuming that n is at least as large as K.) 
From the preceding expressions (and familiar previous results),

Sxy
within = Sxx

withinbwithin and Sxy
between = Sxx

betweenbbetween.

Inserting these in (11-7), we see that the least squares estimator is a matrix weighted 
average of the within- and between-groups estimators:

 btotal = Fwithinbwithin + Fbetweenbbetween, (11-10)

where

Fwithin = JSxx
within + Sxx

between R -1

Sxx
within = I - Fbetween.

The form of this result resembles the Bayesian estimator in the classical model discussed 
in Chapter 16. The resemblance is more than passing; it can be shown6 that

Fwithin = {[Asy.Var(bwithin)]-1 + [Asy.Var(bbetween)]-1}-1[Asy.Var(bwithin)]-1,

which is essentially the same mixing result we have for the Bayesian estimator. In the 
weighted average, the estimator with the smaller variance receives the greater weight.

Example 11.6   Analysis of Covariance and the World Health Organization 
(WHO) Data

The decomposition of the total variation in Section 11.3.6 extends to the linear regression model 
the familiar analysis of variance, or ANOVA, that is often used to decompose the variation in a 
variable in a clustered or stratified sample, or in a panel data set. One of the useful features of 
panel data analysis as we are doing here is the ability to analyze the between-groups variation 
(heterogeneity) to learn about the main regression relationships and the within-groups variation 
to learn about dynamic effects.

The WHO data used in Example 6.22 is an unbalanced panel data set—we used only one 
year of the data in Example 6.22. Of the 191 countries in the sample, 140 are observed in the 
full five years, one is observed four times, and 50 are observed only once. The original WHO 
studies (2000a, 2000b) analyzed these data using the fixed effects model developed in the 
next section. The estimator is that in (11-8). It is easy to see that groups with one observation 
will fall out of the computation, because if Ti = 1, then the observation equals the group 
mean. These data have been used by many researchers in similar panel data analyses.7 
Gravelle et al. (2002a) have strongly criticized these analyses, arguing that the WHO data are 
much more like a cross section than a panel data set.

From Example 6.22, the model used by the researchers at WHO was

ln DALEit = ai + b1 ln Health Expenditureit + b2 ln Educationit + b3 ln2 Educationit + eit.

Additional models were estimated using WHO’s composite measure of health care attainment, 
COMP. The analysis of variance for a variable xit is based on the decomposition

a
n

i = 1
a
Ti

t = 1
(xit - x)2 = a

n

i = 1
a
Ti

t = 1
(xit - xi.)2 + a

n

t = 1
Ti(xi. - x)2.

6See, for example, Judge et al. (1985).
7See, e.g., Greene (2004c) and several references.
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Dividing both sides of the equation by the left-hand side produces the decomposition

1 = Within@groups proportion + Between@groups proportion.

The first term on the right-hand side is the within-group variation that differentiates a panel 
data set from a cross section (or simply multiple observations on the same variable). Table 11.8 
lists the decomposition of the variation in the variables used in the WHO studies.

The results suggest the reasons for the authors’ concern about the data. For all but COMP, 
virtually all the variation in the data is between groups—that is cross-sectional variation. As 
the authors argue, these data are only slightly different from a cross section.

11.4 THE FIXED EFFECTS MODEL

The fixed effects model arises from the assumption that the omitted effects, ci, in the 
regression model of (11-1),

 yit = xit
=B + ci + eit, i = 1, c, n, t = 1, c, Ti,

E[eit � xi1, xi2, c, xiTi
] = 0,

 E[eitejs � xi1, xi2, c, xiTi
] = se

2 if i = j and t = s and = 0 if i ≠ j or t ≠ s, 

(11-11)

can be arbitrarily correlated with the included variables. In a generic form,

 E[ci � xi1, c,xiT] = E[ci � Xi] = h(Xi). (11-12)

We also assume that Var[ci � Xi] is constant and all observations ci and cj are independent. 
We emphasize it is (11-12) that signifies the fixed effects model, not that any variable is 
fixed in this context and random elsewhere. The formulation implies that the 
heterogeneity across groups is captured in the constant term.8 In (11-1), zi = (1) and

yit = ai + xit
=B + eit.

Each ai can be treated as an unknown parameter to be estimated.

11.4.1  LEAST SQUARES ESTIMATION

Let yi and Xi be the T observations for the ith unit, let i be a T * 1 column of ones, and 
let Ei be the associated T * 1 vector of disturbances.9 Then,

yi = iai + XiB + ei.

8It is also possible to allow the slopes to vary across i. A study on the topic is Cornwell and Schmidt (1984). We 
will examine this case in Section 11.4.6.
9The assumption of a fixed group size, T, at this point is purely for convenience. As noted in Section 11.2.4, the 
unbalanced case is a minor variation.

Variable Within-Groups Variation (%) Between-Groups Variation (%)

COMP 5.635 94.635
DALE 0.150 99.850
Expenditure 0.635 99.365
Education 0.177 99.823

Table 11.8 Analysis of Variance for WHO Data on Health Care Attainment
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Collecting these terms givesD y1
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f
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T
or

y = [d1 d2, c, dn X]JA
B
R + E,

where di is a dummy variable indicating the ith unit. Let the nT * n matrix 
D = [d1, d2, c, dn]. Then, assembling all nT rows gives

 y = D A + XB + E. (11-13)

This model is occasionally referred to as the least squares dummy variable (LSDV) 
model (although the “least squares” part of the name refers to the technique usually 
used to estimate it, not to the model itself).

This model is a classical regression model, so no new results are needed to analyze 
it. If n is small enough, then the model can be estimated by ordinary least squares with 
K regressors in X and n columns in D, as a multiple regression with K + n parameters. 
Of course, if n is thousands, as is typical, then treating (11-13) as an ordinary regression 
will be extremely cumbersome. But, by using familiar results for a partitioned regression, 
we can reduce the size of the computation.10 We write the least squares estimator of B as

 bLSDV = [X′MDX]-1[X′MDy] = bwithin, (11-14)

where

MD = InT - D(D′D)-1D′.

Because MD is symmetric and idempotent, bLSDV = [(X′MD)(MDX)]-1[(X′MD)(MDy)]. 
This amounts to a least squares regression using the transformed data MDX = X

$
 and 

MDy = y$. The structure of D is particularly convenient; its columns are orthogonal, so

MD = DM0 0 0 g 0
0 M0 0 g 0

g
0 0 0 g M0

T .

Each matrix on the diagonal is

 M0 = IT -
1
T

 ii′. (11-15)

Premultiplying any T * 1 vector zi by M0 creates M0zi = zi - zi. (Note that the mean 
is taken over only the T observations for unit i.) Therefore, the least squares regression 
of MDy = y$  on MDX = X

$
 is equivalent to a regression of [yit - yi.] = y

$
it on 

10See Theorem 3.2.
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[xit - xi.] = x$it, where yi. and xi. are the scalar and K * 1 vector of means of yit and xit 
over the T observations for group i.11

In terms of the within transformed data, then,

  bLSDV = Ja n
i = 1(M0Xi)′(M0Xi) R -1Ja n

i = 1(M0Xi)′(M0yi) R
  = Ja n

i = 1X
$

i
=X

$
iR -1Ja n

i = 1X
$

i
=y$iR

  = (X
$

′X
$
)-1X

$
′y$. 

(11-16a)

The dummy variable coefficients can be recovered from the other normal equation in 
the partitioned regression,

D′Da + D′XbLSDV = D′y

or

a = [D′D]-1D′(y - XbLSDV).

This implies that for each i,

 ai = yi. - xi.
=bLSDV. (11-16b)

The appropriate estimator of the asymptotic covariance matrix for b is

 Est.Asy.Var.[bLSDV] = s2Ja n
i = 1X

$
i
=X

$
iR -1

. (11-17)

Based on (11-14) and (11-16), the disturbance variance estimator is

  s2 =
(y$ - X

$
b)′(y$ - X

$
bLSDV)

nT - n - K
= a n

i = 1(y$i - X
$

ibLSDV)′(y$i - X
$

ibLSDV)

nT - n - K

  = a n
i = 1a T

t = 1(yit - xit
=bLSDV - ai)

2

nT - n - K
. 

(11-18)

The itth residual used in this computation is

 eit = yit - xit′bLSDV - ai = yit - xit
=bLSDV - (yi. - xi.

=bLSDV)
 = (yit - yi.) - (xit - xi.)′ bLSDV.

Thus, the numerator in s2 is exactly the sum of squared residuals using the least squares 
slopes and the data in group mean deviation form. But, done in this fashion, one might 
then use nT - K instead of nT - n - K for the denominator in computing s2, so a 
correction would be necessary.12 For the individual effects,

11An interesting special case arises if T = 2. In the two-period case, you can show—we leave it as an exercise—
that this least squares regression is done with nT first difference observations, by regressing observation (yi2 - yi1) 
(and its negative) on (xi2 - xi1) (and its negative).

12The maximum likelihood estimator of s2 for the fixed effects model with normally distributed disturbances is 
ΣiΣteit

2/nT, with no degrees of freedom correction. This is a case in which the MLE is biased, given (11-18) which 
gives the unbiased estimator. This bias in the MLE for a fixed effects model is an example (actually, the first 
example) of the incidental parameters problem. [See Neyman and Scott (1948) and Lancaster (2000).] With a bit of 
manipulation it is clear that although the estimator is biased, if T increases asymptotically, then the bias eventually 
diminishes to zero. This is the signature feature of estimators that are affected by the incidental parameters problem.
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 Asy.Var[ai] =
se

2

T
+ xi.′{Asy.Var[b]}xi., (11-19)

so a simple estimator based on s2 can be computed.
With increasing n, the asymptotic variance of ai declines to a lower bound of se

2/T 
which does not converge to zero. The constant term estimators in the fixed effects model 
are not consistent estimators of ai. They are not inconsistent because they gravitate 
toward the wrong parameter. They are so because their asymptotic variances do not 
converge to zero, even as the sample size grows. It is easy to see why this is the case. We 
see that each ai is estimated using only T observations—assume n were infinite, so that 
B were known. Because T is not assumed to be increasing, we have the surprising result. 
The constant terms are inconsistent unless T S ∞ , which is not part of the model.

We note a major shortcoming of the fixed effects approach. Any  
 time-invariant variables in xit will mimic the individual specific constant term. Consider 
the application of Example 11.3. We could write the fixed effects formulation as

ln Wageit = xit
=B + [b10Edi + b11Femi + b12Blki + ci] + eit.

The fixed effects formulation of the model will absorb the last four terms in the regression 
in ai. The coefficients on the time-invariant variables cannot be estimated. For any xk 
that is time invariant, every observation is the group mean, so MDxk = x$k = 0 so the 
corresponding column of X

$
 becomes a column of zeros and (X

$
′X

$
)-1 will not exist.

11.4.2  A ROBUST COVARIANCE MATRIX FOR blSDV

The LSDV estimator is computed as

 bLSDV = Ja n
i = 1X

$
i
=X

$
iR -1Ja n

i = 1X
$

i
=y$iR = B + Ja n

i = 1X
$

i
=X

$
iR -1Ja n

i = 1X
$

i
=E
$

iR . (11-20)

The asymptotic covariance matrix for the estimator derives from

Var[(bLSDV - B)�X] = Ja n
i =1X

$
i
=X

$
iR -1

Eb Ja n
i =1X

$
i
=E
$

iR Ja n
i =1X

$
i
=E
$

iR =

�Xr Ja n
i =1X

$
i
=X

$
iR -1

.

The center matrix is a double sum over i,j = 1, c, n, but terms with i ≠ j are 
independent and have expectation zero, so the matrix is

Eb Ja n
i = 1X

$
i
=E
$

iR Ja n
i = 1X

$
i
=E
$

iR =

� X r = Eb Ja n
i = 1(X

$
iE
$

i)(E$ i
=X

$
i) R � X r .

Each term in the sum is (X
$

i
=E
$

i)(E$ i
=X

$
i) = (Xi

=M0M0Ei)(Ei
=M0M0Xi

=). But M0 is idempotent, 
so X

$
i
=E
$

i = X
$

iEi, and we have assumed that E[EiEi
= � X] = se

 2I. Collecting the terms,

 Var[(bLSDV - B) � X] = Ja n
i = 1X

$
i
=X

$
iR -1

Eb Ja n
i = 1X

$
i
=EiEi

=X
$

iR � X r Ja n
i = 1X

$
i
=X

$
iR -1

 = Ja n
i = 1X

$
i
=X

$
iR -1b Ja n

i = 1X
$

i
=(se

2I)X
$

iR r Ja n
i = 1X

$
i
=X

$
iR -1

 = se
2Ja n

i = 1X
$

i
=X

$
iR -1

,

M11_GREE1366_08_SE_C11.indd   396 2/24/17   9:53 PM



 CHaPtEr 11  ✦  Models For Panel Data   397

which produces the estimator in (11-17). If the disturbances in (11-11) are heteroscedastic 
and/or autocorrelated, then E[EiEi

= � X] ≠ se
 2I. A robust counterpart to (11-4) would be

 Est.Asy.Var[bLSDV] = Ja n
i = 1X

$=
iX

$
iR -1b Ja n

i = 1(X
$

i
=ei)(ei

=X
$

i)R r Ja n
i = 1X

$
i
=X

$
iR -1

, (11-21)

where eit is the residual shown after (11-18). Note that using e$it in this calculation gives 
exactly the same result because ei. = 0. 13

11.4.3  TESTING THE SIGNIFICANCE OF THE GROUP EFFECTS

The t ratio for ai can be used for a test of the hypothesis that ai equals zero. This 
hypothesis about one specific group, however, is typically not useful for testing in this 
regression context. If we are interested in differences across groups, then we can test the 
hypothesis that the constant terms are all equal with an F test. Under the null hypothesis 
of equality, the efficient estimator is pooled least squares. The F ratio used for this test is

F(n - 1, nT - n - K) =
(RLSDV

2 - RPooled
2 )/(n - 1)

(1 - RLSDV
2 )/(nT - n - K)

,

where LSDV indicates the dummy variable model and Pooled indicates the pooled or 
restricted model with only a single overall constant term. Alternatively, the model may 
have been estimated with an overall constant and n - 1 dummy variables instead. All 
other results (i.e., the least squares slopes, s2, R2) will be unchanged, but rather than 
estimate ai, each dummy variable coefficient will now be an estimate of ai - a1 where 
group “1” is the omitted group. The F test that the coefficients on these n - 1 dummy 
variables are zero is identical to the one above. It is important to keep in mind, however, 
that although the statistical results are the same, the interpretation of the dummy 
variable coefficients in the two formulations is different.14

Example 11.7  Fixed Effects Estimates of a Wage Equation
We continue Example 11.4 by computing the fixed effects estimates of the wage equation, now

 ln Wageit = ai + b2 Expit + b3 Expit
2 + b4 Wksit + b5 Occit

 + b6 Indit + b7 Southit + b8 SMSAit + b9 MSit  
 + b10 Unionit + 0 * Edi + 0 * Femi + 0 * Blki + eit .

Because Ed, Fem, and Blk are time invariant, their coefficients will not be estimable, and 
will be set to zero. The OLS and fixed effects estimates are presented in Table 11.9. Each is 
accompanied by the conventional standard errors and the robust standard errors. We note, 
first, the rather large change in the parameters that occurs when the fixed effects specification 
is used. Even some statistically significant coefficients in the least squares results change 
sign in the fixed effects results. Likewise, the robust standard errors are characteristically 
much larger than the conventional counterparts. The fixed effects standard errors increased 

13See Arellano (1987) and Arellano and Bover (1995).
14The F statistic can also be based on the sum of squared residuals rather than the R2s, [See (5-29) and (5-30).] 
In this connection, we note that the software package Stata contains two estimators for the fixed effects linear 
regression, areg and xtreg. In computing the former, Stata uses ΣiΣt(ytt - y)2 as the denominator, as it would 
in computing the counterpart for the constrained regression. But xtreg (which is the procedure typically used) 
uses ΣiΣt(yit - yi)

2, which is smaller. The R2 produced by xtreg will be smaller, as will be the F statistic, possibly 
substantially so.

M11_GREE1366_08_SE_C11.indd   397 2/24/17   9:53 PM



398 Part II  ✦   Generalized regression Model and Equation Systems

more than might have been expected, given that heteroscedasticity is not a major issue, but 
a source of autocorrelation is in the equation (as the fixed effects). The large changes suggest 
that there may yet be some additional, unstructured correlation remaining in eit. The test for 
the presence of the fixed effects is based on

F = [(0.90724 - 0.42861)/594]/[(1 - 0.90724)/(4165 - 595 - 9)] = 30.933.

The critical value from the F table would be less than 1.3, so the hypothesis of homogeneity 
is rejected.

11.4.4  FIXED TIME AND GROUP EFFECTS

The least squares dummy variable approach can be extended to include a time-specific 
effect as well. One way to formulate the extended model is simply to add the time effect, 
as in

 yit = xit
=B + ai + dt + eit. (11-22)

This model is obtained from the preceding one by the inclusion of an additional T - 1  
dummy variables. (One of the time effects must be dropped to avoid perfect collinearity—
the group effects and time effects both sum to one.) If the number of variables is too 
large to handle by ordinary regression, then this model can also be estimated by using 
the partitioned regression. There is an asymmetry in this formulation, however, because 
each of the group effects is a group-specific intercept, whereas the time effects are 
contrasts—that is, comparisons to a base period (the one that is excluded). A symmetric 
form of the model is

 yit = xit
=B + m + ai + dt + eit, (11-23)

Pooled OLS Fixed Effects LSDV

Variable
Least Squares 

Estimate
Standard 

Error
Clustered Std.

Error
Fixed Effects 

Estimates
Standard 

Error
Robust Std.

Error

R2 0.42861 0.90724

Constant 5.25112 0.07129 0.12355 — — —
Exp 0.00401 0.00216 0.00408 0.11321 0.00247 0.00438
ExpSq -0.00067 0.00005 0.00009 -0.00042 0.00006 0.00009
Wks 0.00422 0.00108 0.00154 0.00084 0.00060 0.00094
Occ -0.14001 0.01466 0.02724 -0.02148 0.01379 0.02053
Ind 0.04679 0.01179 0.02366 0.01921 0.01545 0.02451
South -0.05564 0.01253 0.02616 -0.00186 0.03431 0.09650
SMSA 0.15167 0.01207 0.02410 -0.04247 0.01944 0.03186
MS 0.04845 0.02057 0.04094 -0.02973 0.01899 0.02904
Union 0.09263 0.01280 0.02367 0.03278 0.01493 0.02709
Ed 0.05670 0.00261 0.00556 — — —
Fem -0.36779 0.02510 0.04557 — — —
Blk -0.16694 0.02204 0.04433 — — —

Table 11.9 Wage Equation Estimated by OLS and LSDV
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where a full n and T effects are included, but the restrictions

a
i
ai = a

t
dt = 0

are imposed. Least squares estimates of the slopes in this model are obtained by 
regression of

y*it = yit - yi. - y.t + y

on x*it = xit - xi. - x.t + x, 
(11-24)

where the period-specific and overall means are

y.t =
1
n a

n

i = 1
yit  and  y =

1
nT a

n

i = 1
a
T

t = 1
yit,

and likewise for x.t and x. The overall constant and the dummy variable coefficients can 
then be recovered from the normal equations as

 mn = m = y - x′b,

 an i = ai = (yi. - y) - (xi. - x)′b,

  dnt = dt = (y.t - y) - (x.t - x)′b. 

(11-25)

The estimator of the asymptotic covariance matrix for b is computed using the sums of 
squares and cross products of x*it computed in (11-24) and

 s2 = a n
i = 1a T

t = 1(yit - xit
=b - m - ai - dt)

2

nT - (n - 1) - (T - 1) - K - 1
. (11-26)

The algebra of the two-way fixed effects estimator is rather complex—see, for 
example, Baltagi (2014). It is not obvious from the presentation so far, but the template 
result in (11-24) is incorrect if the panel is unbalanced. Unfortunately, for the unwary, 
the result does not fail in a way that would make the mistake obvious; if the panel is 
unbalanced, (11-24) simply leads to the wrong answer, but one that could look right. A 
numerical example is shown in Example 11.8. The conclusion for the practitioner is that 
(11-24) should only be used with balanced panels, but the augmented one-way estimator 
can be used in all cases.

Example 11.8  Two-Way Fixed Effects with Unbalanced Panel Data
The following experiment is done with the Cornwell and Rupert data used in Examples 11.4, 
11.5, and 11.7. There are 595 individuals and 7 periods. Each group is 7 observations. Based 
on the balanced panel using all 595 individuals, in the fixed effects regression of ln Wage on 
just Wks, both methods give the answer b = 0.00095. If the first 300 groups are shortened by 
dropping the last 3 years of data, the unbalanced panel now has 300 groups with T = 4 and 
295 with T = 7. For the same regression, the one-way estimate with time dummy variables 
is 0.00050 but the template result in (11-24) (which is incorrect) gives 0.00283.

11.4.5   REINTERPRETING THE WITHIN ESTIMATOR: INSTRUMENTAL VARIABLES AND 
CONTROL FUNCTIONS

The fixed effects model, in basic form, is
yit = xit

=B + (ci + eit).
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400 Part II  ✦   Generalized regression Model and Equation Systems

We once again first consider least squares estimation. As we have already noted, for 
this case, bOLS is inconsistent because of the correlation between xit and ci. Therefore, in 
the absence of the dummy variables, xit is endogenous in this model. We used the within 
estimator in Section 11.4.1 instead of least squares to remedy the problem. The LSDV 
estimator is

bLSDV = (X
$

′X
$
)-1X

$
′y$.

The LSDV estimator is computed by regressing y transformed to deviations from 
group means on the same transformation of X; that is, MDy on MDX. But, because 
MD is idempotent, we may also write bLSDV = (X

$
′X)-1X

$
′y. In this form, X

$
 appears 

to be a set of instrumental variables, precisely in the form of (8-6). We have already 
demonstrated the consistency of the estimator, though it remains to verify the 
exogeneity and relevance conditions. These are both straightforward to verify. For 
the exogeneity condition, let c denote the full set of common effects. By construction, 
(1/nT)X

$
′c = 0. We have assumed at the outset that plim(1/nT)X′E = 0. We need 

plim(1/nT)X′MDE = plim(1/nT)X′(MDE). If X is uncorrelated with e, it will be 
uncorrelated with e in deviations from its group means. For the relevance condition, 
all that will be needed is full rank of (1/nT)X

$
′X, which is equivalent to (1/nT)(X

$
′X

$
). 

This matrix will have full rank so long as no variables in X are time invariant—note 
that (X

$
′X

$
)-1 is used to compute bLSDV. The conclusion is that the data in group mean 

deviations form, that is, X
$
, are valid instrumental variables for estimation of the fixed 

effects model. This useful result will reappear when we examine Hausman and Taylor’s 
model in Section 11.8.2.

We continue to assume that there are no time-invariant variables in X. The matrix of 
group means is obtained as D(D′D)-1D′X = PDX = (I - MD)X. [See (11-14)–(11-17).] 
Consider, then, least squares regression of y on X and PDX, that is, on X and the group 
means, X. Using the partitioned regression formulation [Theorem 3.2 and (3-19)], we 
find this estimator of B is

 bMundlak = (X′MPXX)-1X′MPXy

 = {X′[I - X(X′X)-1X′]X}-1 * {X′[I - X(X′X)-1X′]y}.

This simplifies considerably. Recall X = PDX and PD is idempotent. We expand the first 
matrix in braces.

 {X′[I - (PDX)[(PDX)′(PDX)]-1(PDX)′]X} = X′X - X′PDX[X′PD
= PDX]-1X′PD

= X

 = X′X - X′PDX

 = X′[I - PD]X

 = X′MDX.

The same result will emerge for the second term, which implies that the coefficients on 
X in the regression of y on (X, X) is the within estimator, bLSDV. So, the group means 
qualify as a control function, as defined in Section 8.4.2. This useful insight makes the 
Mundlak approach a very useful method of dealing with fixed effects in regression, and 
by extension, in many other settings that appear in the literature.
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11.4.6  PARAMETER HETEROGENEITY

With a small change in notation, the common effects model in (11-1) becomes

 yit = ci + xit
=B + eit

 = (a + ui) + xit
=B + eit

 = ai + x=
itB + eit,

where E[ui] = 0 and E[ai] = a. The heterogeneity affects the constant term. We 
can extend the model to allow other parameters to be heterogeneous as well. In the 
labor market model examined in Example 11.3, an extension in which the partial 
effect of weeks worked depends on both market and individual characteristics, might 
appear as

 ln Wageit = ai1 + ai2 Wksit + b2 Expit + b3 Expit
2 + b5 Occit

 + b6 Indit + b7 Southit + b8 SMSAit + b9 MSit

 + b10 Unionit + b11 Edi + b12 Femi + b13 Blki + eit

 Ai = ¢ai1

ai2
≤ = ¢a1

a2
≤ + ¢ui1

ui2
≤ = A + ui.

Another interesting case is a random trend model, yit = ai1 + ai2t + xit
=B + eit. As 

before, the difference between the random and fixed effects models is whether E[ui � Xi] 
is zero or not. For the present, we will allow this to be nonzero—a fixed effects form of 
the model.

The preceding developments have been concerned with a strategy for estimation 
and inference about B in the presence of ui. In this fixed effects setting, the dummy 
variable approach of Section 11.4.1 can be extended essentially with only a small change 
in notation. First, let’s generalize the model slightly,

yit = zit
=Ai + xit

=B + eit.

In the basic common effects model, zit
= = (1); in the random trend model, zit

= = (1,t); in 
the suggested extension of the labor market model, zit

= = (1, Wksit), with E[ui � Xi,Zi] ≠ 0 
(fixed effects) and E[uiui

= � Xi, Zi] = �, a constant, positive definite matrix. The strict 
exogeneity assumption now is E[eit � xi1, c, xiT, zi1, c, ziT, ui] = 0. For the present, 
we assume eit is homoscedastic and nonautocorrelated, so E[EiEi

= � Xi, Zi, ui] = se
 2I. We 

can approach estimation of B the same way we did in Section 11.4.1. Recall the LSDV 
estimator is based on

 y = DA + XB + E, (11-27)

where D is the nT * n matrix of individual specific dummy variables. The estimator of B is

 bLSDV = (X′MDX)-1X′MDy = Ja n
i = 1X

$
i
=X

$
iR -1Ja n

i = 1X
$

i
=y$iR ,

 aLSDV = (D′D)-1D′(y - XbLSDV) = y - XbLSDV,

 MD = I - D(D′D)-1D′.

M11_GREE1366_08_SE_C11.indd   401 2/24/17   9:53 PM
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The special structure of D—the columns are orthogonal—allows the calculations to 
be done with two convenient steps: (1) compute bLSDV by regression of (yit - yi.) on 
(xit - xi.); (2) compute ai as (1/T)Σt(yit - xit

=bLSDV).
No new results are needed to develop the fixed effects estimator in the extended 

model. In this specification, we have simply respecified D to contain two or more sets of N 
columns. For the time trend case, for example, define an nT * 1 column vector of time 
trends, t*′ = (1, 2, c, T, 1, 2, c, T, c, 1, 2, c, T). Then, D has 2N columns, 
{[d1, c, dn], [d1 ~ t*, d2 ~ t* c,dn ~ t*]}. This is an nT * 2n matrix of dummy variables 
and interactions of the dummy variables with the time trend. (The operation di ~ t* is the 
Hadamard product—element by element multiplication—of di and t*.) With D redefined 
this way, the results in Section 11.4.1 can be applied as before. For example, for the random 
trends model, X

$
i is obtained by “detrending” the columns of Xi. Define Zi to be the T * 2 

matrix (1,t). Then, for individual i, the block of data in X
$

i is [I - Zi(Zi
=Zi)

-1Zi
=]Xi and bLSDV 

is computed using (11-20). (Note that this requires that T be at least J + 1 where J is the 
number of variables in Z. In the simpler fixed effects case, we require at least two 
observations in group i. Here, in the random trend model, that would be three observations.) 
In computing s2, the appropriate degrees of freedom will be (n(T - J) - K). The 
asymptotic covariance matrices in (11-17) and (11-21) are computed as before.15 For each 
group, ai = (Zi

=Zi)
-1Zi

=(yi - XibLSDV). The natural estimator of a = E[ai] would be 
a = 1

n Σi = 1
n ai. The asymptotic variance matrix for a can be estimated with

Est.Asy.Var[a] = (1/n2)Σifif i
= where fi = [(ai - a) - CA-1X

$
i
=ei], A = 1

n Σi = 1
n X

$
i
=X

$
i and 

C = 1
n Σi = 1

n (Zi
=Zi)

-1Zi
=Xi.

[See Wooldridge (2010, p. 381).]

Example 11.9   Heterogeneity in Time Trends in an Aggregate Production 
Function

We extend Munnell’s (1990) proposed model of productivity of public capital at the state 
level that was estimated in Example 10.1. The central equation of the analysis that we will 
extend here is a Cobb–Douglas production function,

 ln gspit = ai1 + ai2t + b1 ln pcit + b2 ln hwyit + b3 ln waterit
 + b4 ln utilit + b5 ln empit + b6 unempit + eit,

where gsp  = gross state product,
 pc  = private capital,
 hwy  = highway capital,
 water  = water utility capital,
 util  = utility capital,
 emp  = employment (labor),
 unemp = unemployment rate.

The data, measured for the lower 48 U.S. states (excluding Alaska and Hawaii) and years 
1970–1986, are given in Appendix Table F10.1. Table 11.10 reports estimates of the several 

15The random trends model is a special case that can be handled by differences rather than the partitioned 
regression method used here. In yit = ai1 + ai2t + xit

=B + eit, (yit - yi,t - 1) = ∆yit = ai2 + (∆xit)
=B + ∆eit. 

The time trend becomes the common effect. This can be treated as a fixed effects model. Or, taking a second 
difference, ∆yit - ∆yi,t - 1 = ∆2yit removes ai2 and leaves a linear regression, ∆2yit = ∆2xit

=B + ∆2eit. Details are 
given in Wooldridge (2010, pp. 375–377).
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404 Part II  ✦   Generalized regression Model and Equation Systems

fixed effects models. The pooled estimator is computed using simple least squares for all 816 
observations. The standard errors use s2(X=X )-1. The robust standard errors are based on (11-4). 
For the two fixed effects models, the standard errors are based on (11–17) and (11–21). Finally, 
for the difference estimator, two sets of robust standard errors are computed. The Newey–West 
estimator assumes that eit in the model is homoscedastic so that ∆2eit = eit - 2ei,t - 1 + ei,t - 2. 
The robust standard errors are based, once again, on (11-4). Note that two observations have 
been dropped from each state with the second difference estimator. The patterns of the 
standard errors are predictable. They all rise substantially with the correction for clustering, 
in spite of the presence of the fixed effects. The effect is quite substantial, with most of the 
standard errors rising by a factor of 2 to 4. The Newey–West correction (see Section 20.5.2) 
of the difference estimators seems mostly to cover the effect of the autocorrelation. The 
F test for the hypothesis that neither the constant nor the trend are heterogeneous is 
F[94,816@96@6] = [(0.99953 - 0.99307)/94]/[(1 - 0.99953)/(816 - 96 - 6)] = 104.40. The 
critical value from the F table is 1.273, so the hypothesis of homogeneity is rejected. The 
differences in the estimated parameters across the specifications are also quite pronounced. 
The difference between the random trend and difference estimators is striking, given that 
these are two different estimation approaches to the same model.

11.5 RANDOM EFFECTS

The fixed effects model allows the unobserved individual effects to be correlated with 
the included variables. We then modeled the differences between units as parametric 
shifts of the regression function. This model might be viewed as applying only to the 
cross-sectional units in the study, not to additional ones outside the sample. For example, 
an intercountry comparison may well include the full set of countries for which it is 
reasonable to assume that the model is constant. Example 6.5 is based on a panel 
consisting of data on 31 baseball teams. Save for rare discrete changes in the league, 
these 31 units will always be the entire population. If the individual effects are strictly 
uncorrelated with the regressors, then it might be appropriate to model the individual 
specific constant terms as randomly distributed across cross-sectional units. This view 
would be appropriate if we believed that sampled cross-sectional units were drawn from 
a large population. It would certainly be the case for the longitudinal data sets listed in 
the introduction to this chapter and for the labor market data we have used in several 
examples in this chapter.16

The payoff to this form is that it greatly reduces the number of parameters to be 
estimated. The cost is the possibility of inconsistent estimators, if the assumption is 
inappropriate.

Consider, then, a reformulation of the model,

 yit = xit
=B + (a + ui) + eit, (11-28)

where there are K regressors including a constant and now the single constant term is 
the mean of the unobserved heterogeneity, E[zi

=A]. The component ui is the random 
heterogeneity specific to the ith observation and is constant through time; recall from 
Section 11.2.1, ui = {zi

=A - E[zi
=A]}. For example, in an analysis of families, we can view 

16This distinction is not hard and fast; it is purely heuristic. We shall return to this issue later. See Mundlak (1978) 
for a methodological discussion of the distinction between fixed and random effects.
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ui as the collection of factors, zi
=A, not in the regression that are specific to that family. 

We continue to assume strict exogeneity:

 E[eit � Xi] = E[ui � Xi] = 0,

 E[eit
2 � Xi] = se

2,

 E[ui
2 � Xi] = su

2,

 E[eituj � Xi] = 0 for all i, t, and j,

 E[eitejs � Xi] = 0 if t ≠ s or i ≠ j,

  E[uiuj � Xi, Xj] = 0 if i ≠ j.  

(11-29)

As before, it is useful to view the formulation of the model in blocks of T observations 
for group i, yi, Xi, uii, and Ei. For these T observations, let

hit = eit + ui

and

Hi = [hi1, hi2, c, hiT]′.

In view of this form of Hit, we have what is often called an error components model. For 
this model,

 E[hit
2 � Xi] = se

2 + su
2,

 E[hithis � Xi] = su
2, t ≠ s,

  E[hithjs � Xi] = 0  for all t and s, if i ≠ j. 

(11-30)

For the T observations for unit i, let � = E[Hi, Hi
= � X]. Then

 � = Dse
2 + su

2 su
2 su

2 g su
2

su
2 se

2 + su
2 su

2 g su
2

g
su

2 su
2 su

2 g se
2 + su

2

T = se
2 IT + su

2iTiT
= , (11-31)

where iT is a T * 1 column vector of 1s. Because observations i and j are independent, 
the disturbance covariance matrix for the full nT observations is

 � = D � 0 0 g 0
0 � 0 g 0

f
0 0 0 g �

T = In ⊗ �. (11-32)

11.5.1  LEAST SQUARES ESTIMATION

The model defined by (11-28),

yit = a + xit
=B + ui + eit,

with the strict exogeneity assumptions in (11-29) and the covariance matrix detailed in (11-31) 
and (11-32), is a generalized regression model that fits into the framework we developed in 
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406 Part II  ✦   Generalized regression Model and Equation Systems

Chapter 9. The disturbances are autocorrelated in that observations are correlated across 
time within a group, though not across groups. All the implications of Section 9.2 would 
apply here. In particular, the parameters of the random effects model can be estimated 
consistently, though not efficiently, by ordinary least squares (OLS). An appropriate robust 
asymptotic covariance matrix for the OLS estimator would be given by (11-3).

There are other consistent estimators available as well. By taking deviations from 
group means, we obtain

yit - yi = (xit - xi)′B + eit - ei.

This implies that (assuming there are no time-invariant regressors in xit), the LSDV 
estimator of (11-14) is a consistent estimator of B. An estimator based on first differences,

yit - yi,t - 1 = (xit - xi,t - 1)
=B + eit - ei,t - 1.

(The LSDV and first differences estimators are robust to whether the correct specification 
is actually a random or a fixed effects model.) As is OLS, LSDV is inefficient because, 
as we will show in Section 11.5.2, there is an efficient GLS estimator that is not equal to 
bLSDV. The group means (between groups) regression model,

yi = a + xi
=B + ui + ei, i = 1, c, n,

provides a fourth method of consistently estimating the coefficients B. None of these is 
the preferred estimator in this setting because the GLS estimator will be more efficient 
than any of them. However, as we saw in Chapters 9 and 10, many generalized regression 
models are estimated in two steps, with the first step being a robust least squares 
regression that is used to produce a first round estimate of the variance parameters 
of the model. That would be the case here as well. To suggest where this logic will lead 
in Section 11.5.3, note that for the four cases noted, the sum of squared residuals can 
produce the following consistent estimators of functions of the variances:

(Pooled)  plim [epooled
=epooled/(nT)] = su

2 + se
2,

(LSDV)  plim [eLSDV
=eLSDV/(n(T - 1) - K)] = se

2,

(Differences)  plim [eFD
=eFD/(n(T - 1))] = 2se

2,

(Means)  plim [emeans
=emeans/(nT)] = su

2 + se
2/T.

Baltagi (2001) suggests yet another method of moments estimator that could be based 
on the pooled OLS results. Based on (11-31), Cov(eit,eis) = su

 2 within group i for t ≠ s. 
There are T(T - 1 )/ 2  pairs of residuals that can be used, so for each group, we could use 
(1/(T(T - 1)/2))ΣsΣt eit eis to estimate su

 2. Because we have n groups that each provide 
an estimator, we can average the n implied estimators, to obtain

(OLS) plim 
1
n a n

i = 1

Σt = 2
T Σs = 1

t - 1 eiteis

T(T - 1)/2
= su

2.

Different pairs of these estimators (and other candidates not shown here) could provide 
a two-equation method of moments estimator of (su

2, se
2). (Note that the last of these 

is using a covariance to estimate a variance. Unfortunately, unlike the others, this could 
be negative in a finite sample.) With these in mind, we will now develop an efficient 
generalized least squares estimator.
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11.5.2  GENERALIZED LEAST SQUARES

The generalized least squares estimator of the slope parameters is

Bn = (X′�-1X)-1X′�-1y = ¢ an
i = 1

Xi
=�-1Xi≤-1¢ an

i = 1
Xi

=�-1yi≤.

To compute this estimator  as we did in Chapter 9 by transforming the data 
and using ordinary least squares with the transformed data, we will require 
�-1/2 = [In ⊗ �]-1/2 = In ⊗ �-1/2. We need only find �-1/2, which is

 �-1/2 = JIT -
ui

T
 iTiT

= R , (11-33)

where

u = 1 -
se2se

2 + Tsu
2

.

The transformation of yi and Xi for GLS is therefore

 �-1/2yi =
1
se

 D yi1 - uyi.

yi2 - uyi.

f
yi T - uyi.

T , (11-34)

and likewise for the rows of Xi. For the data set as a whole, then, generalized least 
squares is computed by the regression of these partial deviations of yit on the same 
transformations of xit. Note the similarity of this procedure to the computation in the 
LSDV model, which uses u = 1 in (11-15).

It can be shown that the GLS estimator is, like the pooled OLS estimator, a matrix 
weighted average of the within- and between-units estimators,

Bn = Fnwithinbwithin + (I - Fnwithin)bbetween,

where now,

Fnwithin = [Sxx
within + lSxx

between]-1Sxx
within,

l =
se

2

se
2 + Tsu

2 = (1 - u)2.

To the extent that l differs from one, we see that the inefficiency of ordinary least 
squares will follow from an inefficient weighting of the two estimators. Compared with 
generalized least squares, ordinary least squares places too much weight on the between-
units variation. It includes all of it in the variation in X, rather than apportioning some 
of it to random variation across groups attributable to the variation in ui across units.

Unbalanced panels complicate the random effects model a bit. The matrix � in 
(11-32) is no longer In ⊗ � because the diagonal blocks in � are of different sizes. In 
(11-33), the ith diagonal block in �-1/2 is

�i
-1/2 =

1
se

 JITi
-

ui

Ti
 iTi

iTi

= R , ui = 1 -
se2se

2 + Tisu
2
.
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408 Part II  ✦   Generalized regression Model and Equation Systems

In principle, estimation is still straightforward, because the source of the groupwise 
heteroscedasticity is only the unequal group sizes. Thus, for GLS, or FGLS with 
estimated variance components, it is necessary only to use the group-specific ui in the 
transformation in (11-34).

11.5.3   FEASIBLE GENERALIZED LEAST SQUARES ESTIMATION OF THE RANDOM EFFECTS 
MODEL WHEN �  IS UNKNOWN

If the variance components are known, generalized least squares can be computed as 
shown earlier. Of course, this is unlikely, so as usual, we must first estimate the disturbance 
variances and then use an FGLS procedure. A heuristic approach to estimation of the 
variance components is as follows:

yit = xit
=B + a + eit + ui

 yi. = xi.
=B + a + ei. + ui. 

(11-35)and

Therefore, taking deviations from the group means removes the heterogeneity,

 yit - yi. = [xit - xi.]′B + [eit - ei.]. (11-36)

Because

EJaT
t = 1

(eit - ei.)
2 R = (T - 1)se

2,

if B were observed, then an unbiased estimator of se
2 based on T observations in group 

i would be

 sn e
2(i) = a T

t = 1(eit - ei.)
2

T - 1
. (11-37)

Because B must be estimated—the LSDV estimator is consistent, indeed, unbiased in 
general—we make the degrees of freedom correction and use the LSDV residuals in

 se
2(i) = a T

t = 1(eit - ei.)
2

T - K - 1
 (11-38)

(Note that based on the LSDV estimates, ei. is actually zero. We will carry it through 
nonetheless to maintain the analogy to (11-35) where ei. is not zero but is an estimator 
of E[eit] = 0.) We have n such estimators, so we average them to obtain

 se
2 =

1
n a

n

i = 1
se

2(i) =
1
n a

n

i = 1
J a T

t = 1(eit - ei.)
2

T - K - 1
R = a n

i = 1a T
t = 1(eit - ei.)

2

nT - nK - n
 (11-39a)

The degrees of freedom correction in se
2 is excessive because it assumes that a and B 

are reestimated for each i. The estimated parameters are the n means yi #  and the K 
slopes. Therefore, we propose the unbiased estimator17

sn e
2 = sLSDV

2 = a n
i = 1a T

t = 1(eit - ei.)
2

nT - n - K
.

17A formal proof of this proposition may be found in Maddala (1971) or in Judge et al. (1985, p. 551).
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This is the variance estimator in the fixed effects model in (11-18), appropriately 
corrected for degrees of freedom. It remains to estimate su

2. Return to the original model 
specification in (11-35). In spite of the correlation across observations, this is a classical 
regression model in which the ordinary least squares slopes and variance estimators are 
both consistent and, in most cases, unbiased. Therefore, using the ordinary least squares 
residuals from the model with only a single overall constant, we have

 plim sPooled
2 = plim 

e′e
nT - K - 1

= se
2 + su

2. (11-39b)

This provides the two estimators needed for the variance components; the second 
would be sn u

2 = sPooled
2 - sLSDV

2 . As noted in Section 11.5.1, there are a variety of pairs 
of variance estimators that can be used to obtain estimates of se

 2 and su
 2.18 The 

estimators based on sLSDV
2  and sPooled

2  are common choices. Alternatively, let [b, a] be any 
consistent estimator of [B, a] in (11-35), such as the ordinary least squares estimator. 
Then, sPooled

2  provides a consistent estimator of mee = se
2 + su

2. The mean squared 
residuals using a regression based only on the n group means in (11-35) provides a 
consistent estimator of m** = su

2 + (se
2/T), so we can use

sn e
2 =

T
T - 1

(mee - m**),

sn u
2 =

T
T - 1

 m** -
1

T - 1
 mee = vm** + (1 - v)mee,

where v 7 1. A possible complication is that the estimator of su
 2 can be negative in any 

of these cases. This happens fairly frequently in practice, and various ad hoc solutions 
are typically tried. (The first approach is often to try out different pairs of moments. 
Unfortunately, typically, one failure is followed by another. It would seem that this failure 
of the estimation strategy should suggest to the analyst that there is a problem with the 
specification to begin with. A last solution in the face of a persistently negative estimator 
is to set su

 2 to the value the data are suggesting, zero, and revert to least squares.)

11.5.4  ROBUST INFERENCE AND FEASIBLE GENERALIZED LEAST SQUARES

The feasible GLS estimator based on (11-28) and (11-31) is

Bn = (X′�-1X)-1(X′�-1X) = ¢ a n
i = 1Xi

=�i
-1Xi≤-1¢ a n

i = 1Xi
=�i

-1yi≤.

There is a subscript i on �i because of the consideration of unbalanced panels discussed 
at the end of Section 11.5.2. If the panel is unbalanced, a minor adjustment is needed 
because �i is Ti * Ti and because of the specific computation of ui. The feasible GLS 
estimator is then

 Bn
n = B + ¢ a n

i = 1Xi
=�n i

-1Xi≤-1¢ a n
i = 1Xi

=�n i
-1Ei≤. (11-40)

18See, for example, Wallace and Hussain (1969), Maddala (1971), Fuller and Battese (1974), and Amemiya (1971). 
This is a point on which modern software varies. Generally, programs begin with (11-39a) and (11-39b) to estimate 
the variance components. Others resort to different strategies based on, for example, the group means estimator. 
The unfortunate implication for the unwary is that different programs can systematically produce different 
results using the same model and the same data. The practitioner is strongly advised to consult the program 
documentation for resolution.
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This form suggests a way to accommodate failure of the random effects assumption in 
(11-28). Following the approach used in the earlier applications, the estimator would be

Est.Asy.Var[Bn
n

] = ¢a n
i = 1Xi

=�n i
-1Xi≤-1¢a n

i = 1(Xi
=�n i

-1ei)(Xi
=�n i

-1ei)
=≤ ¢a n

i = 1Xi
=�n i

-1Xi≤-1

.
 

(11-41)

With this estimator in hand, inference would be based on Wald statistics rather than F 
statistics.

There is a loose end in the proposal just made. If assumption (11-28) fails, then what 
are the properties of the generalized least squares estimator based on � in (11-31)? The 
FGLS estimator remains consistent and asymptotically normally distributed—consider 
that OLS is also a consistent estimator that uses the wrong covariance matrix. And 
(11-41) would provide an appropriate estimator to use for statistical inference about B. 
However, in this case, (11-31) is the wrong starting point for FGLS estimation.

If the random effects assumption is not appropriate, then a more general starting point is

yi = ai + XiB + Ei, E[EiEi
= � Xi] = �,

which returns us to the pooled regression model in Section 11.3.1. An appealing approach 
based on that would base feasible GLS on (11-32) and, assuming n is reasonably large and 

T is relatively small, would use �n =
1
n a n

i = 1eOLS,ieOLS,i
= . Then, feasible GLS would be 

based on (11-40). One serious complication is how to accommodate an unbalanced panel. 
With the random effects formulation, the covariances in � are identical, so positioning of 
the observations in the matrix is arbitrary. This is not so with an unbalanced panel. We will 
see in the example below, in this more general case, a distinct pattern in the locations of the 
cells in the matrix emerges. It is unclear what should be done with the unfilled cells in �.

11.5.5  TESTING FOR RANDOM EFFECTS

Breusch and Pagan (1980) have devised a Lagrange multiplier test for the random effects 
model based on the OLS residuals.19 For

 H0: su
 2 = 0,

 H1: su
 2 7 0,

the test statistic is

LM =
nT

2(T - 1)
 D a n

i = 1 c a T
t = 1eit d

2

a n
i = 1a T

t = 1eit
2

- 1T 2

=
nT

2(T - 1)
 D a n

i = 1(Tei.)
2

a n
i = 1a T

t = 1eit
2

- 1T 2

.

(11-42)

Under the null hypothesis, the limiting distribution of LM is chi-squared with one degree 
of freedom. (The computation for an unbalanced panel replaces the multiple by 
[(Σi = 1

n Ti)
2]/[2Σi = 1

n Ti(Ti - 1)] and replaces T with Ti in the summations.) The LM 

19Thus far, we have focused strictly on generalized least squares and moments-based consistent estimation of the 
variance components. The LM test is based on maximum likelihood estimation, instead. See Maddala (1971) and 
Baltagi (2013) for this approach to estimation.
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statistic is based on normally distributed disturbances. Wooldridge (2010) proposed a 

statistic that is more robust to the distribution, z =
Σi = 1

n (Σt = 2
Ti Σs = 1

t - 1 eiteis)2Σi = 1
n (Σt = 2

Ti Σs = 1
t - 1 eiteis)

2
, which 

converges to N[0,1] in all cases, or z2 which has a limiting chi-squared distribution with 
one degree of freedom. The inner double sums in the statistic sum the below diagonal 
terms in eiei

= which is one-half the sum of all the terms minus the diagonals, ei
=ei. The ith 

term in the sum is 
1
2

 [(Σt = 1
T eit)

2 - (Σt = 1
T eit

2)] = fi. By manipulating this result, we find 

that z2 = (nf 2/sf
2) (where sf

2 is computed around the assumed E[fi] = 0), which would 
be the standard test statistic for the hypothesis that E[fi] = 0. This makes sense, because 
fi is essentially composed of the difference between two estimators of se

2.20 With some 
tedious manipulation, we can show that the LM statistic is also a multiple of nf 2.

Example 11.10  Test for Random Effects
We are interested in comparing the random and fixed effects estimators in the Cornwell and 
Rupert wage interested equation,

 ln Wageit = b1 + b2 Expit + b3 Expit
2 + b4 Wksit + b5 Occit

 + b6 Indit + b7 Southit + b8 SMSAit + b9 MSit

 + b10 Unionit + b11 Edi + b12 Femi + b13 Blki + ci + eit.

The least squares estimates appear in Table 11.6 in Example 11.4. We will test for the 
presence of random effects. The computations in the two statistics are simpler than it might 
appear at first. The LM statistic is

LM =
nT

2(T - 1)
 Je′DD′e

e′e
- 1R 2

,

where D is the matrix of individual dummy variables in (11-13). To compute z2, we compute

f =
1
2

 (D′e ∘ D′e - D′(e ∘ e)),

(° is the Hadamard product—element by element multiplication) then z2 = i′f/f′f. The results for 
the two statistics are LM = 3497.02 and z2 = 179.66. These far exceed the 95% critical value 
for the chi-squared distribution with one degree of freedom, 3.84. At this point, we conclude that 
the classical regression model without the heterogeneity term is inappropriate for these data. The 
result of the test is to reject the null hypothesis in favor of the random effects model. But it is best to 
reserve judgment on that because there is another competing specification that might induce these 
same results, the fixed effects model. We will examine this possibility in the subsequent examples.

With the variance estimators in hand, FGLS can be used to estimate the parameters 
of the model. All of our earlier results for FGLS estimators apply here. In particular, all 
that is needed for efficient estimation of the model parameters are consistent estimators 
of the variance components, and there are several.21

20Wooldridge notes that z can be negative, suggesting a negative estimate of su
 2. This counterintuitive result arises, 

once again (see Section 11.5.1), from using a covariance estimator to estimate a variance. However, with some 
additional manipulation, we find that the numerator of z is actually (nT/2)[sn e

2(based on ei) - sn e
2(based on eit)] so 

the outcome is not so contradictory as it might appear—since the statistic has a standard normal distribution, the 
negative result should occur half of the time. The test is not actually based on the covariance; it is based on the 
difference of two estimators of the same variance (under the null hypothesis). The numerator of the LM statistic, 
e′DD′e - e′e, is the same as that of z, though it is squared to produce the test statistic.
21See Hsiao (2003), Baltagi (2005), Nerlove (2002), Berzeg (1979), and Maddala and Mount (1973).
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Example 11.11  Estimates of the Random Effects Model
In the previous example, we found the total sum of squares for the least squares estimator 
was 506.766. The fixed effects (LSDV) estimates for this model appear in Table 11.10. 
The sum of squares is 82.26732. Therefore, the moment estimators of the variance 
parameters are

sn e
2 + sn u

2 =
506.766

4165 - 13
= 0.122053

and

sn e
2 =

82.26732
4165 - 595 - 9

= 0.0231023.

The implied estimator of su
2 is 0.098951. (No problem of negative variance components has 

emerged. Note that the three time-invariant variables have not been used in computing the 
fixed effects estimator to estimate se

 2.) The estimate of u for FGLS is

un = 1 - A 0.0231023
0.0231023 + 7(0.098951)

= 0.820343.

FGLS estimates are computed by regressing the partial differences of ln Wageit on the partial 
differences of the constant and the 12 regressors, using this estimate of u in (11-33). The 
full GLS estimates are obtained by estimating � using the OLS residuals. The estimate 

of � is listed below with the other estimates. Thus, �n =
1

595 a 595
i = 1eiei

=. The estimate of 

� = se
2I + su

2ii′. Estimates of the parameters using the OLS and random effects estimators 
appear in Table 11.11. The similarity of the estimates is to be expected given that, under the 
hypothesis of the model, all three estimators are consistent.

The random effects specification is a substantive restriction on the stochastic part 
of the regression. The assumption that the disturbances are equally correlated across 
periods regardless of how far apart the periods are may be a particularly strong 
assumption, particularly if the time dimension of the panel is relatively long. The force 
of the restrictions can be seen in the covariance matrices shown below. In the random 
effects model, the cross period correlation is su

2/(se
2 + su

2) which we have estimated 
as 0.9004 for all periods. But, the first column of the estimate of �  suggests quite a 
different pattern; the cross period covariances diminish substantially with the separation 
in time. If an AR(1) pattern is assumed, ei,t = rei, t - 1 + vi,t then the implied estimate of r 
would be r = 0.1108/0.1418 = 0.7818. The next two periods appear consistent with the 
pattern, r2 then r3. The first-order autoregression might be a reasonable candidate for 
the model. At the same time, the diagonal elements of �n  do not strongly suggest much 
heteroscedasticity across periods.

None of the desirable properties of the estimators in the random effects model rely 
on T going to infinity.22 Indeed, T is likely to be quite small. The estimator of se

2 is equal 
to an average of n estimators, each based on the T observations for unit i. [See (11-39a).] 
Each component in this average is, in principle, consistent. That is, its variance is of order 
1/T or smaller. Because T is small, this variance may be relatively large. But each term 
provides some information about the parameter. The average over the n cross-sectional 
units has a variance of order 1/(nT), which will go to zero if n increases, even if we regard 
T as fixed. The conclusion to draw is that nothing in this treatment relies on T growing 
large. Although it can be shown that some consistency results will follow for T increasing, 
the typical panel data set is based on data sets for which it does not make sense to 

assume that T increases without bound or, in some cases, at all.23 As a general proposition, 
it is necessary to take some care in devising estimators whose properties hinge on 
whether T is large or not. The widely used conventional ones we have discussed here do 
not, but we have not exhausted the possibilities.

22See Nickell (1981).

23In this connection, Chamberlain (1984) provided some innovative treatments of panel data that, in fact, take T 
as given in the model and that base consistency results solely on n increasing. Some additional results for dynamic 
models are given by Bhargava and Sargan (1983). Recent research on “bias reduction” in nonlinear panel models, 
such as Fernandez-Val (2010), do make use of large T approximations in explicitly small T settings.
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Variable
Least Squares 

Estimate
Clustered Std.

Error
Random  

Effects Ests.
Standard 

Error
Generalized 

Least Squares
Standard 

Error

Constant 5.25112 0.12355 4.04144 0.08330 5.31019 0.07948
Exp 0.04010 0.00408 0.08748 0.00225 0.04478 0.00388
ExpSq -0.00067 0.00009 -0.00076 0.00005 -0.00071 0.00009
Wks 0.00422 0.00154 0.00096 0.00059 0.00071 0.00055
Occ -0.14001 0.02724 -0.04322 0.01299 -0.03842 0.01265
Ind 0.04679 0.02366 0.00378 0.01373 0.02671 0.01340
South -0.05564 0.02616 -0.00825 0.02246 -0.06089 0.02129
SMSA 0.15167 0.02410 -0.02840 0.01616 0.06737 0.01669
MS 0.04845 0.04094 -0.07090 0.01793 -0.02610 0.02020
Union 0.09263 0.02367 0.05835 0.01350 0.03544 0.01316
Ed 0.05670 0.00556 0.10707 0.00511 0.06507 0.00429
Fem -0.36779 0.04557 -0.30938 0.04554 -0.39606 0.03889
Blk -0.16694 0.04433 -0.21950 0.05252 -0.15154 0.04262

GLS Estimated Covariance Matrix of Ei

1 2 3 4 5 6 7

0.1418
0.1108 0.1036
0.0821 0.0748 0.1135
0.0583 0.0579 0.0845 0.1046
0.0368 0.0418 0.0714 0.0817 0.1008
0.0152 0.0250 0.0627 0.0799 0.0957 0.1246

-0.0056 0.0099 0.0585 0.0822 0.1024 0.1259 0.1629

Estimated Covariance Matrix for Ei Based on Random 
Effects Model

1 2 3 4 5 6 7

0.1221
0.0989 0.1221
0.0989 0.0989 0.1221
0.0989 0.0989 0.0989 0.1221
0.0989 0.0989 0.0989 0.0989 0.1221
0.0989 0.0989 0.0989 0.0989 0.0989 0.1221
0.0989 0.0989 0.0989 0.0989 0.0989 0.0989 0.1221

Table 11.11 Wage Equation Estimated by GLS

assume that T increases without bound or, in some cases, at all.23 As a general proposition, 
it is necessary to take some care in devising estimators whose properties hinge on 
whether T is large or not. The widely used conventional ones we have discussed here do 
not, but we have not exhausted the possibilities.

22See Nickell (1981).

23In this connection, Chamberlain (1984) provided some innovative treatments of panel data that, in fact, take T 
as given in the model and that base consistency results solely on n increasing. Some additional results for dynamic 
models are given by Bhargava and Sargan (1983). Recent research on “bias reduction” in nonlinear panel models, 
such as Fernandez-Val (2010), do make use of large T approximations in explicitly small T settings.
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11.5.6  HAUSMAN’S SPECIFICATION TEST FOR THE RANDOM EFFECTS MODEL

At various points, we have made the distinction between fixed and random effects 
models. An inevitable question is, which should be used? From a purely practical 
standpoint, the dummy variable approach is costly in terms of degrees of freedom lost. 
On the other hand, the fixed effects approach has one considerable virtue. There is little 
justification for treating the individual effects as uncorrelated with the other regressors, 
as is assumed in the random effects model. The random effects treatment, therefore, may 
suffer from the inconsistency due to this correlation between the included variables and 
the random effect.24

The specification test devised by Hausman (1978)25 is used to test for orthogonality 
of the common effects and the regressors. The test is based on the idea that under the 
hypothesis of no correlation, both LSDV and FGLS estimators are consistent, but LSDV 
is inefficient,26 whereas under the alternative, LSDV is consistent, but FGLS is not. 
Therefore, under the null hypothesis, the two estimates should not differ systematically, 
and a test can be based on the difference. The other essential ingredient for the test is 
the covariance matrix of the difference vector, [bFE - BnRE],

 Var[bFE - BnRE] = Var[bFE] + Var[BnRE] - Cov[bFE, BnRE] - Cov[BnRE, bFE]. (11-43)

Hausman’s essential result is that the covariance of an efficient estimator with its difference 
from an inefficient estimator is zero, which implies that

Cov[(bFE - BnRE), BnRE] = Cov[bFE, BnRE] - Var[BnRE] = 0,

or that

Cov[bFE, BnRE] = Var[BnRE].

Inserting this result in (11-43) produces the required covariance matrix for the test,

Var[bFE - BnRE] = Var[bFE] - Var[BnRE] = �.

The chi-squared test is based on the Wald criterion,

 W = x2[K - 1] = [bFE - BnRE]′�n -1[bFE - BnRE]. (11-44)

For �n , we use the estimated covariance matrices of the slope estimator in the LSDV 
model and the estimated covariance matrix in the random effects model, excluding the 
constant term. Under the null hypothesis, W has a limiting chi-squared distribution with 
K - 1 degrees of freedom.

The Hausman test is a useful device for determining the preferred specification of 
the common effects model. As developed here, it has one practical shortcoming. The 
construction in (11-43) conforms to the theory of the test. However, it does not guarantee 
that the difference of the two covariance matrices will be positive definite in a finite 
sample. The implication is that nothing prevents the statistic from being negative when 
it is computed according to (11-44). One might, in that event, conclude that the random 
effects model is not rejected, because the similarity of the covariance matrices is what 

24See Hausman and Taylor (1981) and Chamberlain (1978).
25Related results are given by Baltagi (1986).
26Referring to the FGLS matrix weighted average given earlier, we see that the efficient weight uses u, whereas 
LSDV sets u = 1.
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is causing the problem, and under the alternative (fixed effects) hypothesis, they should 
be significantly different. There are, however, several alternative methods of computing 
the statistic for the Hausman test, some asymptotically equivalent and others actually 
numerically identical. Baltagi (2005, pp. 65–73) provides an extensive analysis. One 
particularly convenient form of the test finesses the practical problem noted here. An 
asymptotically equivalent test statistic is given by

 H′ = (bFE - bMEANS)′[Asy.Var[bFE] + Asy.Var[bMEANS]]-1 (bFE - bMEANS) (11-45)

where bMEANS is the group means estimator discussed in Section 11.3.4. As noted, this 
is one of several equivalent forms of the test. The advantage of this form is that the 
covariance matrix will always be nonnegative definite.

Imbens and Wooldridge (2007) have argued that in spite of the practical 
considerations about the Hausman test in (11-44) and (11-45), the test should be based 
on robust covariance matrices that do not depend on the assumption of the null 
hypothesis (the random effects model).27 Their suggested approach amounts to the 
variable addition test described in the next section, with a robust covariance matrix.

11.5.7  EXTENDING THE UNOBSERVED EFFECTS MODEL: MUNDLAK’S APPROACH

Even with the Hausman test available, choosing between the fixed and random effects 
specifications presents a bit of a dilemma. Both specifications have unattractive 
shortcomings. The fixed effects approach is robust to correlation between the omitted 
heterogeneity and the regressors, but it proliferates parameters and cannot accommodate 
time-invariant regressors. The random effects model hinges on an unlikely assumption, 
that the omitted heterogeneity is uncorrelated with the regressors. Several authors have 
suggested modifications of the random effects model that would at least partly overcome 
its deficit. The failure of the random effects approach is that the mean independence 
assumption, E[ci � Xi] = 0, is untenable. Mundlak’s approach (1978) suggests the 
specification

E[ci � Xi] = xi.
=G.28

Substituting this in the random effects model, we obtain

 yit = zi
=A + xit

=B + ci + eit

 = zi
=A + xit

=B + xi.
=G + eit + (ci - E[ci � Xi])

 = zi
=A + xit

=B + xi.
=G + eit + ui.  (11-46)

This preserves the specification of the random effects model, but (one hopes) deals 
directly with the problem of correlation of the effects and the regressors. Note that the 

27That is, “It makes no sense to report a fully robust variance matrix for FE and RE but then to compute a 
Hausman test that maintains the full set of RE assumptions.”
28Other analyses, for example, Chamberlain (1982) and Wooldridge (2010), interpret the linear function as the 
projection of ci on the group means, rather than the conditional mean. The difference is that we need not make 
any particular assumptions about the conditional mean function while there always exists a linear projection. The 
conditional mean interpretation does impose an additional assumption on the model but brings considerable 
simplification. Several authors have analyzed the extension of the model to projection on the full set of individual 
observations rather than the means. The additional generality provides the bases of several other estimators 
including minimum distance [Chamberlain (1982)], GMM [Arellano and Bover (1995)], and constrained 
seemingly unrelated regressions and three-stage least squares [Wooldridge (2010)].
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416 Part II  ✦   Generalized regression Model and Equation Systems

additional terms in xi.
=  G will only include the time-varying variables—the time-invariant 

variables are already group means.
Mundlak’s approach is frequently used as a compromise between the fixed and 

random effects models. One side benefit of the specification is that it provides another 
convenient approach to the Hausman test. As the model is formulated above, the 
difference between the fixed effects model and the random effects model is the nonzero G. 
As such, a statistical test of the null hypothesis that G equals zero should provide an 
alternative approach to the two methods suggested earlier. Estimation of (11-46) can 
be based on either pooled OLS (with a robust covariance matrix) or random effects 
FGLS. It turns out the coefficient vectors for the two estimators are identical, though 
the asymptotic covariance matrices will not be. The pooled OLS estimator is fully 
robust and seems preferable. The test of the null hypothesis that the common effects 
are uncorrelated with the regressors is then based on a Wald test.

Example 11.12   Hausman and Variable Addition Tests for Fixed versus 
Random Effects

Using the results in Examples 11.7 (fixed effects) and 11.11 (random effects), we retrieved the 
coefficient vector and estimated robust asymptotic covariance matrix, bFE and VFE, from the 
fixed effects results and the nine elements of BnRE and VRE (excluding the constant term and 
the time-invariant variables) from the random effects results. The test statistic is

H = (bFE - BnRE)′[VFE - VRE]-1(bFE - BnRE),

The value of the test statistic is 739.374. The critical value from the chi-squared table is 16.919 so 
the null hypothesis of the random effects model is rejected. There is an additional subtle point to 
be checked. The difference of the covariance matrices, VFE - VRE, may not be positive definite. 
That might not prevent calculation of H if the analyst uses an ordinary inverse in the computation. 
In that case, a positive statistic might be obtained anyway. The statistic should not be used in this 
instance. However, that outcome should not lead one to conclude that the correct value for H is 
zero. The better response is to use the variable addition test we consider next. (For the example 
here, the smallest characteristic root of the difference matrix was, indeed positive.)

We conclude that the fixed effects model is the preferred specification for these data. This 
is an unfortunate turn of events, as the main object of the study is the impact of education, 
which is a time-invariant variable in this sample. We then used the variable addition test 
instead, based on the regression results in Table 11.12. We recovered the subvector of the 
estimates at the right in Table 11.12 corresponding to G, and the corresponding submatrix of 
the full covariance matrix. The test statistic is

H′ = Gn ′[Est.Asy.Var(Gn)]-1 Gn.

We obtained a value of 2267.32. This does not change the conclusion, so the null hypothesis 
of the random effects model is rejected. We conclude as before that the fixed effects estimator 
is the preferred specification for this model.

11.5.8   EXTENDING THE RANDOM AND FIXED EFFECTS MODELS: 
CHAMBERLAIN’S APPROACH

The linear unobserved effects model is

 yit = ci + xit
=B + eit. (11-47)

The random effects model assumes that E[ci � Xi] = a, where the T rows of Xi are xit
= . 

As we saw in Section 11.5.1, this model can be estimated consistently by ordinary 
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least squares. Regardless of how eit is modeled, there is autocorrelation induced by 
the common, unobserved ci, so the generalized regression model applies. The random 
effects formulation is based on the assumption E[wiwi

= � Xi] = se
2IT + su

2ii′, where 
wit = (eit + ui). We developed the GLS and FGLS estimators for this formulation as 
well as a strategy for robust estimation of the OLS and LSDV covariance matrices. 
Among the implications of the development of Section 11.5 is that this formulation 
of the disturbance covariance matrix is more restrictive than necessary, given the 
information contained in the data. The assumption that E[EiEi

= � Xi] = se
2IT assumes 

that the correlation across periods is equal for all pairs of observations, and arises 
solely through the persistent ci. We found some contradictory empirical evidence 
in Example 11.11—the OLS covariances across periods in the Cornwell and Rupert 
model do not appear to conform to this specification. In Example 11.11, we estimated 
the equivalent model with an unrestricted covariance matrix, E[EiEi

= � Xi] = �. The 
implication is that the random effects treatment includes two restrictive assumptions, 
mean independence, E[ci � Xi] = a, and homoscedasticity, E[EiEi

= � Xi] = se
2IT. [We do 

note that dropping the second assumption will cost us the identification of su
2 as an 

estimable parameter. This makes sense—if the correlation across periods t and s can 
arise from either their common ui or from correlation of (eit, eis) then there is no way 
for us separately to estimate a variance for ui apart from the covariances of eit and eis.] 
It is useful to note, however, that the panel data model can be viewed and formulated 
as a seemingly unrelated regressions model with common coefficients in which each 
period constitutes an equation, Indeed, it is possible, albeit unnecessary, to impose the 
restriction E[wiwi

= � Xi] = se
2IT + su

2ii′.
The mean independence assumption is the major shortcoming of the random effects 

model. The central feature of the fixed effects model in Section 11.4 is the possibility that 

Pooled OLS Augmented Regression Group Means

Variable
Least Squares 

Estimate
Clustered  
Std. Error

Least Squares 
Estimates

Robust  
Std. Error

Least Squares 
Estimates

Robust  
Std. Error

R2 0.42861 0.57518

Constant 5.25112 0.12355 5.12143 0.20847 — —
Exp 0.00401 0.00408 0.11321 0.00406 -0.08131 0.00614
ExpSq -0.00067 0.00009 -0.00042 0.00008 -0.00015 0.00013
Wks 0.00422 0.00154 0.00084 0.00087 0.00835 0.00361
Occ -0.14001 0.02724 -0.02148 0.01902 -0.14614 0.03821
Ind 0.04679 0.02366 0.01921 0.02271 0.03871 0.03509
South -0.05564 0.02616 -0.00186 0.08943 -0.05519 0.09371
SMSA 0.15167 0.02410 -0.04247 0.02953 0.21824 0.03859
MS 0.04845 0.04094 -0.02973 0.02691 0.14451 0.05569
Union 0.09263 0.02367 0.03278 0.02510 0.07628 0.03828
Ed 0.05670 0.00556 0.05144 0.00588 — —
Fem -0.36779 0.04557 -0.31706 0.05122 — —
Blk -0.16694 0.04433 -0.15780 0.04367 — —

Table 11.12 Wage Equation Estimated by OLS and LSDV
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E[ci � Xi] is a nonconstant h(Xi). As such, least squares regression of yit on xit produces an 
inconsistent estimator of B. The dummy variable model considered in Section 11.4 is the 
natural alternative. The fixed effects approach has the advantage of dispensing with the 
unlikely assumption that ci and xit are uncorrelated. However, it has the shortcoming of 
requiring estimation of the n parameters, ai.

Chamberlain (1982, 1984) and Mundlak (1978) suggested alternative approaches 
that lie between these two. Their modifications of the fixed effects model augment 
it with the projections of ci on all the rows of Xi (Chamberlain) or the group means 
(Mundlak). (See Section 11.5.7.) Consider the first of these, and assume (as it requires) 
a balanced panel of T observations per group. For purposes of this development, we will 
assume T = 3. The generalization will be obvious at the conclusion. Then, the projection 
suggested by Chamberlain is

 ci = a + xi1
=  G1 + xi2

=  G2 + xi3
=  G3 + ri, (11-48)

where now, by construction, ri is orthogonal to xit. 29 Insert (11-48) into (11-47) to obtain

yit = a + xi1
=  G1 + xi2

=  G2 + xi3
=  G3 + xit

=  B + eit + ri.

Estimation of the 1 + 3K + K parameters of this model presents a number of 
complications. [We do note that this approach has the potential to (wildly) proliferate 
parameters. For our quite small regional productivity model in Example 11.22. the 
original model with six main coefficients plus the treatment of the constants becomes a 
model with 1 + 6 + 17(6) = 109 parameters to be estimated.]

If only the n observations for period 1 are used, then the parameter vector,

 U1 = a, (B + G1), G2, G3 = a, P1, G2, G3, (11-49)

can be estimated consistently, albeit inefficiently, by ordinary least squares. The model is

yi1 = zi1
= U1 + wi1, i = 1, c, n.

Collecting the n observations, we have

y1 = Z1U1 + w1.

If, instead, only the n observations from period 2 or period 3 are used, then OLS 
estimates, in turn,

U2 = A, G1, (B + G2), G3 = a, G1, P2, G3,

or

U3 = A, G1, G2, (B + G3) = a, G1, G2, P3.

29There are some fine points here that can only be resolved theoretically. If the projection in (11-48) is not the 
conditional mean, then we have E[ri * xit] = 0, t = 1, c, T but not E[ri � Xi] = 0. This does not affect the 
asymptotic properties of the FGLS estimator to be developed here, although it does have implications, for 
example, for unbiasedness. Consistency will hold regardless. The assumptions behind (11-48) do not include that 
Var[ri � Xi] is homoscedastic. It might not be. This could be investigated empirically. The implication here concerns 
efficiency, not consistency. The FGLS estimator to be developed here would remain consistent, but a GMM 
estimator would be more efficient—see Chapter 13. Moreover, without homoscedasticity, it is not certain that 
the FGLS estimator suggested here is more efficient than OLS (with a robust covariance matrix estimator). Our 
intent is to begin the investigation here. Further details can be found in Chamberlain (1984) and, for example, Im, 
Ahn, Schmidt, and Wooldridge (1999).
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It remains to reconcile the multiple estimates of the same parameter vectors. In terms 
of the preceding layouts above, we have the following:

OLS Estimates: a1, p1, c2,1, c3,1, a2 c1,2, p2, c3,2, a3, c1,3, c2,3, p3;
Estimated Parameters: a, (B + G1), G2, G3, a, G1, (B + G2), G3, a, G1, G2, (B + G3);
Structural Parameters: a, B, G1, G2, G3.
 (11-50)

Chamberlain suggested a minimum distance estimator (MDE). For this problem, the 
MDE is essentially a weighted average of the several estimators of each part of the 
parameter vector. We will examine the MDE for this application in more detail in 
Chapter 13. (For another simpler application of minimum distance estimation that shows 
the weighting procedure at work, see the reconciliation of four competing estimators of a 
single parameter at the end of Example 11.23.) There is an alternative way to formulate 
the estimator that is a bit more transparent. For the first period,

 y1 = §y1,1

y2,1

f
yn,1

¥ = D 1 x1,1 x1,1 x1,2 x1,3

1 x2,1 x2,1 x2,2 x2,3

f f f f f
1 xn,1 xn,1 xn,2 xn,3

T • a

B

G1

G2

G3

µ + § r1,1

r2,1

f
rn,1

¥ = X∼1U + r1. (11-51)

We treat this as the first equation in a T equation seemingly unrelated regressions model. 
The second equation, for period 2, is the same (same coefficients), with the data from the 
second period appearing in the blocks, then likewise for period 3 (and periods 4, . . ., T 
in the general case). Stacking the data for the T equations (periods), we have

 § y1

y2

f
yT

¥ = §X∼1

X∼2

f
X∼T

¥• a

B

G1

f
GT

µ + § r1

r2

f
rT

¥ = X∼U + r, (11-52)

where E[X∼′r] = 0 and (by assumption), E[rr′ � X∼] = � ⊗ In. With the homoscedasticity 
assumption for ri,t, this is precisely the application in Section 10.2.5. The parameters can 
be estimated by FGLS as shown in Section 10.2.5.

Example 11.13  Hospital Costs
Carey (1997) examined hospital costs for a sample of 1,733 hospitals observed in five years, 
1987–1991. The model estimated is

 ln (TC/P)it = ai + bD DISit + bO OPVit + b3 ALSit + b4 CMit

 + b5 DISit
2 + b6 DISit

3 + b7 OPV it
2 + b8 OPV it

3

 + b9 ALSit
2 + b10 ALSit

3 + b11DISit * OPVit

 + b12FAit + b13HIit + b14HTi + b15LTi + b16 Largei

 + b17 Smalli + b18 NonProfiti + b19 Profiti
 + eit,
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where

TC  = total cost,
P  = input price index,
DIS  = discharges
OPV  = outpatient visits,
ALS  = average length of stay,
CM  = case mix index,
FA  = fixed assets,
HI  = Hirfindahl index of market concentration at county level,
HT  = dummy variable for high teaching load hospital,
LT  = dummy variable for low teaching load hospital
Large  = dummy variable for large urban area
Small  = dummy variable for small urban area,
Nonprofit = dummy variable for nonprofit hospital,
Profit  = dummy variable for for@profit hospital.

We have used subscripts “D” and “O” for the coefficients on DIS and OPV as these will be 
isolated in the following discussion. The model employed in the study is that in (11-47) 
and (11-48). Initial OLS estimates are obtained for the full cost function in each year. 
SUR estimates are then obtained using a restricted version of the Chamberlain system. 
This second step involved a hybrid model that modified (11-49) so that in each period 
the coefficient vector was

Ut = [at, bDt(G), bOt(G), b3t(G), b4t(G), b5t, c, b19t],

where bDt(G) indicates that all five years of the variable (DISit) are included in the equation, and 
likewise, for bOt(G)(OPV), b3t(G)(ALS), and b4t(G)(CM). This is equivalent to using

ci = a + �t = 1987
1991  (DIS, OPV, ALS, CM)it=Gt + ri

in (11-48).
The unrestricted SUR system estimated at the second step provides multiple 

estimates of the various model parameters. For example, each of the five equations 
provides an estimate of (b5, c, b19). The author added one more layer to the model in 
allowing the coefficients on DISit and OPVit to vary over time. Therefore, the structural 
parameters of interest are (bD1, c, bD5), (gD1 c, gD5) (the coefficients on DIS) and 
(bO1, c, bO5), (gO1 c, gO5) (the coefficients on OPV). There are, altogether, 20 parameters 
of interest. The SUR estimates produce, in each year (equation), parameters on DIS for the 
five years and on OPV for the five years, so there is a total of 50 estimates. Reconciling 
all of them means imposing a total of 30 restrictions. Table 11.13 shows the relationships 
for the time-varying parameter on DISit in the five-equation model. The numerical values 
reported by the author are shown following the theoretical results. A similar table would 
apply for the coefficients on OPV, ALS, and CM. (In the latter two, the b coefficient was 
not assumed to be time varying.) It can be seen in the table, for example, that there are 
directly four different estimates of gD,87 in the second to fifth equations, and likewise for 
each of the other parameters. Combining the entries in Table 11.13 with the counterparts 
for the coefficients on OPV, we see 50 SUR/FGLS estimates to be used to estimate 20 
underlying parameters. The author used a minimum distance approach to reconcile the 
different estimates. We will return to this example in Example 13.6, where we will develop 
the MDE in more detail.
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11.6 NONSPHERICAL DISTURBANCES AND ROBUST COVARIANCE 
MATRIX ESTIMATION

Because the models considered here are extensions of the classical regression model, 
we can treat heteroscedasticity in the same way that we did in Chapter 9. That is, we 
can compute the ordinary or feasible generalized least squares estimators and obtain 
an appropriate robust covariance matrix estimator, or we can impose some structure on 
the disturbance variances and use generalized least squares. In the panel data settings, 
there is greater flexibility for the second of these without making strong assumptions 
about the nature of the heteroscedasticity.

11.6.1  HETEROSCEDASTICITY IN THE RANDOM EFFECTS MODEL

Because the random effects model is a generalized regression model with a known 
structure, OLS with a robust estimator of the asymptotic covariance matrix is not the 
best use of the data. The GLS estimator is efficient whereas the OLS estimator is not. If a 
perfectly general covariance structure is assumed, then one might simply use Arellano’s 
estimator, described in Section 11.4.3, with a single overall constant term rather than a set 
of fixed effects. But, within the setting of the random effects model, hit = eit + ui, allowing 
the disturbance variance to vary across groups would seem to be a useful extension.

The calculation in (11-33) has a type of heteroscedasticity due to the varying group 
sizes. The estimator there (and its feasible counterpart) would be the same if, instead 
of ui = 1 - se/(Tisu

2 + se
2)1/2, the disturbances were specifically heteroscedastic with 

E[eit
 2 � Xi] = sei

 2 and

ui = 1 -
sei2sei

2 + Tisu
2
.

Coefficient on Variable in the Equation

Equation DIS87 DIS88 DIS89 DIS90 DIS91

bD,87 + gD,87 gD,88 gD,89 gD,90 gD,91

SUR87 1.76 0.116 -0.0881 0.0570 -0.0617
gD,87 bD,88 + gD,88 gD,89 gD,90 gD,91

SUR88 0.254 1.61 -0.0934 0.0610 -0.0514
gD,87 gD,88 bD,89 + gD,89 gD,90 gD,91

SUR89 0.217 0.0846 1.51 0.0454 -0.0253
gD,87 gD,88 gD,89 bD,90 + gD,90 gD,91

SUR90 0.179 0.0822a 0.0295 1.57 0.0244
gD,87 gD,88 gD,89 gD,90 bD,91 + gD,91

SUR91 0.153 0.0363 -0.0422 0.0813 1.70

aThe value reported in the published paper is 8.22. The correct value is 0.0822. (Personal communication 
with the author.)

Table 11.13 Coefficient Estimates in SUR Model for Hospital Costs
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422 Part II  ✦   Generalized regression Model and Equation Systems

Therefore, for computing the appropriate feasible generalized least squares estimator, 
once again we need only devise consistent estimators for the variance components and 
then apply the GLS transformation shown earlier. One possible way to proceed is as 
follows: Because pooled OLS is still consistent, OLS provides a usable set of residuals. 
Using the OLS residuals for the specific groups, we would have, for each group,

sei
2 + ui

2 =
ei
=ei

T
.

The residuals from the dummy variable model are purged of the individual specific 
effect, ui, so sei

2  may be consistently (in T) estimated with

sei
2 =

ei
lsdv′ei

lsdv

T
,

where eit
lsdv = yit - xit

=blsdv - ai. Combining terms, then,

sn u
2 =

1
n a

n

i = 1
J ¢ ei

ols′ei
ols

T
≤ - ¢ ei

lsdv′ei
lsdv

T
≤ R =

1
n a

n

i = 1
(ui

2).

We can now compute the FGLS estimator as before.

11.6.2  AUTOCORRELATION IN PANEL DATA MODELS

As we saw in Section 11.3.2 and Example 11.4, autocorrelation—that is, correlation 
across the observations in the groups in a panel—is likely to be a substantive feature 
of the model. Our treatment of the effect there, however, was meant to accommodate 
autocorrelation in its broadest sense, that is, nonzero covariances across observations in 
a group. The results there would apply equally to clustered observations, as observed in 
Section 11.3.3. An important element of that specification was that with clustered data, 
there might be no obvious structure to the autocorrelation. When the panel data set 
consists explicitly of groups of time series, and especially if the time series are relatively 
long as in Example 11.9, one might want to begin to invoke the more detailed, structured 
time-series models which are discussed in Chapter 20.

11.7 SPATIAL AUTOCORRELATION

The clustering effects suggested in Section 11.3.3 are motivated by an expectation that 
effects of neighboring locations would spill over into each other, creating a sort of 
correlation across space, rather than across time as we have focused on thus far. The 
effect should be common in cross-region studies, such as in agriculture, urban economics, 
and regional science. Studies of the phenomenon include Case’s (1991) study of 
expenditure patterns, Bell and Bockstael’s (2000) study of real estate prices, Baltagi and 
Li’s (2001) analysis of R&D spillovers, Fowler, Cover and Kleit’s (2014) study of fringe 
banking, Klier and McMillen’s (2012) analysis of clustering of auto parts suppliers, and 
Flores-Lagunes and Schnier’s (2012) model of cod fishing performance. Models of spatial 
regression and spatial autocorrelation are constructed to formalize this notion.30

30See Anselin (1988, 2001) for the canonical reference and Le Sage and Pace (2009) for a recent survey.
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A model with spatial autocorrelation can be formulated as follows: The regression 
model takes the familiar panel structure,

yit = xit
=B + eit + ui,i = 1, c, n; t = 1, c, T.

The common ui is the usual unit (e.g., country) effect. The correlation across space is 
implied by the spatial autocorrelation structure,

eit = la
n

j = 1
Wijejt + vt.

The scalar l is the spatial autocorrelation coefficient. The elements Wij are spatial (or 
contiguity) weights that are assumed known. The elements that appear in the sum above 
are a row of the spatial weight or contiguity matrix, W, so that for the n units, we have

Et = lWEt + vt, vt = vti.

The structure of the model is embodied in the symmetric weight matrix, W. Consider 
for an example counties or states arranged geographically on a grid or some linear scale 
such as a line from one coast of the country to another. Typically Wij will equal one for 
i,j pairs that are neighbors and zero otherwise. Alternatively, Wij may reflect distances 
across space, so that Wij decreases with increases in � i - j � . In Flores-Lagunes and 
Schnier’s (2012) study, the spatial weights were inversely proportional to the Euclidean 
distances between points in a grid. This would be similar to a temporal autocorrelation 
matrix. Assuming that �l �  is less than one, and that the elements of W are such that 
(I - lW) is nonsingular, we may write

Et = (In - lW)-1vt,

so for the n observations at time t,

yt = XtB + (In - lW)-1vt + u.

We further assume that ui and vi have zero means, variances su
2 and sv

2, and are 
independent across countries and of each other. It follows that a generalized regression 
model applies to the n observations at time t,

 E[yt � Xt] = Xt B,

 Var[yt � Xt] = (In - lW)-1[sv
2ii′](In - lW)-1 + su

2In.

At this point, estimation could proceed along the lines of Chapter 9, save for the need 
to estimate l. There is no natural residual-based estimator of l. Recent treatments of 
this model have added a normality assumption and employed maximum likelihood 
methods.31

A natural first step in the analysis is a test for spatial effects. The standard procedure 
for a cross section is Moran’s (1950) I statistic, which would be computed for each set 
of residuals, et, using

 It =
na n

i = 1a n
j = 1Wij(eit - et)(ejt - et)¢ a n

i = 1a n
j = 1Wi, j≤a n

i = 1(eit - et)
2

. (11-53)

31The log-likelihood function for this model and numerous references appear in Baltagi (2005, p. 196). Extensive 
analysis of the estimation problem is given in Bell and Bockstael (2000).
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For a panel of T independent sets of observations, I =
1
T a T

t = 1It would use the full 

set of information. A large sample approximation to the variance of the statistic under 
the null hypothesis of no spatial autocorrelation is

 V 2 =
1
T

 

n2a n
i = 1a n

j = 1Wij
2 + 3¢ a n

i = 1a n
j = 1Wijb

2

- na n
i = 1¢ a n

j = 1Wij≤2

(n2 - 1)¢ a n
i = 1a n

j = 1Wij≤2
. (11-54)

The statistic I/V will converge to standard normality under the null hypothesis and can 
form the basis of the test. (The assumption of independence across time is likely to be 
dubious at best, however.) Baltagi, Song, and Koh (2003) identify a variety of LM tests 
based on the assumption of normality. Two that apply to cross-section analysis are32

LM(1) =
(e′We/s2)2

tr(W′W + W2)
for spatial autocorrelation and

LM(2) =
(e′Wy/s2)2

b′X′WMWXb/s2 + tr(W′W + W2)

for spatially lagged dependent variables, where e is the vector of OLS residuals, 
s2 = e′e/n, and M = I - X(X′X)-1X′. 33

Anselin (1988) identifies several possible extensions of the spatial model to dynamic 
regressions. A “pure space-recursive model” specifies that the autocorrelation pertains 
to neighbors in the previous period,

yit = g[Wyt - 1]i + xit
=B + eit.

A “time-space recursive model” specifies dependence that is purely autoregressive with 
respect to neighbors in the previous period,

yit = ryi,t - 1 + g[Wyt - 1]i + xit
=B + eit.

A “time-space simultaneous” model specifies that the spatial dependence is with respect 
to neighbors in the current period,

yit = ryi,t - 1 + l[Wyt]i + xit
=B + eit.

Finally, a “time-space dynamic model” specifies that autoregression depends on 
neighbors in both the current and last period,

yit = ryi,t - 1 + l[Wyt]i + g[Wyt - 1]i + xit
=B + eit.

Example 11.14  Spatial Autocorrelation in Real Estate Sales
Bell and Bockstael analyzed the problem of modeling spatial autocorrelation in large samples. 
This is a common problem with GIS (geographic information system) data sets. The central 
problem is maximization of a likelihood function that involves a sparse matrix, (I - lW). Direct 
approaches to the problem can encounter severe inaccuracies in evaluation of the inverse 

32See Bell and Bockstael (2000, p. 78).
33See Anselin and Hudak (1992).
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and determinant. Kelejian and Prucha (1999) have developed a moment-based estimator for 
l that helps alleviate the problem. Once the estimate of l is in hand, estimation of the spatial 
autocorrelation model is done by FGLS. The authors applied the method to analysis of a cross 
section of 1,000 residential sales in Anne Arundel County, Maryland, from 1993 to 1996. The 
parcels sold all involved houses built within one year prior to the sale. GIS software was used 
to measure attributes of interest.

The model is

  + b2 In Lot size (LLT)
  + b3 In Distance in km to Washington, DC (LDC)
  + b4 In Distance in km to Baltimore (LBA)
  + b5% land surrounding parcel in publicly owned space (POPN)
  + b6% land surrounding parcel in natural privately owned space (PNAT)
  + b7% land surrounding parcel in intensively developed use (PDEV)
  + b8% land surrounding parcel in low density residential use (PLOW)
  + b9 Public sewer service (1 if existing or planned, 0 if not)(PSEW)
  + e.

(Land surrounding the parcel is all parcels in the GIS data whose centroids are within 
500 meters of the transacted parcel.) For the full model, the specification is

 y = XB + E,
 E = lWE + v.

The authors defined four contiguity matrices:

W1: Wij = 1/distance between i and j if distance 6 600 meters, 0 otherwise,
W2: Wij = 1 if distance between i and j 6 200 meters, 0 otherwise,
W3: Wij = 1 if distance between i and j 6 400 meters, 0 otherwise,
W4: Wij = 1 if distance between i and j 6 600 meters, 0 otherwise.

All contiguity matrices were row-standardized. That is, elements in each row are scaled so 
that the row sums to one. One of the objectives of the study was to examine the impact of 
row standardization on the estimation. It is done to improve the numerical stability of the 
optimization process. Because the estimates depend numerically on the normalization, it is 
not completely innocent.

Test statistics for spatial autocorrelation based on the OLS residuals are shown in 
Table 11.14. (These are taken from the authors’ Table 3.) The Moran statistics are distributed 
as standard normal while the LM statistics are distributed as chi-squared with one degree of 
freedom. All but the LM(2) statistic for W3 are larger than the 99 percent critical value from 
the respective table, so we would conclude that there is evidence of spatial autocorrelation. 
Estimates from some of the regressions are shown in Table 11.15. In the remaining results in 
the study, the authors find that the outcomes are somewhat sensitive to the specification of 
the spatial weight matrix, but not particularly so to the method of estimating l.

W1 W2 W3 W4

Moran’s I 7.89 9.67 13.66 6.88
LM(1) 49.95 84.93 156.48 36.46
LM(2) 7.40 17.22 2.33 7.42

Table 11.14 Test Statistics for Spatial Autocorrelation
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Example 11.15  Spatial Lags in Health Expenditures
Moscone, Knapp, and Tosetti (2007) investigated the determinants of mental health 
expenditure over six years in 148 British local authorities using two forms of the spatial 
correlation model to incorporate possible interaction among authorities as well as unobserved 
spatial heterogeneity. The models estimated, in addition to pooled regression and a random 
effects model, were as follows. The first is a model with spatial lags,

yt = gti + rWyt + XtB + u + Et,

where u is a 148 * 1 vector of random effects and i is a 148 * 1 column of ones. For each 
local authority,

yit = gt + r(wi
=yt) + xit

=B + ui + eit,

where wi
= is the ith row of the contiguity matrix, W. Contiguities were defined in W as one if 

the locality shared a border or vertex and zero otherwise. (The authors also experimented 
with other contiguity matrices based on “sociodemographic” differences.) The second model 
estimated is of spatial error correlation,

 yt = gti + XtB + u + Et,

 Et = l WEt + vt.

For each local authority, this model implies

yit = gt + xit
=B + ui + lΣ jwijejt + vit.

The authors use maximum likelihood to estimate the parameters of the model. To simplify 
the computations, they note that the maximization can be done using a two-step procedure. 
As we have seen in other applications, when � in a generalized regression model is known, 
the appropriate estimator is GLS. For both of these models, with known spatial autocorrelation 
parameter, a GLS transformation of the data produces a classical regression model. [See (9-11).] 
The method used is to iterate back and forth between simple OLS estimation of gt, B, and se

2 and 
maximization of the concentrated log-likelihood function which, given the other estimates, is a 
function of the spatial autocorrelation parameter, r or l, and the variance of the heterogeneity, su

2.

OLS FGLSa Spatial Based on 
W1 ML

Spatial Based on W1 
Gen. Moments

Parameter Estimate Std.Err. Estimate Std.Err. Estimate Std.Err. Estimate Std.Err.

a 4.7332 0.2047 4.7380 0.2048 5.1277 0.2204 5.0648 0.2169
b1 0.6926 0.0124 0.6924 0.0214 0.6537 0.0135 0.6638 0.0132
b2 0.0079 0.0052 0.0078 0.0052 0.0002 0.0052 0.0020 0.0053
b3 -0.1494 0.0195 -0.1501 0.0195 -0.1774 0.0245 -0.1691 0.0230
b4 -0.0453 0.0114 -0.0455 0.0114 -0.0169 0.0156 -0.0278 0.0143
b5 -0.0493 0.0408 -0.0484 0.0408 -0.0149 0.0414 -0.0269 0.0413
b6 0.0799 0.0177 0.0800 0.0177 0.0586 0.0213 0.0644 0.0204
b7 0.0677 0.0180 0.0680 0.0180 0.0253 0.0221 0.0394 0.0211
b8 -0.0166 0.0194 -0.0168 0.0194 -0.0374 0.0224 -0.0313 0.0215
b9 -0.1187 0.0173 -0.1192 0.0174 -0.0828 0.0180 -0.0939 0.0179
l — — — — 0.4582 0.0454 0.3517 —

aThe authors report using a heteroscedasticity model si
2 * f(LIVi, LIV i

2). The function f(.) is not identified.

Table 11.15 Estimated Spatial Regression Models
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The dependent variable in the models is the log of per capita mental health expenditures. 
The covariates are the percentage of males and of people under 20 in the area, average 
mortgage rates, numbers of unemployment claims, employment, average house price, 
median weekly wage, percent of single parent households, dummy variables for Labour 
party or Liberal Democrat party authorities, and the density of population (“to control for 
supply-side factors”). The estimated spatial autocorrelation coefficients for the two models 
are 0.1579 and 0.1220, both more than twice as large as the estimated standard error. 
Based on the simple Wald tests, the hypothesis of no spatial correlation would be rejected. 
The log-likelihood values for the two spatial models were +206.3 and +202.8, compared 
to -211.1 for the model with no spatial effects or region effects, so the results seem to 
favor the spatial models based on a chi-squared test statistic (with one degree of freedom) 
of twice the difference. However, there is an ambiguity in this result as the improved “fit” 
could be due to the region effects rather than the spatial effects. A simple random effects 
model shows a log-likelihood value of +202.3, which bears this out. Measured against 
this value, the spatial lag model seems the preferred specification, whereas the spatial 
autocorrelation model does not add significantly to the log-likelihood function compared 
to the basic random effects model.

11.8 ENDOGENEITY

Recent panel data applications have relied heavily on the methods of instrumental 
variables. We will develop some of this methodology in detail in Chapter 13 where we 
consider generalized method of moments (GMM) estimation. At this point, we can 
examine three major building blocks in this set of methods, a panel data counterpart to 
two-stage least squares developed in Chapter 8, Hausman and Taylor’s (1981) estimator 
for the random effects model and Bhargava and Sargan’s (1983) proposals for estimating 
a dynamic panel data model. These tools play a significant role in the GMM estimators 
of dynamic panel models in Chapter 13.

11.8.1  INSTRUMENTAL VARIABLE ESTIMATION

The exogeneity assumption, E[xiteit] = 0, has been essential to the estimation strategies 
suggested thus far. For the generalized regression model (random effects), it was 
necessary to strengthen this to strict exogeneity, E[xiteis] = 0 for all t,s for given i. If 
these assumptions are not met, then xit is endogenous in the model, and typically an 
instrumental variable approach to consistent estimation would be called for.

The fixed effects case is simpler, and can be based entirely on results we have 
already obtained. The model is yit = ci + xit′B + eit. We assume there is a set of L Ú K 
instrumental variables, zit. The set of instrumental variables must be exogenous, that 
is, orthogonal to eit; the minimal assumption is E[ziteit] = 0. (It will turn out, at least 
initially, to be immaterial to estimation of B whether E[zitci] = 0, though one would 
expect it would be.) Then, the model in deviation form,

 yit - yi. = (xit - xi.)′B + (eit - ei.)

 y$ = x$it
=B + e

$
it,

is amenable to 2SLS. The IV estimator can be written

bIV,FE = (X
$

′Z
$
(Z

$
′Z

$
)-1Z

$
′X

$
)-1(X

$
′Z

$
(Z

$
′Z

$
)-1Z

$
′y$).
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We can see from this expression that this computation will break down if Z contains 
any time-invariant variables. Clearly if there are, then the corresponding columns in Z

$
 

will be zero. But, even if Z is not transformed, columns of X
$

′Z will still turn to zeros 
because X

$
′Z = X′Z

$
 (M0 is idempotent). Assuming, then, that Z is also transformed to 

deviations from group means, the 2SLS estimator is

 bIV,FE = Ja n
i = 1X

$
i
=Z
$

i(Z
$

i
=Z
$

i)
-1Z

$
i
=X
$

iR -1Ja n
i = 1X

$
i
=Z
$

i(Z
$

i
=Z
$

i)
-1Z

$
i
=y$iR

 = Ja n
i = 1X

$
n

i
=X
$
n

iR -1Ja n
i = 1X

$
n

i
=y$iR . 

(11-55)

For computing the asymptotic covariance matrix, without correction, we would use

Est.Asy.Var[bIV,FE] = sn e
2Ja n

i = 1X
$
n

i
=X
$
n

iR -1

 sn e
2 =

Σi = 1
n Σt = 1

t (y
$

it - X
$

it
=bIV,FE)2

n(T - 1) - K
. (11-56)

where

An asymptotic covariance matrix that is robust to heteroscedasticity and autocorrelation is

 Est.Asy.Var[bIV,FE] = Ja n
i = 1X

$
n

i
=X
$
n

iR -1Ja n
i = 1¢X

$
n

i
=e$ i≤ ¢e$ i

=X
$
n

i≤R Ja n
i = 1X

$
n

i
=X
$
n

iR -1

. (11-57)

The procedure would be similar for the random effects model, but would (as before) 
require a first step to estimate the variances of e and u. The steps follow the earlier 
prescription:

1. Use pooled 2SLS to compute BnIV,Pooled and obtain residuals w. The estimator of 
se

2 + su
2 is w′w/(nT@K). Use FE 2SLS as described above to obtain bIV,FE, then use 

(11-56) to estimate se
 2. Use these two estimators to compute the estimator of su

 2, 
then �-1 = (1/se

2)[IT - (u(2 - u)/T)ii′]. [The result for �-1/2 is given in (11-33).]
2. Use IV for the generalized regression model,

 
BnIV,RE = Ja n

i = 1Xi
=�-1Zi(Zi

=�-1Zi)
-1Zi

=�-1Xi
=R -1Ja n

i = 1Xi
=�-1Zi(Zi

=�-1Zi)
-1Zi

=�-1yiR .

  (11-58)

3. The estimator for the asymptotic covariance matrix is the bracketed inverse. A 
robust covariance matrix is computed with

 Est.Asy.Var[BnIV,RE] =

   A-1Ja n
i = 1(Xi

=�n -1Zi(Zi
=�n -1Z)-1Zi

=�n -1En i)(Xi
=�n -1Zi(Zi

=�n -1Zi)
-1Zi

=�n -1En i)′ RA-1

   A = Ja n
i = 1Xi

=�n -1Zi(Zi
=�n -1Z1)

-1)Zi
=�n -1XiR . (11-59)
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Example 11.16  Endogenous Income in a Health Production Model
In Example 10.8, we examined a health outcome, health satisfaction, in a two-equation model,

Health Satisfaction = a1 + g1ln Income + a2Female + a3Working + a4Public + a5AddOn
          +a6Age + eH,

ln Income    = b1 + g2Health Satisfaction + b2Female + b3Education + b4Married
          +b5HHKids + b6Age + eI.

The data are an unbalanced panel of 7,293 households. For simplicity, we will focus on the 
balanced panel of 887 households that were present for all 7 waves. The variable ln Income 
is endogenous in the health equation. There is also a time-invariant variable, Female, in 
the equation that will have to be dropped in this application as we are going to fit a fixed 
effects model. The instrumental variables are the constant, Working, Public, AddOn, Age, 
Education, Married, and HHKids. Table 11.16 presents the OLS, 2SLS, FE, RE, FE2SLS, and 
RE2SLS estimates for the health satisfaction equation. Robust standard errors are reported 
for each case. There is a clear pattern in the results; the instrumental variable estimates of 
the coefficient on ln Income are 7 to 10 times as large as the least squares estimates, and 
the estimated standard errors increase comparably.

11.8.2  HAUSMAN AND TAYLOR’S INSTRUMENTAL VARIABLES ESTIMATOR

Recall the original specification of the linear model for panel data in (11-1),

 yit = xit
=B + zi

=A + eit. (11-60)

The random effects model is based on the assumption that the unobserved person-specific 
effects, zi, are uncorrelated with the included variables, xit. This assumption is a major 
shortcoming of the model. However, the random effects treatment does allow the model 
to contain observed time-invariant characteristics, such as demographic characteristics, 
while the fixed effects model does not—if present, they are simply absorbed into the fixed 
effects. Hausman and Taylor’s (1981) estimator for the random effects model suggests a 
way to overcome the first of these while accommodating the second.

Variable OLS 2SLS FE RE FE/2SLS RE/2SLS

Constant 9.17989 10.7061 — 9.69595 — 12.1185
(0.36704) (0.36931) — (0.28573) — (0.75062)

ln Income 0.18045 1.16373 0.13957 0.13001 0.99046 1.24378
(0.10931) (0.20863) (0.10246) (0.06970) (0.48337) (0.33140)

Working 0.63475 0.34196 0.12963 0.29491 -0.05739 0.00243
(0.12705) (0.09007) (0.11656) (0.07392) (0.15171) (0.12932)

Public -0.78176 -0.52551 -0.20282 -0.48854 -0.15991 -0.29334
(0.15438) (0.10963) (0.17409) (0.12775) (0.16779) (0.13964)

Add On 0.18664 -0.06131 -0.03252 0.04340 -0.01482 -0.02720
(0.29279) (0.24477) (0.17287) (0.21060) (0.16327) (0.15847)

Age -0.04606 -0.05523 -0.07178 -0.05926 -0.10419 -0.08409
(0.00583) (0.00369) (0.00900) (0.00468) (0.01992) (0.00882)

se 2.17305 2.21080 1.57382 2.47692 1.59032 2.57864
su — — — 1.49841 — 1.53728

Table 11.16 Estimated Health Satisfaction Equations (Robust standard errors in parentheses)
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Their model is of the form

yit = x1it
=  B1 + x2it

=  B2 + z1i
=  A1 + z2i

=  A2 + eit + ui,

where B = (B1
= , B2

=)′ and A = (A1
= , A2

=)′. In this formulation, all individual effects 
denoted zi are observed. As before, unobserved individual effects that are contained in 
zi
=A in (11-60) are contained in the person-specific random term, ui. Hausman and Taylor 

define four sets of observed variables in the model:

 x1it is K1 variables that are time varying and uncorrelated with ui,
 z1i is L1 variables that are time invariant and uncorrelated with ui,
 x2it is K2 variables that are time varying and are correlated with ui,
 z2i is L2 variables that are time invariant and are correlated with ui.

The assumptions about the random terms in the model are

E[ui � x1it, z1i] = 0 though E[ui � x2it, z2i] ≠ 0,

Var[ui � x1it, z1i, x2it, z2i] = su
2,

Cov[eit, ui � x1it, z1i, x2it, z2i] = 0,

Var[eit+ui � x1it, z1i, x2it, z2i] = s2 = se
2 + su

2,

Corr[eit + ui, eis + ui � x1it, z1i, x2it, z2i] = r = su
2/s2.

Note the crucial assumption that one can distinguish sets of variables x1 and z1 that 
are uncorrelated with ui from x2 and z2 which are not. The likely presence of x2 and z2 
is what complicates specification and estimation of the random effects model in the 
first place.

By construction, any OLS or GLS estimators of this model are inconsistent when 
the model contains variables that are correlated with the random effects. Hausman and 
Taylor have proposed an instrumental variables estimator that uses only the information 
within the model (i.e., as already stated). The strategy for estimation is based on the 
following logic: First, by taking deviations from group means, we find that

 yit - yi. = (x1it - x1i.)′B1 + (x2it - x2i.)′B2 + eit - ei., (11-61)

which implies that both parts of B can be consistently estimated by least squares, 
in spite of the correlation between x2 and u. This is the familiar, fixed effects, least 
squares dummy variable estimator—the transformation to deviations from group 
means removes from the model the part of the disturbance that is correlated with 
x2it. In the original model, Hausman and Taylor show that the group mean deviations 
can be used as (K1 + K2) instrumental variables for estimation of (B, A). That is the 
implication of (11-61). Because z1 is uncorrelated with the disturbances, it can likewise 
serve as a set of L1 instrumental variables. That leaves a necessity for L2 instrumental 
variables. The authors show that the group means for x1 can serve as these remaining 
instruments, and the model will be identified so long as K1 is greater than or equal 
to L2. For identification purposes, then, K1 must be at least as large as L2. As usual, 
feasible GLS is better than OLS, and available. Likewise, FGLS is an improvement 
over simple instrumental variable estimation of the model, which is consistent but 
inefficient.
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The authors propose the following set of steps for consistent and efficient estimation:

Step 1. Obtain the LSDV (fixed effects) estimator of B = (B1
= , B2

=)′ based on x1 and x2. 
The residual variance estimator from this step is a consistent estimator of se

2.

Step 2. Form the within-groups residuals, eit, from the LSDV regression at step 1. 
Stack the group means of these residuals in a full-sample-length data vector. Thus, 

eit
* = ei. =

1
T a

T

t = 1
(yit - xit

=bw), t = 1, c, T, i = 1, c, n. (The individual constant term, 

ai, is not included in eit
*.) (Note, from (11-16b), eit

* = ei. is ai, the ith constant term.) These 
group means are used as the dependent variable in an instrumental variable regression 
on z1 and z2 with instrumental variables z1 and x1. (Note the identification requirement 
that K1, the number of variables in x1, be at least as large as L2, the number of variables 
in z2.) The time-invariant variables are each repeated T times in the data matrices in this 
regression. This provides a consistent estimator of A.

Step 3. The residual variance in the regression in step 2 is a consistent estimator of 
s*

2 = su
2 + se

2/T. From this estimator and the estimator of se
2 in step 1, we deduce an 

estimator of su
2 = s*

2 - se
2/T. We then form the weight for feasible GLS in this model 

by forming the estimate of

u = 1 - A se
2

se
2 + Tsu

2
.

Step 4. The final step is a weighted instrumental variable estimator. Let the full set of 
variables in the model be

wit
= = (x1it

= , x2it
= , z1i

= , z2i
= ).

Collect these nT observations in the rows of data matrix W. The transformed variables 
for GLS are, as before when we first fit the random effects model,

wit
*′ = wit

= - unwi
=. and yit

* = yit - unyi.,

where un denotes the sample estimate of u. The transformed data are collected in the rows 
data matrix W* and in column vector y*. Note in the case of the time-invariant variables 
in wit, the group mean is the original variable, and the transformation just multiplies the 
variable by 1 - un. The instrumental variables are

vit
= = [(x1it - x1i.)′, (x2it - x2i.)′, z1i

=  x1i.].

These are stacked in the rows of the nT * (K1 + K2 + L1 + K1) matrix V. Note for the 
third and fourth sets of instruments, the time-invariant variables and group means are 
repeated for each member of the group. The instrumental variable estimator would be

 (Bn ′, An ′)IV
= = [(W*′V)(V′V)-1(V′W*)]-1[(W*′V)(V′V)-1(V′y*)].34 (11-62)

The instrumental variable estimator is consistent if the data are not weighted, that is, 
if W rather than W* is used in the computation. But this is inefficient, in the same way 
that OLS is consistent but inefficient in estimation of the simpler random effects model.

34Note that the FGLS random effects estimator would be (Bn ′, An ′)RE
= = [W*′W*]-1W*′y*.
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Example 11.17  The Returns to Schooling
The economic returns to schooling have been a frequent topic of study by econometricians. 
The PSID and NLS data sets have provided a rich source of panel data for this effort. In wage 
(or log wage) equations, it is clear that the economic benefits of schooling are correlated 
with latent, unmeasured characteristics of the individual such as innate ability, intelligence, 
drive, or perseverance. As such, there is little question that simple random effects models 
based on panel data will suffer from the effects noted earlier. The fixed effects model is the 
obvious alternative, but these rich data sets contain many useful variables, such as race, 
union membership, and marital status, which are generally time invariant. Worse yet, the 
variable most of interest, years of schooling, is also time invariant. Hausman and Taylor (1981) 
proposed the estimator described here as a solution to these problems. The authors studied 
the effect of schooling on (the log of) wages using a random sample from the PSID of 750 
men aged 25 to 55, observed in two years, 1968 and 1972. The two years were chosen so 
as to minimize the effect of serial correlation apart from the persistent unmeasured individual 
effects. The variables used in their model were as follows:

Experience  = age - years of schooling - 5,
Years of schooling = continuous variable
Bad Health  = a dummy variable indicating general health,
Race  = adummy variable indicating nonwhite (70 of 750 observations),
Union  = a dummy variable indicating union membership,
Unemployed  = a dummy variable indicating previous year’s unemployment.

The model also included a constant term and a period indicator.35

The primary focus of the study is the coefficient on schooling in the log wage equation. 
Because Schooling and, probably, Experience and Unemployed, are correlated with the 
latent effect, there is likely to be serious bias in conventional estimates of this equation. 
Table 11.17 reports some of their reported results. The OLS and random effects GLS results 
in the first two columns provide the benchmark for the rest of the study. The schooling 
coefficient is estimated at 0.0669, a value which the authors suspected was far too small. 
As we saw earlier, even in the presence of correlation between measured and latent effects, 
in this model, the LSDV estimator provides a consistent estimator of the coefficients on 
the time-varying variables. Therefore, we can use it in the Hausman specification test for 
correlation between the included variables and the latent heterogeneity. The calculations 
are shown in Section 11.5.5, result (11-44). Because there are three variables remaining in 
the LSDV equation, the chi-squared statistic has three degrees of freedom. The reported 
value of 20.2 is far larger than the 95% critical value of 7.81, so the results suggest that the 
random effects model is misspecified.

Hausman and Taylor proceeded to reestimate the log wage equation using their proposed 
estimator. The fourth and fifth sets of results in Table 11.17 present the instrumental variable 
estimates. The specification test given with the fourth set of results suggests that the 
procedure has produced the expected result. The hypothesis of the modified random effects 
model is now not rejected; the chi-squared value of 2.24 is much smaller than the critical 
value. The schooling variable is treated as endogenous (correlated with ui) in both cases. The 
difference between the two is the treatment of Unemployed and Experience. In the preferred 
equation, they are included in x2 rather than x1. The end result of the exercise is, again, the 
coefficient on schooling, which has risen from 0.0669 in the worst specification (OLS) to 
0.2169 in the last one, an increase of over 200 %. As the authors note, at the same time, the 
measured effect of race nearly vanishes.

35The coding of the latter is not given, but any two distinct values, including 0 for 1968 and 1 for 1972, would 
produce identical results. (Why?)
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Variables OLS GLS/RE LSDV HT/IV-GLS HT/IV-GLS

x1 Experience 0.0132 0.0133 0.0241 0.0217
(0.0011)a (0.0017) (0.0042) (0.0031)

Bad health -0.0843 -0.0300 -0.0388 -0.0278 -0.0388
(0.0412) (0.0363) (0.0460) (0.0307) (0.0348)

Unemployed -0.0015 -0.0402 -0.0560 -0.0559
Last Year (0.0267) (0.0207) (0.0295) (0.0246)
Time NRb NR NR NR NR

x2 Experience 0.0241
(0.0045)

Unemployed -0.0560
(0.0279)

z1 Race -0.0853 -0.0878 -0.0278 -0.0175
(0.0328) (0.0518) (0.0752) (0.0764)

Union 0.0450 0.0374 0.1227 0.2240
(0.0191) (0.0296) (0.0473) (0.2863)

Schooling 0.0669 0.0676
(0.0033) (0.0052)

Constant NR NR NR NR NR
z2 Schooling 0.1246 0.2169

(0.0434) (0.0979)
se 0.321 0.192 0.160 0.190 0.629
r = su

2 /(su
2 + se

2) 0.632 0.661 0.817

Spec. Test [3] 20.2 2.24 0.00

aEstimated asymptotic standard errors are given in parentheses.
bNR indicates that the coefficient estimate was not reported in the study.

Table 11.17 Estimated Log Wage Equations

Example 11.18  The Returns to Schooling
In Example 11.17, Hausman and Taylor find that the estimated effect of education in a wage 
equation increases substantially (nearly doubles from 0.0676 to 0.1246) when it is treated 
as endogenous in a random effects model, then increases again by 75% to 0.2169 when 
experience and unemployment status are also treated as endogenous. In this exercise, we 
will examine whether these results reappear in Cornwell and Rupert’s application. (We do not 
have the unemployment indicator.) Three sets of least squares results, ordinary, fixed effects, 
and feasible GLS random effects, appear at the left of Table 11.18. The education effect in 
the RE model is about 11%. (Time-invariant education falls out of the fixed effects model.) 
The effect increases by 29% to 13.8% when education is treated as endogenous, which is 
similar to Hausman and Taylor’s 12.5%. When experience is treated as exogenous, instead, 
the education effect rises again by 72%. (The second such increase in the Hausman/Taylor 
results resulted from treating experience as endogenous, not exogenous.)

11.8.3   CONSISTENT ESTIMATION OF DYNAMIC PANEL DATA MODELS: 
ANDERSON AND HSIAO’S IV ESTIMATOR

Consider a heterogeneous dynamic panel data model,

 yit = gyi,t - 1 + xit
=B + ci + eit, (11-63)
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where ci is, as in the preceding sections of this chapter, individual unmeasured 
heterogeneity, that may or may not be correlated with xit. We consider methods of 
estimation for this model when T is fixed and relatively small, and n may be large and 
increasing.

Pooled OLS is obviously inconsistent. Rewrite (11-63) as

yit = gyi,t - 1 + xit
=B + wit.

The disturbance in this pooled regression may be correlated with xit, but either way, it is 
surely correlated with yi,t - 1. By substitution,

Cov[yi,t - 1, (ci + eit)] = sc
2 + g Cov[yi,t - 2, (ci + eit)],

and so on. By repeated substitution, it can be seen that for �g � 6 1 and moderately 
large T,

 Cov[yi,t - 1, (ci + eit)] ≈ sc
2/(1 - g). (11-64)

[It is useful to obtain this result from a different direction. If the stochastic process that is 
generating (yit, ci) is stationary, then Cov[yi,t - 1, ci] = Cov[yi,t - 2, ci], from which we would 
obtain (11-64) directly. The assumption �g � 6 1 would be required for stationarity.] 

OLS LGLS/RE FE HT-RE/FGLS

x1 = Exogenous Time Varying

OCC -0.14001 -0.04322 -0.02148 -0.02004 -0.02070 -0.01445
South -0.05564 -0.00825 -0.00186 0.00821 0.00746 0.01512
SMSA 0.15167 -0.02840 -0.04247 -0.04227 -0.04183 -0.05219
IND 0.04679 0.00378 0.01921 0.01392 0.01359 0.01971
Exp 0.04010 0.08748 0.11321 0.10919
Expsq -0.00067 -0.00076 -0.00042 -0.00048

x2 = Endogenous Time Varying

Exp 0.11313 0.11313
ExpSq -0.00042 -0.00042
WKS 0.00422 0.00096 0.00084 0.00084 0.00084 0.00080
MS 0.04845 -0.07090 -0.02973 -0.02980 -0.02985 -0.03850
Union 0.09263 0.05835 0.03278 0.03293 0.03277 0.03773

f1 = Exogenous Time Invariant

Constant 5.25112 4.04144 2.82907 2.91273 1.74978
FEM -0.36779 -0.30938 -0.13209 -0.13093 -0.18008
Blk -0.16694 -0.21950 -0.27726 -0.28575 -0.13633
Education 0.05670 0.10707 0.14440

f2 = Endogenous Time Invariant

Education 0.13794 0.23726
se 0.34936 0.15206 0.15206 0.15199 0.15199 0.15199
su — 0.31453 0.94179 0.94180 0.99443

Table 11.18 Hausman–Taylor Estimates of Wage Equation
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Consequently, OLS and GLS are inconsistent. The fixed effects approach does not solve 
the problem either. Taking deviations from individual means, we have

yit - yi. = (xit - xi.)′B + g(yi,t - 1 - yi.) + (eit - ei.).

Anderson and Hsiao (1981, 1982) show that

 Cov[(yit - yi.), (eit - ei.)] ≈
-se

2

T(1 - g)2 J (T - 1) - Tg + gT

T
R

  =
-se

2

T(1 - g)2 J(1 - g) -
1 - gT

T
R .

This does converge to zero as T increases, but, again, we are considering cases in which 
T is small or moderate, say 5 to 15, in which case the bias in the OLS estimator could 
be 15% to 60%. The implication is that the “within” transformation does not produce a 
consistent estimator.

It is easy to see that taking first differences is likewise ineffective. The first differences 
of the observations are

 yit - yi,t - 1 = (xit - xi,t - 1)′B + g(yi,t - 1 - yi,t - 2) + (eit - ei,t - 1). (11-65)

As before, the correlation between the last regressor and the disturbance persists, so 
OLS or GLS based on first differences would also be inconsistent. There is another 
approach. Write the regression in differenced form as

∆yit = ∆xit
=  B + g ∆yi,t - 1 + ∆eit,

or, defining xit
* = [∆xit, ∆yi,t - 1], eit

* = ∆eit and U = [B′, g]′,

yit
* = xit

*′U + eit
*.

For the pooled sample, beginning with t = 3, write this as

y* = X*U + E*.

The least squares estimator based on the first differenced data is

 Un = c 1
n(T - 3)

 X*′X* d
-1

a 1
n(T - 3)

X*′y*b

  = U + c 1
n(T - 3)

 X*′X* d
-1

a 1
n(T - 3)

X*′E*b .

Assuming that the inverse matrix in brackets converges to a positive definite 
matrix—that remains to be shown—the inconsistency in this estimator arises 
because the vector in parentheses does not converge to zero. The last element is 
plimnS ∞[1/(n(T - 3))]Σi = 1

n Σt = 3
T (yi,t - 1 - yi,t - 2)(eit - ei,t - 1), which is not zero.

Suppose there were a variable z* such that plim [1/(n(T - 3))]z*′E* = 0 (exogenous) 
and plim[1/(n(T - 3))]z*′X* ≠ 0 (relevant). Let Z = [∆X, z*]; zit

* replaces ∆yi,t - 1 in xit
*. 

By this construction, it appears we have a consistent estimator. Consider

 UnIV = (Z′X*)-1Z′y*.

  = (Z′X*)-1Z′(X*U + E*)

  = U + (Z′X*)-1Z′E*.
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Then, after multiplying throughout by 1/(n(T - 3)) as before, we find

Plim UnIV = U + plim{[1/(n(T - 3))](Z′X*)}-1 * 0,

which seems to solve the problem of consistent estimation.
The variable z* is an instrumental variable, and the estimator is an instrumental 

variable estimator (hence the subscript on the preceding estimator). Finding suitable, 
valid instruments, that is, variables that satisfy the necessary assumptions, for models in 
which the right-hand variables are correlated with omitted factors is often challenging. 
In this setting, there is a natural candidate—in fact, there are several. From (11-65), we 
have at period t = 3,

yi3 - yi2 = (xi3 - xi2)′B + g(yi2 - yi1) + (ei3 - ei2).

We could use yi1 as the needed variable because it is not correlated ei3 - ei2. Continuing in 
this fashion, we see that for t = 3, 4, c, T, yi,t - 2 satisfies our requirements. Alternatively, 
beginning from period t = 4, we can see that zit = (yi,t - 2 - yi,t - 3) once again satisfies 
our requirements. This is Anderson and Hsiao’s (1981) result for instrumental variable 
estimation of the dynamic panel data model. It now becomes a question of which 
approach, levels (yi,t - 2, t = 3, c, T), or differences (yi,t - 2 - yi,t - 3, t = 4, c, T) is a 
preferable approach. Arellano (1989) and Kiviet (1995) obtain results that suggest that 
the estimator based on levels is more efficient.

11.8.4   EFFICIENT ESTIMATION OF DYNAMIC PANEL DATA MODELS: 
THE ARELLANO/BOND ESTIMATORS

A leading application of the methods of this chapter is the dynamic panel data model, 
which we now write as

yit = xit
=B + dyi,t - 1 + ci + eit.

Several applications are described in Example 11.21. The basic assumptions of the model are

1. Strict exogeneity: E[eit � Xi, ci] = 0,
2. Homoscedasticity and Nonautocorrelation:

E[eiteis � Xi, ci] = se
2 if i = j and t = s and = 0 if i ≠ j or t ≠ s,

3. Common effects: The rows of the T * K data matrix Xi are xit
= . We will not assume 

mean independence. The “effects” may be fixed or random, so we allow

E[ci � Xi] = h(Xi).

(See Section 11.2.1.) We will also assume a fixed number of periods, T, for convenience. 
The treatment here (and in the literature) can be modified to accommodate unbalanced 
panels, but it is a bit inconvenient. (It involves the placement of zeros at various places 
in the data matrices defined below and changing the terminal indexes in summations 
from 1 to T.)

The presence of the lagged dependent variable in this model presents a 
considerable obstacle to estimation. Consider, first, the straightforward application 
of Assumption A.I3 in Section 8.2. The compound disturbance in the model is 
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(ci + eit). The correlation between yi,t - 1 and (ci + ei,t) is obviously nonzero because 
yi,t - 1 = xi,t - 1

= B + dyi,t - 2 + ci + ei,t - 1,

Cov[yi,t - 1, (ci + eit)] = sc
2 + d Cov[yi,t - 2, (ci + eit)].

If T is large and 0 6 d 6 1, then this covariance will be approximately sc
2/(1 - d). The 

large T assumption is not going to be met in most cases. But because d will generally be 
positive, we can expect that this covariance will be at least larger than sc

2. The implication 
is that both (pooled) OLS and GLS in this model will be inconsistent. Unlike the case for 
the static model (d = 0), the fixed effects treatment does not solve the problem. Taking 
group mean differences, we obtain

yi,t - yi. = (xi,t - xi.)′B + d(yi,t - 1 - yi.) + (ei,t - ei.).

As shown in Anderson and Hsiao (1981, 1982),

Cov[(yi,t - 1 - yi.), (ei,t - ei.)] ≈
-se

2

T 2  
(T - 1) - Td + dT

(1 - d)2
.

This result is O(1/T), which would generally be no problem if the asymptotics in the 
model were with respect to increasing T. But, in this panel data model, T is assumed to 
be fixed and relatively small. For conventional values of T, say 5 to 15, the proportional 
bias in estimation of d could be on the order of, say, 15 to 60 percent.

Neither OLS nor GLS are useful as estimators. There are, however, instrumental 
variables available within the structure of the model. Anderson and Hsiao (1981, 1982) 
proposed an approach based on first differences rather than differences from group 
means,

yit - yi,t - 1 = (xit - xi,t - 1)′B + d(yi,t - 1 - yi,t - 2) + eit - ei,t - 1.

For the first full observation,

 yi3 - yi2 = (xi3 - xi2)′B + d(yi2 - yi1) + ei3 - ei2, (11-66)

the variable yi1 (assuming initial point t = 0 is where our data-generating process begins) 
satisfies the requirements, because ei1 is predetermined with respect to (ei3 - ei2). 
[That is, if we used only the data from periods 1 to 3 constructed as in (11-66), then the 
instrumental variables for (yi2 - yi1) would be zi(3) where zi(3) = (y1,1, y2,1, c, yn,1) for 
the n observations.] For the next observation,

yi4 - yi3 = (xi4 - xi3)′B + d(yi3 - yi2) + ei4 - ei3,

variables yi2 and (yi2 - yi1) are both available.
Based on the preceding paragraph, one might begin to suspect that there is, in fact, 

rather than a paucity of instruments, a large surplus. In this limited development, we 
have a choice between differences and levels. Indeed, we could use both and, moreover, 
in any period after the fourth, not only is yi2 available as an instrument, but so also is yi1, 
and so on. This is the essential observation behind the Arellano, Bover, and Bond (1991, 
1995) estimators, which are based on the very large number of candidates for instrumental 
variables in this panel data model. To begin, with the model in first differences form, for 
yi3 - yi2, variable yi1 is available. For yi4 - yi3, yi1 and yi2 are both available; for yi5 - yi4, 
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we have yi1, yi2, and yi3, and so on. Consider, as well, that we have not used the exogenous 
variables. With strictly exogenous regressors, not only are all lagged values of yis for s 
previous to t - 1, but all values of xit are also available as instruments. For example, for 
yi4 - yi3, the candidates are yi1, yi2 and (xi1

= , xi2
= , c, xiT

= ) for all T periods. The number 
of candidates for instruments is, in fact, potentially huge.36 If the exogenous variables are 
only predetermined, rather than strictly exogenous, then only E[eit � xi,t, xi,t - 1, c, xi1] = 0, 
and only vectors xis from 1 to t - 1 will be valid instruments in the differenced equation 
that contains eit - ei,t - 1.37 This is hardly a limitation, given that in the end, for a moderate 
sized model, we may be considering potentially hundreds or thousands of instrumental 
variables for estimation of what is usually a small handful of parameters.

We now formulate the model in a more familiar form, so we can apply the 
instrumental variable estimator. In terms of the differenced data, the basic equation is

yit - yi,t - 1 = (xit - xi,t - 1)′B + d(yi,t - 1 - yi,t - 2) + eit - ei,t - 1,

 ∆yit = (∆xit)′B + d(∆yi,t - 1) + ∆eit, 
(11-67)or

where ∆ is the first difference operator, ∆at = at - at - 1 for any time-series variable (or 
vector) at. (It should be noted that a constant term and any time-invariant variables in 
xit will fall out of the first differences. We will recover these below after we develop the 
estimator for B.) The parameters of the model to be estimated are U = (B′, d)′ and se

2. 
For convenience, write the model as

y∼it = x∼it
=U + e∼it.

We are going to define an instrumental variable estimator along the lines of (8-9) and 
(8-10). Because our data set is a panel, the counterpart to

 Z′X∼ = a
n

i = 1
zix∼i

= (11-68)

in the cross-section case would seem to be

 Z′X∼ = a
n

i = 1
a
T

t = 3
zitx∼it

= = a
n

i = 1
Zi

=X∼i
=, (11-69)

y∼i = D ∆yi3

∆yi4

f
∆yiTi

T , X∼i = D ∆xi3
= ∆yi2

∆xi4
= ∆yi3

g
∆xiT

= ∆yi,T - 1

T ,

where there are (T - 2) observations (rows) and K + 1 columns in X∼i. There is a 
complication, however, in that the number of instruments we have defined may 
vary by period, so the matrix computation in (11-69) appears to sum matrices of 
different sizes.

36See Ahn and Schmidt (1995) for a very detailed analysis.
37See Baltagi and Levin (1986) for an application.
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Consider an alternative approach. If we used only the first full observations defined 
in (11-67), then the cross-section version would apply, and the set of instruments Z in 
(11-68) with strictly exogenous variables would be the n * (1 + KT) matrix,

Z(3) = D y1,1, x1,1
= , x1,2

= , gx1,T
=

y2,1, x2,1
= , x2,2

= , gx2,T
=

f
yn,1, xn,1

= , xn,2
= , gxn,T

=

T ,

and the instrumental variable estimator of (8-9) would be based on

X∼(3) = D x1,3
= - x1,2

= y1,4 - y1,3

x2,3
= - x2,2

= y2,4 - y2,3

f f
xn,3
= - xn,2

= yn,4 - yn,3

T  and y∼(3) = D y1,3 - y1,2

y2,3 - y2,2

f
yn,3 - yn,2

T .

The subscript “(3)” indicates the first observation used for the left-hand side of the 
equation. Neglecting the other observations, then, we could use these data to form the 
IV estimator in (8-9), which we label for the moment UnIV(3). Now, repeat the construction 
using the next (fourth) observation as the first, and, again, using only a single year of the 
panel. The data matrices are now

 X∼(4) = D x1,4
= - x1,3

= y1,3 - y1,2

x2,4
= - x2,3

= y2,3 - y2,2

f f
xn,4
= - xn,3

= yn,3 - yn,2

T , y∼(4) = D y1,4 - y1,3

y2,4 - y2,3

f
yn,4 - yn,3

T , and 

(11-70)

Z(4) = D y1,1, y1,2, x1,1
= , x1,2

= , gx1,T
=

y2,1, y2,2, x2,1
= , x2,2

= , gx2,T
=

f
yn,1, yn,2, xn,1

= , xn,2
= , gxn,T

T ,

and we have a second IV estimator, UnIV(4), also based on n observations, but, now, 
2 + KT instruments. And so on.

We now need to reconcile the T - 2 estimators of U that we have constructed, 
UnIV(3), UnIV(4), c, UnIV(T). We faced this problem in Section 11.5.8 where we examined 
Chamberlain’s formulation of the fixed effects model. The minimum distance estimator 
suggested there and used in Carey’s (1997) study of hospital costs in Example 11.13 
provides a means of efficiently “averaging” the multiple estimators of the parameter 
vector.We will return to the MDE in Chapter 13. For the present, we consider, instead, 
Arellano and Bond’s approach (1991)38 to this problem. We will collect the full set of 
estimators in a counterpart to (11-56) and (11-57). First, combine the sets of instruments 
in a single matrix, Z, where for each individual, we obtain the (T - 2) * L matrix Zi. 
The definition of the rows of Zi depend on whether the regressors are assumed to be 
strictly exogenous or predetermined. For strictly exogenous variables,

38And Arellano and Bover’s (1995).
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 Zi = Dyi,1, xi,1
= , xi,2

= , c x=
i,T 0 c 0

0 yi,1, yi,2, xi,1
= , xi,2

= , cxi,T
= c 0

c c c c
0 0 c yi,1, yi,2, c, yi,T - 2, xi,1

= , xi,2
= , cxi,T

=

T , 

(11.71a)

and L = a T - 2
i = 1 (i + TK) = (T - 2)(T - 1)/2 + (T - 2)TK. For only predeter mined 

variables, the matrix of instrumental variables is

Zi = Dyi,1, xi,1
= , xi,2

= 0 c 0
0 yi,1,yi,2, xi,1

= , xi,2
= , xi,3

= c 0
c c c c
0 0 c yi,1, yi,2, c, yi,T - 2, xi,1

= , xi,2
= , cxi,T - 1

=

T ,

 (11.71b)

and L = Σi = 1
T - 2 (i(K + 1) + K) = [(T - 2)(T - 1)/2](1 + K) + (T - 2)K. This construc-

tion does proliferate instruments (moment conditions, as we will see in Chapter 13). In 
the application in Example 11.18, we have a small panel with only T = 7 periods, and 
we fit a model with only K = 4 regressors in xit, plus the lagged dependent variable. The 
strict exogeneity assumption produces a Zi matrix that is (5 * 135) for this case. With 
only the assumption of predetermined xit, Zi collapses slightly to (5 * 95). For purposes 
of the illustration, we have used only the two previous observations on xit. This further 
reduces the matrix to

 Zi = Dyi,1, xi,1
= , xi,2

= 0 c 0
0 yi,1, yi,2, xi,2, xi,3

= c 0
c c c c
0 0 c yi,1, yi,2, c, yi,T - 2, xi,T - 2

= ,xi,T - 1
=

T ,

(11.71c)

which, with T = 7 and K = 4, will be (5 * 55).39

Now, we can compute the two-stage least squares estimator in (11-55) using our 
definitions of the data matrices Zi, X

∼
i, and y∼i and (11-69). This will be

 UnIV = J ¢ an
i = 1

X∼i
=Zi≤ ¢ an

i = 1
Zi

=Zi≤-1¢ an
i = 1

Zi
=X∼i≤ R -1

  * J ¢ an
i = 1

X∼i
=Zi≤ ¢ an

i = 1
Zi

=Zi≤-1¢ an
i = 1

Zi
=y∼i≤ R . 

(11-72)

The natural estimator of the asymptotic covariance matrix for the estimator would be

 Est.Asy.Var[UnIV] = sn ∆e
2 J ¢ an

i = 1
X∼i

=Zi≤ ¢ an
i = 1

Zi
=Zi≤-1¢ an

i = 1
Zi

=X∼i≤ R -1

, (11-73)

39Baltagi (2005, Chapter 8) presents some alternative configurations of Zi that allow for mixtures of strictly 
exogenous and predetermined variables.
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where

 sn ∆e
2 = a n

i = 1a T
t = 3[(yit - yi,t - 1) - (xit - xi,t - 1)′Bn - dn(yi,t - 1 - yi,t - 2)]2

n(T - 2)
 . (11-74)

However, this variance estimator is likely to understate the true asymptotic 
variance because the observations are autocorrelated for one period. Because 
(yit - yi,t - 1) = x∼it

=U + (eit - ei,t - 1) = x∼it
=U + vit, Cov[vit, vi,t - 1] = Cov[vit, vi,t + 1] = -se

2. 
Covariances at longer lags or leads are zero. In the differenced model, though the 
disturbance covariance matrix is not sv

2I, it does take a particularly simple form,

 Cov • ei,3 - ei,2

ei,4 - ei,3

ei,5 - ei,4

g
ei,T - ei,T - 1

µ = se
2 E 2 -1 0 c 0

-1 2 -1 c 0
0 -1 2 c 0
c c -1 c -1
0 0 c -1 2

U = se
2�i. (11-75)

The implication is that the estimator in (11-74) estimates not se
2 but 2se

2. However, 
simply dividing the estimator by two does not produce the correct asymptotic covariance 
matrix because the observations themselves are autocorrelated. As such, the matrix in 
(11-73) is inappropriate. A robust correction can be based on the counterpart to the 
White estimator that we developed in (11-3). For simplicity, let

An = J ¢ an
i = 1

X∼i
=Zi≤ ¢ an

i = 1
Zi

=Zi≤-1¢ an
i = 1

Zi
=X∼i≤ R -1

.

Then, a robust covariance matrix that accounts for the autocorrelation would be

 An J ¢ an
i = 1

X∼i
=Zi≤ ¢ an

i = 1
Zi

=Zi≤-1¢ an
i = 1

Zi
=vnivn i

=Zi≤ ¢ an
i = 1

Zi
=Zi≤-1¢ an

i = 1
Zi

=X∼i≤ RAn . (11-76)

[One could also replace the vnivn i
= in (11-76) with sn e

2�i in (11-75) because this is the known 
expectation.]

It will be useful to digress briefly and examine the estimator in (11-72). The 
computations are less formidable than it might appear. Note that the rows of Zi in 

(11-71a,b,c) are orthogonal. It follows that the matrix F = a
n

i = 1
Zi

=Zi in (11-72) is block-

diagonal with T - 2 blocks. The specific blocks in F are Ft = a
n

i = 1
zitzit

= = Z(t)
= Z(t), for 

t = 3, c, T. Because the number of instruments is different in each period—see (11-
71)—these blocks are of different sizes, say, (Lt * Lt). The same construction shows that 
the matrix a n

i = 1X
∼

i
=Zi is actually a partitioned matrix of the form

a
n

i = 1
X∼i

=Zi = JX∼(3)
= Z(3) X∼(4)

= Z(4) c X∼(T)
= Z(T) R ,

where, again, the matrices are of different sizes; there are T - 2 rows in each but the 
number of columns differs. It follows that the inverse matrix, 1a n

i = 1Zi
=Zi2 -1, is also 

block-diagonal, and that the matrix quadratic form in (11-72) can be written
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 ¢ an
i = 1

X∼i
=Zi≤ ¢ an

i = 1
Z∼i

=Zi≤-1¢ an
i = 1

Zi
=X∼i≤ = a

T

t = 3
(X∼(t)

= Z(t))(Z(t)
= Z(t))

-1(Z(t)
= X∼(t))

 = a
T

t = 3
¢X∼n (t)

= X∼n (t)≤
 = a

T

t = 3
W(t),

[see (8-9) and the preceding result]. Continuing in this fashion, we find¢ an
i = 1

X∼i
=Zi≤ ¢ an

i = 1
Z∼i

=Zi≤-1¢ an
i = 1

Zi
=y∼i≤ = a

T

t = 3
X∼n (t)

= y(t).

From (8-10), we can see that

 X∼n (t)
= y(t) = ¢X∼n (t)

= X∼n (t)≤UnIV(t)

 = W(t)U
n

IV(t).

Combining the terms constructed thus far, we find that the estimator in (11-72) can be 
written in the form

 UnIV = ¢ aT
t = 3

W(t)≤-1¢ aT
t = 3

W(t)U
n

IV(t)≤
 = a

T

t = 3
R(t)U

n

IV(t),

where

R(t) = ¢ aT
t = 3

W(t)≤-1

W(t) and a
T

t = 3
R(t) = I.

In words, we find that, as might be expected, the Arellano and Bond estimator of the 
parameter vector is a matrix weighted average of the T - 2 period-specific two-stage 
least squares estimators, where the instruments used in each period may differ. Because 
the estimator is an average of estimators, a question arises, is it an efficient average—
are the weights chosen to produce an efficient estimator? Perhaps not surprisingly, the 
answer for this Un is no; there is a more efficient set of weights that can be constructed 
for this model. We will assemble them when we examine the generalized method of 
moments estimator in Chapter 13.

There remains a loose end in the preceding. After (11-67), it was noted that this 
treatment discards a constant term and any time-invariant variables that appear in 
the model. The Hausman and Taylor (1981) approach developed in the preceding 
section suggests a means by which the model could be completed to accommodate this 
possibility. Expand the basic formulation to include the time-invariant effects, as

yit = xit
=B + dyi,t - 1 + A + f i

=G + ci + eit,

where fi is the set of time-invariant variables and G is the parameter vector yet to 
be estimated. This model is consistent with the entire preceding development, as the 
component a + f i

=G would have fallen out of the differenced equation along with ci at 
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the first step at (11-63). Having developed a consistent estimator for U = (B′, d)′, we 
now turn to estimation of (a, G′)′. The residuals from the IV regression (11-72),

wit = xit
=BnIV - dnIVyi,t - 1,

are pointwise consistent estimators of

vit = a + f i
=G + ci + eit.

Thus, the group means of the residuals can form the basis of a second-step regression,

 wi = a + f i
=G + ci + ei + hi, (11-77)

where hi = (wi. - vi.) is the estimation error that converges to zero as Un converges 
to U. The implication would seem to be that we can now linearly regress these group 
mean residuals on a constant and the time-invariant variables fi to estimate a and G. 
The flaw in the strategy, however, is that the initial assumptions of the model do not 
state that ci is uncorrelated with the other variables in the model, including the implicit 
time-invariant terms, fi. Therefore, least squares is not a usable estimator here unless the 
random effects model is assumed, which we specifically sought to avoid at the outset. 
As in Hausman and Taylor’s treatment, there is a workable strategy if it can be assumed 
that there are some variables in the model, including possibly some among the fi as well 
as others among xit that are uncorrelated with ci and eit. These are the z1 and x1 in the 
Hausman and Taylor estimator (see step 2 in the development of the preceding section). 
Assuming that these variables are available—this is an identification assumption that 
must be added to the model—then we do have a usable instrumental variable estimator, 
using as instruments the constant term (1), any variables in fi that are uncorrelated with 
the latent effects or the disturbances (call this fi1), and the group means of any variables 
in xit that are also exogenous. There must be enough of these to provide a sufficiently 
large set of instruments to fit all the parameters in (11-77). This is, once again, the same 
identification we saw in step 2 of the Hausman and Taylor estimator, K1, the number 
of exogenous variables in xit must be at least as large as L2, which is the number of 
endogenous variables in fi. With all this in place, we then have the instrumental variable 
estimator in which the dependent variable is wi., the right-hand-side variables are (1, fi), 
and the instrumental variables are (1, fi1, xi1.).

There is yet another direction that we might extend this estimation method. In (11-76), 
we have implicitly allowed a more general covariance matrix to govern the generation of 
the disturbances eit and computed a robust covariance matrix for the simple IV estimator. 
We could take this a step further and look for a more efficient estimator. As a library of 
recent studies has shown, panel data sets are rich in information that allows the analyst 
to specify highly general models and to exploit the implied relationships among the 
variables to construct much more efficient generalized method of moments (GMM) 
estimators.40 We will return to this development in Chapter 13.

Example 11.19  Dynamic Labor Supply Equation
In Example 8.5, we used instrumental variables to fit a labor supply equation,

Wksit = g1 + g2 ln Wageit + g3 Edi + g4 Unionit + g5 Femi + uit.

40See, in particular, Arellano and Bover (1995) and Blundell and Bond (1998).
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To illustrate the computations of this section, we will extend this model as follows,

 Wksit = b1 In Wageit + b2 Unionit + b3 Occit + b4 Expit + d Wksi,t - 1

 + a + g1 Edi + g2 Femi + ci + eit.

(We have rearranged the variables and parameter names to conform to the notation in this 
section.) We note, in theoretical terms, as suggested in the earlier example, it may not be 
appropriate to treat ln Wageit as uncorrelated with eit or ci. However, we will be analyzing the 
model in first differences. It may well be appropriate to treat changes in wages as exogenous. 
That would depend on the theoretical underpinnings of the model. We will treat the variable 
as predetermined here, and proceed. There are two time-invariant variables in the model, 
Femi, which is clearly exogenous, and Edi, which might be endogenous. The identification 
requirement for estimation of (a, g1, g2) is met by the presence of three exogenous variables, 
Unionit, Occit, and Expit (K1 = 3 and L2 = 1).

The differenced equation analyzed at the first step is

∆Wksit = b1∆ In Wageit + b2∆Unionit + b3∆Occit + b4∆Expit + d∆Wksi,t - 1 + ∆eit.

We estimated the parameters and the asymptotic covariance matrix according to (11-73) and 
(11-76). For specification of the instrumental variables, we used the one previous observation on 
xit, as shown in the text. Table 11.19 presents the computations with several other inconsistent 
estimators.

The various estimates are quite far apart. In the absence of the common effects (and 
autocorrelation of the disturbances), all five estimators shown would be consistent. Given 
the very wide disparities, one might suspect that common effects are an important feature 

(Estimated standard errors in parentheses)

Variable
OLS Full 
Equation

OLS 
Differenced IV Differenced

Random 
Effects

Fixed 
Effects

ln Wage 0.2966 -0.1100 -1.1402 0.2281 0.5886
(0.2052) (0.4565) (0.2639) [0.8768] (0.2405) (0.4790)

Union -1.2945 1.1640 2.7089 -1.4104 0.1444
(0.1713) (0.4222) (0.3684) [0.8676] (0.2199) (0.4369)

Occ 0.4163 0.8142 2.2808 0.5191 1.0064
(0.2005) (0.3924) (1.3105) [0.7220] (2.2484) (0.4030)

Exp -0.0295 -0.0742 -0.0208 -0.0353 -0.1683
(0.0073) (0.0975) (0.1126) [0.1104] (0.0102) (0.0595)

Wkst - 1 0.3804 -0.3527 0.1304 0.2100 0.0148
(0.0148) (0.0161) (0.0476) [0.0213] (0.0151) (0.0171)

Constant 28.918 — -0.4110 37.4610 —
(1.4490) — (0.3364) (1.6778) —

Ed -0.0690 — 0.0321 -0.0657 —
(0.0370) — (0.0259) (0.0499) —

Fem -0.8607 — -0.0122 -1.1463 —
(0.2544) — (0.1554) (0.3513) —

Sample t = 2 to 7 t = 3 to 7 t = 3 to 7 t = 2 to 7 t = 2 to 7
Observations 595 595 595, Means used t = 7 595 595

Table 11.19 Estimated Dynamic Panel Data Model Using Arellano and Bond Estimator
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of the data. The second standard errors given in brackets with the IV estimates are based on 
the uncorrected matrix in (11-73) with sn ∆e

2  in (11-74) divided by two. We found the estimator 
to be quite volatile, as can be seen in the table. The estimator is also very sensitive to the 
choice of instruments that comprise Zi. Using (11-71a) instead of (11-71b) produces wild 
swings in the estimates and, in fact, produces implausible results. One possible explanation 
in this particular example is that the instrumental variables we are using are dummy variables 
that have relatively little variation over time.

11.8.5  NONSTATIONARY DATA AND PANEL DATA MODELS

Some of the discussion thus far (and to follow) focuses on “small T” statistical results. 
Panels are taken to contain a fixed and small T observations on a large n individual units. 
Recent research using cross-country data sets such as the Penn World Tables (http://
cid.econ.ucdavis.edu/pwt.html), which now include data on over 150 countries for well 
over 50 years, have begun to analyze panels with T sufficiently large that the time-series 
properties of the data become an important consideration. In particular, the recognition 
and accommodation of nonstationarity that is now a standard part of single time-series 
analyses (as in Chapter 21) are now seen to be appropriate for large-scale cross-country 
studies, such as income growth studies based on the Penn World Tables, cross-country 
studies of health care expenditure, and analyses of purchasing power parity.

The analysis of long panels, such as in the growth and convergence literature, 
typically involves dynamic models, such as

 yit = ai + giyi,t - 1 + xit
=Bi + eit. (11-78)

In single time-series analysis involving low-frequency macroeconomic flow data such 
as income, consumption, investment, the current account deficit, and so on, it has long 
been recognized that estimated regression relations can be distorted by nonstationarity 
in the data. What appear to be persistent and strong regression relationships can be 
entirely spurious and due to underlying characteristics of the time-series processes 
rather than actual connections among the variables. Hypothesis tests about long-run 
effects will be considerably distorted by unit roots in the data. It has become evident 
that the same influences, with the same deletarious effects, will be found in long panel 
data sets. The panel data application is further complicated by the possible heterogeneity 
of the parameters. The coefficients of interest in many cross-country studies are the 
lagged effects, such as gi in (11-78), and it is precisely here that the received results on 
nonstationary data have revealed the problems of estimation and inference. Valid tests 
for unit roots in panel data have been proposed in many studies. Three that are frequently 
cited are Levin and Lin (1992), Im, Pesaran, and Shin (2003), and Maddala and Wu (1999).

There have been numerous empirical applications of time-series methods for 
nonstationary data in panel data settings, including Frankel and Rose’s (1996) and 
Pedroni’s (2001) studies of purchasing power parity, Fleissig and Strauss (1997) on real 
wage stationarity, Culver and Papell (1997) on inflation, Wu (2000) on the current account 
balance, McCoskey and Selden (1998) on health care expenditure, Sala-i-Martin (1996) 
on growth and convergence, McCoskey and Kao (1999) on urbanization and production, 
and Coakely et al. (1996) on savings and investment. An extensive enumeration appears 
in Baltagi (2005, Chapter 12).

A subtle problem arises in obtaining results useful for characterizing the properties 
of estimators of the model in (11-78). The asymptotic results based on large n and large 
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T are not necessarily obtainable simultaneously, and great care is needed in deriving 
the asymptotic behavior of useful statistics. Phillips and Moon (1999, 2000) are standard 
references on the subject.

We will return to the topic of nonstationary data in Chapter 21. This is an emerging 
literature, most of which is beyond the level of this text. We will rely on the several 
detailed received surveys, such as Bannerjee (1999), Smith (2000), and Baltagi and Kao 
(2000), to fill in the details.

11.9 NONLINEAR REGRESSION WITH PANEL DATA

The extension of the panel data models to the nonlinear regression case is, perhaps 
surprisingly, not at all straightforward. Thus far, to accommodate the nonlinear model, 
we have generally applied familiar results to the linearized regression. This approach will 
carry forward to the case of clustered data. (See Section 11.3.3.) Unfortunately, this will 
not work with the standard panel data methods. The nonlinear regression will be the first 
of numerous panel data applications that we will consider in which the wisdom of the 
linear regression model cannot be extended to the more general framework.

11.9.1  A ROBUST COVARIANCE MATRIX FOR NONLINEAR LEAST SQUARES

The counterpart to (11-3) or (11-4) would simply replace Xi with Xn i
0 where the rows 

are the pseudo regressors for cluster i as defined in (7-12) and “ ¿” indicates that it is 
computed using the nonlinear least squares estimates of the parameters.

Example 11.20  Health Care Utilization
The recent literature in health economics includes many studies of health care utilization. A 
common measure of the dependent variable of interest is a count of the number of encounters 
with the health care system, either through visits to a physician or to a hospital. These counts of 
occurrences are usually studied with the Poisson regression model described in Section 18.4. 
The nonlinear regression model is

E[yi � xi] = exp(xi
=B).

A recent study in this genre is “Incentive Effects in the Demand for Health Care: A Bivariate 
Panel Count Data Estimation” by Riphahn, Wambach, and Million (2003). The authors were 
interested in counts of physician visits and hospital visits. In this application, they were 
particularly interested in the impact of the presence of private insurance on the utilization 
counts of interest, that is, whether the data contain evidence of moral hazard.

The raw data are published on the Journal of Applied Econometrics data archive Web site, 
The URL for the data file is http://qed.econ.queensu.ca/jae/2003-v18.4/riphahn-wambach-
million/. The variables in the data file are listed in Appendix Table F7.1. The sample is an 
unbalanced panel of 7,293 households, the German Socioeconomic Panel data set. The 
number of observations varies from one to seven (1,525; 1,079; 825; 926; 1,311; 1,000; 887), 
with a total number of observations of 27,326. We will use these data in several examples 
here and later in the book.

The following model uses a simple specification for the count of number of visits to the 
physican in the observation year,

xit = (1, ageit, educit, incomeit, kidsit).

Table 11.20 details the nonlinear least squares iterations and the results. The convergence 
criterion for the iterations is e0= X0 (X0= X0)-1 X0=e0 6 10-10. Although this requires 11 iterations, 
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the function actually reaches the minimum in 7. The estimates of the asymptotic standard 
errors are computed using the conventional method, s2(Xn0′Xn0)-1, and then by the cluster 
correction in (11-4). The corrected standard errors are considerably larger, as might be 
expected given that these are a panel data set.

11.9.2  FIXED EFFECTS IN NONLINEAR REGRESSION MODELS

The nonlinear panel data regression model would appear as

yit = h(xit, B) + eit, t = 1, c, Ti, i = 1, c, n.

Consider a model with latent heterogeneity, ci. An ambiguity immediately emerges; how 
should heterogeneity enter the model? Building on the linear model, an additive term 
might seem natural, as in

 yit = h(xit, B) + ci + eit, t = 1, c, Ti, i = 1, c, n. (11-79)

But we can see in the previous application that this is likely to be inappropriate. The 
loglinear model of the previous section is constrained to ensure that E[yit � xit] is positive. 
But an additive random term ci as in (11-79) could subvert this; unless the range of ci 
is restricted, the conditional mean could be negative. The most common application of 
nonlinear models is the index function model,

yit = h(xit
=B + ci) + eit.

This is the natural extension of the linear model, but only in the appearance of the 
conditional mean. Neither the fixed effects nor the random effects model can be 
estimated as they were in the linear case.

Begin NLSQ iterations. Linearized regression.

Iteration = 1; Sum of squares = 1014865.00; Gradient = 156281.794
Iteration = 2; Sum of squares = 8995221.17; Gradient = 8131951.67

Iteration = 3; Sum of squares = 1757006.18; Gradient = 897066.012
Iteration = 4; Sum of squares = 930876.806; Gradient = 73036.2457
Iteration = 5; Sum of squares = 860068.332; Gradient = 2430.80472
Iteration = 6; Sum of squares = 857614.333; Gradient = 12.8270683
Iteration = 7; Sum of squares = 857600.927; Gradient = 0.411851239E@01
Iteration = 8; Sum of squares = 857600.883; Gradient = 0.190628165E@03
Iteration = 9; Sum of squares = 857600.883; Gradient = 0.904650588E@06
Iteration = 10; Sum of squares = 857600.883; Gradient = 0.430441193E@08
Iteration = 11; Sum of squares = 857600.883; Gradient = 0.204875467E@10
Convergence achieved

Variable Estimate Std. Error Robust Std. Error

Constant 0.9801 0.08927 0.12522
Age 0.0187 0.00105 0.00142
Education -0.0361 0.00573 0.00780
Income -0.5911 0.07173 0.09702
Kids -0.1692 0.02642 0.03330

Table 11.20 Nonlinear Least Squares Estimates of a Health Care Utilization Equation
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Consider the fixed effects model first. We would write this as

 yit = h(xit
=B + ai) + eit, (11-80)

where the parameters to be estimated are B and ai, i = 1, c, n. Transforming the data to 
deviations from group means does not remove the fixed effects from the model. For example,

yit - yi. = h(xit
=B + ai) -

1
Ti

 a
Ti

s = 1
h(xis

= B + ai),

which does not simplify things at all. Transforming the regressors to deviations is likewise 
pointless. To estimate the parameters, it is necessary to minimize the sum of squares with 
respect to all n + K parameters simultaneously. Because the number of dummy variable 
coefficients can be huge—the preceding example is based on a data set with 7,293 
groups—this can be a difficult or impractical computation. A method of maximizing a 
function (such as the negative of the sum of squares) that contains an unlimited number 
of dummy variable coefficients is shown in Chapter 17. As we will examine later in 
the book, the difficulty with nonlinear models that contain large numbers of dummy 
variable coefficients is not necessarily the practical one of computing the estimates. 
That is generally a solvable problem. The difficulty with such models is an intriguing 
phenomenon known as the incidental parameters problem. (See footnote 12.) In most 
(not all, as we shall find) nonlinear panel data models that contain n dummy variable 
coefficients, such as the one in (11-80), as a consequence of the fact that the number of 
parameters increases with the number of individuals in the sample, the estimator of B 
is biased and inconsistent, to a degree that is O(1/T). Because T is only 7 or less in our 
application, this would seem to be a case in point.

Example 11.21  Exponential Model with Fixed Effects
The exponential model of the preceding example is actually one of a small handful of known 
special cases in which it is possible to “condition” out the dummy variables. Consider the 
sum of squared residuals,

Sn =
1
2 a

n

i = 1
 a

Ti

t = 1
[yit - exp(xit

=B + ai)]2.

The first-order condition for minimizing Sn with respect to ai is

 
0Sn

0ai
= a

Ti

t = 1
- [yit - exp(xit

=B + ai)] exp(xit
=B + ai) = 0. (11-81)

Let gi = exp(ai). Then, an equivalent necessary condition would be

0Sn

0gi
= a

Ti

t = 1
- [yit - gi exp(xit

=B)][gi exp(xit
=B)] = 0,

or

gia
Ti

t = 1
[yit exp(xit

=B)] = gi
2a

Ti

t = 1
[exp(xit

=B)]2.

Obviously, if we can solve the equation for gi, we can obtain ai = In gi. The preceding 
equation can, indeed, be solved for gi, at least conditionally. At the minimum of the sum of 
squares, it will be true that

 gn i = a Ti

t = 1yit exp(xit
=Bn )

a Ti

t = 1[exp(xit
=Bn )]2

. (11-82)
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We can now insert (11-82) into (11-81) to eliminate ai. (This is a counterpart to taking deviations 
from means in the linear case. As noted, this is possible only for a very few special models—this 
happens to be one of them. The process is also known as “concentrating out” the parameters gi. 
Note that at the solution, gn i is obtained as the slope in a regression without a constant term of 
yit on zn it = exp(xit

=Bn ) using Ti observations.) The result in (11-82) must hold at the solution. Thus, 
(11-82) inserted in (11-81) restricts the search for B to those values that satisfy the restrictions 
in (11-82). The resulting sum of squares function is now a function only of the data and B, and 
can be minimized with respect to this vector of K parameters. With the estimate of B in hand, 
ai can be estimated using the log of the result in (11-82) (which is positive by construction).

The preceding example presents a mixed picture for the fixed effects model. In 
nonlinear cases, two problems emerge that were not present earlier, the practical one 
of actually computing the dummy variable parameters and the theoretical incidental 
parameters problem that we have yet to investigate, but which promises to be a 
significant shortcoming of the fixed effects model. We also note we have focused on a 
particular form of the model, the single index function, in which the conditional mean is 
a nonlinear function of a linear function. In more general cases, it may be unclear how 
the unobserved heterogeneity should enter the regression function.

11.9.3  RANDOM EFFECTS

The random effects nonlinear model also presents complications both for specification 
and for estimation. We might begin with a general model,

yit = h(xit, B, ui) + eit.

The “random effects” assumption would be, as usual, mean independence,

E[ui � Xi] = 0.

Unlike the linear model, the nonlinear regression cannot be consistently estimated by 
(nonlinear) least squares. In practical terms, we can see why in (7-28) through (7-30). In 
the linearized regression, the conditional mean at the expansion point B0 [see (7-28)] as 
well as the pseudoregressors are both functions of the unobserved ui. This is true in the 
general case as well as the simpler case of a single index model,

 yit = h(x=
itB + ui) + eit. (11-83)

Thus, it is not possible to compute the iterations for nonlinear least squares. As in the 
fixed effects case, neither deviations from group means nor first differences solves the 
problem. Ignoring the problem—that is, simply computing the nonlinear least squares 
estimator without accounting for heterogeneity—does not produce a consistent 
estimator, for the same reasons. In general, the benign effect of latent heterogeneity 
(random effects) that we observe in the linear model only carries over to a very few 
nonlinear models and, unfortunately, this is not one of them.

The problem of computing partial effects in a random effects model such as (11-83) 
is that when E[yit � xit, ui] is given by (11-83), then

0E[yit � xit
=B + ui]

0xit
= [h′(xit

=B + ui)]B

is a function of the unobservable ui. Two ways to proceed from here are the fixed 
effects approach of the previous section and a random effects approach. The fixed 
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effects approach is feasible but may be hindered by the incidental parameters problem 
noted earlier. A random effects approach might be preferable, but comes at the price 
of assuming that xit and ui are uncorrelated, which may be unreasonable. Papke and 
Wooldridge (2008) examined several cases and proposed the Mundlak approach of 
projecting ui on the group means of xit. The working specification of the model is then

E*[yit � xit, xi, vi] = h(xit
=B + a + xi

=U + vi).

This leaves the practical problem of how to compute the estimates of the parameters 
and how to compute the partial effects. Papke and Wooldridge (2008) suggest a useful 
result if it can be assumed that vi is normally distributed with mean zero and variance 
sv

2. In that case,

E[yit � xit, x] = Evi
E[yit � xit, x, vi] = h¢ xit

=B + a + xi
=U21 + sv

2
≤ = h(xit

=Bv + av + xi
=Uv).

The implication is that nonlinear least squares regression will estimate the scaled 
coefficients, after which the average partial effect can be estimated for a particular value 
of the covariates, x0, with

∆n (x0) =
1
n a

n

i = 1
h′(x0

=Bnv + an v + xi
=Unv)Bnv.

They applied the technique to a case of test pass rates, which are a fraction bounded by 
zero and one. Loudermilk (2007) is another application with an extension to a dynamic 
model.

11.10 PARAMETER HETEROGENEITY

The treatment so far has assumed that the slope parameters of the model are fixed 
constants, and the intercept varies randomly from group to group. An equivalent 
formulation of the pooled, fixed, and random effects models is

yit = (a + ui) + xit
=B + eit,

where ui is a person-specific random variable with conditional variance zero in the pooled 
model, positive in the others, and conditional mean dependent on Xi in the fixed effects 
model and constant in the random effects model. By any of these, the heterogeneity in 
the model shows up as variation in the constant terms in the regression model. There 
is ample evidence in many studies—we will examine two later—that suggests that the 
other parameters in the model also vary across individuals. In the dynamic model we 
consider in Section 11.10.3, cross-country variation in the slope parameter in a production 
function is the central focus of the analysis. This section will consider several approaches 
to analyzing parameter heterogeneity in panel data models.

11.10.1  A RANDOM COEFFICIENTS MODEL

Parameter heterogeneity across individuals or groups can be modeled as stochastic 
variation.41 Suppose that we write

41The most widely cited studies are Hildreth and Houck (1968), Swamy (1970, 1971, 1974), Hsiao (1975), and Chow 
(1984). See also Breusch and Pagan (1979). Some recent discussions are Swamy and Tavlas (1995, 2001) and Hsiao 
(2003). The model bears some resemblance to the Bayesian approach of Chapter 16. But the similarity is only 
superficial. We are maintaining the classical approach to estimation throughout.
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yi = XiBi + ei,

E[Ei � Xi] = 0,
E[EiEi

= � Xi] = se
2IT,

 (11-84)

where

 Bi = B + ui (11-85)

and

 
E[ui � Xi] = 0,

E[uiui
=, � Xi] = �.

 (11-86)

(Note that if only the constant term in B is random in this fashion and the other 
parameters are fixed as before, then this reproduces the random effects model we studied 
in Section 11.5.) Assume for now that there is no autocorrelation or cross-section 
correlation in Ei. We also assume for now that T 7 K, so that, when desired, it is possible 
to compute the linear regression of yi on Xi for each group. Thus, the Bi that applies to 
a particular cross-sectional unit is the outcome of a random process with mean vector 
B and covariance matrix �.42 By inserting (11-85) into (11-84) and expanding the result, 
we obtain a generalized regression model for each block of observations,

yi = XiB + (Ei + Xiui),

so

�ii = E[(yi - XiB)(yi - XiB)′ � Xi] = se
2IT + Xi�Xi

=.

For the system as a whole, the disturbance covariance matrix is block diagonal, with 
T * T diagonal block �ii. We can write the GLS estimator as a matrix weighted average 
of the group-specific OLS estimators,

 Bn = (X′�-1X)-1X′�-1y = a
n

i = 1
Wibi, (11-87)

where

Wi = Jan
i = 1

¢� + se
2(Xi

=Xi)
-1≤-1 R -1¢� + se

2(Xi
=Xi)

-1≤-1

.

Empirical implementation of this model requires an estimator of �. One approach43 is 
to use the empirical variance of the set of n least squares estimates, bi minus the average 
value of si

2(Xi
=Xi)

-1,

 G = [1/(n - 1)][Σibibi
= - nb b′] - (1/N)ΣiVi, (11-88)

where

b = (1/n)Σibi

and

Vi = si
2(Xi

=Xi)
-1.

42Swamy and Tavlas (2001) label this the “first-generation random coefficients model” (RCM). We will examine 
the “second generation” (the current generation) of random coefficients models in the next section.
43See, for example, Swamy (1971).
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This matrix may not be positive definite, however, in which case [as Baltagi (2005) 
suggests], one might drop the second term.

A chi-squared test of the random coefficients model against the alternative of the 
classical regression44 (no randomness of the coefficients) can be based on

C = Σi(bi - b*)′Vi
-1(bi - b*),

where

b* = [ΣiVi
-1]-1ΣiVi

-1bi.

Under the null hypothesis of homogeneity, C has a limiting chi-squared distribution with 
(n - 1)K degrees of freedom. The best linear unbiased individual predictors of the 
group-specific coefficient vectors are matrix weighted averages of the GLS estimator, 
Bn , and the group-specific OLS estimates, bi,45

 Bni = QiB
n + [I - Qi]bi, (11-89)

where

Qi = [(1/si
2)Xi

=Xi + G-1]-1G-1.

Example 11.22  Random Coefficients Model
In Examples 10.1 and 11.9, we examined Munell’s production model for gross state product,

ln gspit = b1 + b2 ln pcit + b3 ln hwyit + b4 ln waterit
+ b5 ln utilit + b6 ln empit + b7 unempit + eit, i = 1, c, 48; t = 1, c, 17.

The panel consists of state-level data for 17 years. The model in Example 10.1 (and Munnell’s) 
provides no means for parameter heterogeneity save for the constant term. We have 
reestimated the model using the Hildreth and Houck approach. The OLS and Feasible GLS 
estimates are given in Table 11.21. The chi-squared statistic for testing the null hypothesis of 
parameter homogeneity is 25,556.26, with 7(47) = 329 degrees of freedom. The critical value 
from the table is 372.299, so the hypothesis would be rejected.

44See Swamy (1971).
45See Hsiao (2003, pp. 144–149).

Least Squares Feasible GLS

Variable Estimate Standard Error Estimate Std. Error Popn. Std. Deviation

Constant 1.9260 0.05250 1.6533 1.08331 7.0782
ln pc 0.3120 0.01109 0.09409 0.05152 0.3036
ln hwy 0.05888 0.01541 0.1050 0.1736 1.1112
ln water 0.1186 0.01236 0.07672 0.06743 0.4340
ln util 0.00856 0.01235 -0.01489 0.09886 0.6322
ln emp 0.5497 0.01554 0.9190 0.1044 0.6595
unemp -0.00727 0.00138 -0.00471 0.00207 0.01266
se 0.08542 0.2129
ln L 853.13720

Table 11.21 Estimated Random Coefficients Models
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Unlike the other cases we have examined in this chapter, the FGLS estimates are very 
different from OLS in these estimates, in spite of the fact that both estimators are consistent 
and the sample is fairly large. The underlying standard deviations are computed using G as 
the covariance matrix. [For these data, subtracting the second matrix rendered G not positive 
definite, so in the table, the standard deviations are based on the estimates using only the 
first term in (11-88).] The increase in the standard errors is striking. This suggests that there is 
considerable variation in the parameters across states. We have used (11-89) to compute the 
estimates of the state-specific coefficients. Figure 11.1 shows a histogram for the coefficient 
on private capital. As suggested, there is a wide variation in the estimates.

11.10.2  A HIERARCHICAL LINEAR MODEL

Many researchers have employed a two-step approach to estimate two-level models. In 
a common form of the application, a panel data set is employed to estimate the model,

 yit = xit
=  Bi + eit, i = 1, cn, t = 1, c, T,

 bi,k = zi
=Ak + ui,k, i = 1, c, n.

Assuming the panel is long enough, the first equation is estimated n times, once for each 
individual i, and then the estimated coefficient on xitk in each regression forms an 
observation for the second-step regression.46 [This is the approach we took in (11-16) in 
Section 11.4; each ai is computed by a linear regression of yi - XibLSDV on a column of 
ones.]

Example 11.23  Fannie Mae’s Pass Through
Fannie Mae is the popular name for the Federal National Mortgage Corporation. Fannie 
Mae is the secondary provider for mortgage money for nearly all the small- and moderate-
sized home mortgages in the United States. Loans in the study described here are termed 
“small” if they are for less than $100,000. A loan is termed as conforming in the language 

46An extension of the model in which “ui” is heteroscedastic is developed at length in Saxonhouse (1976) and 
revisited by Achen (2005).

FIGURe 11.1  Estimates of Coefficient on Private Capital.
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of the literature on this market if (as of 2016), it is for no more than $417,000. A larger than 
conforming loan is called a jumbo mortgage. Fannie Mae provides the capital for nearly 
all conforming loans and no nonconforming loans. (See Exercise 6.14 for another study 
of Fannie Mae and Freddie Mac.) The question pursued in the study described here was 
whether the clearly observable spread between the rates on jumbo loans and conforming 
loans reflects the cost of raising the capital in the market. Fannie Mae is a government 
sponsored enterprice (GSE). It was created by the U.S. Congress, but it is not an arm of the 
government; it is a private corporation. In spite of, or perhaps because of, this ambiguous 
relationship to the government, apparently, capital markets believe that there is some benefit 
to Fannie Mae in raising capital. Purchasers of the GSE’s debt securities seem to believe 
that the debt is implicitly backed by the government—this in spite of the fact that Fannie 
Mae explicitly states otherwise in its publications. This emerges as a funding advantage 
(GFA) estimated by the authors of the study of about 16 basis points (hundredths of one 
percent). In a study of the residential mortgage market, Passmore (2005) and Passmore, 
Sherlund, and Burgess (2005) sought to determine whether this implicit subsidy to the GSE 
was passed on to the mortgagees or was, instead, passed on to the stockholders. Their 
approach utilitized a very large data set and a two-level, two-step estimation procedure. 
The first step equation estimated was a mortgage rate equation using a sample of roughly 
1 million closed mortgages. All were conventional 30-year, fixed-rate loans closed between 
April 1997 and May 2003. The dependent variable of interest is the rate on the mortgage, 
RMit. The first-level equation is

RMit = b1i + b2,i Jit + terms for “loan to value ratio,” “new home dummy variable,”
“small mortgage”

+  terms for “fees charged” and whether the mortgage was originated
by a mortgage company + eit.

The main variable of interest in this model is Jit, which is a dummy variable for whether the 
loan is a jumbo mortgage. The “i” in this setting is a (state, time) pair for California, New 
Jersey, Maryland, Virginia, and all other states, and months from April 1997 to May 2003. 
There were 370 groups in total. The regression model was estimated for each group. At the 
second step, the coefficient of interest is b2,i. On overall average, the spread between jumbo 
and conforming loans at the time was roughly 16 basis points. The second-level equation is

 b2,i = a1 + a2 GFAi

  + a3 one@year treasury rate
  + a4 10@year treasury rate

  + a5 credit risk
  + a6 prepayment risk

  + measures of maturity mismatch risk
  + quarter and state fixed effects

  + mortgage market capacity
  + mortgage market development

 + ui.

The result ultimately of interest is the coefficient on GFA, a2, which is interpreted as the 
fraction of the GSE funding advantage that is passed through to the mortgage holders. 
Four different estimates of a2 were obtained, based on four different measures of corporate 
debt liquidity; the estimated values were (an 2

1, an 2
2, an 2

3, an 2
4) = (0.07, 0.31, 0.17, 0.10). The four 
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estimates were averaged using a minimum distance estimator (MDE). Let �n  denote the 
estimated 4 * 4 asymptotic covariance matrix for the estimators. Denote the distance vector

d = (an 2
1 - a2, an 2

2 - a2, an 2
3 - a2, an 2

4 - a2)=.

The minimum distance estimator is the value for a2 that minimizes d′�n -1d. For this study, �n  
is a diagonal matrix. It is straightforward to show that in this case, the MDE is

an 2 = a
4

j = 1
an 2

j ¢ 1/vn j

Σm = 1
4 1/vn m

≤.

The final answer is roughly 16%. By implication, then, the authors estimated that 
100 - 16 = 84 percent of the GSE funding advantage was kept within the company or 
passed through to stockholders.

11.10.3  PARAMETER HETEROGENEITY AND DYNAMIC PANEL DATA MODELS

The analysis in this section has involved static models and relatively straightforward 
estimation problems. We have seen as this section has progressed that parameter 
heterogeneity introduces a fair degree of complexity to the treatment. Dynamic effects 
in the model, with or without heterogeneity, also raise complex new issues in estimation 
and inference. There are numerous cases in which dynamic effects and parameter 
heterogeneity coincide in panel data models. This section will explore a few of the 
specifications and some applications. The familiar estimation techniques (OLS, FGLS, 
etc.) are not effective in these cases. The proposed solutions are developed in Chapter 8 
where we present the technique of instrumental variables and in Chapter 13 where we 
present the GMM estimator and its application to dynamic panel data models.

Example 11.24  Dynamic Panel Data Models
The antecedent of much of the current research on panel data is Balestra and Nerlove’s (1966) 
study of the natural gas market.47 The model is a stock-flow description of the derived demand 
for fuel for gas using appliances. The central equation is a model for total demand,

Git = Git
* + (1 - r)Gi,t - 1,

where Git is current total demand. Current demand consists of new demand, Git
*, that is 

created by additions to the stock of appliances plus old demand, which is a proportion of 
the previous period’s demand, r being the depreciation rate for gas using appliances. New 
demand is due to net increases in the stock of gas using appliances, which is modeled as

Git
* = b0 + b1Priceit + b2∆Popit + b3Popit + b4∆Incomeit + b5Incomeit + eit,

where ∆ is the first difference (change) operator, ∆Xt = Xt - Xt - 1. The reduced form of the 
model is a dynamic equation,

Git = b0 + b1Priceit + b2∆Popit + b3Popit + b4∆Incomeit + b5Incomeit + gGi,t - 1 + eit.

The authors analyzed a panel of 36 states over a six-year period (1957–1962). Both fixed 
effects and random effects approaches were considered.

An equilibrium model for steady-state growth has been used by numerous authors [e.g., 
Robertson and Symons (1992), Pesaran and Smith (1995), Lee, Pesaran, and Smith (1997), 

47See, also, Nerlove (2002, Chapter 2).
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Pesaran, Shin, and Smith (1999), Nerlove (2002) and Hsiao, Pesaran, and Tahmiscioglu (2002)] 
for cross-industry or -country comparisons. Robertson and Symons modeled real wages in 
13 OECD countries over the period 1958–1986 with a wage equation

Wit = ai + b1ikit + b2i∆ wedgeit + giWi,t - 1 + eit,

where Wit is the real product wage for country i in year t, kit is the capital-labor ratio, and 
wedge is the “tax and import price wedge.”

Lee, Pesaran, and Smith (1997) compared income growth across countries with a steady-
state income growth model of the form

ln yit = ai + uit + li In yi,t - 1 + eit,

where ui = (1 - li)di, di is the technological growth rate for country i, and li is the convergence 
parameter. The rate of convergence to a steady state is 1 - li.

Pesaran and Smith (1995) analyzed employment in a panel of 38 UK industries observed 
over 29 years, 1956–1984. The main estimating equation was

 ln eit = ai + b1it + b2i ln yit + b3i ln yi,t - 1 + b4i ln yt + b5i ln yt - 1

 + b6i ln wit + b7i ln wi,t - 1 + g1i ln ei,t - 1 + g2i ln ei,t - 2 + eit,

where yit is industry output, yt is total (not average) output, and wit is real wages.

In the growth models, a quantity of interest is the long-run multiplier or long-run 
elasticity. Long-run effects are derived through the following conceptual experiment. 
The essential feature of the models above is a dynamic equation of the form

yt = a + bxt + gyt - 1.

Suppose at time t, xt is fixed from that point forward at x. The value of yt at that time 
will then be a + bx + gyt - 1, given the previous value. If this process continues, and if 
�g � 6 1, then eventually ys will reach an equilibrium at a value such that ys = ys - 1 = y. 
If so, then y = a + bx + gy, from which we can deduce that y = (a + x)/(1 - g). The 
path to this equilibrium from time t into the future is governed by the adjustment equation

ys - y = (yt - y)gs - t, s Ú t.

The experiment, then, is to ask: What is the impact on the equilibrium of a change in the 
input, x? The result is 0y/0x = b/(1 - g). This is the long-run multiplier, or equilibrium 
multiplier, in the model. In the preceding Pesaran and Smith model, the inputs are in 
logarithms, so the multipliers are long-run elasticities. For example, with two lags of ln eit 
in Pesaran and Smith’s model, the long-run effects for wages are

fi = (b6i + b7i)/(1 - g1i - g2i).

In this setting, in contrast to the preceding treatments, the number of units, n, is 
generally taken to be fixed, though often it will be fairly large. The Penn World Tables 
(http://cid.econ.ucdavis.edu/pwt.html) that provide the database for many of these 
analyses now contain information on more than 150 countries for well more than 50 
years. Asymptotic results for the estimators are with respect to increasing T, though we 
will consider, in general, cases in which T is small. Surprisingly, increasing T and n at the 
same time need not simplify the derivations.

The parameter of interest in many studies is the average long-run effect, say 
f = (1/n)Σifi, in the Pesaran and Smith example. Because n is taken to be fixed, the 
“parameter” f is a definable object of estimation—that is, with n fixed, we can speak 
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of f as a parameter rather than as an estimator of a parameter. There are numerous 
approaches one might take. For estimation purposes, pooling, fixed effects, random 
effects, group means, or separate regressions are all possibilities. (Unfortunately, nearly 
all are inconsistent.) In addition, there is a choice to be made whether to compute the 
average of long-run effects or to compute the long-run effect from averages of the 
parameters. The choice of the average of functions, f versus the function of averages,

f* =
1
n a n

i = 1(b
n

6i + bn7i)

1 - 1
n a n

i = 1(gn1i + gn2i)
,

turns out to be of substance. For their UK industry study, Pesaran and Smith report 
estimates of -0.33 for f and -0.45 for f*. (The authors do not express a preference for 
one over the other.)

The development to this point is implicitly based on estimation of separate models 
for each unit (country, industry, etc.). There are also a variety of other estimation 
strategies one might consider. We will assume for the moment that the data series 
are stationary in the dimension of T. (See Chapter 21.) This is a transparently false 
assumption, as revealed by a simple look at the trends in macroeconomic data, but 
maintaining it for the moment allows us to proceed. We will reconsider it later.

We consider the generic, dynamic panel data model,

 yit = ai + bixit + giyi,t - 1 + eit. (11-90)

Assume that T is large enough that the individual regressions can be computed. In the 
absence of autocorrelation in eit, it has been shown48 that the OLS estimator of gi is 
biased downward, but consistent in T. Thus, E[gn i - gi] = ui/T for some ui. The implication 
for the individual estimator of the long-run multiplier, fi = bi/(1 - gi), is unclear in this 
case, however. The denominator is overestimated. But it is not clear whether the 
estimator of bi is overestimated or underestimated. It is true that whatever bias there is 
is O(1/T). For this application, T is fixed and possibly quite small. The end result is that 
it is unlikely that the individual estimator of fi is unbiased, and by construction, it is 
inconsistent, because T cannot be assumed to be increasing. If that is the case, then fQn  
is likewise inconsistent for f. We are averaging n estimators, each of which has bias and 
variance that are O(1/T). The variance of the mean is, therefore, O(1/nT) which goes to 
zero, but the bias remains O(1/T). It follows that the average of the n means is not 
converging to f; it is converging to the average of whatever these biased estimators are 
estimating. The problem vanishes with large T, but that is not relevant to the current 
context. However, in the Pesaran and Smith study, T was 29, which is large enough that 
these effects are probably moderate. For macroeconomic cross-country studies such as 
those based on the Penn World Tables, the data series may be even longer than this.

One might consider aggregating the data to improve the results. Pesaran and Smith 
(1995) suggest an average based on country means. Averaging the observations over T 
in (11-90) produces

 yi. = ai + bixi. + giy-1,i + ei.. (11-91)

A linear regression using the n observations would be inconsistent for two reasons: First, ei. 
and y-1,i must be correlated. Second, because of the parameter heterogeneity, it is not clear 

48For example, Griliches (1961), Maddala and Rao (1973).

48 For example, Griliches (1961) and Maddala and Rao (1973). 
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without further assumptions what the OLS slopes estimate under the false assumption 
that all coefficients are equal. But yi. and y-1,i differ by only the first and last observations; 
y-1,i = yi. - (yiT - yi0)/T = yi. - [∆T(y)/T]. Inserting this in (11-91) produces

 yi. = ai + bixi. + giyi. - gi[∆T(y)/T] + ei.

 =
ai

1 - gi
+

bi

1 - gi
xi. -

gi

1 - gi
[∆T(y)/T] + ei.

  = di + fixi. + ti[∆T(y)/T] + ei..  

(11-92)

We still seek to estimate f. The form in (11-92) does not solve the estimation problem, 
because the regression suggested using the group means is still heterogeneous. If it could 
be assumed that the individual long-run coefficients differ randomly from the averages 
in the fashion of the random parameters model of Section 11.10.1, so di = d + ud,i and 
likewise for the other parameters, then the model could be written

 yi. = d + fxi. + t[∆T(y)/T]i + ei. + {ud,i + uf,ixi + ut,i[∆T(y)/T]i}

 = d + fxi. + t[∆T(y)/T]i + ei + wi.

At this point, the equation appears to be a heteroscedastic regression amenable to least 
squares estimation, but for one loose end. Consistency follows if the terms [∆T(y)/T]i and 
ei are uncorrelated. Because the first is a rate of change and the second is in levels, this 
should generally be the case. Another interpretation that serves the same purpose is that 
the rates of change in [∆T(y)/T]i should be uncorrelated with the levels in xi., in which 
case, the regression can be partitioned, and simple linear regression of the country means 
of yit on the country means of xit and a constant produces consistent estimates of f and d.

Alternatively, consider a time-series approach. We average the observation in (11-90) 
across countries at each time period rather than across time within countries. In this case, 
we have

y.t = a +
1
n a

n

i = 1
bixit +

1
n a

n

i = 1
giyi,t - 1 +

1
n a

n

i = 1
eit.

Let g = 1
n a n

i = 1gi so that gi = g + (gi - g) and bi = b + (bi - b). Then,

 y.t = a + bx.t + g y-1,t + [e.t + (bi - b)x.t + (gi - g)y-1,t]

 = a + bx.t + g y-1,t + e.t + w.t.

Unfortunately, the regressor, g y-1,t is surely correlated with w.t, so neither OLS or GLS will 
provide a consistent estimator for this model. (One might consider an instrumental variable 
estimator; however, there is no natural instrument available in the model as constructed.) 
Another possibility is to pool the entire data set, possibly with random or fixed effects for 
the constant terms. Because pooling, even with country-specific constant terms, imposes 
homogeneity on the other parameters, the same problems we have just observed persist.

Finally, returning to (11-90), one might treat it as a formal random parameters model,

 yit = ai + bixit + giyi,t - 1 + eit,
 ai = a + ua,i,
 bi = b + ub,i,

  gi = g + ug,i.  
(11-93)
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The assumptions needed to formulate the model in this fashion are those of the 
previous section. As Pesaran and Smith (1995) observe, this model can be estimated 
using the Swamy (1971) estimator, which is the matrix weighted average of the least 
squares estimators discussed in Section 11.11.1. The estimator requires that T be large 
enough to fit each country regression by least squares. That has been the case for 
the received applications. Indeed, for the applications we have examined, both n 
and T are relatively large. If not, then one could still use the mixed models approach 
developed in Chapter 15. A compromise that appears to work well for panels with 
moderate sized n and T is the “mixed-fixed” model suggested in Hsiao (1986, 2003) 
and Weinhold (1999). The dynamic model in (11-92) is formulated as a partial fixed 
effects model,

 yit = aidit + bi xit + gidityi,t - 1 + eit,

 bi = b + ub,i,

where dit is a dummy variable that equals one for country i in every period and zero 
otherwise (i.e., the usual fixed effects approach). Note that dit also appears with yi,t - 1. 
As stated, the model has “fixed effects,” one random coefficient, and a total of 2n + 1 
coefficients to estimate, in addition to the two variance components, se

2 and su
2. The model 

could be estimated inefficiently by using ordinary least squares—the random coefficient 
induces heteroscedasticity (see Section 11.10.1)—by using the Hildreth–Houck–Swamy 
approach, or with the mixed linear model approach developed in Chapter 15.

Example 11.25  A Mixed Fixed Growth Model for Developing Countries
Weinhold (1996) and Nair–Reichert and Weinhold (2001) analyzed growth and development 
in a panel of 24 developing countries observed for 25 years, 1971–1995. The model they 
employed was a variant of the mixed-fixed model proposed by Hsiao (1986, 2003). In their 
specification,

 GGDPi,t = aidit + giditGGDPi,t - 1

 + b1iGGDIi,t - 1 + b2iGFDIi,t - 1 + b3iGEXPi,t - 1 + b4INFLi,t - 1 + eit,

where

GGDP = Growth rate of gross domestic product,
GGDI  = Growth rate of gross domestic investment,
GFDI  = Growthrate of foreign direct investment (inflows),
GEXP  = Growth rate of exports of goods and services,
INFL  = Inflation rate.

11.11 SUMMARY AND CONCLUSIONS

This chapter has shown a few of the extensions of the classical model that can be obtained 
when panel data are available. In principle, any of the models we have examined before 
this chapter and all those we will consider later, including the multiple equation models, 
can be extended in the same way. The main advantage, as we noted at the outset, is that 
with panel data, one can formally model dynamic effects and the heterogeneity across 
groups that are typical in microeconomic data.
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exercises

1. The following is a panel of data on investment (y) and profit (x) for n = 3 firms 
over T = 10 periods.

i = 1 i = 2 i = 3

t y x y x y x

1 13.32 12.85 20.30 22.93 8.85 8.65
2 26.30 25.69 17.47 17.96 19.60 16.55
3 2.62 5.48 9.31 9.16 3.87 1.47
4 14.94 13.79 18.01 18.73 24.19 24.91
5 15.80 15.41 7.63 11.31 3.99 5.01
6 12.20 12.59 19.84 21.15 5.73 8.34
7 14.93 16.64 13.76 16.13 26.68 22.70
8 29.82 26.45 10.00 11.61 11.49 8.36
9 20.32 19.64 19.51 19.55 18.49 15.44
10 4.77 5.43 18.32 17.06 20.84 17.87

a. Pool the data and compute the least squares regression coefficients of the model

yit = a + bxit + eit.

b. Estimate the fixed effects model of (11-11), and then test the hypothesis that the 
constant term is the same for all three firms.

c. Estimate the random effects model of (11-28), and then carry out the Lagrange 
multiplier test of the hypothesis that the classical model without the common 
effect applies.

d. Carry out Hausman’s specification test for the random versus the fixed effect 
model.

Key Terms and Concepts

•	Adjustment equation
•	Arellano and Bond’s 

estimator
•	Balanced panel
•	Between groups
•	Contiguity
•	Contiguity matrix
•	Contrasts
•	Dynamic panel data model
•	Equilibrium multiplier
•	Error components model
•	Estimator
•	Feasible GLS
•	First difference
•	Fixed effects
•	Fixed panel
•	Group means

•	Group means estimator
•	Hausman specification test
•	Heterogeneity
•	Hierarchical model
•	Incidental parameters 

problem
•	Index function model
•	Individual effect
•	Instrumental variable
•	Instrumental variable 

estimator
•	Lagrange multiplier test
•	Least squares dummy 

variable model (LSDV)
•	Long run elasticity
•	Long run multiplier
•	Longitudinal data set

•	Matrix weighted average
•	Mundlak’s approach
•	Panel data
•	Partial effects
•	Pooled model
•	Projections
•	Rotating panel
•	Spatial autocorrelation
•	Spatial autoregression 

coefficient
•	Spatial error correlation
•	Spatial lags
•	Specification test
•	Strict exogeneity
•	Time invariant
•	Unbalanced panel
•	Within groups
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2. Suppose that the fixed effects model is formulated with an overall constant term 
and n - 1 dummy variables (dropping, say, the last one). Investigate the effect 
that this supposition has on the set of dummy variable coefficients and on the least 
squares estimates of the slopes, compared to (11-13).

3. Unbalanced design for random effects. Suppose that the random effects model of 
Section 11.5 is to be estimated with a panel in which the groups have different 
numbers of observations. Let Ti be the number of observations in group i.
a. Show that the pooled least squares estimator is unbiased and consistent despite 

this complication.
b. Show that the estimator in (11-40) based on the pooled least squares estimator 

of B (or, for that matter, any consistent estimator of B) is a consistent 
estimator of se

2.
4. What are the probability limits of (1/n) LM, where LM is defined in (11-42) under 

the null hypothesis that su
2 = 0 and under the alternative that su

2 ≠ 0?
5. A two-way fixed effects model. Suppose that the fixed effects model is modified to 

include a time-specific dummy variable as well as an individual-specific variable. 
Then yit = ai + gt + xit

=B + eit. At every observation, the individual- and time-
specific dummy variables sum to 1, so there are some redundant coefficients. The 
discussion in Section 11.4.4 shows that one way to remove the redundancy is to 
include an overall constant and drop one of the time-specific and one of the time 
dummy variables. The model is, thus,

yit = m + (ai - a1) + (gt - g1) + xit
=B + eit.

(Note that the respective time- or individual-specific variable is zero when t or i 
equals one.) Ordinary least squares estimates of B are then obtained by regression 
of yit - yi. - y.t + y on xit - xi. - x.t + x. Then (ai - a1) and (gt - g1) are 
estimated using the expressions in (11-25). Using the following data, estimate the 
full set of coefficients for the least squares dummy variable model:

t = 1 t = 2 t = 3 t = 4 t = 5 t = 6 t = 7 t = 8 t = 9 t = 10

i = 1
y 21.7 10.9 33.5 22.0 17.6 16.1 19.0 18.1 14.9 23.2
x1 26.4 17.3 23.8 17.6 26.2 21.1 17.5 22.9 22.9 14.9
x2  5.79  2.60  8.36  5.50  5.26  1.03  3.11  4.87  3.79  7.24

i = 2
y 21.8 21.0 33.8 18.0 12.2 30.0 21.7 24.9 21.9 23.6
x1 19.6 22.8 27.8 14.0 11.4 16.0 28.8 16.8 11.8 18.6
x2 3.36 1.59 6.19 3.75 1.59 9.87 1.31 5.42 6.32 5.35

i = 3
y 25.2 41.9 31.3 27.8 13.2 27.9 33.3 20.5 16.7 20.7
x1 13.4 29.7 21.6 25.1 14.1 24.1 10.5 22.1 17.0 20.5
x2 9.57 9.62 6.61 7.24 1.64 5.99 9.00 1.75 1.74 1.82

i = 4
y 15.3 25.9 21.9 15.5 16.7 26.1 34.8 22.6 29.0 37.1
x1 14.2 18.0 29.9 14.1 18.4 20.1 27.6 27.4 28.5 28.6
x2 4.09 9.56 2.18 5.43 6.33 8.27 9.16 5.24 7.92 9.63
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Test the hypotheses that (1) the period effects are all zero, (2) the group effects 
are all zero, and (3) both period and group effects are zero. Use an F test in each 
case.

6. Two-way random effects model. We modify the random effects model by the 
addition of a time-specific disturbance. Thus,

yit = a + xit
=B + eit + ui + vt,

where

 E[eit � X] = E[ui � X] = E[vt � X] = 0,

  E[eituj � X] = E[eitvs � X] = E[uivt � X] = 0 for all i, j, t, s,

  Var[eit � X] = se
2, Cov[eit, ejs � X] = 0 for all i, j, t, s,

  Var[ui � X] = su
2, Cov[ui, uj � X] = 0 for all i, j,

  Var[vt � X] = sv
2, Cov[vt, vs � X] = 0 for all t, s.

Write out the full disturbance covariance matrix for a data set with n = 2 and T = 2.
7. In Section 11.4.5, we found that the group means of the time-varying variables 

would work as a control function in estimation of the fixed effects model. That 
is, although regression of y on X is inconsistent for B, the Mundlak estimator, 
regression of y on X and X = PDX = (I - MD)X is a consistent estimator. 
Would the deviations from group means, X

$
= MDX = (X - X), also be useable 

as a control function estimator. That is, does regression of y on (X, X
$
) produce a 

consistent estimator of B?
8. Prove plim (1/nT)X′MDE = 0.
9. If the panel has T = 2 periods, the LSDV (within groups) estimator gives the same 

results as first differences. Prove this claim.

applications

The following applications require econometric software.
1. Several applications in this and previous chapters have examined the returns 

to education in panel data sets. Specifically, we applied Hausman and Taylor’s 
approach in Examples 11.17 and 11.18. Example 11.18 used Cornwell and Rupert’s 
data for the analysis. Koop and Tobias’s (2004) study that we used in Chapters 3 
and 5 provides yet another application that we can use to continue this analysis. 
The data may be downloaded from the Journal of Applied Econometrics data 
archive at http://qed.econ.queensu.ca/jae/2004-vl9.7/koop-tobias/. The data file 
is in two parts. The first file contains the full panel of 17,919 observations on 
variables:

Column 1; Person id (ranging from 1 to 2,178),
Column 2; Education,
Column 3; Log of hourly wage,
Column 4; Potential experience,
Column 5; Time trend.
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Columns 2 through 5 contain time-varying variables. The second part of the data set 
contains time-invariant variables for the 2,178 households. These are:

Column 1; Ability,
Column 2; Mother’s education,
Column 3; Father’s education,
Column 4; Dummy variable for residence in a broken home,
Column 5; Number of siblings.

To create the data set for this exercise, it is necessary to merge these two data 
files. The ith observation in the second file will be replicated Ti times for the set of 
Ti observations in the first file. The person id variable indicates which rows must 
contain the data from the second file. (How this preparation is carried out will vary 
from one computer package to another.) The panel is quite unbalanced; the number 
of observations by group size is:
 Value of Ti

1:83, 2:104, 3:102, 4:116
5:148, 6:165, 7:201, 8:202
9:200, 10:202, 11:182, 12:148

13:136, 14:96, 15:93

a. Using these data, fit fixed and random effects models for log wage and examine 
the result for the return to education.

b. For a Hausman–Taylor specification, consider the following:

 x1 = potential experience, ability
 x2 = education
 f1 = constant, number of siblings, broken home
 f2 = mother’s education, father’s education

Based on this specification, what is the estimated return to education? (Note: 
you may need the average value of 1/Ti for your calculations. This is 0.1854.)

c. It might seem natural to include ability with education in x2. What becomes of 
the Hausman and Taylor estimator if you do so?

d. Using a different specification, compute an estimate of the return to education 
using the instrumental variables method.

e. Compare your results in parts b and d to the results in Examples 11.17 and 11.18. 
The estimated return to education is surprisingly stable.

2. The data in Appendix Table F10.4 were used by Grunfeld (1958) and dozens of 
researchers since, including Zellner (1962, 1963) and Zellner and Huang (1962), to 
study different estimators for panel data and linear regression systems. [See Kleiber 
and Zeileis (2010).] The model is an investment equation,

Iit = b1 + b2Fit + b3Cit + eit, t = 1, c, 20, i = 1, c, 10,

where
 Iit = real gross investment for firm i in year t,
 Fit = real value of the firm:shares outstanding,
 Cit = real value of the capital stock.
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For present purposes, this is a balanced panel data set.
a. Fit the pooled regression model.
b. Referring to the results in part a, is there evidence of within-groups correlation? 

Compute the robust standard errors for your pooled OLS estimator and compare 
them to the conventional ones.

c. Compute the fixed effects estimator for these data. Then, using an F test, test the 
hypothesis that the constants for the 10 firms are all the same.

d. Use a Lagrange multiplier statistic to test for the presence of common effects 
in the data.

e. Compute the one-way random effects estimator and report all estimation results. 
Explain the difference between this specification and the one in part c.

f. Use a Hausman test to determine whether a fixed or random effects specification 
is preferred for these data.

3. The data in Appendix Table F6.1 are an unbalanced panel on 25 U.S. airlines in the 
pre-deregulation days of the 1970s and 1980s. The group sizes range from 2 to 15. 
Data in the file are the following variables. (Variable names contained in the data 
file are constructed to indicate the variable contents.)

Total cost,
Expenditures on Capital, Labor, Fuel, Materials, Property, and Equipment,
Price measures for the six inputs,
Quantity measures for the six inputs,
Output measured in revenue passenger miles, converted to an index number 
for the airline,
Load factor = the average percentage capacity utilization of the airline’s fleet,
Stage = the average flight (stage) length in miles,
Points = the number of points served by the airline,
Year = the calendar year,
T Year = 1969,
TI = the number of observations for the airline, repeated for each year.

Use these data to build a cost model for airline service. Allow for cross-airline 
heterogeneity in the constants in the model. Use both random and fixed effects 
specifications, and use available statistical tests to determine which is the preferred 
model. An appropriate cost model to begin the analysis with would be

ln costit = ai + a
6

k = 1
bk ln Pricek,it + g ln Outputit + eit.

It is necessary to impose linear homogeneity in the input prices on the cost function, 
which you would do by dividing five of the six prices and the total cost by the sixth 
price (choose any one), then using ln(cost/P6) and ln(Pk/P6) in the regression. You 
might also generalize the cost function by including a quadratic term in the log of 
output in the function. A translog model would include the unique squares and 
cross products of the input prices and products of log output with the logs of the 
prices. The data include three additional factors that may influence costs, stage 
length, load factor, and number of points served. Include them in your model, and 
use the appropriate test statistic to test whether they are, indeed, relevant to the 
determination of (log) total cost.
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12

Estimation FramEworks in 
EconomEtrics

§
12.1 INTRODUCTION

this chapter begins our treatment of methods of estimation. contemporary econometrics 
offers the practitioner a remarkable variety of estimation methods, ranging from tightly 
parameterized likelihood-based techniques at one end to thinly stated nonparametric 
methods that assume little more than mere association between variables at the other, 
and a rich variety in between. Even the experienced researcher could be forgiven for 
wondering how to choose from this long menu. it is certainly beyond our scope to answer 
this question here, but a few principles will be suggested. recent research has leaned, 
when possible, toward methods that require few (or fewer) possibly unwarranted or 
improper assumptions. this explains the ascendance of the Gmm estimator in situations 
where strong likelihood-based parameterizations can be avoided and robust estimation 
can be done in the presence of heteroscedasticity and serial correlation. (it is intriguing to 
observe that this is occurring at a time when advances in computation have helped bring 
about increased acceptance of very heavily parameterized Bayesian methods.)

as a general proposition, the progression from full to semiparametric to 
nonparametric estimation relaxes strong assumptions, but at the cost of weakening the 
conclusions that can be drawn from the data. as much as anywhere else, this is clear in 
the analysis of discrete choice models, which provide one of the most active literatures 
in the field. (a sampler appears in chapter 17.) a formal probit or logit model allows 
estimation of probabilities, partial effects, and a host of ancillary results, but at the cost 
of imposing the normal or logistic distribution on the data. Semiparametric estimators 
and nonparametric estimators allow one to relax the restriction but often provide, in 
return, only ranges of probabilities, if that, and in many cases, preclude estimation of 
probabilities or useful partial effects. the conclusions drawn based on the nonparametric 
and semiparametric estimators, such as they are, are robust.1

Estimation properties is another arena in which the different approaches can be 
compared. within a class of estimators, one can define the best (most efficient) means 
of using the data. (see Example 12.2 for an application.) sometimes comparisons can be 
made across classes as well. For example, when they are estimating the same parameters—
this remains to be established—the best parametric estimator will generally outperform 
the best semiparametric estimator. that is the value of the additional information used by 
the parametric estimator, of course. the other side of the comparison, however, is that the 
semiparametric estimator will carry the day if the parametric model is misspecified in a 
fashion to which the semiparametric estimator is robust (and the parametric model is not).

1see, for example, the symposium in angrist and Pischke (2010) for a spirited discussion on these points.
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schools of thought have punctuated this conversation. Proponents of Bayesian 
estimation often took an almost theological viewpoint in their criticism of their classical 
colleagues.2 contemporary practitioners are usually more pragmatic than this. Bayesian 
estimation has gained currency as a set of techniques that can, in very many cases, 
provide both elegant and tractable solutions to problems that have heretofore been out 
of reach.3 thus, for example, the simulation-based estimation advocated in the many 
papers of chib and Greenberg (for example, 1996) have provided solutions to a variety 
of computationally challenging problems. arguments as to the methodological virtue of 
one approach or the other have received much less attention than before.

chapters 2 through 7 of this book have focused on the classical regression model 
and a particular estimator, least squares (linear and nonlinear). in this and the next 
four chapters, we will examine several general estimation strategies that are used in 
a wide variety of situations. this chapter will survey a few methods in the three broad 
areas we have listed. chapter 13 discusses the generalized method of moments, which 
has emerged as the centerpiece of semiparametric estimation. chapter 14 presents the 
method of maximum likelihood, the broad platform for parametric, classical estimation 
in econometrics. chapter 15 discusses simulation-based estimation and bootstrapping. 
this is a body of techniques that have been made feasible by advances in estimation 
technology and which have made quite straightforward many estimators that were 
previously only scarcely used because of the sheer difficulty of the computations. Finally, 
chapter 16 introduces the methods of Bayesian econometrics.

the list of techniques presented here is far from complete. we have chosen a set that 
constitutes the mainstream of econometrics. certainly there are others that might be 
considered.4 Virtually all of them are the subjects of excellent monographs on the subject. 
in this chapter we will present several applications, some from the literature, some home 
grown, to demonstrate the range of techniques that are current in econometric practice. we 
begin in section 12.2 with parametric approaches, primarily maximum likelihood. Because 
this is the subject of much of the remainder of this book, this section is brief. section 12.2 
also introduces Bayesian estimation, which in its traditional form is as heavily parameterized 
as maximum likelihood estimation. section 12.3 is on semiparametric estimation. Gmm 
estimation is the subject of all of chapter 13, so it is only introduced here. the technique of 
least absolute deviations is presented here as well. a range of applications from the recent 
literature is also surveyed. section 12.4 describes nonparametric estimation. the 
fundamental tool, the kernel density estimator, is developed, then applied to a problem in 
regression analysis. two applications are presented here as well. Being focused on 
application, this chapter will say very little about the statistical theory for these techniques—
such as their asymptotic properties. (the results are developed at length in the literature, 
of course.) we will turn to the subject of the properties of estimators briefly at the end of 
the chapter, in section 12.5, then in greater detail in chapters 13 through 16.

2see, for example, Poirier (1995).
3the penetration of Bayesian methods in econometrics could be overstated. it is quite well represented in current 
journals such as the Journal of Econometrics, Journal of Applied Econometrics, Journal of Business and Economic 
Statistics, and so on. on the other hand, of the six major general treatments of econometrics published in 2000, 
four (Hayashi, ruud, Patterson, Davidson) do not mention Bayesian methods at all. a buffet of 32 essays (Baltagi) 
devotes only one to the subject. Likewise, wooldridge’s (2010) widely cited treatise contains no mention of 
Bayesian econometrics. the one that displays any preference [for example, mittelhammer et al. (2000)] devotes 
nearly 10% (70) of its pages to Bayesian estimation, but all to the broad metatheory of the linear regression model 
and none to the more elaborate applications that form the received applications in the many journals in the field.
4see, for example, mittelhammer, Judge, and miller (2000) for a lengthy catalog.
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12.2 PARAMETRIC ESTIMATION AND INFERENCE

Parametric estimation departs from a full statement of the density or probability model 
that provides the data-generating mechanism for a random variable of interest. For the 
sorts of applications we have considered thus far, we might say that the joint density of 
a scalar random variable, y, and a random vector, x, of interest can be specified by

 f(y, x) = g(y � x, B) * h(x �U), (12-1)

with unknown parameters B and U. to continue the application that has occupied 
us since chapter 2, consider the linear regression model with normally distributed 
disturbances. the assumption produces a full statement of the conditional density that 
is the population from which an observation is drawn,

yi � xi ∼ N[xi′B, s2].

all that remains for a full definition of the population is knowledge of the specific 
values taken by the unknown, but fixed, parameters. with those in hand, the conditional 
probability distribution for yi is completely defined—mean, variance, probabilities of 
certain events, and so on. (the marginal density for the conditioning variables is usually 
not of particular interest.) thus, the signature features of this modeling platform are 
specifications of both the density and the features (parameters) of that density.

the parameter space for the parametric model is the set of allowable values of 
the parameters that satisfy some prior specification of the model. For example, in the 
regression model specified previously, the K regression slopes may take any real value, 
but the variance must be a positive number. therefore, the parameter space for that 
model is [b, s2] ∈  ℝK * ℝ+ . Estimation in this context consists of specifying a criterion 
for ranking the points in the parameter space, then choosing that point (a point estimate) 
or a set of points (an interval estimate) that optimizes that criterion, that is, has the best 
ranking. thus, for example, we chose linear least squares as one estimation criterion 
for the linear model. Inference in this setting is a process by which some regions of the 
(already specified) parameter space are deemed not to contain the unknown parameters, 
though, in more practical terms, we typically define a criterion and then state that, by that 
criterion, certain regions are unlikely to contain the true parameters.

12.2.1  CLASSICAL LIKELIHOOD-BASED ESTIMATION

the most common (by far) class of parametric estimators used in econometrics is the 
maximum likelihood estimators. the underlying philosophy of this class of estimators 
is the idea of sample information. when the density of a sample of observations is 
completely specified, apart from the unknown parameters, then the joint density of 
those observations (assuming they are independent), is the likelihood function

 f(y1, y2, c, x1, x2, c) = q
n

i = 1
f(yi, xi �B, U). (12-2)

this function contains all the information available in the sample about the population 
from which those observations were drawn. the strategy by which that information is 
used in estimation constitutes the estimator.

the maximum likelihood estimator [Fisher (1925)] is the function of the data that 
(as its name implies) maximizes the likelihood function (or, because it is usually more 
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convenient, the log of the likelihood function). the motivation for this approach is most 
easily visualized in the setting of a discrete random variable. in this case, the likelihood 
function gives the joint probability for the sample data, and the maximum likelihood 
estimator is the function of the sample information that makes the observed data most 
probable (at least by that criterion). though the analogy is most intuitively appealing 
for a discrete variable, it carries over to continuous variables as well. Because this 
estimator is the subject of chapter 14, which is quite lengthy, we will defer any formal 
discussion until then and consider instead two applications to illustrate the techniques 
and underpinnings.

Example 12.1   The Linear Regression Model
Least squares weighs negative and positive deviations equally and gives disproportionate 
weight to large deviations in the calculation. This property can be an advantage or a 
disadvantage, depending on the data-generating process. For normally distributed 
disturbances, this method is precisely the one needed to use the data most efficiently. If the 
data are generated by a normal distribution, then the log of the likelihood function is

ln L = -
n
2

 ln 2p -
n
2

 ln s2 -
1

2s2  (y - XB)′(y - XB).

You can easily show that least squares is the estimator of choice for this model. Maximizing 
the function means minimizing the exponent, which is done by least squares for B, then e′e/n 
follows as the estimator for s2.

If the appropriate distribution is deemed to be something other than normal—perhaps 
on the basis of an observation that the tails of the disturbance distribution are too thick (see 
Example 14.8 and Section 14.9.2) then there are three ways one might proceed. First, as we 
have observed, the consistency of least squares is robust to this failure of the specification so 
long as the conditional mean of the disturbances is still zero. Some correction to the standard 
errors is necessary for proper inferences. Second, one might want to proceed to an estimator 
with better finite sample properties. The least absolute deviations estimator discussed in 
Section 12.3.3 is a candidate. Finally, one might consider some other distribution which 
accommodates the observed discrepancy. For example, Ruud (2000) examines in some detail 
a linear regression model with disturbances distributed according to the t distribution with 
v degrees of freedom. As long as v is finite, this random variable will have a larger variance 
than the normal. Which way should one proceed? The third approach is the least appealing. 
Surely if the normal distribution is inappropriate, then it would be difficult to come up with 
a plausible mechanism whereby the t distribution would be. The LAD estimator might well 
be preferable if the sample were small. If not, then least squares would probably remain the 
estimator of choice, with some allowance for the fact that standard inference tools would 
probably be misleading. Current practice is generally to adopt the first strategy.

Example 12.2   The Stochastic Frontier Model
The stochastic frontier model, discussed in detail in Chapter 19, is a regression-like model 
with a disturbance distribution that is asymmetric and distinctly nonnormal. The conditional 
density for the dependent variable in this skew normal model is

f(y � x, B, s, l) =
22

s2p
 exp J - (y - a - x′B)2

2s2 RΦa -l(y - a - x′B)
s

b .

This produces a log-likelihood function for the model,

ln L = -n ln s -
n
2

 ln 
2
p

-
1
2 a

n

i = 1
¢ ei

s
≤2

+ a
n

i = 1
 ln Φ ¢ -lei

s
≤.
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There are at least two fully parametric estimators for this model. The maximum likelihood 
estimator is discussed in Section 19.2.4. Greene (2007a) presents the following method 
of moments estimator: For the regression slopes, excluding the constant term, use least 
squares. For the parameters a, s, and l, based on the second and third moments of the least 
squares residuals and the least squares constant, solve

 m2 = sv
2 + [1 - 2/p]su

2,

 m3 = (2/p)1/2[1 - 4/p]su
3,

 a = a + (2/p)2su,

where l = su/sv and s2 = su
2/sv

2.
Both estimators are fully parametric. The maximum likelihood estimator is for the reasons 

discussed earlier. The method of moments estimators (see Section 13.2) are appropriate only 
for this distribution. Which is preferable? As we will see in Chapter 19, both estimators are 
consistent and asymptotically normally distributed. By virtue of the Cramér–Rao theorem, 
the maximum likelihood estimator has a smaller asymptotic variance. Neither has any small 
sample optimality properties. Thus, the only virtue of the method of moments estimator is 
that one can compute it with any standard regression/statistics computer package and a 
hand calculator whereas the maximum likelihood estimator requires specialized software (only 
somewhat—it is reasonably common).

12.2.2  MODELING JOINT DISTRIBUTIONS WITH COPULA FUNCTIONS

specifying the likelihood function commits the analyst to a possibly strong assumption 
about the distribution of the random variable of interest. the payoff, of course, is the 
stronger inferences that this permits. However, when there is more than one random 
variable of interest, such as in a joint household decision on health care usage in the 
example to follow, formulating the full likelihood involves specifying the marginal 
distributions, which might be comfortable, and a full specification of the joint distribution, 
which is likely to be less so. in the typical situation, the model might involve two similar 
random variables and an ill-formed specification of correlation between them. implicitly, 
this case involves specification of the marginal distributions. the joint distribution is an 
empirical necessity to allow the correlation to be nonzero. the copula function approach 
provides a mechanism that the researcher can use to steer around this situation.

trivedi and Zimmer (2007) suggest a variety of applications that fit this description:

●● Financial institutions are often concerned with the prices of different, related 
(dependent) assets. the typical multivariate normality assumption is problematic 
because of GarcH effects (see section 20.13) and thick tails in the distributions. 
while specifying appropriate marginal distributions may be reasonably 
straightforward, specifying the joint distribution is anything but that. klugman and 
Parsa (2000) is an application.

●● there are many microeconometric applications in which straightforward marginal 
distributions cannot be readily combined into a natural joint distribution. the 
bivariate event count model analyzed in munkin and trivedi (1999) and in the next 
example is an application.

●● in the linear self-selection model of chapter 19, the necessary joint distribution is 
part of a larger model. the likelihood function for the observed outcome involves 
the joint distribution of a variable of interest, hours, wages, income, and so on, and 
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the probability of observation. the typical application is based on a joint normal 
distribution. smith (2003, 2005) suggests some applications in which a flexible copula 
representation is more appropriate. [in an intriguing early application of copula 
modeling that was not labeled as such, since it greatly predates the econometric 
literature, Lee (1983) modeled the outcome variable in a selectivity model as normal, 
the observation probability as logistic, and the connection between them using what 
amounted to the “Gaussian” copula function shown next.]

●● cheng and trivedi (2015) used a copula function as an alternative to the bivariate 
normal distribution in analyzing attrition in a panel data set. (this application is 
examined in Example 11.3.)

although the antecedents in the statistics literature date to sklar’s (1973) derivations, 
the applications in econometrics and finance are quite recent, with most applications 
appearing since 2000.5

consider a modeling problem in which the marginal cdfs of two random variables can 
be fully specified as F1(y1 � •) and F2(y2 � •), where we condition on sample information 
(data) and parameters denoted “•.” For the moment, assume these are continuous 
random variables that obey all the axioms of probability. the bivariate cdf is F12(y1, y2 � •). 
a (bivariate) copula function (the results also extend to multivariate functions) is a 
function C(u1, u2) defined over the unit square [(0 … u1 … 1) * (0 … u2 … 1)] that 
satisfies

(1) C(1, u2) = u2 and C(u1, 1) = u1,

(2) C(0, u2) = C(u1, 0) = 0,

(3) 0C(u1, u2)/0u1 Ú 0 and 0C(u1, u2)/0u2 Ú 0.

these are properties of bivariate cdfs for random variables u1 and u2 that are bounded 
in the unit square. it follows that the copula function is a two-dimensional cdf defined 
over the unit square that has one-dimensional marginal distributions that are standard 
uniform in the unit interval [that is, property (1)]. to make profitable use of this 
relationship, we note that the cdf of a random variable, F1(y1 � •), is, itself, a uniformly 
distributed random variable. this is the fundamental probability transform that we 
use for generating random numbers. (see section 15.2.) in Sklar’s theorem(1973), the 
marginal cdfs play the roles of u1 and u2. the theorem states that there exists a copula 
function, C(...,...) such that

F12(y1, y2 � •) = C[F1(y1 � •), F2(y2 � •)].

if F12(y1, y2 � •) = C[F1(y1 � •), F2(y2 � •)] is continuous and if the marginal cdfs have 
quantile (inverse) functions F j

-1(uj) where 0 … uj … 1, then the copula function can 
be expressed as

 F12(y1, y2 � •) = F12[F 1
-1(u1 � •), F 2

-1(u2 � •)]

 = Prob[U1 … u1, U2 … u2]

 = C(u1, u2).

5see the excellent survey by trivedi and Zimmer (2007) for an extensive description.
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in words, the theorem implies that the joint density can be written as the copula function 
evaluated at the two cumulative probability functions.

copula functions allow the analyst to assemble joint distributions when only the 
marginal distributions can be specified. to fill in the desired element of correlation 
between the random variables, the copula function is written

F12(y1, y2 � •) = C[F1(y1 � •), F2(y2 � •), u],

where u is a dependence parameter. For continuous random variables, the joint pdf is 
then the mixed partial derivative,

 f12(y1, y2 � •) = c12[F1(y1 � •), F2(y2 � •), u]

 = 02C[F1(y1 � •), F2(y2 � •), u]/0y10y2

 = [02C(., ., u)/0F10F2]f1(y1 � •)f2(y2 � •). 

(12-3)

a log-likelihood function can now be constructed using the logs of the right-hand 
sides of (12-3). taking logs of (12-3) reveals the utility of the copula approach. the 
contribution of the joint observation to the log likelihood is

ln f12(y1, y2 � •) = ln[02C(., ., u)/0F10F2] + ln f1(y1 � •) + ln f2(y2 � •).

some of the common copula functions that have been used in applications are as follows:

Product:   C[u1, u2, u] = u1u2,

FGm:   C[u1, u2, u] = u1u2[1 + u(1 - u1)(1 - u2)],

Gaussian:  C[u1, u2, u] = Φ2[Φ-1(u1), Φ-1(u2), u],

clayton:   C[u1, u2, u] = [u1
-u + u2

-u - 1]-1/u,

Frank:   C[u1, u2, u] =
1
u

 lnJ1 +
exp(uu1 - 1) exp(uu2 - 1)

exp(u) - 1
R ,

Plackett:  C[u1, u2, u] =
1 + (u - 1)(u1 + u2) - 2[1 + (u - 1)(u1 + u2)]2 - 4u(u - 1)(u1u2)

2(u - 1)
.

the product copula implies that the random variables are independent because 
it implies that the joint cdf is the product of the marginals. in the FGm (Fairlie, 
Gumbel, morgenstern) copula, it can be seen that u = 0 implies the product copula, or 
independence. the same result can be shown for the clayton copula. independence in 
the Plackett copula follows if u = 1. in the Gaussian function, the copula is the bivariate 
normal cdf if the marginals happen to be normal to begin with. the essential point is 
that the marginals need not be normal to construct the copula function, so long as 
the marginal cdfs can be specified. (the dependence parameter is not the correlation 
between the variables. trivedi and Zimmer provide transformations of u that are closely 
related to correlations for each copula function listed.)

the essence of the copula technique is that the researcher can specify and analyze 
the marginals and the copula functions separately. the likelihood function is obtained 
by formulating the cdfs [or the densities because the differentiation in (12-3) will reduce 
the joint density to a convenient function of the marginal densities] and the copula.
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Example 12.3   Joint Modeling of a Pair of Event Counts
The standard regression modeling approach for a random variable, y, that is a count of events 
is the Poisson regression model,

Prob[Y = y � x] = exp(-l)ly/y!, where l = exp(x′B), y = 0, 1, c.

More intricate specifications use the negative binomial model (version 2, NB2),

Prob[Y = y � x] =
Γ(y + a)

Γ(a)Γ(y + 1)
 ¢ a

l + a
≤a¢ l

l + a
≤y

, y = 0, 1, c,

where a is an overdispersion parameter.  (See Section 18.4.) A satisfactory, appropriate 
specification for bivariate outcomes has been an ongoing topic of research. Early suggestions 
were based on a latent mixture model,

 y1 = z + w1,

 y2 = z + w2,

where w1 and w2 have the Poisson or NB2 distributions specified earlier with conditional 
means l1 and l2 and z is taken to be an unobserved Poisson or NB variable. This formulation 
induces correlation between the variables but is unsatisfactory because that correlation must 
be positive. In a natural application, y1 is doctor visits and y2 is hospital visits. These could 
be negatively correlated. Munkin and Trivedi (1999) specified the jointness in the conditional 
mean functions, in the form of latent, common heterogeneity,

lj = exp(xj
=Bj + e),

where e is common to the two functions. Cameron et al. (2004) used a bivariate copula approach 
to analyze Australian data on self-reported and actual physician visits (the latter maintained by 
the Health Insurance Commission). They made two adjustments to the preceding model we 
developed above. First, they adapted the basic copula formulation to these discrete random 
variables. Second, the variable of interest to them was not the actual or self-reported count 
but the difference. Both of these are straightforward modifications of the basic copula model.

Example 12.4   The Formula That Killed Wall Street6

David Li (2000) designed a bivariate normal (Gaussian) copula model for the pricing of 
collateralized debt obligations (CDOs) such as mortgage-backed securities. The methodology 
he proposed became a widely used tool in the mortgage-backed securities market. The 
model appeared to work well when markets were stable, but failed spectacularly in the 
turbulent period around the financial crisis of 2008–2009. Li has been (surely unfairly) deemed 
partly to blame for the financial crash of 2008.7

12.3 SEMIPARAMETRIC ESTIMATION

semiparametric estimation is based on fewer assumptions than parametric estimation. in 
general, the distributional assumption is removed, and an estimator is devised from certain 
more general characteristics of the population. intuition suggests two (correct) conclusions. 
First, the semiparametric estimator will be more robust than the parametric estimator—
it will retain its properties, notably consistency across a greater range of specifications . 

6salmon (2000) and Li (1999, 2000).
7For example, Lee (2009), Hombrook (2009), Jones (2009), many others. From the cBc article: “… David Li is a 
canadian math whiz who, some now say, developed the risk formula that destroyed wall street.”
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consider our most familiar example. the least squares slope estimator is consistent whenever 
the data are well behaved and the disturbances and the regressors are uncorrelated. this is 
even true for the frontier function in Example 12.2, which has an asymmetric, nonnormal 
disturbance. But, second, this robustness comes at a cost. the distributional assumption 
usually makes the preferred estimator more efficient than a robust one. the best robust 
estimator in its class will usually be inferior to the parametric estimator when the assumption 
of the distribution is correct. once again, in the frontier function setting, least squares may 
be robust for the slopes, and it is the most efficient estimator that uses only the orthogonality 
of the disturbances and the regressors, but it will be inferior to the maximum likelihood 
estimator when the two-part normal distribution is the correct assumption.

12.3.1  GMM ESTIMATION IN ECONOMETRICS

recent applications in economics include many that base estimation on the method 
of moments. the generalized method of moments departs from a set of model-based 
moment equations, E[m(yi, xi, B)] = 0, where the set of equations specifies a relationship 
known to hold in the population. we used one of these in the preceding paragraph. the 
least squares estimator can be motivated by noting that the essential assumption is that 
E[xi(yi - xi

=B)] = 0. the estimator is obtained by seeking a parameter estimator b which 
mimics the population result, (1/n)Σi[xi(yi - xi

=b)] = 0. these are, of course, the normal 
equations for least squares. note that the estimator is specified without benefit of any 
distributional assumption. method of moments estimation is the subject of chapter 13, 
so we will defer further analysis until then.

12.3.2  MAXIMUM EMPIRICAL LIKELIHOOD ESTIMATION

Empirical likelihood methods are suggested as a semiparametric alternative to maximum 
likelihood. as we shall see shortly, the estimator is closely related to the Gmm estimator. 
Let pi denote generically the probability that yi � xi takes the realized value in the sample. 
intuition suggests (correctly) that with no further information, pi will equal 1/n. the 
empirical likelihood function is

EL = q n
i = 1pi

1/n.

the maximum empirical likelihood estimator maximizes EL. Equivalently, we maximize 
the log of the empirical likelihood,

ELL =
1
n a

n

i = 1
ln pi.

as a maximization problem, this program lacks sufficient structure to admit a solution—
the solutions for pi are unbounded. if we impose the restrictions that pi are probabilities 
that sum to one, we can use a Lagrangean formulation to solve the optimization problem,

ELL = J 1
n a

n

i = 1
ln piR + lJ1 - a

n

i = 1
piR .

this slightly restricts the problem since with 0 6 pi 6 1 and Σipi = 1, the solution 
suggested earlier becomes obvious. (there is nothing in the problem that differentiates 
the pi’s so they must all be equal to each other.) inserting this result in the derivative 
with respect to any specific pi produces the remaining result, l = 1.
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the maximization problem becomes meaningful when we impose a structure on the 
data. to develop an example, we’ll recall Example 7.6, a nonlinear regression equation 
for Income for the German socioeconomic Panel data, where we specified

E[Income � Age, Sex, Education] = exp(x′B) = h(x, B).

For an example, assume that Education may be endogenous in this equation, but we 
have available a set of instruments, z, say (Age, Health, Sex, Market Condition). we 
have assumed that there are more instruments (4) than included variables (3), so that 
the parameters will be overidentified (and the example will be complicated enough to 
be interesting). (see sections 8.3.4 and 8.9.) the orthogonality conditions for nonlinear 
instrumental variable estimation are that the disturbances be uncorrelated with the 
instrumental variables, so

E{zi[Incomei - h(xi, B)]} = E[mi(B)] = 0.

the nonlinear least squares solution to this problem was developed in section 8.9. 
a Gmm estimator will minimize with respect to B the criterion function

q = m=(B)Am(B),

where A is the chosen weighting matrix. note that for our example, including the constant 
term, there are four elements in B and five moment equations, so the parameters are 
overidentified.

if, instead, we impose the restrictions implied by our moment equations on the 
empirical likelihood function, we obtain the population moment condition,Jan

i = 1
pizi * (Incomei - h(xi, B)) R = 0.

(the probabilities are population quantities, so this is the expected value.) this produces 
the constrained empirical log likelihood,

ELL = J 1
n a

n

i = 1
ln piR + lJ1 - a

n

i = 1
piR + G′Jan

i = 1
pizi (Incomei - h(xi, B)) R .

the function is now maximized with respect to pi, l, B (K elements), and G (L elements, 
the number of instrumental variables). at the solution, the values of pi provide, 
essentially, a set of weights. cameron and trivedi (2005, p. 205) provide a solution for 
pni in terms of (B, G) and show, once again, that l = 1. the concentrated ELL function 
with these inserted provides a function of G and B that remains to be maximized.

the empirical likelihood estimator has the same asymptotic properties as the 
Gmm estimator. (this makes sense, given the resemblance of the estimation criteria—
ultimately, both are focused on the moment equations.) there is evidence that, at least 
in some cases, the finite sample properties of the empirical likelihood estimator might 
be better than Gmm. a survey appears in imbens (2002). one suggested modification 
of the procedure is to replace the core function in (1/n)Σi ln pi with the entropy measure,

Entropy = -(1/n)Σipi ln pi.

the maximum entropy estimator is developed in Golan, Judge, and miller (1996) and 
Golan (2009).
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12.3.3  LEAST ABSOLUTE DEVIATIONS ESTIMATION AND QUANTILE REGRESSION

Least squares can be severely distorted by outlying observations in a small sample. 
recent applications in microeconomics and financial economics involving thick-
tailed disturbance distributions, for example, are particularly likely to be affected 
by precisely these sorts of observations. (of course, in those applications in finance 
involving hundreds of thousands of observations, which are becoming commonplace, this 
discussion is moot.) these applications have led to the proposal of robust estimators that 
are unaffected by outlying observations. one of these, the least absolute deviations, or 
LaD estimator discussed in section 7.3.1, is also useful in its own right as an estimator 
of the conditional median function in the modified model

med[y � x] = x′B.50.

that is, rather than providing a robust alternative to least squares as an estimator of the 
slopes of E[y � x], LaD is an estimator of a different feature of the population. this is 
essentially a semiparametric specification in that it specifies only a particular feature 
of the distribution, its median, but not the distribution itself. it also specifies that the 
conditional median be a linear function of x.

the median, in turn, is only one possible quantile of interest. if the model is extended 
to other quantiles of the conditional distribution, we obtain

Q[y � x, q] = x′Bq such that Prob[y … x′Bq � x] = q, 0 6 q 6 1.

this is essentially a  semiparametric specification. no assumption is made about the 
distribution of y � x or about its conditional variance. the fact that q can vary continuously 
(strictly) between zero and one means that there is an infinite number of possible 
parameter vectors. it seems reasonable to view the coefficients, which we might write B(q) 
less as fixed parameters, as we do in the linear regression model, than loosely as features 
of the distribution of y � x. For example, it is not likely to be meaningful to view B(.49) to 
be discretely different from B(.50) or to compute precisely a particular difference such 
as B(.5) - B(.3). on the other hand, the qualitative difference, or possibly the lack of 
a difference, between B(.3) and B(.5) may well be an interesting characteristic of the 
population. the quantile regression model is examined in section 7.3.2.

12.3.4  KERNEL DENSITY METHODS

the kernel density estimator is an inherently nonparametric tool, so it fits more 
appropriately into the next section. But some models that use kernel methods are not 
completely nonparametric. the partially linear model in section 7.4 is a case in point. 
many models retain an index function formulation, that is, build the specification around 
a linear function x′B, which makes them at least semiparametric, but nonetheless still 
avoid distributional assumptions by using kernel methods. Lewbel’s (2000) estimator 
for the binary choice model is another example.

Example 12.5   Semiparametric Estimator for Binary Choice Models
The core binary choice model analyzed in Section 17.3, the probit model, is a fully parametric 
specification. Under the assumptions of the model, maximum likelihood is the efficient (and 
appropriate) estimator. However, as documented in a voluminous literature, the estimator 
of B is fragile with respect to failures of the distributional assumption. We will examine 
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a few semiparametric and nonparametric estimators in Section 17.4.7. To illustrate the 
nature of the modeling process, we consider an estimator suggested by Lewbel (2000). The 
probit model is based on the normal distribution, with Prob[yi = 1 � xi] = Prob[xi

=B + ei 7 0] 
where ei ∼ N[0, 1]. The estimator of B under this specification may be inconsistent if the 
distribution is not normal or if ei is heteroscedastic. Lewbel suggests the following: If (a) it 
can be assumed that xi contains a “special” variable vi whose coefficient has a known sign, a 
method is developed for determining the sign, and (b) the density of ei is independent of this 
variable, then a consistent estimator of B can be obtained by regression of [yi - s(vi)]/f(vi � xi) 
on xi where s(vi) = 1 if vi 7 0 and 0 otherwise and f(vi � xi) is a kernel density estimator of 
the density of vi � xi. Lewbel’s estimator is robust to heteroscedasticity and distribution. 
A method is also suggested for estimating the distribution of ei. Note that Lewbel’s estimator 
is semiparametric. His underlying model is a function of the parameters B but the distribution 
is unspecified.

12.3.5  COMPARING PARAMETRIC AND SEMIPARAMETRIC ANALYSES

it is often of interest to compare the outcomes of parametric and semiparametric models. 
as we have noted earlier, the strong assumptions of the fully parametric model come at 
a cost; the inferences from the model are only as robust as the underlying assumptions. 
of course, the other side of that argument is that when the assumptions are met, parametric 
models represent efficient strategies for analyzing the data. the alternative, semiparametric 
approaches, relax assumptions such as normality and homoscedasticity. it is important 
to note that the model extensions to which semiparametric estimators are typically 
robust render the more heavily parameterized estimators inconsistent. the comparison 
is not just one of efficiency. as a consequence, comparison of parameter estimates can 
be misleading—the parametric and semiparametric estimators are often estimating very 
different quantities.

Example 12.6   A Model of Vacation Expenditures
Melenberg and van Soest (1996) analyzed the 1981 vacation expenditures of a sample of 
1,143 Dutch families. The important feature of the data that complicated the analysis was 
that 37% (423) of the families reported zero expenditures. A linear regression that ignores 
this feature of the data would be heavily skewed toward underestimating the response of 
expenditures to the covariates such as total family expenditures (budget), family size, age, or 
education. (See Section 19.3.) The standard parametric approach to analyzing data of this 
sort is the Tobit, or censored, regression model,

 yi
* = xi′B + ei, ei ∼ N[0, s2]

 yi = max(0, yi
*),

or a two-part model that models the participation (zero or positive expenditure) and intensity 
(expenditure given positive expenditure) as separate decisions.  (Maximum likelihood 
estimation of this model is examined in detail in Section 19.3.) The model rests on two 
strong assumptions, normality and homoscedasticity. Both assumptions can be relaxed in a 
more elaborate parametric framework, but the authors found that test statistics persistently 
rejected one or both of the assumptions even with the extended specifications. An alternative 
approach that is robust to both is Powell’s (1984, 1986a,b) censored least absolute deviations 
estimator, which is a more technically demanding computation based on the LAD estimator in 
Section 7.3.1. Not surprisingly, the parameter estimates produced by the two approaches 
vary widely. The authors computed a variety of estimators of B. A useful exercise that they 
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did not undertake would be to compare the partial effects from the different models. This is 
a benchmark on which the differences between the different estimators can sometimes be 
reconciled. In the Tobit model, 0E[yi � xi]/0xi = Φ(xi

=B/s)B (see Section 19.3). It is unclear how 
to compute the counterpart in the semiparametric model, since the underlying specification 
holds only that Med[ei � xi] = 0. (The authors report on the Journal of Applied Econometrics 
data archive site that these data are proprietary. As such, we were unable to extend the 
analysis to obtain estimates of partial effects.) This highlights a significant difficulty with the 
semiparametric approach to estimation. In a nonlinear model such as this one, it is often 
the partial effects that are of interest, not the coefficients. But one of the byproducts of the 
more robust specification is that the partial effects are not defined.

In a second stage of the analysis, the authors decomposed their expenditure equation 
into a participation equation that modeled probabilities for the binary outcome 
“expenditure = 0 or 7  0” and a conditional expenditure equation for those with positive 
expenditure.8 For this step, the authors once again used a parametric model based on the 
normal distribution (the probit model—see Section 17.3) and a semiparametric model that 
is robust to distribution and heteroscedasticity developed by Klein and Spady (1993). As 
before, the coefficient estimates differ substantially. However, in this instance, the 
specification tests are considerably more sympathetic to the parametric model. Figure 12.1, 
which reproduces their Figure 2, compares the predicted probabilities from the two models. 
The dashed curve is the probit model. Within the range of most of the data, the models 
give quite similar predictions. Once again, however, it is not possible to compare partial 
effects. The interesting outcome from this part of the analysis seems to be that the failure 
of the parametric specification resides more in the modeling of the continuous expenditure 
variable than with the model that separates the two subsamples based on zero or positive 
expenditures.

8in section 18.4.8, we will label this a “hurdle” model. see mullahy (1986).

FIGURE 12.1   Predicted Probabilities of Positive Expenditure.
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12.4 NONPARAMETRIC ESTIMATION

researchers have long held reservations about the strong assumptions made in 
parametric models fit by maximum likelihood. the linear regression model with normal 
disturbances is a leading example. splines, translog models, and polynomials all represent 
attempts to generalize the functional form. nonetheless, questions remain about how 
much generality can be obtained with such approximations. the techniques of 
nonparametric estimation discard essentially all fixed assumptions about functional 
form and distribution. Given their very limited structure, it follows that nonparametric 
specifications rarely provide very precise inferences. the benefit is that what information 
is provided is extremely robust. the centerpiece of this set of techniques is the kernel 
density estimator that we have used in the preceding examples. we will examine some 
examples, then examine an application to a bivariate regression.9

12.4.1  KERNEL DENSITY ESTIMATION

sample statistics such as mean, variance, and range give summary information about the 
values that a random variable may take. But they do not suffice to show the distribution 
of values that the random variable takes, and these may be of interest as well. the density 
of the variable is used for this purpose. a fully parametric approach to density estimation 
begins with an assumption about the form of a distribution. Estimation of the density is 
accomplished by estimation of the parameters of the distribution. to take the canonical 
example, if we decide that a variable is generated by a normal distribution with mean m 
and variance s2, then the density is fully characterized by these parameters. it follows that

fn(x) = f(x �mn , sn 2) =
1
sn

 
122p

 expJ -
1
2

 ¢ x - mn

sn
≤2 R .

one may be unwilling to make a narrow distributional assumption about the density. the 
usual approach in this case is to begin with a histogram as a descriptive device. consider 
an example. in Example 15.17 and in Greene (2004c), we estimate a model that produces 
a conditional estimator of a slope vector for each of the 1,270 firms in the sample. we 
might be interested in the distribution of these estimators across firms. in particular, the 
conditional estimates of the estimated slope on ln sales for the 1,270 firms have a sample 
mean of 0.3428, a standard deviation of 0.08919, a minimum of 0.2361, and a maximum of 
0.5664. this tells us little about the distribution of values, though the fact that the mean 
is well below the midrange of 0.4013 might suggest some skewness. the histogram in 
Figure 12.2 is much more revealing. Based on what we see thus far, an assumption of 
normality might not be appropriate. the distribution seems to be bimodal, but certainly 
no particular functional form seems natural.

the histogram is a crude density estimator. the rectangles in the figure are called 
bins. By construction, they are of equal width. (the parameters of the histogram are 
the number of bins, the bin width, and the leftmost starting point. Each is important 
in the shape of the end result.) Because the frequency count in the bins sums to the 
sample size, by dividing each by n, we have a density estimator that satisfies an obvious 

9the set of literature in this area of econometrics is large and rapidly growing. major references which provide an 
applied and theoretical foundation are Härdle (1990), Pagan and Ullah (1999), and Li and racine (2007).
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requirement for a density; it sums (integrates) to one. we can formalize this by laying 
out the method by which the frequencies are obtained. Let xk be the midpoint of the kth 
bin and let h be the width of the bin—we will shortly rename h to be the bandwidth for 
the density estimator. the distances to the left and right boundaries of the bins are h/2. 
the frequency count in each bin is the number of observations in the sample which fall 
in the range xk { h/2. collecting terms, we have our estimator

fn(x) =
1
n

 
frequency in binx

width of binx
=

1
n a

n

i = 1

1
h

 1¢x -
h
2

6 xi 6 x +
h
2
≤,

where 1 (statement) denotes an indicator function that equals 1 if the statement is true 
and 0 if it is false and binx denotes the bin which has x as its midpoint. we see, then, that 
the histogram is an estimator, at least in some respects, like other estimators we have 
encountered. the event in the indicator can be rearranged to produce an equivalent form,

fn(x) =
1
n a

n

i = 1

1
h

 1¢ -
1
2

6
xi - x

h
6

1
2
≤.

this form of the estimator simply counts the number of points that are within one half-
bin width of xk.

albeit rather crude, this “naïve” (its formal name in the literature) estimator is in 
the form of kernel density estimators that we have met at various points,

fn(x) =
1
n a

n

i = 1

1
h

 KJxi - x

h
R , where K[z] = 1[-1/2 6 z 6 1/2].

the naïve estimator has several shortcomings. it is neither smooth nor continuous. 
its shape is partly determined by where the leftmost and rightmost terminals of the 

FIGURE 12.2   Histogram for Estimated bsalesCoefficients.
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histogram are set. (in constructing a histogram, one often chooses the bin width to 
be a specified fraction of the sample range. if so, then the terminals of the lowest and 
highest bins will equal the minimum and maximum values in the sample, and this will 
partly determine the shape of the histogram. if, instead, the bin width is set irrespective 
of the sample values, then this problem is resolved.) more importantly, the shape of 
the histogram will be crucially dependent on the bandwidth itself. (Unfortunately, this 
problem remains even with more sophisticated specifications.)

the crudeness of the weighting function in the estimator is easy to remedy. 
rosenblatt’s (1956) suggestion was to substitute for the naïve estimator some other 
weighting function which is continuous and which also integrates to one. a number of 
candidates have been suggested, including the (long) list in table 12.1. Each of these is 
smooth, continuous, symmetric, and equally attractive. the logit and normal kernels are 
defined so that the weight only asymptotically falls to zero whereas the others fall to zero 
at specific points. it has been observed that in constructing a density estimator, the choice 
of kernel function is rarely crucial, and is usually minor in importance compared to the 
more difficult problem of choosing the bandwidth. (the logit, normal and Epanechnikov 
kernels appear to be the default choices in many applications.)

the kernel density function is an estimator. For any specific x, fn(x) is a sample statistic,

fn(z) =
1
n a

n

i = 1
g(xi � z, h).

Because g(xi � z, h) is nonlinear, we should expect a bias in a finite sample. it is tempting 
to apply our usual results for sample moments, but the analysis is more complicated 
because the bandwidth is a function of n. Pagan and Ullah (1999) have examined the 
properties of kernel estimators in detail and found that under certain assumptions, the 
estimator is consistent and asymptotically normally distributed but biased in finite 
samples.10 the bias is a function of the bandwidth, but for an appropriate choice of h, 
the bias does vanish asymptotically. as intuition might suggest, the larger the bandwidth, 
the greater the bias, but at the same time, the smaller the variance. this might suggest a 
search for an optimal bandwidth. after a lengthy analysis of the subject, however, the 
authors’ conclusion provides little guidance for finding one. one consideration does 
seem useful. For the proportion of observations captured in the bin to converge to the 

10see also Li and racine (2007) and Henderson and Parmeter (2015).

Kernel Formula K[z]

Epanechnikov 0.75(1 - 0.2z2)/25 if � z � … 25, 0 else
normal f(z) (normal density)
Logit Λ(z)[1 - Λ(z)] (logistic density)
Uniform 0.5 if � z � … 1, 0 else
Beta 0.75(1 - z)(1 + z) if � z � … 1, 0 else
cosine 1 + cos(2pz) if � z � … 0.5, 0 else
triangle 1 - � z � , if � z � … 1, 0 else
Parzen 4/3 - 8z2 + 8 � z � 3 if � z � … 0.5, 8(1 - � z � )3/3 if 0.5 6 � z � … 1, 0 else

TABLE 12.1 Kernel Functions for Density Estimation
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corresponding area under the density, the width itself must shrink more slowly than 1/n. 
common applications typically use a bandwidth equal to some multiple of n-1/5 for this 
reason. thus, the one we used earlier is silverman’s (1986) bandwidth, h = 0.9 * s/n1/5. 
to conclude the illustration begun earlier, Figure 12.3 is a logit-based kernel density 
estimator for the distribution of slope estimates for the model estimated earlier. the 
resemblance to the histogram in Figure 12.2 is to be expected.

12.5 PROPERTIES OF ESTIMATORS

the preceding has been concerned with methods of estimation. we have surveyed a 
variety of techniques that have appeared in the applied literature. we have not yet 
examined the statistical properties of these estimators. although, as noted earlier, we 
will leave extensive analysis of the asymptotic theory for more advanced treatments, it 
is appropriate to spend at least some time on the fundamental theoretical platform that 
underlies these techniques.

12.5.1  STATISTICAL PROPERTIES OF ESTIMATORS

Properties that we have considered are as follows:

●● Unbiasedness: this is a finite sample property that can be established in only a very 
small number of cases. strict unbiasedness is rarely of central importance outside 
the linear regression model. However, asymptotic unbiasedness (whereby the 
expectation of an estimator converges to the true parameter as the sample size 
grows), might be of interest.11 in most cases, however, discussions of asymptotic 

11see, for example, Pagan and Ullah (1999, section 2.5.1) and Henderson and Parmeter (2015, section 2.2) on the 
subject of the kernel density estimator.

FIGURE 12.3   Kernel Density for bsales.
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unbiasedness are actually directed toward consistency, which is a more desirable 
property.

●● Consistency: this is a much more important property. Econometricians are rarely 
willing to place much credence in an estimator for which consistency cannot be 
established. in some instances, the inconsistency can be more precisely quantified. For 
example, the “incidental parameters problem” (see section 17.7.3) relates to estimation 
of fixed effects models in panel data settings in which an estimator is inconsistent for 
fixed T but is consistent in T (and tolerably biased for moderate sized T).

●● Asymptotic normality: this property forms the platform for most of the statistical 
inference that is done with common estimators. when asymptotic normality cannot 
be established, it sometimes becomes difficult to find a method of progressing 
beyond simple presentation of the numerical values of estimates (with caveats). 
However, most of the contemporary literature in macroeconomics and time-series 
analysis is strongly focused on estimators that are decidedly not asymptotically 
normally distributed. the implication is that this property takes its importance only 
in context, not as an absolute virtue.

●● Asymptotic efficiency: Efficiency can rarely be established in absolute terms. 
Efficiency within a class often can, however. thus, for example, a great deal can be 
said about the relative efficiency of maximum likelihood and Gmm estimators in 
the class of consistent and asymptotically normally distributed (can) estimators. 
there are two important practical considerations in this setting. First, the researcher 
will want to know that he or she has not made demonstrably suboptimal use of 
the data. (the literature contains discussions of Gmm estimation of fully specified 
parametric probit models—Gmm estimation in this context is unambiguously 
inferior to maximum likelihood.) thus, when possible, one would want to avoid 
obviously inefficient estimators. on the other hand, it will usually be the case that 
the researcher is not choosing from a list of available estimators; he or she has one 
at hand, and questions of relative efficiency are moot.

12.5.2  EXTREMUM ESTIMATORS

an extremum estimator is one that is obtained as the optimizer of a criterion function 
q(U � data). three that have occupied much of our effort thus far are:

●● Least squares: UnLS = argmax[-(1/n)a n
i = 1(yi - h(xi, ULS))2],

●● maximum likelihood: UnML = argmax[(1/n)a n
i = 1ln f(yi � xi, UML)], and

●● Gmm: UnGMM = argmax[-m(data, UGMM)′Wm(data, UGMM)].

(we have changed the signs of the first and third only for convenience so that all three 
may be cast as the same type of optimization problem.) the least squares and maximum 
likelihood estimators are examples of M estimators, which are defined by optimizing 
over a sum of terms. most of the familiar theoretical results developed here and in 
other treatises concern the behavior of extremum estimators. several of the estimators 
considered in this chapter are extremum estimators, but a few—including the Bayesian 
estimators, some of the semiparametric estimators, and all of the nonparametric 
estimators—are not. nonetheless, we are interested in establishing the properties 
of estimators in all these cases, whenever possible. the end result for the practitioner 
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will be the set of statistical properties that will allow him or her to draw with confidence 
conclusions about the data-generating process(es) that have motivated the analysis in 
the first place.

Derivations of the behavior of extremum estimators are pursued at various levels 
in the literature. (see, for example, any of the sources mentioned in Footnote 1 of this 
chapter.) amemiya (1985) and Davidson and mackinnon (2004) are very accessible 
treatments. newey and mcFadden (1994) is a rigorous analysis that provides a current, 
standard source. our discussion at this point will only suggest the elements of the analysis. 
the reader is referred to one of these sources for detailed proofs and derivations.

12.5.3  ASSUMPTIONS FOR ASYMPTOTIC PROPERTIES OF EXTREMUM ESTIMATORS

some broad results are needed in order to establish the asymptotic properties of the 
classical (not Bayesian) conventional extremum estimators noted above.

1. The parameter space (see section 12.2) must be convex and the parameter vector 
that is the object of estimation must be a point in its interior. the first requirement 
rules out ill-defined estimation problems such as estimating a parameter which can 
only take one of a finite discrete set of values. thus, searching for the date of a 
structural break in a time-series model as if it were a conventional parameter leads 
to a nonconvexity. some proofs in this context are simplified by assuming that the 
parameter space is compact. (a compact set is closed and bounded.) However, 
assuming compactness is usually restrictive, so we will opt for the weaker requirement.

2. The criterion function must be concave in the parameters. (see section a.8.2.) this 
assumption implies that with a given data set, the objective function has an interior 
optimum and that we can locate it. criterion functions need not be globally concave; 
they may have multiple optima. But, if they are not at least locally concave, then we 
cannot speak meaningfully about optimization. one would normally only encounter 
this problem in a badly structured model, but it is possible to formulate a model in 
which the estimation criterion is monotonically increasing or decreasing in a parameter. 
such a model would produce a nonconcave criterion function.12 the distinction 
between compactness and concavity in the preceding condition is relevant at this 
point. if the criterion function is strictly continuous in a compact parameter space, then 
it has a maximum in that set and assuming concavity is not necessary. the problem for 
estimation, however, is that this does not rule out having that maximum occur on the 
(assumed) boundary of the parameter space. this case interferes with proofs of 
consistency and asymptotic normality. the overall problem is solved by assuming that 
the criterion function is concave in the neighborhood of the true parameter vector.

3. Identifiability of the parameters. any statement that begins with “the true 
parameters of the model, U0 are identified if …” is problematic because if the 
parameters are “not identified,” then arguably, they are not the parameters of the 
(any) model. (For example, there is no “true” parameter vector in the unidentified 

12in their Exercise 23.6, Griffiths, Hill, and Judge (1993), based (alas) on the first edition of this text, suggest a probit 
model for statewide voting outcomes that includes dummy variables for region: northeast, southeast, west, and 
mountain. one would normally include three of the four dummy variables in the model, but Griffiths et al. carefully 
dropped two of them because, in addition to the dummy variable trap, the southeast variable is always zero when 
the dependent variable is zero. inclusion of this variable produces a nonconcave likelihood function—the parameter 
on this variable diverges. analysis of a closely related case appears as a caveat in amemiya (1985, p. 272).
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model of Example 2.5.) a useful way to approach this question that avoids the 
ambiguity of trying to define the true parameter vector first and then asking if it is 
identified (estimable) is as follows, where we borrow from Davidson and mackinnon 
(1993, p. 591): consider the parameterized model, m, and the set of allowable data 
generating processes for the model, m. Under a particular parameterization m, 
let there be an assumed “true” parameter vector, U(m). consider any parameter 
vector U in the parameter space, Θ. Define

qm(m, U) = plimmqn(U � data).

this function is the probability limit of the objective function under the assumed 
parameterization m. if this probability limit exists (is a finite constant) and moreover, if

qm[m, U(m)] 7 qm(m, U) if U ≠ U(m),

then, if the parameter space is compact, the parameter vector is identified by the 
criterion function. we have not assumed compactness. For a convex parameter space, 
we would require the additional condition that there exist no sequences without 
limit points Um such that q(m, Um) converges to q[m, U(m)].

the approach taken here is to assume first that the model has some set of 
parameters. the identifiability criterion states that assuming this is the case, the 
probability limit of the criterion is maximized at these parameters. this result rests 
on convergence of the criterion function to a finite value at any point in the interior 
of the parameter space. Because the criterion function is a function of the data, 
this convergence requires a statement of the properties of the data, for example, 
well behaved in some sense. Leaving that aside for the moment, interestingly, the 
results to this point already establish the consistency of the m estimator. in what 
might seem to be an extremely terse fashion, amemiya (1985) defined identifiability 
simply as “existence of a consistent estimator.” we see that identification and the 
conditions for consistency of the m estimator are substantively the same.

this form of identification is necessary, in theory, to establish the consistency 
arguments. in any but the simplest cases, however, it will be extremely difficult to 
verify in practice. Fortunately, there are simpler ways to secure identification that 
will appeal more to the intuition:

●● For the least squares estimator, a sufficient condition for identification is that any 
two different parameter vectors, U and U0, must be able to produce different values 
of the conditional mean function. this means that for any two different parameter 
vectors, there must be an xi that produces different values of the conditional mean 
function. You should verify that for the linear model, this is the full rank assumption 
a.2. For the model in Example 2.5, we have a regression in which x2 = x3 + x4. in 
this case, any parameter vector of the form (b1, b2 - a, b3 + a, b4 + a) produces 
the same conditional mean as (b1, b2, b3, b4) regardless of xi, so this model is 
not identified. the full rank assumption is needed to preclude this problem. For 
nonlinear regressions, the problem is much more complicated, and there is no 
simple generality. Example 7.2 shows a nonlinear regression model that is not 
identified and how the lack of identification is remedied.

●● For the maximum likelihood estimator, a condition similar to that for the regression 
model is needed. For any two parameter vectors, U ≠ U0, it must be possible to 
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produce different values of the density f(yi � xi, U) for some data vector (yi, xi). 
many econometric models that are fit by maximum likelihood are “index function” 
models that involve densities of the form f(yi � xi, U) = f(yi � xi

=U). when this is the 
case, the same full rank assumption that applies to the regression model may be 
sufficient. (if there are no other parameters in the model, then it will be sufficient.)

●● For the Gmm estimator, not much simplicity can be gained. a sufficient 
condition for identification is that E[m(data, U)] ≠ 0 if U ≠ U0.

4. Behavior of the data has been discussed at various points in the preceding text. 
the estimators are based on means of functions of observations. (You can see this 
in all three of the preceding definitions. Derivatives of these criterion functions 
will likewise be means of functions of observations.) analysis of their large sample 
behaviors will turn on determining conditions under which certain sample means 
of functions of observations will be subject to laws of large numbers such as the 
khinchine (D.5) or chebychev (D.6) theorems, and what must be assumed in order 
to assert that “root-n” times sample means of functions will obey central limit 
theorems such as the Lindeberg–Feller (D.19) or Lyapounov (D.20) theorems for 
cross sections or the martingale Difference central Limit theorem for dependent 
observations (theorem 20.3). Ultimately, this is the issue in establishing the statistical 
properties. the convergence property claimed above must occur in the context of 
the data. these conditions have been discussed in sections 4.4.1 and 4.4.2 under 
the heading of “well-behaved data.” at this point, we will assume that the data are 
well behaved.

12.5.4  ASYMPTOTIC PROPERTIES OF ESTIMATORS

with all this apparatus in place, the following are the standard results on asymptotic 
properties of m estimators:

Proofs of consistency of m estimators rely on a fundamental convergence result 
that, itself, rests on assumptions (a) through (d) in theorem 12.1. we have assumed 
identification. the fundamental device is the following: Because of its dependence on 
the data, q(U � data) is a random variable. we assumed in (c) that plim q(U � data) = q0(U) 
for any point in the parameter space. assumption (c) states that the maximum of q0(U) 
occurs at q0(U0), so U0 is the maximizer of the probability limit. By its definition, the 
estimator, Un, is the maximizer of q(U � data). therefore, consistency requires the limit of 
the maximizer, Un, be equal to the maximizer of the limit, U0. our identification condition 
establishes this. we will use this approach in somewhat greater detail in section 14.4.5.a 
where we establish consistency of the maximum likelihood estimator.

THEOREM 12.1  Consistency of M Estimators
If (a) the parameter space is convex and the true parameter vector is a point in 
its interior, (b) the criterion function is concave, (c) the parameters are identified 
by the criterion function, and (d) the data are well behaved, then the M estimator 
converges in probability to the true parameter vector.
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the proof of asymptotic normality is based on the mean value theorem from calculus 
and a taylor series expansion of the derivatives of the maximized criterion function 
around the true parameter vector,2n 

0q(Un � data)

0Un
= 0 = 2n 

0q(U0 � data)

0U0
+

02q(U � data)

0U0U′
 2n(Un - U0).

Each derivative is evaluated at a point U that is between Un and U0, that is, U = wUn +
(1 - w)U0 for some 0 6 w 6 1. Because we have assumed plim Un = U0, we see that the 
matrix in the second term on the right must be converging to H(U0). the assumptions 
in the theorem can be combined to produce the claimed normal distribution. Formal 
proof of this set of results appears in newey and mcFadden (1994). a somewhat more 
detailed analysis based on this theorem appears in section 14.4.5.b, where we establish 
the asymptotic normality of the maximum likelihood estimator.

the preceding was restricted to m estimators, so it remains to establish counterparts 
for the important Gmm estimator. consistency follows along the same lines used earlier, 
but asymptotic normality is a bit more difficult to establish. we will return to this issue 
in chapter 13, where, once again, we will sketch the formal results and refer the reader 
to a source such as newey and mcFadden (1994) for rigorous derivation.

the preceding results are not straightforward in all estimation problems. For 
example, the least absolute deviations (LaD) is not among the estimators noted earlier, 
but it is an m estimator and it shares the results given here. the analysis is complicated 
because the criterion function is not continuously differentiable. nonetheless, consistency 
and asymptotic normality have been established.13 some of the semiparametric and all 
of the nonparametric estimators noted require somewhat more intricate treatments. For 
example, Pagan and Ullah (1999, sections 2.5–2.6) and Li and racine (2007, sections 
1.9–1.12) are able to establish the familiar desirable properties for the kernel density 
estimator fn(x*), but it requires a somewhat more involved analysis of the function and 
the data than is necessary, say, for the linear regression or binomial logit model. the 
interested reader can find many lengthy and detailed analyses of asymptotic properties 
of estimators in, for example, amemiya (1985), newey and mcFadden (1994), Davidson 

13see koenker and Bassett (1982) and amemiya (1985, pp. 152–154).

THEOREM 12.2  Asymptotic Normality of M Estimators
If :

(i) Un is a consistent estimator of U0 where U0 is a point in the interior of the 
parameter space;

(ii) q(U � data) is concave and twice continuously differentiable in U in a neigh-
borhood of U0;

(iii) 2n[0q(U0 � data)/0U0] ¡d
N[0, �];

(iv) for any U in �, lim
nS ∞

Pr[ � (02q(U � data)/0uk0um) - hkm(u) � 7 e] = 0 5 e 7 0 
where hkm(U) is a continuous finite valued function of U;

(v) the matrix of elements H(U) is nonsingular at U0 , then 2n(Un - U0) ¡d
N{0, [H-1(U0)�H-1(U0)]}.
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and mackinnon (2004), and Hayashi (2000). in practical terms, it is rarely possible to 
verify the conditions for an estimation problem at hand, and they are usually simply 
assumed. However, finding violations of the conditions is sometimes more straightforward, 
and this is worth pursuing. For example, lack of parametric identification can often be 
detected by analyzing the model itself.

12.5.5  TESTING HYPOTHESES

the preceding describes a set of results that (more or less) unifies the theoretical 
underpinnings of three of the major classes of estimators in econometrics, least squares, 
maximum likelihood, and Gmm. a similar body of theory has been produced for the 
familiar test statistics, wald, Likelihood ratio (Lr), and Lagrange multiplier (Lm).14 all of 
these have been laid out in practical terms elsewhere in this text, so in the interest of brevity, 
we will refer the interested reader to the background sources listed for the technical details.

12.6 SUMMARY AND CONCLUSIONS

this chapter has presented a short overview of estimation in econometrics. there are 
various ways to approach such a survey. the current literature can be broadly grouped by 
three major types of estimators—parametric, semiparametric, and nonparametric. it has 
been suggested that the overall drift in the literature is from the first toward the third of 
these, but on a closer look, we see that this is probably not the case. maximum likelihood 
is still the estimator of choice in many settings. new applications have been found for 
the Gmm estimator, but at the same time, new Bayesian and simulation estimators, all 
fully parametric, are emerging at a rapid pace. certainly, the range of tools that can be 
applied in any setting is growing steadily.

14see newey and mcFadden (1994).

Key Terms and Concepts

•	Bayesian estimation
•	conditional density
•	copula function
•	criterion function
•	Data-generating 

mechanism
•	Density
•	Empirical likelihood 

function
•	Entropy
•	Estimation criterion

•	Extremum estimator
•	Fundamental probability 

transform
•	Generalized method of 

moments
•	Histogram
•	kernel density estimator
•	m estimator
•	maximum empirical 

likelihood estimator
•	maximum entropy

•	maximum likelihood 
estimator

•	method of moments
•	nonparametric estimators
•	semiparametric estimation
•	simulation-based 

estimation
•	sklar’s theorem
•	stochastic frontier model

Exercise and Question

1. compare the fully parametric and semiparametric approaches to estimation of a 
discrete choice model such as the multinomial logit model discussed in chapter 17. 
what are the benefits and costs of the semiparametric approach?

M12_GREE1366_08_SE_C12.indd   487 2/24/17   12:14 PM



488

13

MINIMUM DISTANCE ESTIMATION 
AND THE GENERALIZED METHOD 

OF MOMENTS

§
13.1 INTRODUCTION

The maximum likelihood estimator presented in Chapter 14 is fully efficient among 
consistent and asymptotically normally distributed estimators in the context of the 
specified parametric model. The possible shortcoming in this result is that to attain 
that efficiency, it is necessary to make possibly strong, restrictive assumptions about the 
distribution, or data-generating process. The generalized method of moments (GMM) 
estimators discussed in this chapter move away from parametric assumptions, toward 
estimators that are robust to some variations in the underlying data-generating process.

This chapter will present a number of fairly general results on parameter estimation. 
We begin with perhaps the oldest formalized theory of estimation, the classical theory 
of the method of moments. This body of results dates to the pioneering work of Fisher 
(1925). The use of sample moments as the building blocks of estimating equations is 
fundamental in econometrics. GMM is an extension of this technique that, as will be 
clear shortly, encompasses nearly all the familiar estimators discussed in this book. 
Section 13.2 will introduce the estimation framework with the method of moments. The 
technique of minimum distance estimation is developed in Section 13.3. Formalities of 
the GMM estimator are presented in Section 13.4. Section 13.5 discusses hypothesis 
testing based on moment equations. Major applications, including dynamic panel data 
models, are described in Section 13.6.

Example 13.1  Euler Equations and Life Cycle Consumption
One of the most often cited applications of the GMM principle for estimating econometric 
models is Hall’s (1978) permanent income model of consumption. The original form of the 
model (with some small changes in notation) posits a hypothesis about the optimizing behavior 
of a consumer over the life cycle. Consumers are hypothesized to act according to the model,

Maximize Et J a
T - t

t = 0
a 1

1 + d
b
t

U(ct + t) � �tR  subject to a
T - t

t = 0
a 1

1 + r
b
t

(ct + t - wt + t) = At.

The information available at time t is denoted �t so that Et denotes the expectation formed 
at time t based on the information set �t. The maximand is the expected discounted stream 
of future utility from consumption from time t until the end of life at time T. The individual’s 
subjective rate of time preference is b = 1/(1 + d). The real rate of interest, r Ú d, is assumed 
to be constant. The utility function U(ct) is assumed to be strictly concave and time separable 
(as shown in the model). One period’s consumption is ct. The intertemporal budget constraint 
states that the present discounted excess of ct over earnings, wt, over the lifetime equals 
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total assets At not including human capital. In this model, it is claimed that the only source 
of uncertainty is wt. No assumption is made about the stochastic properties of wt except that 
there exists an expected future earnings, Et[wt + t � �t]. Successive values are not assumed to 
be independent and wt is not assumed to be stationary.

Hall’s major theorem in the paper is the solution to the optimization problem, which states

Et[U′(ct + 1) � �t] =
1 + d

1 + r
 U′(ct).

For our purposes, the major conclusion of the paper is “Corollary 1,” which states, “No information 
available in time t apart from the level of consumption, ct, helps predict future consumption, ct + 1, 
in the sense of affecting the expected value of marginal utility. In particular, income or wealth 
in periods t or earlier are irrelevant once ct is known.” We can use this as the basis of a model 
that can be placed in the GMM framework. To proceed, it is necessary to assume a form of 
the utility function. A common (convenient) form of the utility function is U(ct) = ct

1 - a/(1 - a), 
which is monotonic, U′ = ct

-a 7 0 and concave, U″/U′ = -a/ct 6 0. Inserting this form into 
the solution, rearranging the terms, and reparameterizing it for convenience, we have

Et J (1 + r)a 1
1 + d

b ¢ct + 1

ct
≤-a

- 1 � �tR = Et[b(1 + r)Rt + 1
l - 1 � �t] = 0,

where Rt + 1 = ct + 1/ct and l = -a.
Hall assumed that r was constant over time. Other applications of this modeling framework 

modified the framework so as to involve a forecasted interest rate, rt + 1.1 How one proceeds 
from here depends on what is in the information set. The unconditional mean does not identify 
the two parameters. The corollary states that the only relevant information in the information 
set is ct. Given the form of the model, the more natural instrument might be Rt. This assumption 
exactly identifies the two parameters in the model,

Et J (b(1 + rt + 1)Rt + 1
l - 1)¢ 1

Rt
≤ R = J0

0
R .

As stated, the model has no testable implications. These two moment equations would 
exactly identify the two unknown parameters. Hall hypothesized several models involving 
income and consumption, which would overidentify and thus place restrictions on the model.

13.2 CONSISTENT ESTIMATION: THE METHOD OF MOMENTS

Sample statistics, such as the mean and variance, can be treated as simple descriptive 
measures. In our discussion of estimation in Appendix C, however, we argue that, in 
general, sample statistics each have a counterpart in the population, for example, the 
correspondence between the sample mean and the population expected value. The 
natural (perhaps obvious) next step in the analysis is to use this analogy to justify using 
the sample moments as estimators of these population parameters. What remains to 
establish is whether this approach is the best, or even a good way, to use the sample data 
to infer the characteristics of the population.

The basis of the method of moments is as follows: In random sampling, under 
generally benign assumptions, a sample statistic will converge in probability to some 
constant. For example, with i.i.d. random sampling, m2

= = (1/n)a n
i = 1yi

2 will converge in 
mean square to the variance plus the square of the mean of the random variable, y. This 

1For example, Hansen and Singleton (1982).
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constant will, in turn, be a function of the unknown parameters of the distribution. To 
estimate K parameters, u1, c, uK, we can compute K such statistics, m1, c, mK, whose 
probability limits are known functions of the parameters. These K moments are equated 
to the K functions, and the functions are inverted to express the parameters as functions 
of the moments. The moments will be consistent by virtue of a law of large numbers 
(Theorems D.4–D.9). They will be asymptotically normally distributed by virtue of the 
Lindeberg–Levy central limit theorem (D.18). The derived parameter estimators will 
inherit consistency by virtue of the Slutsky theorem (D.12) and asymptotic normality by 
virtue of the delta method (Theorem D.21, sometimes called the law of propagated error).

This section will develop this technique in some detail, partly to present it in its own 
right and partly as a prelude to the discussion of the generalized method of moments, or 
GMM, estimation technique, which is treated in Section 13.4.

13.2.1  RANDOM SAMPLING AND ESTIMATING THE PARAMETERS OF DISTRIBUTIONS

Consider independent, identically distributed random sampling from a distribution 
f(y � u1, c uK) with finite moments up to E[y2K]. The random sample consists 
of n observations, y1, c, yn. The kth “raw” or uncentered moment is

mk
= =

1
n a

n

i = 1
yi

k.

By Theorem D.4,

E[mk
= ] = mk

= = E[yi
k],

and

Var[mk
= ] =

1
n

 Var[yi
k] =

1
n

 (m2k
= - mk

=2).

By convention, m1
= = E[yi] = m. By the Khinchine theorem, D.5,

plim mk
= = mk

= = E[yi
k].

Finally, by the Lindeberg–Levy central limit theorem,2n(mk
= - mk

= ) ¡d
N[0, m2k

= - mk
=2].

In general, mk
=  will be a function of the underlying parameters. By computing K 

raw moments and equating them to these functions, we obtain K equations that can (in 
principle) be solved to provide estimates of the K unknown parameters.

Example 13.2  Method of Moments Estimator for N[M, S2]
In random sampling from N[m, s2], 

plim 
1
n a

n

i = 1
 yi = plim m1

= = E[y] = m, 

and 

plim 
1
n a

n

i = 1
 yi

2 = plim m2
= = Var[y] + m2 = s2 + m2. 

Equating the right- and left-hand sides of the probability limits gives moment estimators 

mn = m1
= = y, 

and 
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sn 2 = m2
= - m1

′2 = a1
n a

n

i = 1
yi

2b - a1
n a

n

i = 1
yib

2

=
1
n a

n

i = 1
(yi - y)2. 

Note that sn 2 is biased, although both estimators are consistent.

Although the moments based on powers of y provide a natural source of information 
about the parameters, other functions of the data may also be useful. Let mk( # ) be a 
continuous and differentiable function not involving the sample size n, and let

mk =
1
n a

n

i = 1
mk(yi), k = 1, 2, c, K.

These are also moments of the data. It follows from Theorem D.4 and the corollary, 
(D-5), that

plim mk = E[mk(yi)] = mk(u1, c, uK).

We assume that mk( # ) involves some or all of the parameters of the distribution. With 
K parameters to be estimated, the K moment equations,

m1 - m1(u1, c, uK) = 0,
m2 - m2(u1, c, uK) = 0,

g
mK - mK(u1, c, uK) = 0,

provide K equations in K unknowns, u1, c, uK. If the equations are continuous and 
functionally independent, then method of moments estimators can be obtained by 
solving the system of equations for

unk = unk[m1, c, mK].

As suggested, there may be more than one set of moments that one can use for estimating 
the parameters, or there may be more moment equations available than are necessary.

Example 13.3  Inverse Gaussian (Wald) Distribution
The inverse Gaussian distribution is used to model survival times, or elapsed times, from 
some beginning time until some kind of transition takes place. The standard form of the 
density for this random variable is

f(y) = A l

2py3 expJ -
l(y - m)2

2m2y
R , y 7 0, l 7 0, m 7 0.

The mean is m while the variance is m3/l. The efficient maximum likelihood estimators of 
the two parameters are based on (1/n)a n

i = 1yi and (1/n)a n
i = 1(1/yi). Because the mean and 

variance are simple functions of the underlying parameters, we can also use the sample mean 
and sample variance as moment estimators of these functions. Thus, an alternative pair of 
method of moments estimators for the parameters of the Wald distribution can be based on 
(1/n)a n

i = 1yi and (1/n)a n
i = 1yi

2. The precise formulas for this pair of moment estimators are 
left as an exercise.

Example 13.4  Mixture of Normal Distributions
Quandt and Ramsey (1978) analyzed the problem of estimating the parameters of a mixture 
of two normal distributions. Suppose that each observation in a random sample is drawn 
from one of two different normal distributions. The probability that the observation is drawn 
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from the first distribution, N[m1, s1
2], is l and the probability that it is drawn from the second is 

(1 - l). The density for the observed y is f(y) = l N[m1, s1
 2] + (1 - l)N[m2, s2

 2], 0 6 l 6 1. 
Inserting the definitions gives

f(y) =
l

(2ps1
2)1/2  e-1/2[(y - m1)/s1]2 +

1 - l

(2ps2
2)1/2  e-1/2[(y - m2)/s2]2.

Before proceeding, we note that this density is precisely the same as the finite mixture model 
described in Section 14.15.1. Maximum likelihood estimation of the model using the method 
described there would be simpler than the method of moment generating functions developed 
here.

The sample mean and second through fifth central moments,

mk =
1
n a

n

i = 1
(yi - y)k, k = 2, 3, 4, 5,

provide five equations in five unknowns that can be solved (via a ninth-order polynomial) for 
consistent estimators of the five parameters. Because y converges in probability to E[yi] = m, 
the theorems given earlier for mk

=  as an estimator of mk
=  apply as well to mk as an estimator of

mk = E[(yi - m)k].

For the mixed normal distribution, the mean and variance are

m = E[y] = lm1 + (1 - l)m2

and

s2 = Var[y] = ls1
2 + (1 - l)s2

2 + 2l(1 - l)(m1 - m2)2,

which suggests how complicated the familiar method of moments is likely to become. An 
alternative method of estimation proposed by the authors is based on

E[ety] = letm1 + t2s1
2/2 + (1 - l)etm2 + t2s2/2

2 = Λt,

where t is any value not necessarily an integer. Quandt and Ramsey (1978) suggest choosing 
five values of t that are not too close together and using the statistics

Mt =
1
n a

n

i = 1
etyi

to estimate the parameters. The moment equations are Mt - Λt(m1, m2, s1
2, s2

2, l) = 0. They 
label this procedure the method of moment generating functions. (See Section B.6 for the 
definition of the moment generating function.)

In most cases, method of moments estimators are not efficient. The exception is in 
random sampling from exponential families of distributions.

DEFINITION 13.1 Exponential Family
An exponential (parametric) family of distributions is one whose log-likelihood 
is of the form

ln L(U � data) = a(data) + b(U) + a
K

k = 1
ck(data)sk(U),

where a( # ), b( # ), ck( # ), and sk( # ) are functions. The members of the “family” 
are distinguished by the different parameter values. The normal distribution and 
the Wald distribution in Example 13.3 are examples.
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If the log-likelihood function is of this form, then the functions ck( # ) are called 
sufficient statistics.2 When sufficient statistics exist, method of moments estimator(s) can 
be functions of them. In this case, the method of moments estimators will also be the 
maximum likelihood estimators, so, of course, they will be efficient, at least asymptotically. 
We emphasize, in this case, the probability distribution is fully specified. Because the 
normal distribution is an exponential family with sufficient statistics m1

=  and m2
= , the 

estimators  described in Example 13.2 are fully efficient. (They are the maximum 
likelihood estimators.) The mixed normal distribution is not an exponential family. We 
leave it as an exercise to show that the Wald distribution in Example 13.3 is an exponential 
family. You should be able to show that the sufficient statistics are the ones that are 
suggested in Example 13.3 as the bases for the MLEs of m and l.

Example 13.5  Gamma Distribution
The gamma distribution (see Section B.4.5) is

f(y) =
l p

Γ(P)
 e-lyyP - 1, y Ú 0, P 7 0, l 7 0.

The log-likelihood function for this distribution is

1
n

 ln L = [P ln l - ln Γ(P)] - l 
1
n a

n

i = 1
yi + (P - 1) 

1
n a

n

i = 1
 ln yi.

This function is an exponential family with a(data) = 0, b(U) = n[P ln l - ln Γ(P)] and two 
sufficient statistics, 1

n a n
i = 1yi and 1

n a n
i = 1 ln yi. The method of moments estimators based 

on 1n a n
i = 1yi and 1n a n

i = 1 ln yi would be the maximum likelihood estimators. But we also have

plim 
1
n a

n

i = 1
D yi

yi
2

ln yi

1/yi

T = D P/l
P(P + 1)/l2

Ψ(P) - ln l
l/(P - 1)

T .

(The functions Γ(P) and Ψ(P) = d ln Γ(P)/dP are discussed in Section E.2.3.) Any two of these 
can be used to estimate l and P.

For the income data in Example C.1, the four moments listed earlier are

(m1
= , m2

= , m*
= , m -1

= ) =
1
n a

n

i = 1
(yi, y i

2, ln yi,1/ yi) = (31.278, 1453.96, 3.22139, 0.050014).

The method of moments estimators of U = (P, l) based on the six possible pairs of these 
moments are as follows:

(Pn, ln) = D  m1
= m2

= m-1
=

m2
= 2.05682, 0.065759

m-1
= 2.77198, 0.0886239 2.60905, 0.080475

m*
= 2.4106, 0.0770702 2.26450, 0.071304 3.03580, 0.1018202

T .

The maximum likelihood estimates are Un(m1
= , m*

= ) = (2.4106, 0.0770702).

13.2.2  ASYMPTOTIC PROPERTIES OF THE METHOD OF MOMENTS ESTIMATOR

In a few cases, we can obtain the exact distribution of the method of moments estimator. 
For example, in sampling from the normal distribution, mn  has mean m and variance 

2Stuart and Ord (1989, pp. 1–29) give a discussion of sufficient statistics and exponential families of distributions. 
A result that we will use in Chapter 17 is that if the statistics, ck(data), are sufficient statistics, then the conditional 
density, f [y1, c, yn � ck(data), k = 1, c, K], is not a function of the parameters.
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s2/n and is normally distributed, while sn 2 has mean [(n - 1)/n]s2 and variance 
[(n - 1)/n]22s4/(n - 1) and is exactly distributed as a multiple of a chi-squared variate 
with (n - 1) degrees of freedom. If sampling is not from the normal distribution, the 
exact variance of the sample mean will still be Var[y]/n, whereas an asymptotic variance 
for the moment estimator of the population variance could be based on the leading term 
in (D-27), in Example D.10, but the precise distribution may be intractable.

There are cases in which no explicit expression is available for the variance of 
the underlying sample moment. For instance, in Example 13.4, the underlying sample 
statistic is

Mt =
1
n a

n

i = 1
etyi =

1
n a

n

i = 1
Mit.

The exact variance of Mt is known only if t is an integer. But if sampling is random, and 
if Mt is a sample mean, we can estimate its variance with 1/n times the sample variance 
of the observations on Mit. We can also construct an estimator of the covariance of Mt 
and Ms with

Est.Asy.Cov[Mt, Ms] =
1
n

 b 1
n a

n

i = 1
[(etyi - Mt)(esyi - Ms)] r .

In general, when the moments are computed as

mn,k =
1
n a

n

i = 1
mk(yi), k = 1, c, K,

where yi is an observation on a vector of variables, an appropriate estimator of the 
asymptotic covariance matrix of mn = [mn, 1, c, mn,k] can be computed using

1
n

 Fjk =
1
n

 b 1
n a

n

i = 1
[(mj(yi) - mj)(mk(yi) - mk)] r , j, k = 1, c, K.

(One might divide the inner sum by n - 1 rather than n. Asymptotically it is the same.) 
This estimator provides the asymptotic covariance matrix for the moments used in 
computing the estimated parameters. Under the assumption of i.i.d. random sampling 
from a distribution with finite moments, F will converge in probability to the appropriate 
covariance matrix of the normalized vector of moments, � = Asy.Var[2n  m n(U)]. 
Finally, under our assumptions of random sampling, although the precise distribution is 
likely to be unknown, we can appeal to the Lindeberg–Levy central limit theorem (D.18) 
to obtain an asymptotic approximation.

To formalize the remainder of this derivation, refer back to the moment equations, 
which we will now write as

mn,k(u1, u2, c, uK) = 0, k = 1, c, K.

The subscript n indicates the dependence on a data set of n observations. We have also 
combined the sample statistic (sum) and function of parameters, m(u1, c, uK) in this 
general form of the moment equation. Let Gn(U) be the K * K matrix whose kth row 
is the vector of partial derivatives,

Gn,k
= =

0mn,k

0U′
.
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Now, expand the set of solved moment equations around the true values of the 
parameters U0 in a linear Taylor series. The linear approximation is

0 ≈ [mn(U0)] + Gn
= (U0)(Un - U0).

Therefore,

 2n(Un - U0) ≈ -[Gn(U0)]-12n[mn(U0)]. (13-1)

(We have treated this as an approximation because we are not dealing formally with 
the higher-order term in the Taylor series. We will make this explicit in the treatment 
of the GMM estimator in Section 13.4.) The argument needed to characterize the 
large sample behavior of the estimator, Un, is discussed in Appendix D. We have from 
Theorem D.18 (the central limit theorem) that 2n mn(U0) has a limiting normal 
distribution with mean vector 0 and covariance matrix equal to �. Assuming that the 
functions in the moment equation are continuous and functionally independent, we can 
expect Gn(U0) to converge to a nonsingular matrix of constants, Γ(U0). Under general 
conditions, the limiting distribution of the right-hand side of (13-1) will be that of a 
linear function of a normally distributed vector. Jumping to the conclusion, we expect 
the asymptotic distribution of Un to be normal with mean vector U0 and covariance matrix 
(1/n) * {-[�(U0)]-1}�{-[�′(U0)]-1}. Thus, the asymptotic covariance matrix for the 
method of moments estimator may be estimated with

Est.Asy.Var[Un] =
1
n

 [Gn
= (Un)F-1Gn(Un)]-1.

Example 13.5  (Continued)
Using the estimates Un(m1

= , m*
= ) = (2.4106, 0.0770702),

GQ
n

= J -1/ ln Pn/ ln2

-Ψn ′ 1/ ln
R = J -12.97515 405.8353

-0.51241 12.97515
R .

[The function Ψ′(P) is d2 ln Γ(P)/dP2 = (ΓΓ″ - Γ′)/Γ2. With Pn = 2.4106, Γn = 1.250832,
Ψn = 0.658347, and Ψn ′ = 0.512408].3 The matrix F is the sample covariance matrix of y and 
ln y (using 19 as the divisor),

F = J500.68 14.31
14.31 0.47746

R .

The product is

1
n

 [Gn ′F-1Gn ]-1 = J 0.38978 0.014605
0.014605 0.00068747

R .

For the maximum likelihood estimator, the estimate of the asymptotic covariance matrix 
based on the expected (and actual) Hessian is

[-H]-1 =
1
n

 JΨ′ -1/l
-1/l P/l2 R -1

= J0.51243 0.01638
0.01638 0.00064654

R .

The Hessian has the same elements as G because we chose to use the sufficient statistics 
for the moment estimators, so the moment equations that we differentiated are, apart from 

3Ψ′ is the trigamma function. Values for Γ(P), Ψ(P), and Ψ′(P) are tabulated in Abramovitz and Stegun (1971). 
The values given were obtained using the IMSL computer program library.
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a sign change, also the derivatives of the log-likelihood. The estimates of the two variances 
are 0.51203 and 0.00064654, respectively, which agrees reasonably well with the method 
of moments estimates. The difference would be due to sampling variability in a finite sample 
and the presence of F in the first variance estimator.

13.2.3  SUMMARY—THE METHOD OF MOMENTS

In the simplest cases, the method of moments is robust to differences in the specification 
of the data-generating process (DGP). A sample mean or variance estimates its population 
counterpart (assuming it exists), regardless of the underlying process. It is this freedom from 
unnecessary distributional assumptions that has made this method so popular in recent years. 
However, this comes at a cost. If more is known about the DGP, its specific distribution for 
example, then the method of moments may not make use of all of the available information. 
Thus, in Example 13.3, the natural estimators of the parameters of the distribution based on 
the sample mean and variance turn out to be inefficient. The method of maximum likelihood, 
which remains the foundation of much work in econometrics, is an alternative approach 
which utilizes this out of sample information and is, therefore, more efficient.

13.3 MINIMUM DISTANCE ESTIMATION

The preceding analysis has considered exactly identified cases. In each example, there were 
K parameters to estimate and we used K moments to estimate them. In Example 13.5, we 
examined the gamma distribution, a two-parameter family, and considered different pairs 
of moments that could be used to estimate the two parameters. The most efficient estimator 
for the parameters of this distribution will be based on (1/n)Σiyi and (1/n)Σi ln yi. This 
does raise a general question: How should we proceed if we have more moments than we 
need? It would seem counterproductive to simply discard the additional information. In 
this case, logically, the sample information provides more than one estimate of the model 
parameters, and it is now necessary to reconcile those competing estimators.

We have encountered this situation in several earlier examples: In Example 11.23, 
in Passmore et al.’s (2005) study of Fannie Mae, we have four independent estimators 
of a single parameter, an j, each with estimated asymptotic variance Vn j, j = 1, c, 4. The 
estimators were combined using a criterion function,

minimize with respect to a : q = a
4

j = i

(an j - a)2

Vn j

.

The solution to this minimization problem is a minimum distance estimator,

an MDE = a
4

j = 1
wjan j, wj =

1/Vn j

a 4
s = 1(1/Vn s)

, j = 1, c, 4 and a
4

j = 1
wj = 1.

In forming the two-stage least squares estimator of the parameters in a dynamic 
panel data model in Section 11.10.3, we obtained T - 2 instrumental variable estimators 
of the parameter vector U by forming different instruments for each period for which we 
had sufficient data. The T - 2 estimators of the same parameter vector are UnIV(t). The 
Arellano–Bond estimator of the single parameter vector in this setting is

 UnIV = ¢ aT
t = 3

W(t)≤-1¢ aT
t = 3

W(t)U
n

IV(t)≤ = a
T

t = 3
R(t)U

n

IV(t),
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where

W(t) = ¢X∼n (t)
= X∼n (t)≤, R(t) = ¢ aT

t = 3
W(t)≤-1

W(t) and a
T

t = 3
R(t) = I.

Finally, Carey’s (1997) analysis of hospital costs that we examined in Example 11.13 
involved a seemingly unrelated regressions model that produced multiple estimates of 
several of the model parameters. We will revisit this application in Example 13.6.

A minimum distance estimator (MDE) is defined as follows: Let mn,l denote a 
sample statistic based on n observations such that

plim mn,l = gl(U0), l = 1, c, L,

where U0 is a vector of K … L parameters to be estimated. Arrange these moments and 
functions in L * 1 vectors mn and g(U0) and further assume that the statistics are jointly 
asymptotically normally distributed with plim mn = g(U) and Asy.Var[mn] = (1/n)�. 
Define the criterion function

q = [mn - g(U)]′W[mn - g(U)]

for a positive definite weighting matrix, W. The minimum distance estimator is the 
UnMDE that minimizes q. Different choices of W will produce different estimators, but 
the estimator has the following properties for any W:

Proofs may be found in Malinvaud (1970) and Amemiya (1985). For our purposes, we 
note that the MDE is an extension of the method of moments presented in the preceding 
section. One implication is that the estimator is consistent for any W, but the asymptotic 
covariance matrix is a function of W. This suggests that the choice of W might be made 
with an eye toward the size of the covariance matrix and that there might be an optimal 
choice. That does, indeed, turn out to be the case. For minimum distance estimation, the 
weighting matrix that produces the smallest variance is

 optimal weighting matrix: W* = [Asy.Var.2n{mn - g(U)}]-1 = �-1.

THEOREM 13.1 Asymptotic Distribution of the Minimum Distance 
Estimator
Under the assumption that 2n[mn - g(U0)] ¡d

N[0, �], the asymptotic 
 properties of the minimum distance estimator are as follows:

plim UnMDE = U0,

Asy.Var[UMDE] =
1
n

 [�(U0)′W�(U0)]-1[�(U0)′W�W�(U0)][�(U0)′W�(U0)]-1 =
1
n

 V,

where

�(U0) = plim G(UnMDE) = plim 
0g(UnMDE)

0UnMDE
=

,

and

UnMDE ¡a
N cU0, 

1
n

 V d .
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[See Hansen (1982) for discussion.] With this choice of W,

Asy.Var[UnMDE] =
1
n

 [�(U0)′�-1�(U0)]-1,

which is the result we had earlier for the method of moments estimator.
The solution to the MDE estimation problem is found by locating the UnMDE such that

0 q

0UnMDE

= -G(UnMDE)′W[mn - g(UnMDE)] = 0.

An important aspect of the MDE arises in the exactly identified case. If K equals L, 
and if the functions gl(U) are functionally independent, that is, G(U) has full row rank, 
K, then it is possible to solve the moment equations exactly. That is, the minimization 
problem becomes one of simply solving the K moment equations, mn,l = gl(U0) in the K 
unknowns, UnMDE. This is the method of moments estimator examined in the preceding 
section. In this instance, the weighting matrix, W, is irrelevant to the solution, because 
the MDE will now satisfy the moment equations

[mn - g(UnMDE)] = 0.

For the examples listed earlier, which are all for overidentified cases, the minimum 
distance estimators are defined by

q = ((an 1 - a)(an 2 - a)(an 3 - a)(an 4 - a))DVn1 0 0 0
0 Vn2 0 0
0 0 Vn3 0
0 0 0 Vn4

T -1§ (an 1 - a)
(an 2 - a)
(an 3 - a)
(an 4 - a)

¥
for Passmore’s analysis of Fannie Mae, and

q = ((bIV(3) - U) c(bIV(T) - U))′C (X∼n (3)
= X∼n (3)

= ) c 0
f f f
0 c (X∼n (T)

= X∼n (T))
S -1£ (bIV(3) - U)

f
(bIV(T) - U)

≥
for the Arellano–Bond estimator of the dynamic panel data model.

Example 13.6  Minimum Distance Estimation of a Hospital Cost Function
In Carey’s (1997) study of hospital costs in Example 11.13, Chamberlain’s (1984) seemingly 
unrelated regressions (SUR) approach to a panel data model produces five period-specific 
estimates of a parameter vector, Ut. Some of the parameters are specific to the year while 
others (it is hypothesized) are common to all five years. There are two specific parameters of 
interest, bD and bO, that are allowed to vary by year, but are each estimated multiple times by 
the SUR model. We focus on just these parameters. The model states

yit = ai + Ait + bD,t DISit + bO,t OUTit + eit,

where

ai = Bi + ΣtgD,t DISit + ΣtgO,t OUTit + ui, t = 1987, c, 1991.

DISit is patient discharges, and OUTit is outpatient visits. (We are changing Carey’s notation 
slightly and suppressing parts of the model that are extraneous to the development here. 
The terms Ait and Bi contain those additional components.) The preceding model is 
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estimated by inserting the expression for ai in the main equation, then fitting an unrestricted 
seemingly unrelated regressions model by FGLS. There are five years of data, hence five 
sets of estimates. Note, however, with respect to the discharge variable, DIS, although 
each equation provides separate estimates of (gD,1, c, (bD,t + gD,t), c, gD,5), a total of 
five parameter estimates in each equation (year), there are only 10, not 25 parameters to be 
estimated in total. The parameters on OUTit are likewise overidentified. Table 13.1 reproduces 
the estimates in Table 11.7 for the discharge coefficients and adds the estimates for the 
outpatient variable.

Coefficient on Variable in the Equation

Equation DIS87 DIS88 DIS89 DIS90 DIS91

SUR87 bD,87 + gD,87 gD,88 gD,89 gD,90 gD,91

1.76 0.116 -0.0881 0.0570 -0.0617
SUR88 gD,87 bD,88 + gD,88 gD,89 gD,90 gD,91

0.254 1.61 -0.0934 0.0610 -0.0514
SUR89 gD,87 gD,88 bD,89 + gD,89 gD,90 gD,91

0.217 0.0846 1.51 0.0454 -0.0253
SUR90 gD,87 gD,88 gD,89 bD,90 + gD,90 gD,91

0.179 0.0822 0.0295 1.57 0.0244
SUR91 gD,87 gD,88 gD,89 gD,90 bD,91 + gD,91

0.153 0.0363 -0.0422 0.0813 1.70
MDE b = 1.50 b = 1.58 b = 1.54 b = 1.57 b = 1.63

g = 0.219 g = 0.0666 g = -0.0539 g = 0.0690 g = -0.0213

TABLE 13.1a Coefficient Estimates for DIS in SUR Model for Hospital Costs

Coefficient on Variable in the Equation

Equation OUT87 OUT88 OUT89 OUT90 OUT91

SUR87 bO,87 + gD,87 gO,88 gO,89 gO,90 gO,91

0.0139 0.00292 0.00157 0.000951 0.000678
SUR88 gO,87 bO,88 + gO,88 gO,89 gO,90 gO,91

0.00347 0.0125 0.00501 0.00550 0.00503
SUR89 gO,87 gO,88 bO,89 + gO,89 gO,90 gO,91

0.00118 0.00159 0.00832 -0.00220 -0.00156
SUR90 gO,87 gO,88 gO,89 bO,90 + gO,90 gO,91

-0.00226 -0.00155 0.000401 0.00897 0.000450
SUR91 gO,87 gO,88 gO,89 gO,90 bO,91 + gO,91

0.00278 0.00255 0.00233 0.00305 0.0105
MDE b = 0.0112 b = 0.00999 b = 0.0100 b = 0.00915 b = 0.00793

g = 0.00177 g = 0.00408 g = -0.00011 g = -0.00073 g = 0.00267

TABLE 13.1b Coefficient Estimates for OUT in SUR Model for Hospital Costs
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Looking at the tables we see that the SUR model provides four direct estimates of gD,87, 
based on the 1988–1991 equations. It also implicitly provides four estimates of bD,87 because 
any of the four estimates of gD,87 from the last four equations can be subtracted from the 
coefficient on DIS in the 1987 equation to estimate bD,87. There are 50 parameter estimates 
of different functions of the 20 underlying parameters,

u = (bD,87, c, bD,91), (gD,87, c, gD,91), (bO,87, c, bO,91), (gO,87, c, gO,91),

and, therefore, 30 constraints to impose in finding a common, restricted estimator. An MDE 
was used to reconcile the competing estimators.

Let Bnt denote the 10 * 1 period-specific estimator of the model parameters. Unlike the 
other cases we have examined, the individual estimates here are not uncorrelated. In the SUR 
model, the estimated asymptotic covariance matrix is the partitioned matrix given in (10-7). 
For the estimators of two equations,

Est.Asy.Cov[Bnt, Bns] = the t, s block of Dsn 11X1
=X1 sn 12X1

=X2 c sn 15X1
=X5

sn 21X2
=X1 sn 22X2

=X2 c sn 25X2
=X5

f f f f
sn 51X5

=X1 sn 52X5
=X2 c sn 55X5

=X5

T -1

= Vn ts ,

where sn ts is the t,s element of �n -1. (We are extracting a submatrix of the relevant matrices 
here because Carey’s SUR model contained 26 other variables in each equation in addition 
to the five periods of DIS and OUT). The 50 * 50 weighting matrix for the MDE is

W = EVn87,87 Vn87,88 Vn87,89 Vn87,90 Vn87,91

Vn88,87 Vn88,88 Vn88,89 Vn88,90 Vn88,91

Vn89,87 Vn89,88 Vn89,89 Vn89,90 Vn89,91

Vn90,87 Vn90,88 Vn90,89 Vn90,90 Vn90,91

Vn91,87 Vn91,88 Vn91,89 Vn91,90 Vn91,91

U -1

= [Vn ts].

The vector of the quadratic form is a stack of five 10 * 1 vectors; the first is

mn,87 - g87(U)

= J {bnD,87
87 - (bD,87 + gD,87)}, {bnD,88

87 - gD,88}, {bnD,89
87 - gD,89}, {bnD,90

87 - gD,90}, {bnD,91
87 - gD,90},

{bnO,87
87 - (bO,87 + gO,87)}, {bnO,88

87 - gO,88}, {bnO,89
87 - gO,89}, {bnO,90

87 - gO,90}, {bnO,91
87 - gO,90}

R =

for the 1987 equation and likewise for the other four equations. The MDE criterion function 
for this model is

q = a
1991

t = 1987
a

1991

s = 1987
[mt - gt(U)]=Vn ts[ms - gs(U)].

Note there are 50 estimated parameters from the SUR equations (those are listed in Table 13.1) 
and 20 unknown parameters to be calibrated in the criterion function. The reported minimum 
distance estimates are shown in the last row of each table.

13.4 THE GENERALIZED METHOD OF MOMENTS (GMM) ESTIMATOR

A large proportion of the recent empirical work in econometrics, particularly in 
macroeconomics and finance, has employed GMM estimators. As we shall see, this broad 
class of estimators, in fact, includes most of the estimators discussed elsewhere in this book.
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The GMM estimation technique is an extension of the minimum distance estimator 
described in Section 13.3.4 In the following, we will extend the generalized method of 
moments to other models beyond the generalized linear regression, and we will fill in 
some gaps in the derivation in Section 13.2.

13.4.1  ESTIMATION BASED ON ORTHOGONALITY CONDITIONS

Consider the least squares estimator of the parameters in the classical linear regression 
model. An important assumption of the model is

E[xiei] = E[xi(yi - xi
=B)] = 0.

The sample analog is

1
n a

n

i = 1
xieni =

1
n a

n

i = 1
xi(yi - xi

=Bn) = 0.

The estimator of B is the one that satisfies these moment equations, which are just the 
normal equations for the least squares estimator. So we see that the OLS estimator is a 
method of moments estimator.

For the instrumental variables estimator of Chapter 8, we relied on a large sample 
analog to the moment condition,

plim a 1
n a

n

i = 1
zieib = plim a 1

n a
n

i = 1
zi(yi - xi

=B)b = 0.

We resolved the problem of having more instruments than parameters by solving the 
equations

a 1
n

 X′Zb a 1
n

 Z′Zb
-1

a 1
n

 Z′En b =
1
n

 Xn ′En =
1
n a

n

i = 1
xnieni = 0,

where the columns of Xn  are the fitted values in regressions on all the columns of Z (that 
is, the projections of these columns of X into the column space of Z). (See Section 8.3.4 
for further details.)

The nonlinear least squares estimator was defined similarly, although in this case 
the normal equations are more complicated because the estimator is only implicit. The 
population orthogonality condition for the nonlinear regression model is E[xi

0ei] = 0. 
The empirical moment equation is

1
n a

n

i = 1
¢ 0E[yi � xi, B]

0B
≤(yi - E[yi � xi, B]) = 0.

Maximum likelihood estimators are obtained by equating the derivatives of a  
log-likelihood to zero. The scaled log-likelihood function is

1
n

 ln L =
1
n a

n

i = 1
 ln f(yi � xi, U),

4Formal presentation of the results required for this analysis are given by Hansen (1982); Hansen and Singleton 
(1988); Chamberlain (1987); Cumby, Huizinga, and Obstfeld (1983); Newey (1984, 1985a,b); Davidson and 
MacKinnon (1993); and Newey and McFadden (1994). Useful summaries of GMM estimation are provided 
by Pagan and Wickens (1989) and Matyas (1999). An application of some of these techniques that contains 
useful summaries is Pagan and Vella (1989). Some further discussion can be found in Davidson and MacKinnon 
(2004). Ruud (2000) provides many of the theoretical details. Hayashi (2000) is another extensive treatment of 
estimation centered on GMM estimators.
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where f( # ) is the density function and U is the parameter vector. For densities that satisfy 
the regularity conditions [see Section 14.4.1],

EJ 0 ln f(yi � xi, U)

0U
R = 0.

The maximum likelihood estimator is obtained by equating the sample analog to zero:

1
n

 
0 ln L

0Un
=

1
n a

n

i = 1

0 ln f(yi � xi, Un)

0Un
= 0.

(Dividing by n to make this result comparable to our earlier ones does not change the 
solution.) The upshot is that nearly all the estimators we have discussed and will encounter 
later can be construed as method of moments estimators. [Manski’s (1992) treatment of 
analog estimation provides some interesting extensions and methodological discourse.]

As we extend this line of reasoning, it will emerge that most of the estimators 
defined in this book can be viewed as generalized method of moments estimators.

13.4.2  GENERALIZING THE METHOD OF MOMENTS

The preceding examples all have a common aspect. In each case listed, save for the 
general case of the instrumental variable estimator, there are exactly as many moment 
equations as there are parameters to be estimated. Thus, each of these are exactly 
identified cases. There will be a single solution to the moment equations, and at that 
solution, the equations will be exactly satisfied.5 But there are cases in which there are 
more moment equations than parameters, so the system is overdetermined.

In Example 13.5, we defined four sample moments,

g =
1
n a

n

i = 1
Jyi, yi

2, 
1
yi

, ln yiR ,

with probability limits P/l, P(P + 1)/l2, l/(P - 1), and c(P) - ln l, respectively. Any 
pair could be used to estimate the two parameters, but as shown in the earlier example, 
the six pairs produce six somewhat different estimates of U = (P, l).

In such a case, to use all the information in the sample it is necessary to devise a way 
to reconcile the conflicting estimates that may emerge from the overdetermined system. 
More generally, suppose that the model involves K parameters, U = (u1, u2, c, uK)′, 
and that the theory provides a set of L 7 K moment conditions,

E[ml(yi, xi, zi, U)] = E[mil(U)] = 0,

where yi, xi, and zi are variables that appear in the model and the subscript i on mil(U) 
indicates the dependence on (yi, xi, zi). Denote the corresponding sample means as

ml(y, X, Z, U) =
1
n a

n

i = 1
ml(yi, xi, zi, U) =

1
n a

n

i = 1
mil(U).

Unless the equations are functionally dependent, the system of L equations in K 
unknown parameters,

ml(U) =
1
n a

n

i = 1
ml(yi, xi, zi, U) = 0, l = 1, c, L,

5That is, of course if there is any solution. In the regression model with multicollinearity, there are K parameters 
but fewer than K independent moment equations.
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will not have a unique solution.6 For convenience, the moment equations are defined 
implicitly here as opposed to equalities of moments to functions as in Section 13.3. It 
will be necessary to reconcile the (K

L) different sets of estimates that can be produced. 
One possibility is to minimize a criterion function, such as the sum of squares,7

 q = a
L

l = 1
ml

2 = m(U)′m(U). (13-2)

It can be shown that under the assumptions we have made so far, specifically that plim 
m(U) = E[m(U)] = 0, the minimizer of q in (13-2) produces a consistent, though 
possibly inefficient, estimator of U.8 We can use as the criterion a weighted sum of 
squares,

q = m(U)′Wn m(U),

where Wn is any positive definite matrix that may depend on the data but is not a 
function of U, such as I in (13-2), to produce a consistent estimator of U.9 For example, 
we might use a diagonal matrix of weights if some information were available about the 
importance (by some measure) of the different moments. We do make the additional 
assumption that plim Wn = a positive definite matrix, W.

By the same logic that makes generalized least squares preferable to ordinary 
least squares, it should be beneficial to use a weighted criterion in which the weights 
are inversely proportional to the variances of the moments. Let W be a diagonal 
matrix whose diagonal elements are the reciprocals of the variances of the individual 
moments,

wll =
1

Asy.Var[2nml]
=

1
fll

.

(We have written it in this form to emphasize that the right-hand side involves the 
variance of a sample mean which is of order (1/n).) Then, a weighted least squares 
estimator would minimize

 q = m(U)′�-1m(U). (13-3)

In general, the L elements of m are freely correlated. In (13-3), we have used a diagonal W 
that ignores this correlation. To use generalized least squares, we would define the full 
matrix,

 W = {Asy.Var[2n m]}-1 = �-1. (13-4)

The estimators defined by choosing U to minimize

q = m(U)′Wn m(U)

6It may if L is greater than the sample size, n. We assume that L is strictly less than n.
7This approach is one that Quandt and Ramsey (1978) suggested for the problem in Example 13.4.
8See, for example, Hansen (1982).
9In principle, the weighting matrix can be a function of the parameters as well. See Hansen, Heaton, and Yaron 
(1996) for discussion. Whether this provides any benefit in terms of the asymptotic properties of the estimator 
seems unlikely. The one payoff the authors do note is that certain estimators become invariant to the sort of 
normalization that is discussed in Example 14.1. In practical terms, this is likely to be a consideration only in a 
fairly small class of cases.
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are minimum distance estimators as defined in Section 13.3. The general result is that if 
Wn is a positive definite matrix and if

plim m(U) = 0,

then the minimum distance (GMM) estimator of U is consistent.10 Because the OLS 
criterion in (13-2) uses I, this method produces a consistent estimator, as does the 
weighted least squares estimator and the full GLS estimator. What remains to be decided 
is the best W to use. Intuition might suggest (correctly) that the one defined in (13-4) 
would be optimal, once again based on the logic that motivates generalized least squares. 
This result is the now-celebrated one of Hansen (1982).

The asymptotic covariance matrix of this generalized method of moments (GMM) 
estimator is

 VGMM =
1
n

 [�′W�]-1 =
1
n

 [�′�-1�]-1, (13-5)

where � is the matrix of derivatives with jth row equal to

�j = plim 
0mj(U)

0U
,

and � = Asy.Var[2n m]. Finally, by virtue of the central limit theorem applied to the 
sample moments and the Slutsky theorem applied to this manipulation, we can expect 
the estimator to be asymptotically normally distributed. We will revisit the asymptotic 
properties of the estimator in Section 13.4.3.

Example 13.7  GMM Estimation of a Nonlinear Regression Model
In Example 7.6, we  examined a nonlinear regression model for income using the German 
Socioeconomic Panel Data set. The regression model was

Income = h(1, Age, Education, Female, G) + e,

where h(.) is an exponential function of the variables. In the example, we used several interaction 
terms. In this application, we will simplify the conditional mean function somewhat, and use

Income = exp(g1 + g2Age + g3Education + g4Female) + e,

which, for convenience, we will write yi = exp(xi
=G) + ei = mi + ei.11 The sample consists of 

the 1988 wave of the panel, less two observations for which Income equals zero. The resulting 
sample contains 4,481 observations. Descriptive statistics for the sample data are given in 
Table 7.2. We will first consider nonlinear least squares estimation of the parameters. The 
normal equations for nonlinear least squares will be

(1/n)Σ i[(yi - mi)mixi] = (1/n)Σ i[eimixi] = 0.

Note that the orthogonality condition involves the pseudoregressors, 0mi/0g = xi
0 = mixi. The 

implied population moment equation is E[ei(mixi)] = 0. Computation of the nonlinear least squares 
estimator is discussed in Section 7.2.8. The estimator of the asymptotic covariance matrix is

Est.Asy.Var[GnNLSQ] =
Σ i = 1

n (yi - mn i)2

(4,481 - 4)
 J a

4,481

i = 1
(mn ixi)(mn ixi)= R -1

, where mn i = exp(xi
=Gn ).

10In the most general cases, a number of other subtle conditions must be met so as to assert consistency and the 
other properties we discuss. For our purposes, the conditions given will suffice. Minimum distance estimators are 
discussed in Malinvaud (1970), Hansen (1982), and Amemiya (1985).
11We note that in this model, it is likely that Education is endogenous. It would be straightforward to accommodate 
that in the GMM estimator. However, for purposes of a straightforward numerical example, we will proceed 
assuming that Education is exogenous.
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A simple method of moments estimator might be constructed from the hypothesis that xi (not 
xi

0) is orthogonal to ei. Then,

E[eixi] = ED ei§ 1
Agei

Educationi

Femalei

¥ T = 0

implies four moment equations. The sample counterparts will be

mk(G) =
1
n a

n

i = 1
(yi - mi) xik =

1
n a

n

i = 1
eixik.

In order to compute the method of moments estimator, we will minimize the sum of squares,

m′(G) m(G) = a
4

k = 1
mk

2(G).

This is a nonlinear optimization problem that must be solved iteratively using the methods 
described in Section E.3.

With the first-step estimated parameters, Gn 0. in hand, the covariance matrix is estimated 
using (13-5).

 �n = b 1
4,481 a

4,481

i = 1
mi(Gn 0)mi

=(Gn 0) r = b 1
4,481 a

4,481

i = 1
(en i

0xi)(en i
0xi)′ r

 G = e 1
4,481 a

n

i = 1
xi(-mi

0xi)′ f .

The asymptotic covariance matrix for the MOM estimator is computed using (13-5),

Est.Asy.Var[GnMOM] =
1
n

 [G�n -1G′]-1.

Suppose we have in hand additional variables, Health Satisfaction and Marital Status, such 
that although the conditional mean function remains as given previously, we will use them to 
form a GMM estimator. This provides two additional moment equations,

EJei¢Health Satisfactioni

Marital Statusi
≤ R ,

for a total of six moment equations for estimating the four parameters. We constuct the 
generalized method of moments estimator as follows: The initial step is the same as before, 
except the sum of squared moments, m′(G)m(G), is summed over six rather than four terms. 
We then construct

� = b 1
4,481 a

4,481

i = 1
mi(Gn )mi

=(Gn) r = b 1
4,481 a

4,481

i = 1
(en izi)(en izi)′ r ,

where now zi in the second term is the six exogenous variables, rather than the original four 
(including the constant term). Thus, �n  is now a 6 * 6 moment matrix. The optimal weighting 
matrix for estimation (developed in the next section) is �n -1. The GMM estimator is computed 
by minimizing with respect to G

q = m′(G)�n -1m(G).

The asymptotic covariance matrix is computed using (13-5) as it was for the simple method 
of moments estimator.
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Table 13.2 presents four sets of estimates, nonlinear least squares, method of moments, 
first-step GMM, and GMM using the optimal weighting matrix. Two comparisons are noted. 
The method of moments produces slightly different results from the nonlinear least squares 
estimator. This is to be expected because they are different criteria. Judging by the standard 
errors, the GMM estimator seems to provide a very slight improvement over the nonlinear 
least squares and method of moments estimators. The conclusion, though, would seem to be 
that the two additional moments (variables) do not provide very much additional information 
for estimation of the parameters.

13.4.3  PROPERTIES OF THE GMM ESTIMATOR

We will now examine the properties of the GMM estimator in some detail. Because the 
GMM estimator includes other familiar estimators that we have already encountered, 
including least squares (linear and nonlinear) and instrumental variables, these results will 
extend to those cases. The discussion given here will only sketch the elements of the formal 
proofs. The assumptions we make here are somewhat narrower than a fully general treatment 
might allow, but they are broad enough to include the situations likely to arise in practice. 
More detailed and rigorous treatments may be found in, for example, Newey and McFadden 
(1994), White (2001), Hayashi (2000), Mittelhammer et al. (2000), or Davidson (2000).

The GMM estimator is based on the set of population orthogonality conditions,

E[mi(U0)] = 0,

where we denote the true parameter vector by U0. The subscript i on the term on the 
left-hand side indicates dependence on the observed data, (yi, xi, zi). Averaging this over 
the sample observations produces the sample moment equation

E[mn(U0)] = 0,
where

mn(U0) =
1
n a

n

i = 1
mi(U0).

This moment is a set of L equations involving the K parameters. We will assume that this 
expectation exists and that the sample counterpart converges to it. The definitions are 
cast in terms of the population parameters and are indexed by the sample size. To fix the 
ideas, consider, once again, the empirical moment equations that define the instrumental 
variable estimator for a linear or nonlinear regression model.

Estimate Nonlinear  
Least Squares

Method of  
Moments

First Step  
GMM

GMM

Constant -1.69331 -1.62969 -1.45551 -1.61192
(0.04408) (0.04214) (0.10102) (0.04163)

Age 0.00207 0.00178 -0.00028 0.00092
(0.00061) (0.00057) (0.00100) (0.00056)

Education 0.04792 0.04861 0.03731 0.04647
(0.00247) (0.00262) (0.00518) (0.00262)

Female -0.00658 0.00070 -0.02205 -0.01517
(0.01373) (0.01384) (0.01445) (0.01357)

TABLE 13.2 Nonlinear Regression Estimates (Standard errors in parentheses)
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Example 13.8  Empirical Moment Equation for Instrumental Variables
For the IV estimator in the linear or nonlinear regression model, we assume

E [mn(B)] = EJ1
n a

n

i = 1
zi[yi - h(xi, B)]R = 0.

There are L instrumental variables in zi and K parameters in B. This statement defines L 
moment equations, one for each instrumental variable.

We make the following assumptions about the model and these empirical moments:

The laws of large numbers that we examined in Appendix D accommodate cases 
of independent observations. Cases of dependent or correlated observations can be 
gathered under the Ergodic theorem (20.1). For this more general case, then, we would 
assume that the sequence of observations m(U) constitutes a jointly (L * 1) stationary 
and ergodic process.

The empirical moments are assumed to be continuous and continuously 
differentiable functions of the parameters. For our earlier example, this would mean 
that the conditional mean function, h(xi, B) is a continuous function of B (although not 
necessarily of xi). With continuity and differentiability, we will also be able to assume 
that the derivatives of the moments,

Gn(U0) =
0mn(U0)

0U0
= =

1
n a

n

i = 1

0mi,n(U0)

0U0
=

,

converge to a probability limit, say, plim Gn(U0) = G(U0). [See (13-1), (13-5), and 
Theorem 13.1.] For sets of independent observations, the continuity of the functions and 
the derivatives will allow us to invoke the Slutsky theorem to obtain this result. For the 
more general case of sequences of dependent observations, Theorem 20.2, Ergodicity of 
Functions, will provide a counterpart to the Slutsky theorem for time-series data. In sum, 
if the moments themselves obey a law of large numbers, then it is reasonable to assume 
that the derivatives do as well.

ASSUMpTION 13.1 Convergence of the Empirical Moments
The data-generating process is assumed to meet the conditions for a law of large 
numbers to apply, so that we may assume that the empirical moments converge in 
probability to their expectation. Appendix D lists several different laws of large 
numbers that increase in generality. What is required for this assumption is that

mn(U0) =
1
n a

n

i = 1
mi(U0) ¡p

0.

ASSUMpTION 13.2 Identification
For any n Ú K, if U1 and U2 are two different parameter vectors, then there exist 
data sets such that mn(U1) ≠ mn(U2). Formally, in Section 12.5.3, identification 
is defined to imply that the probability limit of the GMM criterion function is 
uniquely minimized at the true parameters, u0.
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Assumption 13.2 is a practical prescription for identification. More formal conditions 
are discussed in Section 12.5.3. We have examined two violations of this crucial 
assumption. In the linear regression model, one of the assumptions is full rank of the 
matrix of exogenous variables—the absence of multicollinearity in X. In our discussion 
of the maximum likelihood estimator, we will encounter a case (Example 14.1) in which 
a normalization is needed to identify the vector of parameters.12 Both of these cases are 
included in this assumption. The identification condition has three important 
implications:

1. Order condition. The number of moment conditions is at least as large as the number 
of parameters, L Ú K. This is necessary, but not sufficient, for identification.

2. Rank condition. The L * K matrix of derivatives, Gn(U0), will have row rank equal 
to K. (Again, note that the number of rows must equal or exceed the number of 
columns.)

3. Uniqueness. With the continuity assumption, the identification assumption implies 
that the parameter vector that satisfies the population moment condition is unique. 
We know that at the true parameter vector, plim mn(U0) = 0. If U1 is any parameter 
vector that satisfies this condition, then U1 must equal U0.

Assumptions 13.1 and 13.2 characterize the parameterization of the model. Together 
they establish that the parameter vector will be estimable. We now make the statistical 
assumption that will allow us to establish the properties of the GMM estimator.

The underlying requirements on the data for this assumption to hold will vary and will be 
complicated if the observations comprising the empirical moment are not independent. 
For samples of independent observations, we assume the conditions underlying the 
Lindeberg–Feller (D.19) or Liapounov central limit theorem (D.20) will suffice. For 
the more general case, it is once again necessary to make some assumptions about the 
data. We have assumed that E[mi(U0)] = 0. If we can go a step further and assume 
that the functions mi(U0) are an ergodic, stationary martingale difference sequence, 
E[mi(U0) � mi - 1(U0), mi - 2(U0) c] = 0, then we can invoke Theorem 20.3, the central 
limit theorem for the martingale difference series. It will generally be fairly complicated 
to verify this assumption for nonlinear models, so it will usually be assumed outright. On 
the other hand, the assumptions are likely to be fairly benign in a typical application. 
For regression models, the assumption takes the form

E[ziei � zi - 1ei - 1, c] = 0,

which will often be part of the central structure of the model.

12See Hansen et al. (1996) for discussion of this case.

ASSUMpTION 13.3 Asymptotic Distribution of Empirical Moments
We assume that the empirical moments obey a central limit theorem. This assumes 
that the moments have a finite asymptotic covariance matrix, (1/n)�, so that 2n mn(U0) ¡d

N[0, �].
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With the assumptions in place, we have

We will now sketch a proof of Theorem 13.2. The GMM estimator is obtained by 
minimizing the criterion function,

qn(U) = mn(U)′Wn mn(U),

where Wn is the weighting matrix used. Consistency of the estimator that minimizes 
this criterion can be established by the same logic that will be used for the maximum 
likelihood estimator. It must first be established that qn(U) converges to a value q0(U). 
By our assumptions of strict continuity and Assumption 13.1, qn(U0) converges to 0. 
(We could apply the Slutsky theorem to obtain this result.) We will assume that qn(U) 
converges to q0(U) for other points in the parameter space as well. Because Wn is positive 
definite, for any finite n, we know that

 0 … qn(UnGMM) … qn(U0). (13-7)

That is, in the finite sample, UnGMM actually minimizes the function, so the sample value of 
the criterion is not larger at UnGMM than at any other value, including the true parameters. 
But, at the true parameter values, qn(U0) ¡p

0. So, if (13-7) is true, then it must 
follow that qn(UnGMM) ¡p

0 as well because of the identification assumption, 13.2. As 
n S ∞ , qn(UnGMM) and qn(U) converge to the same limit. It must be the case, then, that as 
n S ∞ , mn(UnGMM) S mn(U0), because the function is quadratic and W is positive definite. 
The identification condition that we assumed earlier now assures that as n S ∞ , UnGMM 
must equal U0. This establishes consistency of the estimator.

We will now sketch a proof of the asymptotic normality of the estimator. The first-
order conditions for the GMM estimator are

 
0qn(UnGMM)

0UnGMM

= 2Gn(UnGMM)′Wn mn(UnGMM) = 0. (13-8)

(The leading 2 is irrelevant to the solution, so it will be dropped at this point.) The 
orthogonality equations are assumed to be continuous and continuously differentiable. 
This allows us to employ the mean value theorem as we expand the empirical moments 
in a linear Taylor series around the true value, U0,

 mn(UnGMM) = mn(U0) + Gn(U)(UnGMM - U0), (13-9)

where U is a point between UnGMM and the true parameters, U0. Thus, for each element 
uk = wku

n

k,GMM + (1 - wk)u0,k for some wk such that 0 6 wk 6 1. Insert (13-9) in (13-8) 
to obtain

Gn(UnGMM)′Wn mn(U0) + Gn(UnGMM)′WnGn(U)(UnGMM - U0) = 0.

THEOREM 13.2 Asymptotic Distribution of the GMM Estimator
Under the preceding assumptions,

 UnGMM ¡p
U0, 

 UnGMM
a  N[U0, VGMM], (13-6)

where VGMM is defined in (13-5).
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Solve this equation for the estimation error and multiply by 2n. This produces2n(UnGMM - U0) = -[Gn(UnGMM)′WnGn(U)]-1Gn(UnGMM)′Wn2n mn(U0).

Assuming that they have them, the quantities on the left- and right-hand sides have the 
same limiting distributions. By the consistency of UnGMM, we know that UnGMM and U both 
converge to U0. By the strict continuity assumed, it must also be the case that

Gn(Un) ¡p
G(U0) and Gn(UnGMM) ¡p

G(U0).

We have also assumed that the weighting matrix, Wn, converges to a matrix of 
constants, W. Collecting terms, we find that the limiting distribution of the vector on 
the left-hand side must be the same as that on the right-hand side in (13-10),

 2n(UnGMM - U0) ¡d
{-[G(U0)′WG(U0)]-1G(U0)′W}2n mn(U0). (13-10)

We now invoke Assumption 13.3. The matrix in curled brackets is a set of constants. The 
last term has the normal limiting distribution given in Assumption 13.3. The mean and 
variance of this limiting distribution are zero and �, respectively. Collecting terms, we 
have the result in Theorem 13.2, where

 VGMM =
1
n

 [G(U0)′WG(U0)]-1 G(U0)′W�WG(U0)[G(U0)′WG(U0)]-1. (13-11)

The final result is a function of the choice of weighting matrix, W. If the optimal weighting 
matrix, W = �-1, is used, then the expression collapses to

 VGMM,optimal =
1
n

 [G(U0)′�-1G(U0)]-1. (13-12)

Returning to (13-11), there is a special case of interest. If we use least squares or 
instrumental variables with W = I, then

VGMM =
1
n

 (G′G)-1G′�G(G′G)-1.

This equation prescribes essentially the White or Newey–West estimator, which returns 
us to our departure point and provides a neat symmetry to the GMM principle. We will 
formalize this in Section 13.6.1.

13.5 TESTING HYPOTHESES IN THE GMM FRAMEWORK

The estimation framework developed in the previous section provides the basis for a 
convenient set of statistics for testing hypotheses. We will consider three groups of tests. 
The first is a pair of statistics that is used for testing the validity of the restrictions that 
produce the moment equations. The second is a trio of tests that correspond to the familiar 
Wald, LM, and LR tests. The third is a class of tests based on the theoretical underpinnings 
of the conditional moments that we used earlier to devise the GMM estimator.

13.5.1  TESTING THE VALIDITY OF THE MOMENT RESTRICTIONS

In the exactly identified cases we examined earlier (least squares, instrumental variables, 
maximum likelihood), the criterion for GMM estimation,

q = m(U)′Wm(U),
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would be exactly zero because we can find a set of estimates for which m(U) is exactly 
zero. Thus, in the exactly identified case when there are the same number of moment 
equations as there are parameters to estimate, the weighting matrix W is irrelevant to the 
solution. But if the parameters are overidentified by the moment equations, then these 
equations imply substantive restrictions. As such, if the hypothesis of the model that led to 
the moment equations in the first place is incorrect, at least some of the sample moment 
restrictions will be systematically violated. This conclusion provides the basis for a test of 
the overidentifying restrictions. By construction, when the optimal weighting matrix is used,

nq = [2n m(Un)′]{Est.Asy.Var[2n m(Un)]}-1[2n m(Un)],

so nq is a Wald statistic. Therefore, under the hypothesis of the model,

nq ¡d
x2[L - K].

(For the exactly identified case, there are zero degrees of freedom and q = 0.)

Example 13.9  Overidentifying Restrictions
In Hall’s consumption model, two orthogonality conditions noted in Example 13.1 exactly 
identify the two parameters. But his analysis of the model suggests a way to test the 
specification. The conclusion, “No information available in time t apart from the level of 
consumption, ct, helps predict future consumption, ct + 1, in the sense of affecting the expected 
value of marginal utility. In particular, income or wealth in periods t or earlier are irrelevant once 
ct is known,” suggests how one might test the model. If lagged values of income (Yt might 
equal the ratio of current income to the previous period’s income) are added to the set of 
instruments, then the model is now overidentified by the orthogonality conditions,

Et D (b(1 + rt + 1)Rt + 1
l - 1) * § 1

Rt

Yt - 1

Yt - 2

¥ T = J0
0
R .

A simple test of the overidentifying restrictions would be suggestive of the validity of the 
corollary. Rejecting the restrictions casts doubt on the original model. Hall’s proposed tests 
to distinguish the life cycle–permanent income model from other theories of consumption 
involved adding two lags of income to the information set. Hansen and Singleton (1982) 
operated directly on this form of the model. Other studies, for example, Campbell and 
Mankiw’s (1989) as well as Hall’s, used the model’s implications to formulate more 
conventional instrumental variable regression models.

The preceding is a specification test, not a test of parametric restrictions. However, 
there is a symmetry between the moment restrictions and restrictions on the parameter 
vector. Suppose U is subjected to J restrictions (linear or nonlinear) that restrict the number 
of free parameters from K to K - J. (That is, reduce the dimensionality of the parameter 
space from K to K - J.) The nature of the GMM estimation problem we have posed is 
not changed at all by the restrictions. The constrained problem may be stated in terms of

qR = m(UR)′Wm(UR).

Note that the weighting matrix, W, is unchanged. The precise nature of the solution 
method may be changed—the restrictions mandate a constrained optimization. However, 
the criterion is essentially unchanged. It follows then that

nqR ¡d
x2[L - (K - J)].
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This result suggests a method of testing the restrictions, although the distribution theory 
is not obvious. The weighted sum of squares with the restrictions imposed, nqR, must 
be larger than the weighted sum of squares obtained without the restrictions, nq. The 
difference is

 (nqR - nq) ¡d
x2[J]. (13-13)

The test is attributed to Newey and West (1987b). This provides one method of testing 
a set of restrictions. (The small-sample properties of this test will be the central focus 
of the application discussed in Section 13.6.5.) We now consider several alternatives.

13.5.2  GMM WALD COUNTERPARTS TO THE WALD, LM, AND LR TESTS

Section 14.6 describes a trio of testing procedures that can be applied to a hypothesis 
in the context of maximum likelihood estimation. To reiterate, let the hypothesis to 
be tested be a set of J possibly nonlinear restrictions on K parameters U in the form 
H0: r(U) = 0. Let c1 be the maximum likelihood estimates of U estimated without the 
restrictions, and let c0 denote the restricted maximum likelihood estimates, that is, the 
estimates obtained while imposing the null hypothesis. The three statistics, which are 
asymptotically equivalent, are obtained as follows:

LR = likelihood ratio = -2(ln L0 - ln L1),

where

ln Lj = log@likelihood function evaluated at cj, j = 0, 1.

The likelihood ratio statistic requires that both estimates be computed. The Wald 
statistic is

 W = Wald = [r(c1)]′{Est.Asy.Var[r(c1)]}-1[r(c1)]. (13-14)

The Wald statistic is the distance measure for the degree to which the unrestricted 
estimator fails to satisfy the restrictions. The usual estimator for the asymptotic 
covariance matrix would be

 Est.Asy.Var[r(c1)] = R1{Est.Asy.Var[c1]}R1
= , (13-15)

where

R1 = 0r(c1)/0c1
= (R1 is a J * K matrix).

The Wald statistic can be computed using only the unrestricted estimate. The LM statistic is

 LM = Lagrange multiplier = g1
=(c0){Est.Asy.Var[g1(c0)]}-1g1(c0), (13-16)

where

g1(c0) = 0 ln L1(c0)/0c0,

that is, the first derivatives of the unconstrained log-likelihood computed at the restricted 
estimates. The term Est.Asy.Var[g1(c0)] is the inverse of any of the usual estimators 
of the asymptotic covariance matrix of the maximum likelihood estimators of the 
parameters, computed using the restricted estimates. The most convenient choice is 
usually the BHHH estimator. The LM statistic is based on the restricted estimates.
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Newey and West (1987b) have devised counterparts to these test statistics for the 
GMM estimator. The Wald statistic is computed identically, using the results of GMM 
estimation rather than maximum likelihood.13 That is, in (13-14), we would use the 
unrestricted GMM estimator of U. The appropriate asymptotic covariance matrix is 
(13-12). The computation is exactly the same. The counterpart to the LR statistic is the 
difference in the values of nq in (13-13). It is necessary to use the same weighting matrix, 
W, in both restricted and unrestricted estimators. Because the unrestricted estimator is 
consistent under both H0 and H1, a consistent, unrestricted estimator of U is used to 
compute W. Label this �1

-1 = {Asy.Var[2n m1(c1)]}-1. In each occurrence, the 
subscript 1 indicates reference to the unrestricted estimator. Then q is minimized without 
restrictions to obtain q1 and then subject to the restrictions to obtain q0. The statistic is 
then (nq0 - nq1).14 Because we are using the same W in both cases, this statistic is 
necessarily nonnegative. (This is the statistic discussed in Section 13.5.1.)

Finally, the counterpart to the LM statistic would be

LMGMM = n[m1(c0)′�n 1
-1Gn 1(c0)][G1(c0)′�n 1

-1G1(c0)]-1[G1(c0)′�n 1
-1m1(c0)].

The logic for this LM statistic is the same as that for the MLE. The derivatives of the 
minimized criterion q in (13-3) evaluated at the restricted estimator are

g1(c0) =
0q

0c0
= 2G1(c0)′�n 1

-1m(c0).

The LM statistic, LMGMM, is a Wald statistic for testing the hypothesis that this vector 
equals zero under the restrictions of the null hypothesis. From our earlier results, we 
would have

Est.Asy.Var[g1(c0)] =
4
n

 G1(c0)′�n 1
-1{Est.Asy.Var[2n m(c0)]}�n 1

-1G1(c0).

The estimated asymptotic variance of 2n m(c0) is �n 1, so

Est.Asy.Var[g1(c0)] =
4
n

 G1(c0)′�n 1
-1G1(c0).

The Wald statistic would be

 Wald = g1(c0)′{Est.Asy.Var[g1(c0)]}-1g1(c0)

  = n m1
=(c0)�n 1

-1G1(c0){G1(c0)′�n 1
-1G1(c0)}-1G1(c0)′�n 1

-1m1(c0). (13-17)

13.6 GMM ESTIMATION OF ECONOMETRIC MODELS

The preceding has suggested that the GMM approach to estimation broadly encompasses 
most of the estimators we will encounter in this book. We have implicitly examined least 
squares and the general method of instrumental variables in the process. In this section, 

13See Burnside and Eichenbaum (1996) for some small-sample results on this procedure. Newey and McFadden 
(1994) have shown the asymptotic equivalence of the three procedures.
14Newey and West label this test the D test.
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514 PART III  ✦   Estimation Methodology

we will formalize more specifically the GMM estimators for several of the estimators 
that appear in the earlier chapters. Section 13.6.1 examines the generalized regression 
model of Chapter 9. Section 13.6.2 describes a relatively minor extension of the GMM/
IV estimator to nonlinear regressions. Section 13.6.3 describes the GMM estimators 
for our models of systems of seemingly unrelated regression (SUR) model. Finally, 
in Section 13.6.4, we develop one of the major applications of GMM estimation, the 
Arellano–Bond–Bover estimator for dynamic panel data models.

13.6.1  SINGLE-EQUATION LINEAR MODELS

It is useful to confine attention to the instrumental variables case, as it is fairly general 
and we can easily specialize it to the simpler regression models if that is appropriate. 
Thus, we depart from the usual linear model  (8-1), but we no longer require that 
E[ei � xi] = 0. Instead, we adopt the instrumental variables formulation in Chapter 8. 
That is, the model is

 yi = xi
=B + ei

 E[ziei] = 0

for K variables in xi and for some set of L instrumental variables, zi, where L Ú K. 
The earlier case of the generalized regression model arises if zi = xi, and the classical 
regression results if we add � = I as well, so this is a convenient encompassing model 
framework.

In Chapter 9 on generalized least squares estimation, we considered two cases, first 
one with a known �, then one with an unknown � that must be estimated. In estimation 
by the generalized method of moments, neither of these approaches is relevant because 
we begin with much less (assumed) knowledge about the data-generating process. We 
will consider three cases:

●● Classical regression: Var[ei � X, Z] = s2,
●● Heteroscedasticity: Var[ei � X, Z] = si

2,
●● Generalized model: Cov[et, es � X, Z] = s2vts,

where Z and X are the n * L and n * K observed data matrices, respectively. (We 
assume, as will often be true, that the fully general case will apply in a time-series 
setting. Hence the change in the subscripts.) No specific distribution is assumed for the 
disturbances, conditional or unconditional.

The assumption E[ziei] = 0 implies the following orthogonality condition,

Cov[zi, ei] = 0, or E[zi(yi - xi
=B)] = 0.

By summing the terms, we find that this further implies the population moment equation,

 E c 1
n a

n

i = 1
zi(yi - xi

=B) d = E[m(B)] = 0. (13-18)

This relationship suggests how we might now proceed to estimate B. Note, in fact, that if 
zi = xi, then this is just the population counterpart to the least squares normal equations. 
So, as a guide to estimation, this would return us to least squares. Suppose we now 
translate this population expectation into a sample analog and use that as our guide for 
estimation. That is, if the population relationship holds for the true parameter vector, B, 
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suppose we attempt to mimic this result with a sample counterpart, or empirical moment 
equation,

 J 1
n a

n

i = 1
zi(yi - xi

=Bn) R = J 1
n a

n

i = 1
mi(Bn) R = m(Bn) = 0. (13-19)

In the absence of other information about the data-generating process, we can use the 
empirical moment equation as the basis of our estimation strategy.

The empirical moment condition is L equations (the number of variables in Z) in K 
unknowns (the number of parameters we seek to estimate). There are three possibilities 
to consider:

1. Underidentified. L 6 K. If there are fewer moment equations than there are 
parameters, then it will not be possible to find a solution to the equation system 
in (13-19). With no other information, such as restrictions that would reduce the 
number of free parameters, there is no need to proceed any further with this case.

For the identified cases, it is convenient to write (13-19) as

 m(Bn) = a 1
n

 Z′yb - a 1
n

 Z′XbBn . (13-20)

2. Exactly identified. If L = K, then you can easily show (we leave it as an exercise) 
that the single solution to our equation system is the familiar instrumental variables 
estimator from Section 8.3.2,

 Bn = (Z′X)-1Z′y. (13-21)

3. Overidentified. If L 7 K, then there is no unique solution to the equation system 
m(Bn) = 0. In this instance, we need to formulate some strategy to choose an 
estimator. One intuitively appealing possibility which has served well thus far is 
least squares. In this instance, that would mean choosing the estimator based on the 
criterion function,

MinB q = m(Bn)′m(Bn).

We do keep in mind that we will only be able to minimize this at some positive 
value; there is no exact solution to (13-19) in the overidentified case. Also, you can 
verify that if we treat the exactly identified case as if it were overidentified, that is, 
use least squares anyway, we will still obtain the IV estimator shown in (13-21) for 
the solution to case (2). For the overidentified case, the first-order conditions are

  
0q

0Bn
= 2¢ 0m′(Bn)

0Bn
≤m(Bn) = 2G(Bn)′m(Bn)

 = 2a 1
n

 X′Zb a 1
n

 Z′y -
1
n

 Z′XBn b = 0. (13-22)

We leave as exercise to show that the solution in both cases (2) and (3) is now

 Bn = [(X′Z)(Z′X)]-1(X′Z)(Z′y). (13-23)

The estimator in (13-23) is a hybrid that we have not encountered before, though if 
L = K, then it does reduce to the earlier one in (13-21). (In the overidentified case, 
(13-23) is not an IV estimator, it is, as we have sought, a method of moments estimator.)
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516 PART III  ✦   Estimation Methodology

It remains to establish consistency and to obtain the asymptotic distribution 
and an asymptotic covariance matrix for the estimator. The intermediate results we 
need are Assumptions 13.1, 13.2, and 13.3 in Section 13.4.3:

●● Convergence of the moments. The sample moment converges in probability 
to its population counterpart. That is, m(B) S 0. Different circumstances will 
produce different kinds of convergence, but we will require it in some form. For 
the simplest cases, such as a model of heteroscedasticity, this will be convergence 
in mean square. Certain time-series models that involve correlated observations 
will necessitate some other form of convergence. But, in any of the cases we 
consider, we will require the general result: plim m(B) = 0.

●● Identification. The parameters are identified in terms of the moment equations. 
Identification means, essentially, that a large enough sample will contain 
sufficient information for us actually to estimate B consistently using the sample 
moments. There are two conditions which must be met—an order condition, 
which we have already assumed (L Ú K), and a rank condition, which states 
that the moment equations are not redundant. The rank condition implies the 
order condition, so we need only formalize it:

●● Identification condition for GMM estimation. The L * K matrix,

�(B) = E[G(B)] = plim G(B) = plim 
0m
0B′

= plim 
1
n a

n

i = 1

0mi

0B′
,

must have row rank equal to K.15 Because this requires L Ú K, this implies the 
order condition. This assumption means that this derivative matrix converges 
in probability to its expectation. Note that we have assumed, in addition, that 
the derivatives, like the moments themselves, obey a law of large numbers—they 
converge in probability to their expectations.

●● Limiting Normal Distribution for the Sample Moments. The population moment 
obeys a central limit theorem. Because we are studying a generalized regression 
model, Lindeberg–Levy (D.18) will be too narrow—the observations will have 
different variances. Lindeberg–Feller (D.19.A) suffices in the heteroscedasticity 
case, but in the general case, we will ultimately require something more general. 
See Section 13.4.3.

It will follow from Assumptions 13.1–13.3 (again, at this point we do this without proof) 
that the GMM estimators that we obtain are, in fact, consistent. By virtue of the Slutsky 
theorem, we can transfer our limiting results to the empirical moment equations.

To obtain the asymptotic covariance matrix we will simply invoke the general result 
for GMM estimators in Section 13.4.3. That is,

Asy.Var[Bn] =
1
n

 [�′�]-1�′{Asy.Var[2n m(B)]}�[�′�]-1.

For the particular model we are studying here,

 m(B) = (1/n)(Z′y - Z′XB),

 G(B) = (1/n)Z′X,
 �(B) = QZX (see Section 8.3.2)

15We require that the row rank be at least as large as K. There could be redundant, that is, functionally dependent, 
moments, so long as there are at least K that are functionally independent.
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(You should check in the preceding expression that the dimensions of the particular 
matrices and the dimensions of the various products produce the correctly configured 
matrix that we seek.) The remaining detail, which is the crucial one for the model we 
are examining, is for us to determine,

V = Asy.Var[2n m(B)].

Given the form of m(B),

V =
1
n

 Var c a
n

i = 1
ziei d =

1
n a

n

i = 1
a
n

j = 1
s2vijziz

=
j = s2 

Z′�Z
n

for the most general case. Note that this is precisely the expression that appears in (9-9), 
so the question that arose there arises here once again. That is, under what conditions 
will this converge to a constant matrix? We take the discussion there as given. The only 
remaining detail is how to estimate this matrix. The answer appears  in Section 9.2, 
where we pursued this same question in connection with robust estimation of the 
asymptotic covariance matrix of the least squares estimator. To review then, what we 
have achieved to this point is to provide a theoretical foundation for the instrumental 
variables estimator. As noted earlier, this specializes to the least squares estimator. The 
estimators of V for our three cases will be

●● Classical regression:

Vn =
(e′e/n)

n a
n

i = 1
zizi

= =
(e′e/n)

n
 Z′Z.

●● Heteroscedastic regression:

 Vn =
1
n a

n

i = 1
ei

2zizi
=. (13-24)

●● Generalized regression:

Vn =
1
n

 Jan
t = 1

et
2ztzt

= + a
p

/ = 1
¢1 -

/
(p + 1)

≤ a
n

t = / + 1
etet - /(ztzt - /

= + zt - /zt
=) R .

We should observe that in each of these cases, we have actually used some information 
about the structure of �. If it is known only that the terms in m(B) are uncorrelated, 

then there is a convenient estimator available, Vn =
1
n a

n

i = 1
mi(Bn)mi(Bn)′, that is, the natural, 

empirical variance estimator. Note that this is what is being used in the heteroscedasticity 
case in (13-24).

Collecting all the terms so far, then, we have

 Est.Asy.Var[Bn] =
1
n

 [G(Bn)′G(Bn)]-1G(Bn)′Vn G(Bn)[G(Bn)′G(Bn)]-1

  = n[(X′Z)(Z′X)]-1(X′Z)Vn (Z′X)[(X′Z)(Z′X)]-1. 
(13-25)

The preceding might seem to endow the least squares or method of moments 
estimators with some degree of optimality, but that is not the case. We have only 
provided them with a different statistical motivation (and established consistency). We 
now consider the question of whether, because this is the generalized regression model, 
there is some better (more efficient) means of using the data.
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518 PART III  ✦   Estimation Methodology

The class of minimum distance estimators for this model is defined by the solutions 
to the criterion function, MinB q = m(B)′Wm(B), where W is any positive definite 
weighting matrix. Based on the assumptions just made, we can invoke Theorem 13.1 to 
obtain

Asy.Var[BnMD] =
1
n

 [G′WG]-1G′WVWG[G′WG]-1.

Note that our entire preceding analysis was of the simplest minimum distance estimator, 
which has W = I. The obvious question now arises, if any W produces a consistent 
estimator, is any W better than any other one, or is it simply arbitrary? There is a firm 
answer, for which we have to consider two cases separately:

●● Exactly identified case. If L = K; that is, if the number of moment conditions is 
the same as the number of parameters being estimated, then W is irrelevant to the 
solution, so on the basis of simplicity alone, the optimal W is I.

●● Overidentified case. In this case, the “optimal” weighting matrix, that is, the W that 
produces the most efficient estimator, is W = V-1. The best weighting matrix is the 
inverse of the asymptotic covariance of the moment vector. In this case, the MDE 
will be the GMM estimator with

BnGMM = [(X′Z)Vn -1(Z′X)]-1(X′Z)Vn -1(Z′y),

and

 Asy.Var[BnGMM] =
1
n

 [G′V-1G]-1

 = n[(X′Z)V-1(Z′X)]-1.

We conclude this discussion by tying together what should seem to be a loose end. 
The GMM estimator is computed as the solution to

MinB q = m(B)′{Asy.Var[2n m(B)}-1m(B),

which might suggest that the weighting matrix is a function of the thing we are trying 
to estimate. The process of GMM estimation will have to proceed in two steps: Step 
1 is to obtain an estimate of V; Step 2 will consist of using the inverse of this V as the 
weighting matrix in computing the GMM estimator. The following is a common two-
step strategy:

Step 1. Use W = I to obtain a consistent estimator of B. Then, in the heteroscedasticity 

case (i.e., the White estimator), estimate V with Vn = (1/n)a
n

i = 1
ei

2zizi
=. For the more general 

case, use the Newey–West estimator.

Step 2. Use W = Vn -1 to compute the GMM estimator.

By this point, the observant reader should have noticed that in all of the preceding, 
we have never actually encountered the two-stage least squares estimator  that we 
introduced in Section 8.4.1. To obtain this estimator, we must revert back to the classical, 
that is, homoscedastic and nonautocorrelated disturbances case. In that instance, the 
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weighting matrix in Theorem 13.2 will be W = (Z′Z)-1 and we will obtain the apparently 
missing result.

The GMM estimator in the heteroscedastic regression model is produced by the 
empirical moment equations

 
1
n a

n

i = 1
xi(yi - xi

=BnGMM) =
1
n

 X′En(BnGMM) = m(BnGMM) = 0. (13-26)

The estimator is obtained by minimizing

q = m(BnGMM)Wm(BnGMM),

where W is a positive definite weighting matrix. The optimal weighting matrix would be

W = {Asy.Var[2n m(B)]}-1,

which is the inverse of

Asy.Var[2n m(B)] = Asy.Var c 12n
a
n

i = 1
xiEi d = plim

nS ∞

1
n a

n

i = 1
s2vixixi

= = s2Q*.

(See Section 9.4.1.) The optimal weighting matrix would be [s2Q*]-1. But recall that this 
minimization problem is an exactly identified case, so the weighting matrix is irrelevant 
to the solution. You can see the result in the moment equation—that equation is simply 
the normal equation for ordinary least squares. We can solve the moment equations 
exactly, so there is no need for the weighting matrix. Regardless of the covariance 
matrix of the moments, the GMM estimator for the heteroscedastic regression model 
is ordinary least squares. We can use the results we have already obtained to find its 
asymptotic covariance matrix. The implied estimator is the White estimator in (9-5). 
(Once again, see Theorem 13.2.) The conclusion to be drawn at this point is that until we 
make some specific assumptions about the variances, we do not have a more efficient 
estimator than least squares, but we do have to modify the estimated asymptotic 
covariance matrix.

13.6.2  SINGLE-EQUATION NONLINEAR MODELS

Suppose that the theory specifies a relationship, yi = h(xi, B) + ei, where B is a K * 1 
parameter vector that we wish to estimate. This may not be a regression relationship, 
because it is possible that Cov[ei, h(xi, B)] ≠ 0, or even Cov[ei, xj] ≠ 0 for all i and j. 
Consider, for example, a model that contains lagged dependent variables and 
autocorrelated disturbances.  (See Section 20.9.3.) For the present, we assume that 
E[E � X] ≠ 0, and E[EE′ � X] = s2� = � where Σ is symmetric and positive definite but 
otherwise unrestricted. The disturbances may be heteroscedastic and/or autocorrelated. 
But for the possibility of correlation between regressors and disturbances, this model 
would be a generalized, possibly nonlinear, regression model. Suppose that at each 
observation i we observe a vector of L variables, zi, such that zi is uncorrelated with 
Ei. You will recognize zi as a set of instrumental variables. The assumptions thus far 
have implied a set of orthogonality conditions, E[ziei] = 0, which may be sufficient to 
identify (if L = K) or even overidentify (if L 7 K) the parameters of the model. (See 
Section 8.3.4.)
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For convenience, define

e(X, Bn) = yi - h(xi, Bn), i = 1, c, n,

and

Z = n * L matrix whose ith row is zi
=.

By a straightforward extension of our earlier results, we can produce a GMM estimator 
of B. The sample moments will be

mn(B) =
1
n a

n

i = 1
zie(xi, B) =

1
n

 Z′e(X, B).

The minimum distance estimator will be the Bn  that minimizes

 q = mn(Bn)′Wmn(Bn) = a 1
n

 [e(X, Bn)′Z]bWa 1
n

 [Z′e(X, Bn)]b  (13-27)

for some choice of W that we have yet to determine. The criterion given earlier produces 
the nonlinear instrumental variable estimator. If we use W = (Z′Z)-1, then we have 
exactly the estimation criterion we used in Section 8.9, where we defined the nonlinear 
instrumental variables estimator. Apparently (13-27) is more general, because we are 
not limited to this choice of W. For any given choice of W, as long as there are enough 
orthogonality conditions to identify the parameters, estimation by minimizing q is, at 
least in principle, a straightforward problem in nonlinear optimization. The optimal 
choice of W for this estimator is

 WGMM = {Asy.Var[2n mn(B)]}-1

 = bAsy.Var c 12n
a
n

i = 1
ziei d r -1

= bAsy.Var c 12n
 Z′e(X, B) d r -1

. (13-28)

For our model, this is

W = c 1
n a

n

i = 1
a
n

j = 1
 Cov[ziei, zjej] d

-1

= c 1
n a

n

i = 1
a
n

j = 1
sijzizj

= d
-1

= c Z′�Z
n

d
-1

.

If we insert this result in (13-27), we obtain the criterion for the GMM estimator,

q = J a 1
n
be(X, Bn)′Z R aZ′�Z

n
b

-1J a 1
n
bZ′e(X, Bn) R .

There is a possibly difficult detail to be considered. The GMM estimator involves

1
n

 Z′�Z =
1
n a

n

i = 1
a
n

j = 1
zizj

= Cov[ei, ej] =
1
n a

n

i = 1
a
n

j = 1
zizj

= Cov[(yi - h(xi, B)),(yj - h(xj, B))].

The conditions under which such a double sum might converge to a positive definite 
matrix are sketched in Section 9.3.2. Assuming that they do hold, estimation appears 
to require that an estimate of B be in hand already, even though it is the object of 
estimation. It may be that a consistent but inefficient estimator of B is available. Suppose 
for the present that one is. If observations are uncorrelated, then the cross-observation 
terms may be omitted, and what is required is
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1
n

 Z′�Z =
1
n a

n

i = 1
zizi

= Var[(yi - h(xi, B))].

We can use a counterpart to the White (1980) estimator discussed in Section 9.2 for 
this case,

 S0 =
1
n a

n

i = 1
zizi

=(yi - h(xi, Bn))2. (13-29)

If the disturbances are autocorrelated but the process is stationary, then Newey and 
West’s (1987a) estimator is available (assuming that the autocorrelations are sufficiently 
small at a reasonable lag, p),

 S = cS0 +
1
n a

p

/ = 1
w(/) a

n

i = / + 1
(eiei - /)(zizi - /

= + zi - /zi
=) d = a

p

/ = 0
w(/)S/, (13-30)

where w(/) = 1 - //(p + 1). (This is the Bartlett weight.) The maximum lag length p 
must be determined in advance. We will require that observations that are far apart in 
time—that is, for which � i - / �  is large—must have increasingly smaller covariances for 
us to establish the convergence results that justify OLS, GLS, and now GMM estimation. 
The choice of p is a reflection of how far back in time one must go to consider the 
autocorrelation negligible for purposes of estimating (1/n)Z′�Z. Current practice 
suggests using the smallest integer greater than or equal to n1/4.

Still left open is the question of where the initial consistent estimator should be 
obtained. One possibility is to obtain an inefficient but consistent GMM estimator by using 
W = I in (13-27). That is, use a nonlinear (or linear, if the equation is linear) instrumental 
variables estimator. This first-step estimator can then be used to construct W, which, 
in turn, can then be used in the GMM estimator. Another possibility is that B may be 
consistently estimable by some straightforward procedure other than GMM.

Once the GMM estimator has been computed, its asymptotic covariance matrix and 
asymptotic distribution can be estimated based on Theorem 13.2. Recall that

mn(B) =
1
n a

n

i = 1
ziei,

which is a sum of L * 1 vectors. The derivative, 0mn(B)/0B′, is a sum of L * K 
matrices, so

 G(B) = 0m(B)/0B′ =
1
n a

n

i = 1
Gi(B) =

1
n a

n

i = 1
ziJ 0ei

0B′
d . (13-31)

In the model we are considering here, 
0ei

0B′
=

-0h(xi, B)

0B′
. The derivatives are the 

pseudoregressors in the linearized regression model that we examined in Section 7.2.3. 

Using the notation defined there, 
0ei

0B
= -xi

0, so

 G(B) =
1
n a

n

i = 1
Gi(B) =

1
n a

n

i = 1
-zixi

0′ = -
1
n

 Z′X0. (13-32)
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With this matrix in hand, the estimated asymptotic covariance matrix for the GMM 
estimator is

 Est.Asy.Var[Bn] =
1
n

 JG(Bn)′¢ 1
n

 Z′�n Z≤-1

G(Bn) R -1

= [(X0=
Z)(Z′�n Z)-1(Z′X0)]-1.

 (13-33)

(The two minus signs, a 1/n2, and an n2 all fall out of the result.)
If the � that appears in (13-33) were s2I, then (13-33) would be precisely the 

asymptotic covariance matrix  that appears in Theorem 8.1 for linear models and 
Theorem 8.2 for nonlinear models. But there is an interesting distinction between this 
estimator and the IV estimators discussed earlier. In the earlier cases, when there were 
more instrumental variables than parameters, we resolved the overidentification by 
specifically choosing a set of K instruments, the K projections of the columns of X 
or X0 into the column space of Z. Here, in contrast, we do not attempt to resolve the 
overidentification; we simply use all the instruments and minimize the GMM criterion. 
You should be able to show that when � = s2I and we use this information, the same 
parameter estimates will be obtained when all is said and done. But, if we use a weighting 
matrix that differs from W = (Z′Z/n)-1, then they are not.

13.6.3  SEEMINGLY UNRELATED REGRESSION EQUATIONS

In Section 10.2.3, we considered  FGLS estimation of the equation system

 y1 = h1(X, B) + E1,
 y2 = h2(X, B) + E2,

 f
 yM = hM(X, B) + EM.

The development there extends backward to the linear system as well. However, none 
of the estimators considered is consistent if the pseudoregressors, xtm

0 , or the actual 
regressors, xtm, for the linear model, are correlated with the disturbances, etm. Suppose 
we allow for this correlation both within and across equations. (If it is, in fact, absent, 
then the GMM estimator developed here will remain consistent.) For simplicity in this 
section, we will denote observations with subscript t and equations with subscripts i and j. 
Suppose, as well, that there are a set of instrumental variables, zt, such that

 E[ztetm] = 0, t = 1, c, T and m = 1, c, M. (13-34)

(We could allow a separate set of instrumental variables for each equation, but it would 
needlessly complicate the presentation.)

Under these assumptions, the nonlinear FGLS and ML estimators given earlier will 
be inconsistent. But a relatively minor extension of the instrumental variables technique 
developed for the single-equation case in Section 8.4 can be used instead. The sample 
analog to (13-34) is

1
T a

T

t = 1
zt[yti - hi(Xt, B)] = 0, i = 1, c, M.

If we use this result for each equation in the system, one at a time, then we obtain exactly 
the GMM estimator discussed in Section 13.6.2. But, in addition to the efficiency loss 
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that results from not imposing the cross-equation constraints in B, we would also neglect 
the correlation between the disturbances. Let

 
1
T

 Z′�ijZ = EJZ′EiEj
=Z

T
R . (13-35)

The GMM criterion for estimation in this setting is

  q = a
M

i = 1
a
M

j = 1
[(yi - hi(X, B))′Z/T][Z′�ijZ/T]ij[Z′(yj - hj(X, B))/T]

 = a
M

i = 1
a
M

j = 1
[Ei(B)′Z/T][Z′�ijZ/T]ij[Z′Ej(B)/T],

 (13-36)

where [Z′�ijZ/T]ij denotes the ijth block of the inverse of the matrix with the ijth block 
equal to Z′�ijZ/T.

GMM estimation would proceed in several passes. To compute any of the variance 
parameters, we will require an initial consistent estimator of B. This step can be done 
with equation-by-equation nonlinear instrumental variables—see Section 8.9—although 
if equations have parameters in common, then a choice must be made as to which to use. 
At the next step, the familiar White or Newey–West technique is used to compute, block 
by block, the matrix in (13-35). Because it is based on a consistent estimator of B (we 
assume), this matrix need not be recomputed. Now, with this result in hand, an iterative 
solution to the maximization problem in (13-36) can be sought, for example, using the 
methods of Appendix E. The first-order conditions are

 
0q

0B
= -2a

M

i = 1
a
M

j = 1
[Xi

0(B)′Z/T][Z′WijZ/T]ij[Z′Ej(B)/T] = 0. (13-37)

Note again that the blocks of the inverse matrix in the center are extracted from the 
larger constructed matrix after inversion.16 At completion, the asymptotic covariance 
matrix for the GMM estimator is estimated with

VGMM =
1
T

 JaM
i = 1

a
M

j = 1
[Xi

0(B)′Z/T][Z′WijZ/T]ij[Z′Xj
0(B)/T] d

-1

.

13.6.4  GMM ESTIMATION OF DYNAMIC PANEL DATA MODELS

Panel data are well suited for examining dynamic effects, as in the first-order model,

 yit = xit
=B + dyi,t - 1 + ci + eit

 = wit
=U + ai + eit,

where the set of right-hand-side variables, wit, now includes the lagged dependent 
variable, yi,t - 1. Adding dynamics to a model in this fashion creates a major change in the 
interpretation of the equation. Without the lagged variable, the independent variables 
represent the full set of information that produce observed outcome yit. With the lagged 
variable, we now have in the equation the entire history of the right-hand-side variables, 
so that any measured influence is conditioned on this history; in this case, any impact of xit 

16This brief discussion might understate the complexity of the optimization problem in (13-36), but that is inherent 
in the procedure.
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represents the effect of new information. Substantial complications arise in estimation of 
such a model. In both the fixed and random effects settings, the difficulty is that the lagged 
dependent variable is correlated with the disturbance, even if it is assumed that eit is not 
itself autocorrelated. For the moment, consider the fixed effects model as an ordinary 
regression with a lagged dependent variable that is dependent across observations. In 
that dynamic regression model, the estimator based on T observations is biased in finite 
samples, but it is consistent in T. The finite sample bias is of order 1/T. The same result 
applies here, but the difference is that whereas before we obtained our large sample 
results by allowing T to grow large, in this setting, T is assumed to be small and fixed, 
and large-sample results are obtained with respect to n growing large, not T. The fixed 
effects estimator of U = [B, d] can be viewed as an average of n such estimators. Assume 
for now that T Ú K + 1 where K is the number of variables in xit. Then, from (11-14),

 Un = Jan
i = 1

Wi
=M0WiR -1Jan

i = 1
Wi

=M0yiR
 = Jan

i = 1
Wi

=M0WiR -1Jan
i = 1

Wi
=M0WidiR

 = a
n

i = 1
Fidi,

where the rows of the T * (K + 1) matrix Wi are wit
=  and M0 is the T * T matrix that 

creates deviations from group means [see (11-14)]. Each group-specific estimator, di, is 
inconsistent, as it is biased in finite samples and its variance does not go to zero as 
n  increases. This matrix weighted average of n inconsistent estimators will also be 
inconsistent. (This analysis is only heuristic. If T 6 K + 1, then the individual coefficient 
vectors cannot be computed.17)

The problem is more transparent in the random effects model. In the model

yit = xit
=B + dyi,t - 1 + ui + eit,

the lagged dependent variable is correlated with the compound disturbance in the model 
because the same ui enters the equation for every observation in group i.

Neither of these results renders the model inestimable, but they do make necessary 
some technique other than our familiar LSDV or FGLS estimators. The general 
approach, which has been developed in several stages in the literature,18 relies on 
instrumental variables estimators and, most recently, on a GMM estimator. For example, 
in either the fixed or random effects cases, the heterogeneity can be swept from the 
model by taking first differences, which produces

yit - yi,t - 1 = (xit - xi,t - 1)′B + d(yi,t - 1 - yi,t - 2) + (eit - ei,t - 1).

This model is still complicated by correlation between the lagged dependent variable and 
the disturbance (and by its first-order moving average disturbance). But without the 

17Further discussion is given by Nickell (1981), Ridder and Wansbeek (1990), and Kiviet (1995).
18The model was first proposed in this form by Balestra and Nerlove (1966). See, for example, Anderson and 
Hsiao (1981, 1982), Bhargava and Sargan (1983), Arellano (1989), Arellano and Bond (1991), Arellano and Bover 
(1995), Ahn and Schmidt (1995), and Nerlove (1971a,b).
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group effects, there is a simple instrumental variables estimator available. Assuming that 
the time series is long enough, one could use the lagged differences, (yi,t - 2 - yi,t - 3), or 
the lagged levels, yi,t - 2 and yi,t - 3, as one or two instrumental variables for (yi,t - 1 - yi,t - 2). 
(The other variables can serve as their own instruments.) This is the Anderson and Hsiao 
estimator developed for this model in Section 11.8.3. By this construction, then, the 
treatment of this model is a standard application of the instrumental variables 
technique that we developed in Section 11.8.19  This illustrates the flavor of an instrumental 
variables approach to estimation. But, as Arellano et al. and Ahn and Schmidt (1995) have 
shown, there is still more information in the sample that can be brought to bear on 
estimation, in the context of a GMM estimator, which we now consider.

We can extend the Hausman and Taylor (HT) formulation of the random effects 
model in Section 11.8.2 to include the lagged dependent variable,

 yit = dyi,t - 1 + x1it
= B1 + x2it

= B2 + z1i
= A1 + z2i

= A2 + eit + ui

 = U′wit + eit + ui

 = U′wit + hit,

where

wit = [yi,t - 1, x1it
= , x2it

= , z1i
= , z2i

= ]′

is now a (1 + K1 + K2 + L1 + L2) * 1 vector. The terms in the equation are the 
same as in the Hausman and Taylor model. Instrumental variables estimation of the 
model without the lagged dependent variable is discussed in Section 11.8.1 on the 
HT estimator. Moreover, by just including yi,t - 1 in x2it, we see that the HT approach 
extends to this setting as well, essentially without modification. Arellano et al. suggest 
a GMM estimator and show that efficiency gains are available by using a larger set of 
moment conditions. In the previous treatment, we used a GMM estimator constructed 
as follows: the set of moment conditions we used to formulate the instrumental 
variables were

E D §x1it

x2it

z1i

x1i.

¥(hit - hi) T = ED §x1it

x2it

z1i

x1i.

¥(eit - ei) T = 0.

This moment condition is used to produce the instrumental variable estimator. We 
could ignore the nonscalar variance of hit and use simple instrumental variables at 
this point. However, by accounting for the random effects formulation and using 
the counterpart to feasible GLS, we obtain the more efficient estimator in Section 
11.8.4. As usual, this can be done in two steps. The inefficient estimator is computed 
to obtain the residuals needed to estimate the variance components. This is Hausman 
and Taylor’s steps 1 and 2. Steps 3 and 4 are the GMM estimator based on these 
estimated variance components.

19There is a question as to whether one should use differences or levels as instruments. Arellano (1989) and Kiviet 
(1995) give evidence that the latter is preferable.
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Arellano et al. suggest that the preceding does not exploit all the information in the 
sample. In simple terms, within the T observations in group i, we have not used the fact that

E D §x1it

x2it

z1i

x1i.

¥(his - hi) T = 0 for some s ≠ t.

Thus, for example, not only are disturbances at time t uncorrelated with these variables 
at time t, arguably, they are uncorrelated with the same variables at time t - 1, t - 2, 
possibly t + 1, and so on. In principle, the number of valid instruments is potentially 
enormous. Suppose, for example, that the set of instruments listed above is strictly 
exogenous with respect to hit in every period including current, lagged, and future. Then, 
there are a total of [T(K1 + K2) + L1 + K1)] moment conditions for every observation. 
Consider, for example, a panel with two periods. We would have for the two periods,

 E F ¶x1i1

x2i1

x1i2

x2i2

z1i

x1i.

∂(hi1 - hi) V = 0  and  E F ¶x1i1

x2i1

x1i2

x2i2

z1i

x1i.

∂(hi2 - hi) V = 0. (13-38)

How much useful information is brought to bear on estimation of the parameters is 
uncertain, as it depends on the correlation of the instruments with the included exogenous 
variables in the equation. The farther apart in time these sets of variables become, the less 
information is likely to be present. (The literature on this subject contains reference to 
strong versus weak instrumental variables.20) To proceed, as noted, we can include the 
lagged dependent variable in x2i. This set of instrumental variables can be used to construct 
the estimator, actually whether the lagged variable is present or not. We note, at this point, 
that on this basis, Hausman and Taylor’s estimator did not actually use all the information 
available in the sample. We now have the elements of the Arellano et al. estimator in hand; 
what remains is essentially the (unfortunately, fairly involved) algebra, which we now 
develop.

Let

Wi = D wi1
=

wi2
=

f
wiT

=

T = the full set of rhs data for group i, and yi = D yi1

yi2

f
yiT

T .

Note that Wi is assumed to be a T * (1 + K1 + K2 + L1 + L2) matrix. Because there 
is a lagged dependent variable in the model, it must be assumed that there are actually 
T + 1 observations available on yit. To avoid cumbersome, cluttered notation, we will 
leave this distinction embedded in the notation for the moment. Later, when necessary, 

20See West (2001).
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we will make it explicit. It will reappear in the formulation of the instrumental variables. 
A total of T observations will be available for constructing the IV estimators. We now 
form a matrix of instrumental variables.21 We will form a matrix Vi consisting of Ti - 1 
rows constructed the same way for Ti - 1 observations and a final row that will be 
different, as discussed later.22 The matrix will be of the form

 Vi = Dvi1
= 0′ g 0′

0′ vi2
= g 0′

f f f f
0′ 0′ g ai

=

T . (13-39)

The instrumental variable sets contained in vit
=  which have been suggested might include 

the following from within the model:

xit and xi,t - 1 (i.e., current and one lag of all the time-varying variables),
xi1, c, xiT  (i.e., all current, past, and future values of all the time-varying variables),
xi1, c, xit   (i.e., all current and past values of all the time-varying variables).

The time-invariant variables that are uncorrelated with ui, that is, z1i, are appended at 
the end of the nonzero part of each of the first T - 1 rows. It may seem that including 
x2 in the instruments would be invalid. However, we will be converting the disturbances 
to deviations from group means which are free of the latent effects—that is, this set of 
moment conditions will ultimately be converted to what appears in (13-38). While the 
variables are correlated with ui by construction, they are not correlated with eit - ei. The 
final row of Vi is important to the construction. Two possibilities have been suggested:

ai
= = [z1i

=  xi1] (produces the Hausman and Taylor estimator),
ai
= = [z1i

=  x1i1
= , x1i2

= , c, x1iT] (produces Amemiya and MaCurdy’s estimator).

Note that the a variables are exogenous time-invariant variables, z1i and the exogenous 
time-varying variables, either condensed into the single group mean or in the raw form, 
with the full set of T observations.

To construct the estimator, we will require a transformation matrix, H, constructed 
as follows. Let M01 denote the first T - 1 rows of M0, the matrix that creates deviations 
from group means. Then,

H = CM01

1
T

 iT
= S .

Thus, H replaces the last row of M0 with a row of 1/T. The effect is as follows: if q is T 
observations on a variable, then Hq produces q* in which the first T - 1 observations 
are converted to deviations from group means and the last observation is the group 
mean. In particular, let the T * 1 column vector of disturbances,

hi = [hi1, hi2, c, hiT] = [(ei1 + ui), (ei2 + ui), c, (eiT + ui)]′,

21Different approaches to this have been considered by Hausman and Taylor (1981), Arellano et al. (1991, 1995, 
1999), Ahn and Schmidt (1995), and Amemiya and MaCurdy (1986), among others.
22This is to exploit a useful algebraic result discussed by Arellano and Bover (1995).
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then

HH = D hi1 - hi

f
hi,T - 1 - hi

hi

T .

We can now construct the moment conditions. With all this machinery in place, we have 
the result that appears in (13-40), that is,

E[Vi
=HHi] = E[gi] = 0.

It is useful to expand this for a particular case. Suppose T = 3 and we use as instruments 
the current values in period 1, and the current and previous values in period 2 and the 
Hausman and Taylor form for the invariant variables. Then the preceding is

 E I ©x1i1 0 0
x2i1 0 0
z1i 0 0
0 x1i1 0
0 x2i1 0
0 x1i2 0
0 x2i2 0
0 z1i 0
0 0 z1i

0 0 x1i

π£hi1 - hi

hi2 - hi

hi

≥ Y = 0. (13-40)

This is the same as (13-38).23 The empirical moment condition that follows from this is

 plim 
1
n a

n

i = 1
Vi

=HHi

 = plim 
1
n a

n

i = 1
Vi

=H § yi1 - dyi0 - x1i1
= B1 - x2i1

= B2 - z1i
= A1 - z2i

= A2

yi2 - dyi1 - x1i2
= B1 - x2i2

= B2 - z1i
= A1 - z2i

= A2

f
yiT - dyi,T - 1 - x1iT

= B1 - x2iT
= B2 - z1i

= A1 - z2i
= A2

¥ = 0.

Write this as

plim 
1
n a

n

i = 1
mi = plim m = 0.

The GMM estimator Un is then obtained by minimizing q = m′Am with an appropriate 
choice of the weighting matrix, A. The optimal weighting matrix will be the inverse of 

23In some treatments—for example, Blundell and Bond (1998)—an additional condition is assumed for the initial 
value, yi0, namely E[yi0 � exogenous data] = m0. This would add a row at the top of the matrix in (13-40) containing 
[(yi0 - m0), 0, 0].
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the asymptotic covariance matrix of 2n m. With a consistent estimator of U in hand, 
this can be estimated empirically using

Est.Asy.Var[2n m] =
1
n a

n

i = 1
mn imn i

= =
1
n a

n

i = 1
Vi

=Hhn ihn i
=H′Vi.

This is a robust estimator that allows an unrestricted T * T covariance matrix for the T 
disturbances, eit + ui. But we have assumed that this covariance matrix is the � defined 
in (11-31) for the random effects model. To use this information we would, instead, use 
the residuals in

Hn i = yi - WiU
n

to estimate su
2 and se

2 and then �, which produces

Est.Asy.Var[2n m] =
1
n a

n

i = 1
Vi

=H′�n H′Vi.

We now have the full set of results needed to compute the GMM estimator. The solution 
to the optimization problem of minimizing q with respect to the parameter vector U is

  UnGMM = J ¢ an
i = 1

Wi
=HVi≤ ¢ an

i = 1
Vi

=H′�n HVi≤-1¢ an
i = 1

Vi
=H′Wi≤ R -1

 * ¢ an
i = 1

Wi
=HVi≤ ¢ an

i = 1
Vi

=H′�n HVi≤-1¢ an
i = 1

Vi
=H′yi≤. (13-41)

The estimator of the asymptotic covariance matrix for UnGMM is the inverse matrix in 
brackets.

The remaining loose end is how to obtain the consistent estimator of Un to compute �n  
Recall that the GMM estimator is consistent with any positive definite weighting 
matrix, A, in our preceding expression. Therefore, for an initial estimator, we can set 
A = I and use the simple instrumental variables estimator,

UnIV = J ¢ an
i = 1

Wi
=HVi≤ ¢ an

i = 1
Vi

=H′Wi≤ R -1¢ an
i = 1

Wi
=HVi≤ ¢ an

i = 1
Vi

=H′yi≤.

It is more common to proceed directly to the 2SLS estimator (see Sections 8.3.4 and 
11.8.2), which uses

A = a 1
n a

n

i = 1
Vi

=H′HVib
-1

.

The estimator is, then, the one given earlier in (13-41) with �n  replaced by IT. Either 
estimator is a function of the sample data only and provides the initial estimator we need.

Ahn and Schmidt (among others) observed that the IV estimator proposed here, 
as extensive as it is, still neglects quite a lot of information and is therefore (relatively) 
inefficient. For example, in the first differenced model,

E[yis(eit - ei,t - 1)] = 0, s = 0, c, t - 2, t = 2, c, T.
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That is, the level of yis is uncorrelated with the differences of disturbances that are at 
least two periods subsequent.24 (The differencing transformation, as the transformation 
to deviations from group means, removes the individual effect.) The corresponding 
moment equations that can enter the construction of a GMM estimator are

1
n a

n

i = 1
yis[(yit - yi,t - 1) - d(yi,t - 1 - yi,t - 2) - (xit - xi,t - 1)′B] = 0

s = 0, c, t - 2, t = 2, c, T.

Altogether, Ahn and Schmidt identify T(T - 1)/2 + T - 2 such equations that involve 
mixtures of the levels and differences of the variables. The main conclusion that they 
demonstrate is that in the dynamic model, there is a large amount of information to be 
gleaned not only from the familiar relationships among the levels of the variables, but 
also from the implied relationships between the levels and the first differences. The issue 
of correlation between the transformed yit and the deviations of eit is discussed in the 
papers cited.25

The number of orthogonality conditions (instrumental variables) used to estimate 
the parameters of the model is determined by the number of variables in vit and ai in  
(13-39). In most cases, the model is vastly overidentified—there are far more 
orthogonality conditions than parameters. As usual in GMM estimation, a test of the 
overidentifying restrictions can be based on q, the estimation criterion. At its minimum, 
the limiting distribution of nq is chi squared with degrees of freedom equal to the 
number of instrumental variables in total minus

(1 + K1 + K2 + L1 + L2).26

Example 13.10   GMM Estimation of a Dynamic Panel Data Model of Local 
Government Expenditures

Dahlberg and Johansson (2000) estimated a model for the local government expenditure of 
several hundred municipalities in Sweden observed over the nine-year period t = 1979 to 
1987. The equation of interest is

Si,t = at + a
m

j = 1
bjSi,t - j + a

m

j = 1
gjRi,t - j + a

m

j = 1
djGi,t - j + fi + eit,

for i = 1, c, n = 265, and t = m + 1, c, 9. (We have changed their notation slightly 
to make it more convenient.) Si,t, Ri,t, and Gi,t are municipal spending, receipts (taxes and 
fees), and central government grants, respectively. Analogous equations are specified for the 
current values of Ri,t and Gi,t. The appropriate lag length, m, is one of the features of interest 
to be determined by the empirical study. The model contains a municipality specific effect, fi, 

24This is the approach suggested by Holtz-Eakin (1988) and Holtz-Eakin, Newey, and Rosen (1988).
25As Ahn and Schmidt show, there are potentially huge numbers of additional orthogonality conditions in this 
model owing to the relationship between first differences and second moments. We do not consider those. The 
matrix Vi could be huge. Consider a model with 10 time-varying, right-hand-side variables and suppose Ti is 15. 
Then, there are 15 rows and roughly 15 * (10 * 15) or 2,250 columns. The Ahn and Schmidt estimator, which 
involves potentially thousands of instruments in a model containing only a handful of parameters may become 
a bit impractical at this point. The common approach is to use only a small subset of the available instrumental 
variables. The order of the computation grows as the number of parameters times the square of T.
26This is true generally in GMM estimation. It was proposed for the dynamic panel data model by Bhargava and 
Sargan (1983).
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which is not specified as being either fixed or random. To eliminate the individual effect, the 
model is converted to first differences. The resulting equation is

∆Si,t = lt + a
m

j = 1
bj∆Si,t - j + a

m

j = 1
gj∆Ri,t - j + a

m

j = 1
dj∆Gi,t - j + uit,

or

yi,t = xi,t
= U + ui,t,

where ∆Si,t = Si,t - Si,t - 1 and so on and ui,t = ei,t - ei,t - 1. This removes the group effect 
and leaves the time effect. Because the time effect was unrestricted to begin with, ∆at = lt 
remains an unrestricted time effect, which is treated as fixed and modeled with a time-specific 
dummy variable. The maximum lag length is set at m = 3. With nine years of data, this leaves 
usable observations from 1983 to 1987 for estimation, that is, t = m + 2, c, 9. Similar 
equations were fit for Ri,t and Gi,t.

The orthogonality conditions claimed by the authors are

E[Si,sui,t] = E[Ri,sui,t] = E[Gi,sui,t] = 0, s = 1, c, t - 2.

The orthogonality conditions are stated in terms of the levels of the financial variables and 
the differences of the disturbances. The issue of this formulation as opposed to, for example, 
E[∆Si,s∆ei,t] = 0 (which is implied) is discussed by Ahn and Schmidt (1995). As we shall 
see, this set of orthogonality conditions implies a total of 80 instrumental variables. The 
authors use only the first of the three sets listed, which produces a total of 30. For the five 
observations, using the formulation developed in Section 13.6.5, we have the following matrix 
of instrumental variables for the orthogonality conditions,

Zi = ES81 - 79 d83 0′ 0 0′ 0 0′ 0 0′ 0
0′ 0 S82 - 79 d84 0′ 0 0′ 0 0′ 0
0′ 0 0′ 0 S83 - 79 d85 0′ 0 0′ 0
0′ 0 0′ 0 0′ 0 S84 - 79 d86 0′ 0
0′ 0 0′ 0 0′ 0 0′ 0 S85 - 79 d87

U  

1983
1984
1985
1986
1987

,

where the notation St1 - t0 indicates the range of years for that variable. For example, S83 - 79 
denotes [Si,1983, Si,1982, Si,1981, Si,1980, Si,1979] and dyear denotes the year-specific dummy variable. 
Counting columns in Zi we see that using only the lagged values of the dependent variable and 
the time dummy variables, we have (3 + 1) + (4 + 1) + (5 + 1) + (6 + 1) + (7 + 1) = 30 
instrumental variables. Using the lagged values of the other two variables in each equation 
would add 50 more, for a total of 80 if all the orthogonality conditions suggested earlier were 
employed. Given the preceding construction, the orthogonality conditions are now E [Zi

=ui] = 0, 
where ui = [ui,1983, ui,1984, ui,1985, ui,1986, ui,1987]′. The empirical moment equation is

plim c 1
n a

n

i = 1
Zi

=ui d = plim m(U) = 0.

The parameters are vastly overidentified. Using only the lagged values of the dependent 
variable in each of the three equations estimated, there are 30 moment conditions and 
14 parameters being estimated when m = 3, 11 when m = 2, 8 when m = 1, and 5 
when m = 0. (As we do our estimation of each of these, we will retain the same matrix of 
instrumental variables in each case.) GMM estimation proceeds in two steps. In the first step, 
basic, unweighted instrumental variables is computed using

UnIV
= = J ¢an

i = 1
Xi
=Zi≤ ¢an

i = 1
Zi

=Zi≤ ¢an
i = 1

Zi
=Xi≤ R -1¢an

i = 1
Xi
=Zi≤ ¢an

i = 1
Zi

=Zi≤-1¢an
i = 1

Zi
=yi≤,
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where

yi
= = (∆S83 ∆S84 ∆S85 ∆S86 ∆S87),

and

Xi = E ∆S82 ∆S81 ∆S80 ∆R82 ∆R81 ∆R80 ∆G82 ∆G81 ∆G80 1 0 0 0 0
∆S83 ∆S82 ∆S81 ∆R83 ∆R82 ∆R81 ∆G83 ∆G82 ∆G81 0 1 0 0 0
∆S84 ∆S83 ∆S82 ∆R84 ∆R83 ∆R82 ∆G84 ∆G83 ∆G82 0 0 1 0 0
∆S85 ∆S84 ∆S83 ∆R85 ∆R84 ∆R83 ∆G85 ∆G84 ∆G83 0 0 0 1 0
∆S86 ∆S85 ∆S84 ∆R86 ∆R85 ∆R84 ∆G86 ∆G85 ∆G84 0 0 0 0 1

U .

The second step begins with the computation of the new weighting matrix,

�n = Est.Asy.Var[2n m ] =
1
N a

n

i = 1
Zi

=un iun i
=Zi.

After multiplying and dividing by the implicit (1/n) in the outside matrices, we obtain the estimator,

 UGMM
= = J ¢an

i = 1
Xi
=Zi≤ ¢an

i = 1
Zi

=un iun i
=Zi≤-1¢an

i = 1
Zi

=Xi≤ R -1

 * ¢an
i = 1

Xi
=Zi≤ ¢an

i = 1
Zi

=un iun i
=Zi≤-1¢an

i = 1
Zi

=yi≤
 = J ¢an

i = 1
Xi
=Zi≤W¢an

i = 1
Zi

=Xi≤ R -1¢an
i = 1

Xi
=Zi≤W¢an

i = 1
Zi

=yi≤.

The estimator of the asymptotic covariance matrix for the estimator is the inverse matrix in 
square brackets in the first line of the result.

The primary focus of interest in the study was not the estimator itself, but the lag length and 
whether certain lagged values of the independent variables appeared in each equation. These 
restrictions would be tested by using the GMM criterion function, which in this formulation 
would be

nq = ¢an
i = 1

un i
=Zi≤W¢an

i = 1
Zi

=un i≤
based on recomputing the residuals after GMM estimation. Note that the weighting matrix 
is not (necessarily) recomputed. For purposes of testing hypotheses, the same weighting 
matrix should be used.

At this point, we will consider the appropriate lag length, m. The specification can be reduced 
simply by redefining X to change the lag length. To test the specification, the weighting matrix 
must be kept constant for all restricted versions (m = 2 and m = 1) of the model.

The Dahlberg and Johansson data may be downloaded from the Journal of Applied 
Econometrics Web site—see Appendix Table F13.1. The authors provide the summary 
statistics for the raw data that are given in Table 13.1. Kroner, deflated by a municipality-
specific price index, then converted to per capita values. Descriptive statistics for the raw 
data appear in Table 13.3.27 Equations were estimated for all three variables, with maximum 
lag lengths of m = 1, 2, and 3. (The authors did not provide the actual estimates.) Estimation 
is done using the methods developed by Ahn and Schmidt (1995), Arellano and Bover (1995), 
and Holtz-Eakin, Newey, and Rosen (1988), as described. The estimates of the first 
specification provided are given in Table 13.4.

27 The data provided on the Web site and used in our computations were further transformed by dividing by 100,000.
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Variable Mean Std. Deviation Minimum Maximum

Spending 18478.51 3174.36 12225.68 33883.25
Revenues 13422.56 3004.16 6228.54 29141.62
Grants 5236.03 1260.97 1570.64 12589.14

TABLE 13.3 Descriptive Statistics for Local Expenditure Data

Table 13.5 contains estimates of the model parameters for each of the three equations, and 
for the three lag lengths, as well as the value of the GMM criterion function for each model 
estimated. The base case for each model has m = 3. There are three restrictions implied by 
each reduction in the lag length. The critical chi-squared value for three degrees of freedom 
is 7.81 for 95% significance, so at this level, we find that the two-level model is just barely 
accepted for the spending equation, but clearly appropriate for the other two—the difference 
between the two criteria is 7.62. Conditioned on m = 2, only the revenue model rejects the 
restriction of m = 1. As a final test, we might ask whether the data suggest that perhaps no 
lag structure at all is necessary. The GMM criterion value for the three equations with only 
the time dummy variables are 45.840, 57.908, and 62.042, respectively. Therefore, all three 
zero lag models are rejected.

Among the interests in this study were the appropriate critical values to use for the 
specification test of the moment restriction. With 16 degrees of freedom, the critical chi-
squared value for 95% significance is 26.3, which would suggest that the revenues equation 
is misspecified. Using a bootstrap technique, the authors find that a more appropriate critical 
value leaves the specification intact. Finally, note that the three-equation model in the m = 3 
columns of Table 13.5 imply a vector autoregression of the form

yt = �1yt - 1 + �2yt - 2 + �3yt - 3 + vt,

where yt = (∆St, ∆Rt, ∆Gt)′.

Variable Estimate Standard Error t Ratio

Year 1983 -0.0036578 0.0002969 -12.32
Year 1984 -0.00049670 0.0004128 -1.20
Year 1985 0.00038085 0.0003094 1.23
Year 1986 0.00031469 0.0003282 0.96
Year 1987 0.00086878 0.0001480 5.87
Spending (t - 1) 1.15493 0.34409 3.36
Revenues (t - 1) -1.23801 0.36171 -3.42
Grants (t - 1) 0.016310 0.82419 0.02
Spending (t - 2) -0.0376625 0.22676 -0.17
Revenues (t - 2) 0.0770075 0.27179 0.28
Grants (t - 2) 1.55379 0.75841 2.05
Spending (t - 3) -0.56441 0.21796 -2.59
Revenues (t - 3) 0.64978 0.26930 2.41
Grants (t - 3) 1.78918 0.69297 2.58

TABLE 13.4 Estimated Spending Equation
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13.7 SUMMARY AND CONCLUSIONS

The generalized method of moments provides an estimation framework that includes 
least squares, nonlinear least squares, instrumental variables, maximum likelihood, 
and a general class of estimators that extends beyond these. But it is more than just a 
theoretical umbrella. The GMM provides a method of formulating models and implied 
estimators without making strong distributional assumptions. Hall’s model of household 
consumption is a useful example that shows how the optimization conditions of an 
underlying economic theory produce a set of distribution-free estimating equations. In 
this chapter, we first examined the classical method of moments. GMM as an estimator 
is an extension of this strategy that allows the analyst to use additional information 
beyond that necessary to identify the model, in an optimal fashion. After defining and 
establishing the properties of the estimator, we then turned to inference procedures. It 
is convenient that the GMM procedure provides counterparts to the familiar trio of test 
statistics: Wald, LM, and LR. In the final section, we specialized the GMM estimator for 
linear and nonlinear equations and multiple-equation models. We then developed an 
example that appears at many points in the recent applied literature, the dynamic panel 
data model with individual specific effects, and lagged values of the dependent variable.

Key Terms and Concepts

•	Analog estimation
•	Central limit theorem
•	Criterion function
•	Empirical moment 

equation
•	Ergodic theorem
•	Exactly identified cases
•	Exponential family
•	Generalized method of 

moments (GMM) estimator

•	Instrumental variables
•	Likelihood ratio statistic
•	LM statistic
•	Martingale difference series
•	Maximum likelihood 

estimator 
•	Mean value theorem
•	Method of moment 

generating functions
•	Method of moments

•	Method of moments 
estimators

•	Minimum distance 
estimator (MDE)

•	Moment equation
•	Newey–West estimator
•	Nonlinear instrumental 

variable estimator
•	Order condition
•	Orthogonality conditions

Expenditure Model Revenue Model Grant Model

m = 3 m = 2 m = 2 m = 3 m = 2 m = 1 m = 3 m = 2 m = 1

St - 1 1.155 0.8742 0.5562 -0.1715 -0.3117 -0.1242 -0.1675 -0.1461 -0.1958
St - 2 -0.0377 0.2493 — 0.1621 0.0773 — -0.0303 -0.0304 —
St - 3 -0.5644 — — -0.1772 — — -0.0955 — —
Rt - 1 -0.2380 -0.8745 -0.5328 -0.0176 0.1863 -0.0245 0.1578 0.1453 0.2343
Rt - 2 0.0770 -0.2776 — -0.0309 0.1368 — -0.0485 0.0175 —
Rt - 3 0.6497 — — 0.0034 — — 0.0319 — —
Gt - 1 0.0163 -0.4203 0.1275 -0.3683 0.5425 0.0808 -0.2381 -0.2066 -0.0559
Gt - 2 1.5538 0.1866 — 2.7152 2.4621 — -0.0492 -0.0804 —
Gt - 3 1.7892 — — 0.0948 — — 0.0598 — —

nq 22.8287 30.4526 34.4986 30.5398 34.2590 53.2506 17.5810 20.5416 27.5927

TABLE 13.5 Estimated Lag Equations for Spending, Revenue, and Grants
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Exercises

1. For the normal distribution m2k = s2k(2k)!/(k!2k) and m2k + 1 = 0, k = 0, 1, c. 
Use this result to analyze the two estimators,2b1 =

m3

m2
3/2 and b2 =

m4

m2
2,

  where mk = 1
n a n

i = 1(xi - x)k. The following result will be useful:

Asy.Cov[2nmj, 2nmk] = mj + k - mjmk + jkm2mj - 1mk - 1 - jmj - 1mk + 1 - kmk - 1mj + 1.

Use the delta method to obtain the asymptotic variances and covariance of these 
two functions, assuming the data are drawn from a normal distribution with mean 
m and variance s2. (Hint: Under the assumptions, the sample mean is a consistent 
estimator of m, so for purposes of deriving asymptotic results, the difference 
between x and m may be ignored. As such, no generality is lost by assuming the 
mean is zero, and proceeding from there.) Obtain V, the 3 * 3 covariance matrix 
for the three moments, and then use the delta method to show that the covariance 
matrix for the two estimators is

JVJ′ = J6/n 0
0 24/n

R ,

where J is the 2 * 3 matrix of derivatives.
2. Using the results in Example 13.5, estimate the asymptotic covariance matrix of 

the method of moments estimators of P and l based on m1
=  and m2

= . [Note: You will 
need to use the data in Example C.1 to estimate V.]

3. Exponential Families of Distributions. For each of the following distributions, 
determine whether it is an exponential family by examining the log-likelihood 
function. Then identify the sufficient statistics.
a. Normal distribution with mean m and variance s2.
b. The Weibull distribution in Exercise 4 in Chapter 14.
c. The mixture distribution in Exercise 3 in Chapter 14.

4. For the Wald distribution discussed in Example 13.3,

f(y) = A l

2py3 expJ -
l(y - m)2

2m2y
R , y 7 0, l 7 0, m 7 0,

  we have the following results: E[y] = m, Var[y] = s2 = m3/l, E[1/y] = 1/m + 1/l, 
Var[1/y] = 1/(lm) + 2/l2, E[y3] = m3 = E[(y - m)3/s3 = 3m5/l2.
a. Derive the maximum likelihood estimators of m and l and an estimator of the 

asymptotic variances of the MLEs. (Hint: Expand the quadratic in the exponent 
and use the three terms in the derivation.)

•	Overidentified cases
•	Overidentifying restrictions
•	Population moment equation
•	Probability limit
•	Random sample

•	Rank condition
•	Slutsky theorem
•	Specification test
•	Sufficient statistic
•	Taylor series

•	Uncentered moment
•	Wald statistic
•	Weighted least squares
•	Weighting matrix
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b. Derive the method of moments estimators using the three different pairs of 
moments listed above, E[y], E[1/y] and E[y3].

c. Using a random number generator, I generated a sample of 1,000 draws from 
the inverse Gaussian population with parameters m and l. I computed the 
following statistics:

Mean Standard Deviation

y 1.039892 1.438691
1/y 2.903571 2.976183

y3 = (y - m)3/s3 4.158523 38.01372

[For the third variable, I used the known (to me) true values of the parameters.] 
Using the sample data, compute the maximum likelihood estimators of m and 
l and the estimates of the asymptotic standard errors. Compute the method of 
moments estimators using the means of 1/y and y3.

5. In the classical regression model with heteroscedasticity, which is more efficient, 
ordinary least squares or GMM? Obtain the two estimators and their respective 
asymptotic covariance matrices, then prove your assertion.

6. Consider the probit model analyzed in Chapter 17. The model states that for given 
vector of independent variables,

Prob[yi = 1 � xi] = Φ[xi
=B], Prob[yi = 0 � xi] = 1 - Prob[yi = 1 � xi].

  Consider a GMM estimator based on the result that

E[yi � xi] = Φ(xi
=B).

This suggests that we might base estimation on the orthogonality conditions

E[(yi - Φ(xi
=B))xi] = 0.

Construct a GMM estimator based on these results. Note that this is not the 
nonlinear least squares estimator. Explain—what would the orthogonality 
conditions be for nonlinear least squares estimation of this model?

7. Consider GMM estimation of a regression model as shown at the beginning of 
Example 13.8. Let W1 be the optimal weighting matrix based on the moment 
equations. Let W2 be some other positive definite matrix. Compare the asymptotic 
covariance matrices of the two proposed estimators. Show conclusively that the 
asymptotic covariance matrix of the estimator based on W1 is not larger than that 
based on W2.
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14

MaxiMuM LikeLihood estiMation

§
14.1   INTRODUCTION

the generalized method of moments discussed in Chapter 13 and the semiparametric, 
nonparametric, and Bayesian estimators discussed in Chapters 12 and 16 are becoming 
widely used by model builders. nonetheless, the maximum likelihood estimator discussed 
in this chapter remains the preferred estimator in many more settings than the others 
listed. as such, we focus our discussion of generally applied estimation methods on this 
technique. sections 14.2 through 14.6 present basic statistical results for estimation and 
hypothesis testing based on the maximum likelihood principle. sections 14.7 and 14.8 
present two extensions of the method, two-step estimation and pseudo maximum 
likelihood estimation. after establishing the general results for this method of estimation, 
we will then apply them to the more familiar setting of econometric models.  the 
applications presented in sections 14.9 and 14.10 apply the maximum likelihood method 
to most of the models in the preceding chapters and several others that illustrate different 
uses of the technique.

14.2    THE LIKELIHOOD FUNCTION AND IDENTIFICATION 
OF THE PARAMETERS

the probability density function, or pdf, for a random variable, y, conditioned on a set 
of parameters, U, is denoted f(y �U).1 this function identifies the data-generating process 
that underlies an observed sample of data and, at the same time, provides a mathematical 
description of the data that the process will produce. the joint density of n independent 
and identically distributed (i.i.d.) observations from this process is the product of the 
individual densities,

 f(y1, c, yn �U) = q
n

i = 1
f(yi �U) = L(U � y). (14-1)

this joint density is the likelihood function, defined as a function of the unknown 
parameter vector, U, where y is used to indicate the collection of sample data. note that 
we write the joint density as a function of the data conditioned on the parameters whereas 
when we form the likelihood function, we will write this function in reverse, as a function 
of the parameters, conditioned on the data. though the two functions are the same, it 
is to be emphasized that the likelihood function is written in this fashion to highlight 
our interest in the parameters and the information about them that is contained in the 

1Later we will extend this to the case of a random vector, y, with a multivariate density, but at this point, that 
would complicate the notation without adding anything of substance to the discussion.
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538 Part III  ✦   Estimation Methodology

observed data. however, it is understood that the likelihood function is not meant to 
represent a probability density for the parameters as it is in Chapter 16. in this classical 
estimation framework, the parameters are assumed to be fixed constants that we hope to 
learn about from the data.

it is usually simpler to work with the log of the likelihood function:

 ln L(U � y) = a
n

i = 1
 ln f(yi �U). (14-2)

again, to emphasize our interest in the parameters, given the observed data, we denote 
this function L(U � data) = L(U � y). the likelihood function and its logarithm, evaluated 
at U, are sometimes denoted simply L(U) and ln L(U), respectively, or, where no 
ambiguity can arise, just L or ln L.

it will usually be necessary to generalize the concept of the likelihood function to 
allow the density to depend on other conditioning variables. to jump immediately to 
one of our central applications, suppose the disturbance in the classical linear regression 
model is normally distributed. then, conditioned on its specific xi, yi is normally 
distributed with mean mi = xi

=B and variance s2. that means that the observed random 
variables are not i.i.d.; they have different means. nonetheless, the observations are 
independent, and as we will examine in closer detail,

 ln L(U � y, X) = a
n

i = 1
ln f(yi � xi, U) = -

1
2

 a
n

i = 1
[ln s2 + ln(2p) + (yi - xi

=B)2/s2], (14-3)

where X is the n * K matrix of data with ith row equal to xi
=.

the rest of this chapter will be concerned with obtaining estimates of the parameters, 
U, and testing hypotheses about them and about the data-generating process. Before we 
begin that study, we consider the question of whether estimation of the parameters is 
possible at all—the question of identification. identification is an issue related to the 
formulation of the model. the issue of identification must be resolved before estimation 
can even be considered. the question posed is essentially this: suppose we had an 
infinitely large sample—that is, for current purposes, all the information there is to be 
had about the parameters. Could we uniquely determine the values of U from such a 
sample? as will be clear shortly, the answer is sometimes no.

DEFINITION 14.1 Identification
The parameter vector U is identified (estimable) if for any other parameter vector, 
U* ≠ U, for some data y, L(U* � y) ≠ L(U � y).

this result will be crucial at several points in what follows. We consider two examples, 
the first of which will be very familiar to you by now.

Example 14.1  Identification of Parameters
For the regression model specified in (14-3), suppose that there is a nonzero vector a such 
that xi

=a = 0 for every xi. Then there is another parameter vector, G = B + a ≠ B such that 
xi
=B = xi

=G for every xi. You can see in (14-3) that if this is the case, then the log-likelihood is 
the same whether it is evaluated at B or at G. As such, it is not possible to consider estimation 

M14_GREE1366_08_SE_C14.indd   538 2/24/17   1:13 PM



 CHaPtEr 14  ✦  Maximum Likelihood Estimation 539

of B in this model because B cannot be distinguished from G. This is the case of perfect 
collinearity in the regression model, which we ruled out when we first proposed the linear 
regression model with “Assumption 2. Identifiability of the Model Parameters.”

The preceding dealt with a necessary characteristic of the sample data. We now consider 
a model in which identification is secured by the specification of the parameters in the 
model.  (We will study this model in detail in Chapter 17.) Consider a simple form of the 
regression model considered earlier, yi = b1 + b2xi + ei, where ei � xi has a normal distribution 
with zero mean and variance s2. To put the model in a context, consider a consumer’s 
purchase of a large commodity such as a car where xi is the consumer’s income and yi is 
the difference between what the consumer is willing to pay for the car, pi* (their reservation 
price) and the price tag on the car, pi. Suppose rather than observing pi* or pi, we observe 
only whether the consumer actually purchases the car, which, we assume, occurs when 
yi = pi* - pi is positive. Collecting this information, our model states that they will purchase 
the car if yi 7 0 and not purchase it if yi … 0. Let us form the likelihood function for the 
observed data, which are purchase (or not) and income. The random variable in this model 
is purchase or not purchase—there are only two outcomes. The probability of a purchase is

 Prob(purchase �b1, b2, s, xi) = Prob(yi 7 0 �b1, b2, s, xi)

 = Prob(b1 + b2xi + ei 7 0 �b1, b2, s, xi)

 = Prob[ei 7 - (b1 + b2xi) �b1, b2, s, xi]

 = Prob[ei/s 7 - (b1 + b2xi)/s �b1, b2, s, xi]

 = Prob[zi 7 - (b1 + b2xi)/s �b1, b2, s, xi],

where zi has a standard normal distribution. The probability of not purchase is just one minus 
this probability. The likelihood function is

q
i = purchased

 [Prob(purchase �b1, b2, s, xi)] q
i = not purchased

 [1 - Prob(purchase �b1, b2, s, xi)].

We need go no further to see that the parameters of this model are not identified. If b1, b2, 
and s are all multiplied by the same nonzero constant, regardless of what it is, then 
Prob(purchase) is unchanged, 1 - Prob(purchase) is also unchanged, and the likelihood 
function does not change. This model requires a normalization. The one usually used is 
s = 1, but some authors have used b1 = 1 or b2 = 1, instead.2

14.3   EFFICIENT ESTIMATION: THE PRINCIPLE OF MAXIMUM LIKELIHOOD

the principle of maximum likelihood provides a means of choosing an asymptotically 
efficient estimator for a parameter or a set of parameters. the logic of the technique is 
easily illustrated in the setting of a discrete distribution. Consider a random sample of 
the following 10 observations from a Poisson distribution: 5, 0, 1, 1, 0, 3, 2, 3, 4, and 1. the 
density for each observation is

f(yi � u) =
e-uuyi

yi!
.

2For examples, see horowitz (1993) and Lewbel (2014).
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Because the observations are independent, their joint density, which is the likelihood 
for this sample, is

f(y1, y2, c, y10 � u) = q
10

i = 1
f(yi � u) =

e-10uuΣ
10
i = 1yi

q 10
i = 1yi!

=
e-10uu20

207,360
.

the last result gives the probability of observing this particular sample, assuming that a 
Poisson distribution with as yet unknown parameter u generated the data. What value 
of u would make this sample most probable? Figure 14.1 plots this function for various 
values of u. it has a single mode at u = 2, which would be the maximum likelihood 
estimate, or MLe, of u.

Consider maximizing L(u � y) with respect to u. Because the log function is 
monotonically increasing and easier to work with, we usually maximize ln L(u � y) 
instead; in sampling from a Poisson population,

 ln L(u � y) = -nu + ln ua
n

i = 1
yi - a

n

i = 1
ln(yi!),

 
0 ln L(u � y)

0u
= -n +

1
ua

n

i = 1
yi = 0 1 unML = yn.

For the assumed sample of observations,

 ln L(u � y) = -10u + 20 ln u - 12.242,

 
d ln L(u � y)

du
= -10 +

20
u

= 0 1 un = 2,

FIGURE 14.1  Likelihood and Log-Likelihood Functions for a Poisson Distribution.
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and

d2 ln L(u � y)

du2 =
-20
u2 6 0 1 this is a maximum.

the solution is the same as before. Figure 14.1 also plots the log of L(u � y) to illustrate 
the result.

the reference to the probability of observing the given sample is not exact in a 
continuous distribution, because a particular sample has probability zero. nonetheless, 
the principle is the same. the values of the parameters that maximize L(U � data) or its 
log are the maximum likelihood estimates, denoted Un. the logarithm is a monotonic 
function, so the values that maximize L(U � data) are the same as those that maximize 
ln L(U � data). the necessary condition for maximizing ln L(U � data) is

 
0 ln L(U � data)

0U
= 0. (14-4)

this is called the likelihood equation. the general result then is that the MLe is a root 
of the likelihood equation. the application to the parameters of the data-generating 
process for a discrete random variable are suggestive that maximum likelihood is a good 
use of the data. it remains to establish this as a general principle. We turn to that issue 
in the next section.

Example 14.2   Log-Likelihood Function and Likelihood Equations for the 
Normal Distribution

In sampling from a normal distribution with mean m and variance s2, the log-likelihood 
function and the likelihood equations for m and s2 are

 ln L(m, s2) = -
1
2

 a
n

i = 1
J ln(2p) + ln s2 +

(yi - m)2

s2 R , (14-5)

 
0 ln L

0m
=

1
s2  a

n

i = 1
(yi - m) = 0, (14-6)

 
0 ln L
0s2 = -

n
2s2 +

1
2s4  a

n

i = 1
(yi - m)2 = 0. (14-7)

To solve the likelihood equations, multiply (14-6) by s2 and solve for mn , then insert this solution 
in (14-7) and solve for s2. The solutions are

2

 mnML =
1
n

 a
n

i = 1
yi = yn and sn ML

2 =
1
n

 a
n

i = 1
(yi - yn). (14-8)

14.4   PROPERTIES OF MAXIMUM LIKELIHOOD ESTIMATORS

Maximum likelihood estimators (MLes) are most attractive because of their large-
sample or asymptotic properties.
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if certain regularity conditions are met, the MLe will have these properties. the finite 
sample properties are sometimes less than optimal. For example, the MLe may be 
biased; the MLe of s2 in example 14.2 is biased downward. the occasional statement 
that the properties of the MLe are only optimal in large samples is not true, however. 
it can be shown that when sampling is from an exponential family of distributions (see 
definition 13.1), there will exist sufficient statistics. if so, MLes will be functions of them, 
which means that when minimum variance unbiased estimators exist, they will be MLes.4 
Most applications in econometrics do not involve exponential families, so the appeal of 
the MLe remains primarily based on its asymptotic properties.

We use the following notation: Un is the maximum likelihood estimator; U0 denotes 
the true value of the parameter vector; U denotes another possible value of the parameter 
vector, not the MLe and not necessarily the true values. expectation based on the true 
values of the parameters is denoted E0[.]. if we assume that the regularity conditions 
discussed momentarily are met by f(x, U0), then we have the following theorem.

4see stuart and ord (1989).

THEOREM 14.1 Properties of an MLE
Under regularity, the MLE has the following asymptotic properties:

M1. Consistency: plim Un = U0.
M2.  Asymptotic normality: Un ∼

a
N[U0, {I(U0)}-1], where

I(U0) = -E0[02 ln L/0U00U0
= ].

M3.  Asymptotic efficiency: Un is asymptotically efficient and achieves the Cramér–
Rao lower bound for consistent estimators, given in M2 and Theorem C.2.

M4.  Invariance: The maximum likelihood estimator of G0 = c(U0) is c(Un) if c(U0) 
is a continuous and continuously differentiable function.

DEFINITION 14.2 Asymptotic Efficiency
An estimator is asymptotically efficient if it is consistent, asymptotically normally 
distributed (CAN), and has an asymptotic covariance matrix that is not larger than 
the asymptotic covariance matrix of any other consistent, asymptotically normally 
distributed estimator.3

3Not larger is defined in the sense of (a-118): the covariance matrix of the less efficient estimator equals that of 
the efficient estimator plus a nonnegative definite matrix.

14.4.1  REGULARITY CONDITIONS

to sketch proofs of these results, we first obtain some useful properties of probability 
density functions. We assume that (y1, c, yn) is a random sample from the population 
with density function f(yi �U0) and that the following regularity conditions hold.5

5our statement of these is informal. a more rigorous treatment may be found in stuart and ord (1989) or 
davidson and Mackinnon (2004).
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With these regularity conditions, we will obtain the following fundamental 
characteristics of f(yi �U): d1 is simply a consequence of the definition of the likelihood 
function. d2 leads to the moment condition which defines the maximum likelihood 
estimator. on the one hand, the MLe is found as the maximizer of a function, which 
mandates finding the vector that equates the gradient to zero. on the other hand, d2 is 
a more fundamental relationship that places the MLe in the class of generalized method 
of moments estimators. d3 produces what is known as the information matrix equality. 
this relationship shows how to obtain the asymptotic covariance matrix of the MLe.

14.4.2  PROPERTIES OF REGULAR DENSITIES

densities that are regular by definition 14.3 have three properties that are used in 
establishing the properties of maximum likelihood estimators:

DEFINITION 14.3 Regularity Conditions

R1.  The first three derivatives of ln f(yi �U) with respect to U are continuous and 
finite for almost all yi and for all U. This condition ensures the existence of a 
certain Taylor series approximation to and the finite variance of the deriva-
tives of ln L.

R2.  The conditions necessary to obtain the expectations of the first and second 
derivatives of ln f(yi �U) are met.

R3.   For all values of U, � 03 ln f(yi �U)/0uj0uk0ul �  is less than a function that has a 
finite expectation. This condition will allow us to truncate the Taylor series.

THEOREM 14.2 Moments of the Derivatives of the Log Likelihood

D1.  ln f(yi �U), gi = 0 ln f(yi �U)/0U, and Hi = 02 ln f(yi �U)/0U0U′, i = 1, c, n, 
are all random samples of random variables. This statement follows from 
our assumption of random sampling. The notation gi(U0) and Hi(U0) indicates 
the derivative evaluated at U0 . Condition D1 is simply a consequence of the 
definition of the density.

D2. E0[gi(U0)] = 0.
D3. Var[gi(U0)] = -E[Hi(U0)].

For the moment, we allow the range of yi to depend on the parameters; 
A(U0) … yi … B(U0). (Consider, for example, finding the maximum likelihood estimator 
of u0 for a continuous uniform distribution with range [0, u0].) (in the following, the 
single integral 1cdyi will be used to indicate the multiple integration over all the 
elements of a multivariate of yi if that is necessary.) By definition,

L
B(U0)

A(U0)
f(yi �U0) dyi = 1.

M14_GREE1366_08_SE_C14.indd   543 2/24/17   1:13 PM



544 Part III  ✦   Estimation Methodology

now, differentiate this expression with respect to U0. Leibnitz’s theorem gives

0L
B(U0)

A(U0)
f(yi �U0) dyi

0U0
= L

B(U0)

A(U0)
 
0f(yi�U0)

0U0
 dyi + f(B(U0)�U0) 

0B(U0)

0U0
- f(A(U0)�U0) 

0A(U0)

0U0
= 0.

if the second and third terms go to zero, then we may interchange the operations of 
differentiation and integration. the necessary condition is that limyiTA(U0) f(yi �U0) =
limyicB(U0) f(yi �U0) = 0. (Note: the uniform distribution suggested earlier violates this 
condition.) sufficient conditions are that the range of the observed random variable, yi, 
does not depend on the parameters, which means that 0A(U0)/0U0 = 0B(U0)/0U0 = 0 or 
that the density is zero at the terminal points. this condition, then, is regularity condition 
R2. the latter is usually assumed, and we will assume it in what follows. so,

 
0L f(yi �U0) dyi

0U0
= L  

0f(yi �U0)

0U0
 dyi = L  

0 ln f(yi �U0)

0U0
 f(yi �U0) dyi

 = E0J 0 ln f(yi �U0)

0U0
R = 0.

this proves d2.
Because we may interchange the operations of integration and differentiation, we 

differentiate under the integral once again to obtain

L J 02 ln f(yi �U0)

0U00U0
=  f(yi �U0) +

0 ln f(yi �U0)

0U0
 
0f(yi �U0)

0U0
= Rdyi = 0.

But

0f(yi �U0)

0U0
= = f(yi �U0) 

0 ln f(yi �U0)

0U0
= ,

and the integral of a sum is the sum of integrals. therefore,

- L J 02 ln f(yi �U0)

0U00U0
= R f(yi �U0)dyi = L J 0 ln f(yi �U0)

0U0
 
0 ln f(yi �U0)

0U0
= R f(yi �U0)dyi.

the left-hand side of the equation is the negative of the expected second derivatives 
matrix. the right-hand side is the expected square (outer product) of the first derivative 
vector. But because this vector has expected value 0 (we just showed this), the right-hand 
side is the variance of the first derivative vector, which proves d3,

Var0J 0 ln f(yi �U0)

0U0
R = E0J ¢ 0 ln f(yi �U0)

0U0
≤ ¢ 0 ln f(yi �U0)

0U0
= ≤ R = -EJ 02 ln f(yi �U0)

0U00U0
= R .

14.4.3  THE LIKELIHOOD EQUATION

the log-likelihood function is

ln L(U � y) = a
n

i = 1
ln f(yi �U).

M14_GREE1366_08_SE_C14.indd   544 2/24/17   1:13 PM



 CHaPtEr 14  ✦  Maximum Likelihood Estimation 545

the first derivative vector, or score vector, is

 g =
0 ln L(U � y)

0U
= a

n

i = 1
 
0 ln f(yi �U)

0U
= a

n

i = 1
gi. (14-9)

Because we are just adding terms, it follows from d1 and d2 that at U0,

 E0J 0 ln L(U0 � y)

0U0
R = E0[g0] = 0, (14-10)

which is the likelihood equation mentioned earlier.

14.4.4  THE INFORMATION MATRIX EQUALITY

the hessian of the log likelihood is

H =
02 ln L(U � y)

0U0U′
= a

n

i = 1
 
02 ln f(yi �U)

0U 0U′
= a

n

i = 1
Hi.

evaluating once again at U0, by taking

E0[g0g0
= ] = E0Jan

i = 1
a
n

j = 1
g0ig0j

= R ,

and, because of d1, dropping terms with unequal subscripts, we obtain

E0[g0g0
= ] = E0Jan

i = 1
g0ig0i

= R = E0Jan
i = 1

(-H0i) R = -E0[H0],

so that

 Var0J 0 ln L(U0 � y)

0U0
R = E0J ¢ 0 ln L(U0 � y)

0U0
≤ ¢ 0 ln L(U0 � y)

0U0
= ≤ R = -E0J 02 ln L(U0 � y)

0U00U0
= R .

 (14-11)

this very useful result is known as the information matrix equality. it states that the 
variance of the first derivative of ln L equals the negative of the second derivative.

14.4.5  ASYMPTOTIC PROPERTIES OF THE MAXIMUM LIKELIHOOD ESTIMATOR

We can now sketch a derivation of the asymptotic properties of the MLe. Formal proofs 
of these results require some fairly intricate mathematics. two widely cited derivations 
are those of Cramér (1948) and amemiya (1985). to suggest the flavor of the exercise, 
we will sketch an analysis provided by stuart and ord (1989) for a simple case, and 
indicate where it will be necessary to extend the derivation if it were to be fully general.

14.4.5.a  Consistency

We assume that f(yi �U0) is a possibly multivariate density that at this point does not 
depend on covariates, xi. thus, this is the i.i.d., random sampling case. Because Un is the 
MLe, in any finite sample, for any U ≠ Un (including the true U0) it must be true that

 ln L(Un) Ú ln L(U). (14-12)

Consider, then, the random variable L(U)/L(U0). Because the log function is strictly 
concave, from Jensen’s inequality (theorem d.13.), we have
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 E0J ln 
L(U)

L(U0)
R 6 ln E0J L(U)

L(U0)
R . (14-13)

the expectation on the right-hand side is exactly equal to one, as

 E0J L(U)

L(U0)
R = L ¢ L(U)

L(U0)
≤L(U0)dy = 1 (14-14)

is simply the integral of a joint density. so, the right-hand side of (14-13) equals zero. 
divide the left-hand side of (14-13) by n to produce

E0[1/n ln L(U)] - E0[1/n ln L(U0)] 6 0.

this produces a central result:

in words, the expected value of the log likelihood is maximized at the true value of the 
parameters.

For any U, including Un,

[(1/n) ln L(U)] = (1/n)a
n

i = 1
ln f(yi �U)

is the sample mean of n i.i.d. random variables, with expectation E0[(1/n) ln L(U)]. 
Because the sampling is i.i.d. by the regularity conditions, we can invoke the khinchine 
theorem, d.5; the sample mean converges in probability to the population mean. 
using U = Un, it follows from theorem 14.3 that as n S ∞ , lim Prob{[(1/n) ln L(Un)] 6  
[(1/n) ln L(U0)]} = 1 if Un ≠ U0. But Un is the MLe, so for every n, (1/n) ln L(Un) Ú (1/n) 
ln L(U0). the only way these can both be true is if (1 / n) times the sample log likelihood 
evaluated at the MLe converges to the population expectation of (1 /n) times the 
log likelihood evaluated at the true parameters. there remains one final step. does 
(1/n) ln L( nU) S (1/n) ln L(U0) imply that Un S U0? if there is a single parameter and 
the likelihood function is one to one, then clearly so. For more general cases, this 
requires a further characterization of the likelihood function. if the likelihood is strictly 
continuous and twice differentiable, which we assumed in the regularity conditions, and 
if the parameters of the model are identified, which we assumed at the beginning of this 
discussion, then yes, it does, so we have the result.

this is a heuristic proof. as noted, formal presentations appear in more advanced 
treatises than this one. We should also note we have assumed at several points that 
sample means converge to their population expectations. this is likely to be true for 
the sorts of applications usually encountered in econometrics, but a fully general set 
of results would look more closely at this condition. second, we have assumed i.i.d. 
sampling in the preceding—that is, the density for yi does not depend on any other 
variables, xi. this will almost never be true in practice. assumptions about the behavior 

THEOREM 14.3 Likelihood Inequality

E0[(1/n) ln L(U0)] 7 E0[(1/n) ln L(U)] for any U ≠ U0 (including Un).
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of these variables will enter the proofs as well. For example, in assessing the large sample 
behavior of the least squares estimator, we have invoked an assumption that the data 
are well behaved. the same sort of consideration will apply here as well. We will return 
to this issue shortly. With all this in place, we have property M1, plim Un = U0.

14.4.5.b  Asymptotic Normality

at the maximum likelihood estimator, the gradient of the log likelihood equals zero (by 
definition), so g(Un) = 0. (this is the sample statistic, not the expectation.) expand this 
set of equations in a taylor series around the true parameters U0. We will use the mean 
value theorem to truncate the taylor series for each element of g(Un) at the second term,

g(Un) = g(U0) + H(U)(Un - U0) = 0.

the K rows of the hessian are each evaluated at a point Uk that is between Un and 
U0 [Uk = wkU

n + (1 - wk)U0 for some 0 6 wk 6 1]. (although the vectors Uk are 
different, they all converge to U0.) We then rearrange this function and multiply the 
result by 2n to obtain 2n(Un - U0) = [-H(U)]-1[2ng(U0)].

Because plim(Un - U0) = 0, plim(Un - U) = 0 as well. the second derivatives are 
continuous functions. therefore, if the limiting distribution exists, then2n(Un - U0) ¡d

[-H(U0)]-1[2ng(U0)].

By dividing H(U0) and g(U0) by n, we obtain

 2n(Un - U0) ¡d c -
1
n

 H(U0) d
-1

[2ng(U0)]. (14-15)

We may apply the Lindeberg–Levy central limit theorem (d.18) to [2ng(U0)], because it is 2n times the mean of a random sample; we have invoked d1 again. the limiting variance of

[2ng(U0)] is -E0[(1/n)H(U0)], so2ng(U0) ¡d
Nb0, -E0 c 1

n
 H(U0) d r .

By virtue of theorem d.2, plim[-(1/n)H(U0)] = -E0[(1/n)H(U0)]. this result is a 
constant matrix, so we can combine results to obtain

c- 1
n

 H(U0)d
-12ng(U0) ¡d

NJ0, b-E0 c 1
n

 H(U0)d r-1b-E0 c1n  H(U0)dr b-E0 c1n  H(U0)dr-1R ,

or 2n(Un - U0) ¡d
NJ0, b -E0 c 1

n
 H(U0) d r -1 R ,

which gives the asymptotic distribution of the MLe,

Un ∼
a

N[U0, {I(U0)}-1].

this last step completes M2.
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Example 14.3  Information Matrix for the Normal Distribution
For the likelihood function in Example 14.2, the second derivatives are

 
02 ln L

0m2 =
-n
s2 ,

 
02 ln L
0(s2)2

=
n

2s4 -
1
s6  a

n

i = 1
(yi - m)2,

 
02 ln L
0m0s2 =

-1
s4  a

n

i = 1
(yi - m).

For the asymptotic variance of the maximum likelihood estimator, we need the expectations 
of these derivatives. The first is nonstochastic, and the third has expectation 0, as E[yi] = m. 
That leaves the second, which you can verify has expectation -n/(2s4) because each of the 
n terms (yi - m)2 has expected value s2. Collecting these in the information matrix, reversing 
the sign, and inverting the matrix gives the asymptotic covariance matrix for the maximum 
likelihood estimators, b -E0J 02 ln L

0U0 0U0
= R r -1

= Js2/n 0
0 2s4/n

R .

14.4.5.c  Asymptotic Efficiency

theorem C.2 provides the lower bound for the variance of an unbiased estimator. 
Because the asymptotic variance of the MLe achieves this bound, it seems natural to 
extend the result directly. there is, however, a loose end in that the MLe is almost never 
unbiased. as such, we need an asymptotic version of the bound, which was provided by 
Cramér (1948) and Rao (1945) (hence the name):

the asymptotic variance of the MLe is, in fact, equal to the Cramér–Rao lower bound 
for the variance of a consistent, asymptotically normally distributed estimator, so this 
completes the argument.6

14.4.5.d  Invariance

Last, the invariance property, M4, is a mathematical result of the method of computing 
MLes; it is not a statistical result as such. More formally, the MLe is invariant to 

6a result reported by LeCam (1953) and recounted in amemiya (1985, p. 124) suggests that, in principle, there do 
exist Can functions of the data with smaller variances than the MLe. But the finding is a narrow result with no 
practical implications. For practical purposes, the statement may be taken as given.

THEOREM 14.4 Cramér–Rao Lower Bound
Assuming that the density of yi satisfies the regularity conditions R1–R3, the 
 asymptotic variance of a consistent and asymptotically normally distributed 
 estimator of the parameter vector U0 will always be at least as large as

[I(U0)]-1 = ¢ -E0J 02 ln L(U0)

0U0 0U0
= R ≤-1

= ¢E0J ¢ 0 ln L(U0)

0U0
≤ ¢ 0 ln L(U0)

0U0
≤= R ≤-1

.
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one-to-one transformations of U. any transformation that is not one to one either 
renders the model inestimable if it is one to many or imposes restrictions if it is many to 
one. some theoretical aspects of this feature are discussed in davidson and Mackinnon 
(2004, pp. 446, 539–540). For the practitioner, the result can be extremely useful. For 
example, when a parameter appears in a likelihood function in the form 1/uj, it is 
usually worthwhile to reparameterize the model in terms of gj = 1/uj. in an important 
application, olsen (1978) used this result to great advantage.  (see section 19.3.3.) 
suppose that the normal log likelihood in example 14.2 is parameterized in terms of 
the precision parameter, u2 = 1/s2. the log likelihood becomes

ln L(m, u2) = -(n/2) ln(2p) + (n/2) ln u2 -
u2

2
 a

n

i = 1
(yi - m)2.

the MLe for m is clearly still x. But the likelihood equation for u2 is now

0 ln L(m, u2)/0u2 =
1
2

 Jn/u2 - a
n

i = 1
(yi - m)2 R = 0,

which has solution un2 = n/a
n

i = 1
(yi - mn )2 = 1/sn 2, as expected. there is a second 

implication. if it is desired to analyze a function of an MLe, then the function of Un will, 
itself, be the MLe.

14.4.5.e  Conclusion

these four properties explain the prevalence of the maximum likelihood technique in 
econometrics. the second greatly facilitates hypothesis testing and the construction of 
interval estimates. the third is a particularly powerful result. the MLe has the minimum 
variance achievable by a consistent and asymptotically normally distributed estimator.

14.4.6   ESTIMATING THE ASYMPTOTIC VARIANCE OF THE MAXIMUM 
LIKELIHOOD ESTIMATOR

the asymptotic covariance matrix of the maximum likelihood estimator is a matrix of 
parameters that must be estimated (i.e., it is a function of the U0 that is being estimated). 
if the form of the expected values of the second derivatives of the log likelihood is 
known, then

 [I(U0)]-1 = b -E0J 02 ln L(U0)

0U0 0U0
= R r -1

 (14-16)

can be evaluated at Un to estimate the covariance matrix for the MLe. this estimator 
will rarely be available. the second derivatives of the log likelihood will almost always 
be complicated nonlinear functions of the data whose exact expected values will be 
unknown. there are, however, two alternatives. a second estimator is

 [In(Un)]-1 = ¢ -
02 ln L(Un)

0Un 0Un′
≤-1

. (14-17)

this estimator is computed simply by evaluating the actual (not expected) second 
derivatives matrix of the log-likelihood function at the maximum likelihood estimates. it 
is straightforward to show that this amounts to estimating the expected second derivatives 
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of the density with the sample mean of this quantity. theorem d.4 and Result (d-5) can 
be used to justify the computation. the only shortcoming of this estimator is that the 
second derivatives can be complicated to derive and program for a computer. a third 
estimator based on result d3 in theorem 14.2, that the expected second derivatives 
matrix is the covariance matrix of the first derivatives vector, is

 [In
n

(Un)]-1 = Jan
i = 1

gn ign i
= R -1

= [Gn ′Gn ]-1, (14-18)

where gn i =
0 ln f(xi, Un)

0Un
, and Gn = [gn1, gn2, c, gnn]′ is an n * K matrix with ith row equal 

to the transpose of the ith vector of derivatives in the terms of the log-likelihood 
function. For a single parameter, this estimator is just the reciprocal of the sum of 
squares of the first derivatives. this estimator is extremely convenient, in most cases, 
because it does not require any computations beyond those required to solve the 
likelihood equation. it has the added virtue that it is always nonnegative definite. For 
some extremely complicated log-likelihood functions, sometimes because of rounding 
error, the observed hessian can be indefinite, even at the maximum of the function. the 
estimator in (14-18) is known as the BHHH estimator7 and the outer product of 
gradients estimator (OPG).

none of the three estimators given here is preferable to the others on statistical 
grounds; all are asymptotically equivalent. in most cases, the Bhhh estimator will be 
the easiest to compute. one caution is in order. as the following example illustrates, 
these estimators can give different results in a finite sample. this is an unavoidable finite 
sample problem that can, in some cases, lead to different statistical conclusions. the 
example is a case in point. using the usual procedures, we would reject the hypothesis 
that b = 0 if either of the first two variance estimators were used, but not if the third 
were used. the estimator in (14-16) is usually unavailable, as the exact expectation of 
the hessian is rarely known. available evidence suggests that in small or moderate-sized 
samples, (14-17) (the hessian) is preferable.

Example 14.4  Variance Estimators for an MLE
The sample data in Example C.1 are generated by a model of the form

f(yi, xi /b) =
1

b + xi
 e-yi/(b + xi),

where y = income and x = education. To find the maximum likelihood estimate of b, we 
maximize

ln L(b) = - a
n

i = 1
ln(b + xi) - a

n

i = 1
 

yi

b + xi

.

The likelihood equation is

 
0 ln L(b)

0b
= - a

n

i = 1
 

1
b + xi

+ a
n

i = 1
 

yi

(b + xi)2
= 0, (14-19)

7it appears to have been advocated first in the econometrics literature in Berndt et al. (1974).
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which has the solution bn = 15.602727. To compute the asymptotic variance of the MLE, we 
require

 
02 ln L(b)

0b2 = a
n

i = 1
 

1
(b + xi)2

- 2a
n

i = 1
 

yi

(b + xi)3
. (14-20)

Because the function E(yi) = b + xi is known, the exact form of the expected value in (14-20) 
is known. Inserting bn + xi for yi in (14-20) and taking the negative of the reciprocal yields the 
first variance estimate, 44.2546. Simply inserting bn = 15.602727 in (14-20) and taking 
the negative of the reciprocal gives the second estimate, 46.16337. Finally, by computing 
the reciprocal of the sum of squares of first derivatives of the densities evaluated at bn,

[In
n

(Bn )]-1 =
1

a n
i = 1[-1/(bn + xi) + yi/(bn + xi)2]2

,

we obtain the BHHH estimate, 100.5116.

14.5   CONDITIONAL LIKELIHOODS AND ECONOMETRIC MODELS

all of the preceding results form the statistical underpinnings of the technique of 
maximum likelihood estimation. But, for our purposes, a crucial element is missing. 
We have done the analysis in terms of the density of an observed random variable 
and a vector of parameters, f(yi �A). But econometric models will involve exogenous or 
predetermined variables, xi, so the results must be extended. a workable approach is to 
treat this modeling framework the same as the one in Chapter 4, where we considered 
the large sample properties of the linear regression model. thus, we will allow xi to 
denote a mix of random variables and constants that enter the conditional density of yi. 
By partitioning the joint density of yi and xi into the product of the conditional and the 
marginal, the log-likelihood function may be written

ln L(A � data) = a
n

i = 1
ln f(yi, xi �A) = a

n

i = 1
ln f(yi � xi, A) + a

n

i = 1
ln g(xi �A),

where any nonstochastic elements in xi such as a time trend or dummy variable are being 
carried as constants. to proceed, we will assume as we did before that the process generating 
xi takes place outside the model of interest. For present purposes, that means that the 
parameters that appear in g(xi �A) do not overlap with those that appear in f(yi � xi, A). 
thus, we partition A into [U, D] so that the log-likelihood function may be written

ln L(U, D � data) = a
n

i = 1
ln f(yi, xi �A) = a

n

i = 1
ln f(yi � xi, U) + a

n

i = 1
ln g(xi �D).

as long as U and D have no elements in common and no restrictions connect them (such 
as u + d = 1), then the two parts of the log likelihood may be analyzed separately. in 
most cases, the marginal distribution of xi will be of secondary (or no) interest.

asymptotic results for the maximum conditional likelihood estimator must now 
account for the presence of xi in the functions and derivatives of ln f(yi � xi, U). We will 
proceed under the assumption of well-behaved data so that sample averages such as

(1/n) ln L(U � y, X) =
1
n

 a
n

i = 1
ln f(yi � xi, U)
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and its gradient with respect to U will converge in probability to their population 
expectations. We will also need to invoke central limit theorems to establish the 
asymptotic normality of the gradient of the log likelihood, so as to be able to characterize 
the MLe itself. We will leave it to more advanced treatises such as amemiya (1985) and 
newey and McFadden (1994) to establish specific conditions and fine points that must 
be assumed to claim the “usual” properties for maximum likelihood estimators. For 
present purposes (and the vast bulk of empirical applications), the following minimal 
assumptions should suffice:

●● Parameter space. Parameter spaces that have gaps and nonconvexities in them will 
generally disable these procedures. an estimation problem that produces this failure 
is that of “estimating” a parameter that can take only one among a discrete set of 
values. For example, this set of procedures does not include “estimating” the timing 
of a structural change in a model. the likelihood function must be a continuous 
function of a convex parameter space. We allow unbounded parameter spaces, such 
as s 7 0 in the regression model, for example.

●● Identifiability. estimation must be feasible. this is the subject of definition 14.1 
concerning identification and the surrounding discussion.

●● Well-behaved data. Laws of large numbers apply to sample means involving the data 
and some form of central limit theorem (generally Lyapounov) can be applied to 
the gradient. ergodic stationarity is broad enough to encompass any situation that is 
likely to arise in practice, though it is probably more general than we need for most 
applications, because we will not encounter dependent observations specifically 
until later in the book. the definitions in Chapter 4 are assumed to hold generally.

With these in place, analysis is essentially the same in character as that we used in the 
linear regression model in Chapter 4 and follows precisely along the lines of section 12.5.

14.6   HYPOTHESIS AND SPECIFICATION TESTS AND FIT MEASURES

the next several sections will discuss the most commonly used test procedures: the 
likelihood ratio, Wald, and Lagrange multiplier tests.8 We consider maximum likelihood 
estimation of a parameter u and a test of the hypothesis H0: c(u) = 0. the logic of the 
tests can be seen in Figure 14.2.9 the figure plots the log-likelihood function ln L(u), its 
derivative with respect to u, d ln L(u)/du, and the constraint c(u). there are three 
approaches to testing the hypothesis suggested in the figure:

●● Likelihood ratio test. if the restriction c(u) = 0 is valid, then imposing it should not 
lead to a large reduction in the log-likelihood function. therefore, we base the test 
on the difference, ln LU - ln LR, where LU is the value of the likelihood function 
at the unconstrained value of u and LR is the value of the likelihood function at the 
restricted estimate.

8extensive discussion of these procedures is given in Godfrey (1988).
9see Buse (1982). note that the scale of the vertical axis would be different for each curve. as such, the points of 
intersection have no significance.
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●● Wald test. if the restriction is valid, then c(unMLe) should be close to zero because the 
MLe is consistent. therefore, the test is based on c(unMLe). We reject the hypothesis 
if this value is significantly different from zero.

●● Lagrange multiplier test. if the restriction is valid, then the restricted estimator 
should be near the point that maximizes the log likelihood. therefore, the slope of 
the log-likelihood function should be near zero at the restricted estimator. the test is 
based on the slope of the log likelihood at the point where the function is maximized 
subject to the restriction.

FIGURE 14.2  Three Bases for Hypothesis Tests.

Wald

Lagrange
multiplier

0 u

ln LR

ûR ûMLE

ln L(u)

d ln L(u)|du

ln L(u)
d ln L(u)|du
c(u)
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c(u)

Likelihood
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these three tests are asymptotically equivalent under the null hypothesis, but they 
can behave rather differently in a small sample. unfortunately, their small-sample 
properties are unknown, except in a few special cases. as a consequence, the choice 
among them is typically made on the basis of ease of computation. the likelihood 
ratio test requires calculation of both restricted and unrestricted estimators. if both 
are simple to compute, then this way to proceed is convenient. the Wald test requires 
only the unrestricted estimator, and the Lagrange multiplier test requires only the 
restricted estimator. in some problems, one of these estimators may be much easier 
to compute than the other. For example, a linear model is simple to estimate but 
becomes nonlinear and cumbersome if a nonlinear constraint is imposed. in this case, 
the Wald statistic might be preferable. alternatively, restrictions sometimes amount 
to the removal of nonlinearities, which would make the Lagrange multiplier test the 
simpler procedure.

14.6.1  THE LIKELIHOOD RATIO TEST

Let U be a vector of parameters to be estimated, and let H0 specify some sort of restriction 
on these parameters. Let UnU be the maximum likelihood estimator of U obtained without 
regard to the constraints, and let UnR be the constrained maximum likelihood estimator. 
if LnU and LnR are the likelihood functions evaluated at these two estimates, then the 
likelihood ratio is

 l =
LnR

LnU

. (14-21)

this function must be between zero and one. Both likelihoods are positive, and LnR 
cannot be larger than LnU. (a restricted optimum is never superior to an unrestricted 
one.) if l is too small, then doubt is cast on the restrictions.

an example from a discrete distribution helps fix these ideas. in estimating from a 
sample of 10 from a Poisson population at the beginning of section 14.3, we found the 
MLe of the parameter u to be 2. at this value, the likelihood, which is the probability 
of observing the sample we did, is 0.104 * 10-7. are these data consistent with 
H0: u = 1.8? LR = 0.936 * 10-8, which is, as expected, smaller. this particular sample 
is somewhat less probable under the hypothesis.

the formal test procedure is based on the following result.

the null hypothesis is rejected if this value exceeds the appropriate critical value 
from the chi-squared tables. thus, for the Poisson example,

-2 ln l = -2 lna 0.0936
0.104

b = 0.21072.

THEOREM 14.5 Limiting Distribution of the Likelihood Ratio Test Statistic
Under regularity and under H0, the limiting distribution of -2 ln l is chi squared, 
with degrees of freedom equal to the number of restrictions imposed.
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this chi-squared statistic with one degree of freedom is not significant at any 
conventional level, so we would not reject the hypothesis that u = 1.8 on the basis of 
this test.10

it is tempting to use the likelihood ratio test to test a simple null hypothesis against a 
simple alternative. For example, we might be interested in the Poisson setting in testing 
H0: u = 1.8 against H1: u = 2.2. But the test cannot be used in this fashion. the degrees of 
freedom of the chi-squared statistic for the likelihood ratio test equals the reduction in the 
number of dimensions in the parameter space that results from imposing the restrictions. in 
testing a simple null hypothesis against a simple alternative, this value is zero.11 second, one 
sometimes encounters an attempt to test one distributional assumption against another with 
a likelihood ratio test; for example, a certain model will be estimated assuming a normal 
distribution and then assuming a t distribution. the ratio of the two likelihoods is then 
compared to determine which distribution is preferred. this comparison is also inappropriate. 
the parameter spaces, and hence the likelihood functions of the two cases, are unrelated.

14.6.2  THE WALD TEST

a practical shortcoming of the likelihood ratio test is that it usually requires estimation 
of both the restricted and unrestricted parameter vectors. in complex models, one or 
the other of these estimates may be very difficult to compute. Fortunately, there are 
two alternative testing procedures, the Wald test and the Lagrange multiplier test, that 
circumvent this problem. Both tests are based on an estimator that is asymptotically 
normally distributed.

these two tests are based on the distribution of the full rank quadratic form 
considered in section B.11.6. specifically,

 if x ∼ NJ[M, �], then (x - M)′�-1(x - M) ∼ chi@squared[J]. (14-22)

in the setting of a hypothesis test, under the hypothesis that E(x) = M, the quadratic 
form has the chi-squared distribution. if the hypothesis that E(x) = M is false, however, 
then the quadratic form just given will, on average, be larger than it would be if the 
hypothesis were true.12 this condition forms the basis for the test statistics discussed in 
this and the next section.

Let Un be the vector of parameter estimates obtained without restrictions. We 
hypothesize a set of restrictions,

H0: c(U) = q.

if the restrictions are valid, then at least approximately Un should satisfy them. if the hypothesis 
is erroneous, however, then c(Un) - q should be farther from 0 than would be explained by 
sampling variability alone. the device we use to formalize this idea is the Wald test.

10of course, our use of the large-sample result in a sample of 10 might be questionable.
11note that because both likelihoods are restricted in this instance, there is nothing to prevent -2 ln l from being 
negative.
12if the mean is not m, then the statistic in (14-22) will have a noncentral chi-squared distribution. this distribution 
has the same basic shape as the central chi-squared distribution, with the same degrees of freedom, but lies to the 
right of it. thus, a random draw from the noncentral distribution will tend, on average, to be larger than a random 
observation from the central distribution.
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this test is analogous to the chi-squared statistic in (14-22) if c(Un) - q is normally 
distributed with the hypothesized mean of 0. a large value of W leads to rejection of the 
hypothesis. note, finally, that W only requires computation of the unrestricted model. 
one must still compute the covariance matrix appearing in the preceding quadratic 
form. this result is the variance of a possibly nonlinear function, which we treated earlier.

 est.asy.Var[c(Un) - q] = Cn  est.asy.Var[Un]Cn ′,

 Cn = c 0c(Un)

0Un′
d .  (14-23)

that is, C is the J * K matrix whose jth row is the derivatives of the jth constraint with 
respect to the K elements of U. a common application occurs in testing a set of linear 
restrictions.

For testing a set of linear restrictions RU = q, the Wald test would be based on

H0: c(U) - q = RU - q = 0,

 Cn = c 0c(Un)

0Un′
d = R, (14-24)

est.asy.Var[c(Un) - q] = R est.asy.Var[Un]R,

and

W = [RUn - q]′[R est.asy.Var(Un)R′]-1[RUn - q].

the degrees of freedom is the number of rows in R.
if c(U) = q is a single restriction, then the Wald test will be the same as the test 

based on the confidence interval developed previously. if the test is

H0: u = u0 versus H1: u ≠ u0,

then the earlier test is based on

 z =
� un - u0 �

s(un)
, (14-25)

where s(un) is the estimated asymptotic standard error. the test statistic is compared to 
the appropriate value from the standard normal table. the Wald test will be based on

THEOREM 14.6 Limiting Distribution of the Wald Test Statistic
The Wald statistic is

W = [c(Un) - q]′(asy.Var[c(Un) - q])-1[c(Un) - q].

Under H0, W has a limiting chi-squared distribution with degrees of freedom equal 
to the number of restrictions [i.e., the number of equations in c(Un) - q = 0]. 
A  derivation of the limiting distribution of the Wald statistic appears in Theorem 5.1.
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 W = [(un - u0) - 0](asy.Var[(un - u0) - 0])-1[(un - u0) - 0] =
(un - u0)

2

asy.Var[un]
= z2.

 (14-26)

here W has a limiting chi-squared distribution with one degree of freedom, which is the 
distribution of the square of the standard normal test statistic in (14-25).

to summarize, the Wald test is based on measuring the extent to which the unrestricted 
estimates fail to satisfy the hypothesized restrictions. there are two shortcomings of the 
Wald test. First, it is a pure significance test against the null hypothesis, not necessarily 
for a specific alternative hypothesis. as such, its power may be limited in some settings. 
in fact, the test statistic tends to be rather large in applications. the second shortcoming 
is not shared by either of the other test statistics discussed here. the Wald statistic is not 
invariant to the formulation of the restrictions. For example, for a test of the hypothesis 
that a function u = b/(1 - g) equals a specific value q there are two approaches one 
might choose. a Wald test based directly on u - q = 0 would use a statistic based on the 
variance of this nonlinear function. an alternative approach would be to analyze the linear 
restriction b - q(1 - g) = 0, which is an equivalent, but linear, restriction. the Wald 
statistics for these two tests could be different and might lead to different inferences. these 
two shortcomings have been widely viewed as compelling arguments against use of the 
Wald test. But, in its favor, the Wald test does not rely on a strong distributional assumption, 
as do the likelihood ratio and Lagrange multiplier tests. the recent econometrics literature is 
replete with applications that are based on distribution free estimation procedures, such as 
the GMM method. as such, in recent years, the Wald test has enjoyed a redemption of sorts.

14.6.3  THE LAGRANGE MULTIPLIER TEST

the third test procedure is the Lagrange multiplier (LM) or efficient score (or just score) 
test. it is based on the restricted model instead of the unrestricted model. suppose that 
we maximize the log likelihood subject to the set of constraints c(U) - q = 0. Let L be 
a vector of Lagrange multipliers and define the Lagrangean function

ln L*(U) = ln L(U) + L′(c(U) - q).

the solution to the constrained maximization problem is the joint solution of

 
0 ln L*

0U
=

0 ln L(U)

0U
+ C′L = 0,

 
0 ln L*

0L
= c(U) - q = 0,  (14-27)

where C′ is the transpose of the derivatives matrix in the second line of (14-23). if the 
restrictions are valid, then imposing them will not lead to a significant difference in the 
maximized value of the likelihood function. in the first-order conditions, the meaning is 
that the second term in the derivative vector will be small. in particular, L will be small. 
We could test this directly, that is, test H0: L = 0, which leads to the Lagrange multiplier 
test. there is an equivalent simpler formulation, however. at the restricted maximum, 
the derivatives of the log-likelihood function are

 
0 ln L(UnR)

0UnR

= -C′Ln = gnR. (14-28)
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if the restrictions are valid, at least within of sampling variability, then gnR = 0. that is, 
the derivatives of the log likelihood evaluated at the restricted parameter vector will 
be approximately zero. the vector of first derivatives of the log likelihood is the vector 
of efficient scores. Because the test is based on this vector, it is called the score test as 
well as the Lagrange multiplier test. the variance of the first derivative vector is the 
information matrix, which we have used to compute the asymptotic covariance matrix 
of the MLe. the test statistic is based on reasoning analogous to that underlying the 
Wald test statistic.

the LM statistic has a useful form. Let gn iR denote the ith term in the gradient of 

the log-likelihood function. then gnR = a
n

i = 1
gn iR = Gn R

= i, where Gn R is the n * K matrix 

with ith row equal to gn iR
=  and i is a column of 1s. if we use the Bhhh (outer product of 

gradients) estimator in (14-18) to estimate the hessian, then [In(Un)]-1 = [Gn R
= Gn R]-1, and

LM = i′Gn R[Gn R
= Gn R]-1Gn R

= i.

now, because i′i equals n, LM = n(i′Gn R[Gn R
= Gn R]-1Gn R

= i/n) = nRi
2, which is n times the 

uncentered squared multiple correlation coefficient in a linear regression of a column of 
1s on the derivatives of the log-likelihood function computed at the restricted estimator. 
We will encounter this result in various forms at several points in the book.

14.6.4  AN APPLICATION OF THE LIKELIHOOD-BASED TEST PROCEDURES

Consider, again, the data in example C.1. in example 14.4, the parameter b in the model

 f(yi � xi, b) =
1

b + xi
 e-yi/(b + xi) (14-29)

was estimated by maximum likelihood. For convenience, let ai = 1/(b + xi). this 
exponential density is a restricted form of a more general gamma distribution,

 f(yi � xi, b, r) =
ai
r

Γ(r)
 yi
r - 1e-yiai. (14-30)

THEOREM 14.7 Limiting Distribution of the Lagrange Multiplier Statistic
The Lagrange multiplier test statistic is

LM = ¢ 0 ln L(UnR)

0UnR

≤=[I(UnR)]-1¢ 0 ln L(UnR)

0UnR

≤.

Under the null hypothesis, LM has a limiting chi-squared distribution with 
degrees of freedom equal to the number of restrictions. All terms are computed at 
the restricted estimator.
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the restriction is r = 1.13 We consider testing the hypothesis

H0: r = 1 versus H1: r ≠ 1

using the various procedures described previously. the log likelihood and its derivatives are

ln L(b, r) = ra
n

i = 1
ln ai - n ln Γ(r) + (r - 1)a

n

i = 1
 ln yi - a

n

i = 1
yiai,

 
0 ln L

0b
= -ra

n

i = 1
ai + a

n

i = 1
yiai

2,  
0 ln L

0r
= a

n

i = 1
ln ai - nΨ(r) + a

n

i = 1
ln yi, (14-31)

02 ln L
0b2 = ra

n

i = 1
ai

2 - 2a
n

i = 1
yiai

3,  
02 ln L

0r2 = -nΨ′(r), 
02 ln L
0b0r

= - a
n

i = 1
ai.

[Recall that Ψ(r) = d ln Γ(r)/dr and Ψ′(r) = d2 ln Γ(r)/dr2.] unrestricted maximum 
likelihood estimates of b and r are obtained by equating the two first derivatives to 
zero. the restricted maximum likelihood estimate of b is obtained by equating 0 ln L/0b 
to zero while fixing r at one. the results are shown in table 14.1. three estimators are 
available for the asymptotic covariance matrix of the estimators of U = (b, r)′. using 
the actual hessian as in (14-17), we compute V = [- Σi02 ln f(yi � xi, b, r)/0U0U′]-1 at the 
maximum likelihood estimates. For this model, it is easy to show that E[yi � xi] = r(b + xi) 
(either by direct integration or, more simply, by using the result that E[0 ln L/0b] = 0 
to deduce it). therefore, we can also use the expected hessian as in (14-16) to compute 
VE = {- ΣiE[02 ln f(yi � xi, b, r)/0U0U′]}-1. Finally, by using the sums of squares and 
cross products of the first derivatives, we obtain the Bhhh estimator in (14-18), 
VB = [Σi(0 ln f(yi � xi, b, r)/0U)(0 ln f(yi � xi, b, r)/0U′)]-1. Results in table 14.1 are based 
on V.

the three estimators of the asymptotic covariance matrix produce notably different 
results:

V = J 5.499 -1.653
-1.653 0.6309

R ,  VE = J 4.900 -1.473
-1.473 0.5768

R ,  VB = J 13.370 -4.322
-4.322 1.537

R .

13the gamma function Γ(r) and the gamma distribution are described in sections B.4.5 and e2.3.

Quantity Unrestricted Estimatea Restricted Estimate

b -4.7185 (2.345) 15.6027 (6.794)
r 3.1509 (0.794) 1.0000 (0.000)
ln L -82.91605 -88.4363
0 ln L/0b 0.0000 0.0000
0 ln L/0r 0.0000 7.9145

02 ln L/0b2 -0.8557 -0.0217

02 ln L/0r2 -7.4592 -32.8987

02 ln L/0b0r -2.2420 -0.66891

aestimated asymptotic standard errors based on V are given in parentheses.

TABLE 14.1 Maximum Likelihood Estimates
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Given the small sample size, the differences are to be expected. nonetheless, the striking 
difference of the Bhhh estimator is typical of its erratic performance in small samples.

●● Confidence interval test: a 95% confidence interval for r based on the unrestricted 
estimates is 3.1509 { 1.9620.6309 = [1.5941, 4.7076]. this interval does not 
contain r = 1, so the hypothesis is rejected.

●● Likelihood ratio test: the LR statistic is l = -2[-88.43626 - (-82.91604)] =
11.0404. the table value for the test, with one degree of freedom, is 3.842. the 
computed value is larger than this critical value, so the hypothesis is again rejected.

●● Wald test: the Wald test is based on the unrestricted estimates. For this restriction, 
c(U) - q = r - 1, dc(rn)/drn = 1, est.asy.Var[c(rn) - q] = est.asy.Var[rn] = 0.6309, 
so W = (3.1517 - 1)2/[0.6309] = 7.3384. the critical value is the same as the 
previous one. hence, H0 is once again rejected. note that the Wald statistic is the 
square of the corresponding test statistic that would be used in the confidence 
interval test, � 3.1509 - 1 � /20.6309 = 2.73335.

●● Lagrange multiplier test: the Lagrange multiplier test is based on the restricted 
estimators. the estimated asymptotic covariance matrix of the derivatives used 
to compute the statistic can be any of the three estimators discussed earlier. the 
Bhhh estimator, VB, is the empirical estimator of the variance of the gradient and 
is the one usually used in practice. this computation produces

LM = [0.0000 7.9145]J0.00995  0.26776
0.26776 11.199

R -1J0.0000
7.9145

R = 15.687.

the conclusion is the same as before. note that the same computation done using V 
rather than VB produces a value of 5.1162. as before, we observe substantial small-
sample variation produced by the different estimators.

the latter three test statistics have substantially different values. it is possible to 
reach different conclusions, depending on which one is used. For example, if the test had 
been carried out at the 1% level of significance instead of 5% and LM had been 
computed using V, then the critical value from the chi-squared statistic would have been 
6.635 and the hypothesis would not have been rejected by the LM test. asymptotically, 
all three tests are equivalent. But, in a finite sample such as this one, differences are to 
be expected.14 unfortunately, there is no clear rule for how to proceed in such a case, 
which highlights the problem of relying on a particular significance level and drawing a 
firm reject or accept conclusion based on sample evidence.

14.6.5  COMPARING MODELS AND COMPUTING MODEL FIT

the test statistics described in sections 14.6.1–14.6.3 are available for assessing the 
validity of restrictions on the parameters in a model. When the models are nested, 
any of the three mentioned testing procedures can be used. For nonnested models, the 
computation is a comparison of one model to another based on an estimation criterion 
to discern which is to be preferred. two common measures that are based on the same 
logic as the adjusted R-squared for the linear model are

14For further discussion of this problem, see Berndt and savin (1977).
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 Akaike information criterion (AIC)    = -2 ln L + 2K,
 Bayes (Schwarz) information criterion (BIC) = -2 ln L + K ln n, 

where K is the number of parameters in the model. Choosing a model based on the 
lowest aiC is logically the same as using R2 in the linear model, nonstatistical, albeit 
widely accepted.

the aiC and BiC are information criteria, not fit measures as such. this does leave 
open the question of how to assess the “fit” of the model. only the case of a linear least 
squares regression in a model with a constant term produces an R2, which measures the 
proportion of variation explained by the regression. the ambiguity in R2 as a fit measure 
arose immediately when we moved from the linear regression model to the generalized 
regression model in Chapter 9. the problem is yet more acute in the context of the 
models we consider in this chapter. For example, the estimators of the models for count 
data in example 14.10 make no use of the “variation” in the dependent variable and 
there is no obvious measure of “explained variation.”

a measure of fit that was originally proposed for discrete choice models in 
McFadden (1974), but surprisingly has gained wide currency throughout the empirical 
literature is the likelihood ratio index, which has come to be known as the Pseudo R2. 
it is computed as

Pseudo R2 = 1 - (ln L)/(ln L0),

where ln L is the log likelihood for the model estimated and ln L0 is the log likelihood 
for the same model with only a constant term. the statistic does resemble the R2 in a 
linear regression. the choice of name for this statistic is unfortunate, however, because 
even in the discrete choice context for which it was proposed, it has no connection to the 
fit of the model to the data. in discrete choice settings in which log likelihoods must be 
negative, the pseudo R2 must be between zero and one and rises as variables are added 
to the model. it can obviously be zero, but is usually bounded below one. in the linear 
model with normally distributed disturbances, the maximized log likelihood is

ln L = (-n/2)[1 + ln 2p + ln(e′e/n)].

With a small amount of manipulation, we find that the pseudo R2 for the linear regression 
model is

Pseudo R2 =
- ln(1 - R2)

1 + ln 2p + ln sy
2
,

while the true R2 is 1 - e′e/e0
=e0. Because sy

2 can vary independently of R2—multiplying 
y by any scalar, A, leaves R2 unchanged but multiplies sy

2 by A2—although the upper 
limit is one, there is no lower limit on this measure. it can even be negative. this same 
problem arises in any model that uses information on the scale of a dependent variable, 
such as the tobit model (Chapter 19). the computation makes even less sense as a fit 
measure in multinomial models such as the ordered probit model (Chapter 18) or the 
multinomial logit model. For discrete choice models, a variety of such measures 
are discussed in Chapter 17. For limited dependent variable and many loglinear models, 
some other measure that is related to a correlation between a prediction and the actual 
value would be more useable. nonetheless, the measure has gained currency in the 
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contemporary literature.15 notwithstanding the general contempt for the likelihood ratio 
index, practitioners are often interested in comparing models based on some idea of the 
fit of the model the data. Constructing such a measure will be specific to the context, so 
we will return to the issue in the discussion of specific applications such as the binary 
choice in Chapter 17.  

14.6.6  VUONG’S TEST AND THE KULLBACK–LEIBLER INFORMATION CRITERION

Vuong’s (1989) approach to testing nonnested models is also based on the likelihood 
ratio statistic. the logic of the test is similar to that which motivates the likelihood 
ratio test in general. suppose that f(yi � Zi, U) and g(yi � Zi, G) are two competing models 
for the density of the random variable yi, with f being the null model, H0, and g being 
the alternative, H1. For instance, in example 5.7, both densities are (by assumption 
now) normal, yi is consumption, Ct, Zi is [1, Yt, Yt - 1, Ct - 1], U is (b1, b2, b3, 0, s2), G 
is (g1, g2, 0, g3, v

2), and s2 and v2 are the respective conditional variances of the 
disturbances, e0t and e1t. the crucial element of Vuong’s analysis is that it need not be 
the case that either competing model is true; they may both be incorrect. What we want 
to do is attempt to use the data to determine which competitor is closer to the truth, that 
is, closer to the correct (unknown) model.

We assume that observations in the sample (disturbances) are conditionally 
independent. Let Li,0 denote the ith contribution to the likelihood function under the 
null hypothesis. thus, the log-likelihood function under the null hypothesis is Σi ln Li,0. 
define Li,1 likewise for the alternative model. now, let mi equal ln Li,1 - ln Li,0. if we 
were using the familiar likelihood ratio test, then, the likelihood ratio statistic would be 
simply LR = 2Σimi = 2nm when Li,0 and Li,1 are computed at the respective maximum 
likelihood estimators. When the competing models are nested—H0 is a restriction on 
H1—we know that Σimi Ú 0. the restrictions of the null hypothesis will never increase 
the likelihood function. (in the linear regression model with normally distributed 
disturbances that we have examined so far, the log likelihood and these results are 
all based on the sum of squared residuals. and, as we have seen, imposing restrictions 
never reduces the sum of squares.) the limiting distribution of the LR statistic under 
the assumption of the null hypothesis is chi squared with degrees of freedom equal to 
the reduction in the number of dimensions of the parameter space of the alternative 
hypothesis that results from imposing the restrictions.

Vuong’s analysis is concerned with nonnested models for which Σi mi need not be 
positive. Formalizing the test requires us to look more closely at what is meant by the 
right model (and provides a convenient departure point for the discussion in the next 
two sections). in the context of nonnested models, Vuong allows for the possibility that 
neither model is true in the absolute sense. We maintain the classical assumption that there 
does exist a true model, h(yi � Zi, A) where A is the true parameter vector, but possibly 
neither hypothesized model is that true model. the Kullback–Leibler Information 
Criterion (KLIC) measures the distance between the true model (distribution) and a 

15the software package Stata reports the pseudo R2 with every model fit by MLe, but at the same time, 
admonishes its users not to interpret it as anything meaningful. see, for example, www.stata.com/support/faqs/
stat/pseudor2.html. Cameron and trivedi (2005) document the pseudo R2 at length and then give similar cautions 
about it and urge their readers to seek a more meaningful measure of the correlation between model predictions 
and the outcome variable of interest. Wooldridge (2010, p. 575) dismisses it summarily, and argues that partial 
effects are more important.
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hypothesized model in terms of the likelihood function. Loosely, the kLiC is the log-
likelihood function under the hypothesis of the true model minus the log-likelihood 
function for the (misspecified) hypothesized model under the assumption of the true 
model. Formally, for the model of the null hypothesis,

kLiC = E[ln h(yi � Zi, A) � h is true] - E[ln f(yi � Zi, U) � h is true].

the first term on the right-hand side is what we would estimate with (1/n) ln L if we 
maximized the log likelihood for the true model, h(yi � Zi, A). the second term is what 
is estimated by (1/n) ln L assuming (incorrectly) that f(yi � Zi, U) is the correct model. 
notice that f(yi � Zi, U) is written in terms of a parameter vector, U. Because A is the true 
parameter vector, it is perhaps ambiguous what is meant by the parameterization, U. 
Vuong (p. 310) calls this the “pseudotrue” parameter vector. it is the vector of constants 
that the estimator converges to when one uses the estimator implied by f(yi � Zi, U). 
in example 5.7, if H0 gives the correct model, this formulation assumes that the least 
squares estimator in H1 would converge to some vector of pseudo-true parameters. But 
these are not the parameters of the correct model—they would be the slopes in the 
population linear projection of Ct on [1, Yt, Ct - 1].

suppose the true model is y = XB + E, with normally distributed disturbances 
and y = ZD + w is the proposed competing model. the kLiC would be the expected 
log-likelihood function for the true model minus the expected log-likelihood function 
for the second model, still assuming that the first one is the truth. By construction, the 
kLiC is positive. We will now say that one model is better than another if it is closer to 
the truth based on the kLiC. if we take the difference of the two kLiCs for two models, 
the true log-likelihood function falls out, and we are left with

kLiC1 - kLiC0 = E[ln f(yi � Zi, U) � h is true] - E[ln g(yi � Zi, G) � h is true].

to compute this using a sample, we would simply compute the likelihood ratio statistic, 
nm (without multiplying by 2) again. thus, this provides an interpretation of the 
LR statistic. But, in this context, the statistic can be negative—we don’t know which 
competing model is closer to the truth.

Vuong’s general result for nonnested models (his theorem 5.1) describes the 
behavior of the statistic

V =
2n¢ 1

n
 a n

i = 1mi≤A 1
n

 a n
i = 1(mi - m)2

= 2n(m/sm), mi = ln Li,1 - ln Li,0.

he finds:

1. under the hypothesis that the models are “equivalent,” V ¡D
N[0,1].

2. under the hypothesis that f(yi � Zi, U) is “better,” V ¡A.S.
 + ∞ .

3. under the hypothesis that g(yi � Zi, G) is “better,” V ¡A.S.
 - ∞ .

this test is directional. Large positive values favor the null model while large negative 
values favor the alternative. the intermediate values (e.g., between -1.96 and +1.96 for 
95% significance) are an inconclusive region. an application appears in example 14.8.
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14.7   TWO-STEP MAXIMUM LIKELIHOOD ESTIMATION

the applied literature contains a large and increasing number of applications in which 
elements of one model are embedded in another, which produces what are known as 
“two-step” estimation problems.16 there are two parameter vectors, U1 and U2. the first 
appears in the second model, but the second does not appear in the first model. in such 
a situation, there are two ways to proceed. Full information maximum likelihood (FIML) 
estimation would involve forming the joint distribution f(y1, y2 � x1, x2, U1, U2) of the two 
random variables and then maximizing the full log-likelihood function,  

ln L(U1, U2) = a
n

i = 1
ln f(yi1, yi2 � xi1, xi2, U1, U2).

a two-step procedure for this kind of model could be used by estimating the parameters 
of model 1 first by maximizing

ln L1(U1) = a
n

i = 1
ln f1(yi1 � xi1, U1)

and then maximizing the marginal likelihood function for y2 while embedding the 
consistent estimator of U1, treating it as given. the second step involves maximizing

ln L2(Un1, U2) = a
n

i = 1
ln f2(yi2 � xi1, xi2, Un1, U2).

there are at least two reasons one might proceed in this fashion. First, it may be 
straightforward to formulate the two separate log likelihoods, but very complicated to 
derive the joint distribution. this situation frequently arises when the two variables 
being modeled are from different kinds of populations, such as one discrete and one 
continuous (which is a very common case in this framework). the second reason is that 
maximizing the separate log likelihoods may be fairly straightforward, but maximizing 
the joint log likelihood may be numerically complicated or difficult.17 the results given 
here can be found in an important reference on the subject, Murphy and topel (2002, 
first published in 1985).  

suppose, then, that our model consists of the two marginal distributions, f1(y1 � x1, U1) 
and f2(y2 � x1, x2, U1, U2). estimation proceeds in two steps.

1. estimate U1 by maximum likelihood in model 1. Let Vn1 be n times any of the 
estimators of the asymptotic covariance matrix of this estimator that were discussed 
in section 14.4.6.

2. estimate U2 by maximum likelihood in model 2, with Un1 inserted in place of U1 as 
if it were known. Let Vn2 be n times any appropriate estimator of the asymptotic 
covariance matrix of Un2.

16among the best known of these is heckman’s (1979) model of sample selection discussed in example 1.1 and in 
Chapter 19.
17there is a third possible motivation. if either model is misspecified, then the FiML estimates of both models will 
be inconsistent. But if only the second is misspecified, at least the first will be estimated consistently. of course, 
this result is only “half a loaf,” but it may be better than none.

M14_GREE1366_08_SE_C14.indd   564 2/24/17   1:14 PM



 CHaPtEr 14  ✦  Maximum Likelihood Estimation 565

the argument for consistency of Un2 is essentially that if U1 were known, then all our results 
for MLes would apply for estimation of U2, and because plim Un1 = U1, asymptotically, 
this line of reasoning is correct. (see point 3 of theorem d.16.) But the same line of 
reasoning is not sufficient to justify using (1/n)V2 as the estimator of the asymptotic 
covariance matrix of Un2. some correction is necessary to account for an estimate of U1 
being used in estimation of U2. the essential result is the following:

THEOREM 14.8  Asymptotic Distribution of the Two-Step MLE [Murphy 
and Topel (2002)]

If the standard regularity conditions are met for both log-likelihood functions, then 
the second-step maximum likelihood estimator of U2 is consistent and asymptoti-
cally normally distributed with asymptotic covariance matrix

V2* =
1
n

 [V2 + V2[CV1C′ - RV1C′ - CV1R′]V2],

where

V1 = asy.Var[2n(Un1 - U1)] based on ln L1,

V2 = asy.Var[2n(Un2 - U2)] based on ln L2 �U1,

C = EJ 1
n

 ¢ 0 ln L2

0U2
≤ ¢ 0 ln L2

0U1
= ≤ R , R = EJ 1

n
 ¢ 0 ln L2

0U2
≤ ¢ 0 ln L1

0U1
= ≤ R .

The correction of the asymptotic covariance matrix at the second step requires 
some additional computation. Matrices V1 and V2 are estimated by the respective 
uncorrected covariance matrices. Typically, the BHHH estimators,

 Vn1 = c 1
n

 a
n

i = 1
¢ 0 ln fi1

0Un1

≤ ¢ 0 ln fi1

0Un1
=

≤ R -1

and

 Vn2 = J 1
n

 a
n

i = 1
¢ 0 ln fi2

0Un2

≤ ¢ 0 ln fi2

0Un2
=

≤ R -1

are used. The matrices R and C are obtained by summing the individual observa-
tions on the cross products of the derivatives. These are estimated with

Cn =
1
n

 a
n

i = 1
¢ 0 ln fi2

0Un2

≤ ¢ 0 ln fi2

0Un1
=

≤
and

Rn =
1
n

 a
n

i = 1
¢ 0 ln fi2

0Un2

≤ ¢ 0 ln fi1

0Un1
=

≤.
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a derivation of this useful result is instructive. We will rely on (14-11) and the results 
of section 14.4.5.B where the asymptotic normality of the maximum likelihood estimator 
is developed. the first-step MLe of U1 is defined by

 
1
n

 
0 ln L1(Un1)

Un1

=
1
n

 a
n

i = 1
 
0 ln f1(yi1 � xi1, Un1)

0Un1

 =
1
n

 a
n

i = 1
gi1(Un1) = g1(Un1) = 0. 

using the results in that section, we obtained the asymptotic distribution from (14-15),2n(Un1 - U1) ¡d
[ - H11

(1)(u1)]-12ng1(u1),

where the expression means that the limiting distribution of the two random vectors is 
the same,

and

H11
(1) = EJ 1

n
 
02 ln L1(U1)

0U10U1
= R .

the second-step MLe of U2 is defined by

 
1
n

 
0 ln L2(Un1, Un2)

0Un2

=
1
n

 a
n

i = 1
 
0 ln f2(yi2 � xi1, xi2, Un1, Un2)

0Un2

 =
1
n

 a
n

i = 1
gi2(Un1, Un2) = gn2(Un1, Un2) = 0.

expand the derivative vector, g2(Un1, Un2), in a linear taylor series as usual, and use the 
results in section 14.4.5.b once again,

g2(Un1, Un2) = g2(U1, U2) + 3H22
(2)(U1, U2)4(Un2 - U2) + 3H21

(2)(U1, U2)4(Un1 - U1) + o(1/n) = 0,

where

H21
(2)(U1, U2) = E c 1

n
 
02 ln L2(U1, U2)

0U20U1
= d  and H22

(2)(U1, U2) = EJ 1
n

 
02 ln L2(U1, U2)

0U20U2
= R .

to obtain the asymptotic distribution, we use the same device as before,2n(Un2 - U2) ¡d 3 -H22
(2)(U1, U2)4 -12ng2(U1, u2)

+ 3 -H22
(2)(U1, U2)4 -13H21

(2)(U1, U2)42n(Un1 - U1).

For convenience, denote H22
(2) = H22

(2)(U1, U2), H21
(2) = H21

(2)(U1, U2) and H11
(1) = H11

(1)(U1). 
now substitute the first-step estimator of U1 in this expression to obtain2n(Un2 - U2) ¡d 3 -H22

(2)4 -12ng2(U1, U2) + 3 -H22
(2)4 -13H21

(2)4 3 -H11
(1)4 -12ng1(U1).

Consistency and asymptotic normality of the two estimators follow from our earlier 
results. to obtain the asymptotic covariance matrix for Un2 we will obtain the limiting 
variance of the random vector in the preceding expression. the joint normal distribution 
of the two first derivative vectors has zero means and
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VarJ2ng1 (U1)2ng2 (U2, U1)
R = J�11 �12

�21 �22
R .

then, the asymptotic covariance matrix we seek is

Var32n(Un2 - U2)4 = 3 -H22
(2)4 -1�223 -H22

(2)4 -1

+ 3 -H22
(2)4 -13H21

(2)4 3 -H11
(1)4 -1�113 -H11

(1)4 -13H21
(2)4= 3 -H22

(2)4 -1

+ 3 -H22
(2)4 -1�213 -H11

(1)4 -13H21
(2)4=3 -H22

(2)4 -1

+ 3 -H22
(2)4 -13H(2)

21 4 3 -H11
(1)4 -1�123 -H22

(2)4 -1.

as we found earlier, the variance of the first derivative vector of the log likelihood is the 
negative of the expected second derivative matrix [see (14-11)]. therefore �22 = [-H22

(2)] 
and �11 = [-H11

(1)]. Making the substitution we obtain

Var32n(Un2 - U2)4 = 3 -H22
(2)4 -1 + 3 -H22

(2)4 -13H21
(2)4 3 -H11

(1)4 -13H21
(2)4=3 -H22

(2)4 -1

+ 3 -H22
(2)4 -1�213 -H11

(1)4 -13H21
(2)4=3 -H22

(2)4 -1

+ 3 -H22
(2)4 -13H21

(2)4 3 -H11
(1)4 -1�123 -H22

(2)4 -1.

From (14-15), [-H11
(1)]-1 and [-H22

(2)]-1 are the V1 and V2 that appear in theorem 14.8, 
which further reduces the expression to

Var[2n(Un2 - U2)]

= V2 + V23H21
(2)4  V13H21

(2)4= V2 - V2�21V13H21
(2)4= V2 - V23H21

(2)4  V1�12V2.

two remaining terms are H21
(2), which is the E[02 ln L2(U1, U2)/0U20U1

= ], which is being 
estimated by -C in the statement of the theorem [note (14-11) again for the change of 
sign] and �21, which is the covariance of the two first derivative vectors. this is being 
estimated by R in theorem 14.8. Making these last two substitutions produces

Var32n(Un2 - U2)4 = V2 + V2CV1C′V2 - V2RV1C′V2 - V2CV1R′V2,

which completes the derivation.

Example 14.5  Two-Step ML Estimation
A common application of the two-step method is accounting for the variation in a constructed 
regressor in a second-step model. In this instance, the constructed variable is often an estimate 
of an expected value of a variable that is likely to be endogenous in the second-step model. 
In this example, we will construct a rudimentary model that illustrates the computations.

In Riphahn, Wambach, and Million (RWM, 2003), the authors studied whether individuals’ 
use of the German health care system was at least partly explained by whether or not they 
had purchased a particular type of supplementary health insurance. We have used their data 
set, German Socioeconomic Panel (GSOEP), at several points. (See, Example 7.6.) One of the 
variables of interest in the study is DocVis, the number of times an individual visits the doctor 
during the survey year. RWM considered the possibility that the presence of supplementary 
(Addon) insurance had an influence on the number of visits. Our simple model is as follows: 
The model for the number of visits is a Poisson regression (see Section 18.4.1). This is a 
loglinear model that we will specify as

E[DocVis � x2, PAddon] = m(x2
=B, g, x1

=A) = exp[x2
=B + gΛ(x1

=A)].
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The model contains the dummy variable equal to 1 if the individual has Addon insurance and 0 
otherwise, which is likely to be endogenous in this equation. But, an estimate of E[Addon � x1] 
from a logistic probability model  (see Section 17.2) for whether the individual has insurance,

Λ(x1
=A) =

exp(x1
=A)

1 + exp(x1
=A)

= Prob[Individual has purchased Addon insurance � x1].

For purposes of the exercise, we will specify

(y1 = Addon) x1 = (constant, Age, Education, Married, Kids),

(y2 = DocVis) x2 = (constant, Age, Education, Income, Female).

As before, to sidestep issues related to the panel data nature of the data set, we will use 
the 4,483 observations in the 1988 wave of the data set, and drop the two observations for 
which Income is zero.

The log likelihood for the logistic probability model is

ln L1(A) = � i{(1 - yi1) ln[1 - Λ(xi1
= A)] + yi1 ln Λ(xi1

= A)}.

The derivatives of this log likelihood are

gi1(A) = 0 ln f1(yi1 � xi1, A)/0A = [yi1 - Λ(xi1
= A)]xi1.

We will maximize this log likelihood with respect to A and then compute V1 using the BHHH 
estimator, as in Theorem 14.8. We will also use gi1(A) in computing R.

The log likelihood for the Poisson regression model is

ln L2 = Σ i[-m(xi2
= b, g, xi1

= A) + yi2 ln m(xi2
= b, g, xi1

= A) - ln yi2
= ].

The derivatives of this log likelihood are

gi2
(2)(B, g, A) = 0 ln f2(yi2, xi1, xi2, B, g, A)/0(B′, g)′ = [yi2 - m(xi2

= B, g, xi1
= A)][xi2

= , Λ(xi1
= A)]′

gi1
(2)(B, g, A) = 0 ln f2(yi2, xi1, xi2, B, g, A)/0A = [yi2 - m(xi2

= b, g, xi1
= A)]g Λ(xi1

= A)[1 - Λ(xi1
= A)]xi1.

We will use gi2
(2) for computing V2 and in computing R and C and gi1

(2) in computing C. In 
particular,

 V1 = [(1/n)� igi1(A)gi1(A)′]-1,

 V2 = [(1/n)� igi2
(2)(B, g, A)gi2

(2)(B, g, A)′]-1,

 C = [(1/n)� igi2
(2)(B, g, A)gi1

(2)(B, g, A)′],

 R = [(1/n)� igi2
(2)(B, g, A)gi1(A)′].

Table 14.2 presents the two-step maximum likelihood estimates of the model parameters and 
estimated standard errors. For the first-step logistic model, the standard errors marked H1 vs. 
V1 compares the values computed using the negative inverse of the second derivatives matrix 
(H1) vs. the outer products of the first derivatives (V1). As expected with a sample this large, the 
difference is minor. The latter were used in computing the corrected covariance matrix at the 
second step. In the Poisson model, the comparison of V2 to V2* shows distinctly that accounting 
for the presence of An  in the constructed regressor has a substantial impact on the standard 
errors, even in this relatively large sample. Note that the effect of the correction is to double the 
standard errors on the coefficients for the variables that the equations have in common, but it is 
quite minor for Income and Female, which are unique to the second-step model.
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the covariance of the two gradients, R, may converge to zero in a particular 
application. When the first- and second-step estimates are based on different samples, 
R is exactly zero. For example, in our earlier application, R is based on two residuals,

gi1 = {Addoni - E[Addoni � xi1]} and gi2
(2) = {DocVisi - E[DocVisi � xi2, �i1]}.

the two residuals may well be uncorrelated. this assumption would be checked on a 
model-by-model basis, but in such an instance, the third and fourth terms in V2 vanish 
asymptotically and what remains is the simpler alternative, V2** = (1/n)[V2 + V2CV1C′V2]. 
(in our application, the sample correlation between gi1 and gi2

(2) is only 0.015658 and the 
elements of the estimate of R are only about 0.01 times the corresponding elements of 
C—essentially about 99 percent of the correction in V2* is accounted for by C.)

it has been suggested that this set of procedures might be more complicated than 
necessary.18 there are two alternative approaches one might take. First, under general 
circumstances, the asymptotic covariance matrix of the second-step estimator could 
be approximated using the bootstrapping procedure  that will be discussed in 
section 15.4. We would note, however, if this approach is taken, then it is essential 
that both steps be “bootstrapped.” otherwise, taking Un1 as given and fixed, we will end 
up estimating (1/n)V2, not the appropriate covariance matrix. the point of the exercise 
is to account for the variation in Un1. the second possibility is to fit the full model at 
once. that is, use a one-step, full information maximum likelihood estimator and 
estimate U1 and U2 simultaneously. of course, this is usually the procedure we sought 
to avoid in the first place. and with modern software, this two-step method is often 
quite straightforward. nonetheless, this is occasionally a possibility. once again, 
heckman’s (1979) famous sample selection model provides an illuminating case.the 
two-step and full information estimators for heckman’s model are developed in 
section 19.4.3.  

18For example, Cameron and trivedi (2005, p. 202).

Logistic Model for Addon Poisson Model for DocVis

Coefficient Standard 
Error (H1)

Standard 
Error (V1)

Coefficient Standard 
Error (V2)

Standard 
Error (V 2

*)

Constant -6.19246 0.60228 0.58287 0.77808 0.04884 0.09319
age 0.01486 0.00912 0.00924 0.01752 0.00044 0.00111
education 0.16091 0.03003 0.03326 -0.03858 0.00462 0.00980
Married 0.22206 0.23584 0.23523
kids -0.10822 0.21591 0.21993
income -0.80298 0.02339 0.02719
Female 0.16409 0.00601 0.00770
Λ(x1

=A) 3.91140 0.77283 1.87014

TABLE 14.2 Estimated Logistic and Poisson Models
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14.8    PSEUDO-MAXIMUM LIKELIHOOD ESTIMATION AND ROBUST 
ASYMPTOTIC COVARIANCE MATRICES

Maximum likelihood estimation requires complete specification of the distribution of 
the observed random variable(s). if the correct distribution is something other than what 
we assume, then the likelihood function is misspecified and the desirable properties of 
the MLe might not hold. this section considers a set of results on an estimation approach 
that is robust to some kinds of model misspecification. For example, we have found that 
if the conditional mean function is E[y � x] = x′B, then certain estimators, such as least 
squares, are “robust” to specifying the wrong distribution of the disturbances. that is, Ls 
is MLe if the disturbances are normally distributed, but we can still claim some desirable 
properties for Ls, including consistency, even if the disturbances are not normally 
distributed. this section will discuss some results that relate to what happens if we 
maximize the wrong log-likelihood function, and for those cases in which the estimator 
is consistent despite this, how to compute an appropriate asymptotic covariance matrix 
for it.19

14.8.1  A ROBUST COVARIANCE MATRIX ESTIMATOR FOR THE MLE

a heteroscedasticity robust covariance matrix for the least squares estimator  was 
considered in section 4.5.2. Based on the general result

 b - B = (X′X)-1 Σi xiei, (14-32)

a robust estimator of the asymptotic covariance matrix for b would be the White 
estimator,

est.asy.Var[b] = (X′X)-1 [Σi (xiei)(xiei)′](X′X)-1.

if Var[ei � xi] = s2 and Cov[ei, ej � X] = 0, then we can simplify the calculation to 
est.asy.Var[b] = s2(X′X)-1. But the first form is appropriate in either case—it 
is robust, at least, to heteroscedasticity. this estimator is not robust to correlation 
across observations, as in a time series (considered in Chapter 20) or to clustered data 
(considered in the next section). the variance estimator is robust to omitted variables 
in the sense that b estimates something consistently, G, though generally not B, and the 
variance estimator appropriately estimates the asymptotic variance of b around G. the 
variance estimator might be similarly robust to endogeneity of one or more variables in 
X, though, again, the estimator, b, itself does not estimate B. this point is important for 
the present context. the variance estimator may still be appropriate for the asymptotic 
covariance matrix for b, but b estimates something other than B.

similar considerations arise in maximum likelihood estimation. the properties of 
the maximum likelihood estimator are derived from (14-15). the empirical counterpart 
to (14-32) is

 UnMLE - U0 ≈ J -
1
n

 a
n

i = 1
 Hi(U0) R -1¢ 1

n
 a

n

i = 1
 gi(U0)≤, (14-33)

19important references on this subject are White (1982a); Gourieroux, Monfort, and trognon (1984); huber (1967); 
and amemiya (1985). a recent work with a large amount of discussion on the subject is Mittelhammer et al. (2000).
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where gi(U0) = 0 ln fi/0U0, Hi(U0) = 02 ln fi/0U00U0
=  and U0 = plim UnMLE. note that U0 is 

the parameter vector that is estimated by maximizing ln L(U), though it might not be 
the target parameters of the model if the log likelihood is misspecified, the MLe may 

be inconsistent. assuming that plim 
1
n

 a
n

i = 1
 Hi(U0) = H, and the conditions needed for 2ng = 2na 1

n
 a

n

i = 1
 gi(U0)b  to obey a central limit theorem are met, the appropriate 

estimator for the variance of the MLe around U0 would be

 asy.Var3UnMLE4 = 3 -H4 -1 {asy.Var[g]}3 -H4 -1. (14-34)

the missing element is what to use for the asymptotic variance of g. if the information 
matrix equality (Property d3 in theorem 14.2) holds, then asy.Var[g] = (-1/n)H, 

and we get the familiar result asy.Var3UnMLE4 =
1
n

 3 -H4 -1. however, (14-34) applies 

whether or not the information matrix equality holds. We can estimate the variance of 

g with

 est.asy.Var[g] =
1
n

 J 1
n

 a
n

i = 1
gi1UnMLE2gi1UnMLE2 =R . (14-35)

the variance estimator for the MLe is then

est.asy.Var3UnMLE4
= c -

1
n

 a
n

i = 1
Hi1UnMLE2 d

-1

e 1
n

 J 1
n

 a
n

i = 1
 gi1UnMLE2gi1UnMLE2 = R r J -

1
n

 a
n

i = 1
 Hi1UnMLE2 R -1

.

 (14-36)

this is a robust covariance matrix for the maximum likelihood estimator.
if ln L(U0 � y, X) is the appropriate conditional log likelihood, then the MLe is a 

consistent estimator of U0 and, because of the information matrix equality, the asymptotic 
variance of the MLe is (1/n) times the bracketed term in (14-33). the issue of robustness 
would relate to the behavior of the estimator of U0 if the likelihood were misspecified. 
We assume that the function we are maximizing (we would now call it the pseudo-log 
likelihood) is regular enough that the maximizer that we compute converges to a 
parameter vector, B. then, by the results above, the asymptotic variance of the estimator 
is obtained without use of the information matrix equality. as in the case of least squares, 
there are two levels of robustness to be considered. to argue that the estimator, itself, is 
robust in this context, it must first be argued that the estimator is consistent for something 
that we want to estimate and that maximizing the wrong log likelihood nonetheless 
estimates the right parameter(s). if the model is not linear, this will generally be much 
more complicated to establish. For example, in the leading case, for a binary choice 
model, if one assumes that the probit model applies, and some other model applies, then 
the estimator is not robust to any of heteroscedasticity, omitted variables, autocorrelation, 
endogeneity, fixed or random effects, or the wrong distribution. (it is difficult to think 
of a model failure that the MLe is robust to.) once the estimator, itself, is validated, then 
the robustness of the asymptotic covariance matrix is considered.20

20there is a trend in the current literature routinely to report “robust standard errors,” based on (14-36) regardless 
of the likelihood function (which defines the model).
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Example 14.6  A Regression with NonNormal Disturbances
If one believed that the regression disturbances were more widely dispersed than implied 
by the normal distribution, then the logistic or t distribution might provide an alternative 
specification. We consider the logistic. The model is

y = x′B + e, f(e) =
1
s

 
exp(e/s)

[1 + exp(e/s)]2
=

1
s

 
exp(w)

[1 + exp(w)]2 =
1
s

 Λ(w)[1 - Λ(w)],

where ¿ (w) is the logistic CDF. The logistic distribution is symmetric, as is the normal, but 
has a greater variance, (p2/3)s2 compared to s2 for the normal, and greater kurtosis (tail 
thickness), 4.2 compared to 3.0 for the normal. Overall, the logistic distribution resembles 
a t distribution with 8 degrees of freedom, which has kurtosis 4.5 and variance (4/3)s2. The 
three densities for the standardized variable are shown in Figure 14.3.

The log-likelihood function is

 ln L(B, s) = a
n

i = 1
 {- ln s + wi - 2 ln[1 + exp(wi)]}, wi = (yi - xi

=B)/s. (14-37)

The terms in the gradient and Hessian are

 gi =
-(1 - 2Λ(wi))

s
 ¢ xi

wi
≤ -

1
s

 ¢0
1
≤ ,

 Hi =
-2Λ(wi)(1 - Λ(wi))

s2  ¢ xi

wi
≤ ¢ xi

wi
≤= +

(1 - 2Λ(wi))

s2  J 0 xi

xi
= 2wi

R +
1

s2 J 0 0
0′ 1

R .

The conventional estimator of the asymptotic covariance matrix of ¢Bn
sn
≤ would be J - a

n

i = 1
Hn iR -1

. 

The robust estimator would be

FIGURE 14.3  Standardized Normal, Logistic, and t[8] Densities.
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est.asy.VarJBn
sn
R = J - a

n

i = 1
Hn iR -1Jan

i = 1
gn ign i

= R J - a
n

i = 1
Hn iR -1

.

The data in Appendix F14.1 are a panel of 247 dairy farms in Northern Spain, observed for 6 
years, 1993–1998. The model is a simple Cobb–Douglas production function,

ln yit = b0 + b1 lnx1,it + b2 lnx2,it + b3 lnx3,it + b4 lnx4,it + eit,

where yit is the log of milk production, x1,it is number of cows, x2,it is land in hectares, x3,it 
is labor, and x4,it is feed. The four inputs are transformed to logs, then to deviations from 
the means of the logs. We then estimated B and s by maximizing the log likelihood for the 
logistic distribution. Results are shown in Table 14.3. Standard errors are computed using 
3 - ΣiΣtHn it4 -1. The robust standard errors shown in column (4) are based on (14-36). They 
are nearly identical to the uncorrected standard errors, which suggests that the departure of 
the logistic distribution from the true underlying model or the influence of heteroscedasticity 
are minor. Column (5) reports the cluster robust standard errors based on (14-38) discussed 
in the next section.

The departure of the data from the logistic distribution assumed in the likelihood function 
seems to be minor. The log likelihood does favor the logistic distribution; however, the models 
cannot be compared on this basis, because the test would have zero degrees of freedom—
the models are not nested. The Vuong test examined in Section 14.6.6 might be helpful. The 
individual terms in the log likelihood are computed using (14-37). For the normal distribution, 
the term in the log likelihood would be ln fit = -(1/2)[ln2p + lns2 + (yit - x it′b)2/s2] where 
s2 = e′e/n. Using dit = (ln fit � logistic - ln fit � normal), the test statistic is V = 2nd/sd = 1.682. 
This slightly favors the logistic distribution, but is in the inconclusive region. We conclude that 
for these data, the normal and logistic models are essentially indistinguishable.

14.8.2  CLUSTER ESTIMATORS

Micro-level, or individual, data are often grouped or clustered. a model of production or 
economic success at the firm level might be based on a group of industries, with multiple 

(1) (2) (3) (4) (5)

Estimate
Least 

Squares
MLE 

Logistic
Standard 

Error
Robust Std.

Error
Clustered 
Std.Error

b0 11.5775 11.5826 0.00353 0.00364 0.00751
b1 0.59518 0.58696 0.01944 0.02124 0.03697
b2 0.02305 0.02753 0.01086 0.01104 0.01924
b3 0.02319 0.01858 0.01248 0.01226 0.02325
b4 0.45176 0.45671 0.01069 0.01160 0.02071
s 0.14012a 0.07807 0.00169 0.00164 0.00299

R2 0.92555 0.95253b

ln L 809.676 821.197

aMLe of s2 = e′e/n.
bR2 is computed as the squared correlation between predicted and actual values.

TABLE 14.3 Maximum Likelihood Estimates of a Production Function
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firms in each industry. analyses of student educational attainment might be based on 
samples of entire classes, or schools, or statewide averages of schools within school 
districts. and, of course, such “clustering” is the defining feature of a panel data set. We 
considered several of these types of applications in section 4.5.3 and in our analysis of 
panel data in Chapter 11. the recent literature contains many studies of clustered data 
in which the analyst has estimated a pooled model but sought to accommodate the 
expected correlation across observations with a correction to the asymptotic covariance 
matrix. We used this approach in computing a robust covariance matrix for the pooled 
least squares estimator in a panel data model [see (11-3) and examples 11.7 and 11.11].

For the normal linear regression model, the log likelihood that we maximize with 
the pooled least squares estimator is

ln L = a
n

i = 1
a
Ti

t = 1
J -

1
2

 ln 2p -
1
2

 ln s2 -
1
2

 
(yit - xit

=B)2

s2 R .

By multiplying and dividing by (s2)2, the “cluster-robust” estimator in (11-3) can be 
written

 W = ¢ an
i = 1

Xi
=Xi≤-1Jan

i = 1
(Xi

=ei)(ei
=Xi) R ¢ an

i = 1
Xi

=Xi≤-1

 = ¢ -
1
sn 2 a

n

i = 1
a
Ti

t = 1
xitxit

= ≤-1Jan
i = 1

¢ aTi

t = 1
 
1
sn 2 xiteit≤ ¢ aTi

t = 1
 
1
sn 2 eitxit

= ≤ R ¢ -
1
sn 2 a

n

i = 1
a
Ti

t = 1
xitxit

= ≤-1

.

the terms in the second line are the first and second derivatives of ln fit for the normal 
distribution mean xit

=B and variance s2 shown in (14-3). a general form of the result is

 W = ¢ an
i = 1

a
Ti

t = 1
 
02 ln fit(Un)

0Un0Un′
≤-1Jan

i = 1
¢ aTi

t = 1
 
0 ln fit(Un)

0Un
≤ ¢ aTi

t = 1
 
0 ln fit(Un)

0Un′
≤ R ¢ an

i = 1
a
Ti

t = 1
 
02 ln fit(Un)

0Un0Un′
≤-1

.

  (14-38)

this form of the correction would account for unspecified correlation across the 
observations (the derivatives) within the groups. [the finite population correction in 
(11-4) is sometimes applied.]

Example 14.7  Cluster Robust Standard Errors
The dairy farm data used in Example 14.6 are a panel of 247 farms observed in 6 consecutive 
years. A correction of the standard errors for possible group effects would be natural. 
Column (5) of Table 14.3 shows the standard errors computed using (14-38). The corrected 
standard errors are nearly double the values in column (5). This suggests that although the 
distributional specification is reasonable, there does appear to be substantial correlation 
across the observations.We will examine this feature of the data further in Section 19.2.4 in 
the discussion of the stochastic production frontier model.

Consider the specification error that the estimator is intended to accommodate for 
the normal linear regression. suppose that the observations in group i were multivariate 
normally distributed with disturbance mean vector zero and unrestricted Ti * Ti 
covariance matrix, �i. then, the appropriate log-likelihood function would be

ln L = a
n

i = 1
(-Ti/2 ln 2p -

1
2

 ln � �i � -
1
2

 Ei
=�i

-1Ei),
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where Ei is the Ti * 1 vector of disturbances for individual i. therefore, by using pooled 
least squares, we have maximized the wrong likelihood function. indeed, the B that 
maximizes this log-likelihood function is the GLs estimator (see Chapter 9), not the oLs 
estimator. But oLs and the cluster corrected estimator given earlier “work” in the sense 
that (1) the least squares estimator is consistent in spite of the misspecification and (2) the 
robust estimator does, indeed, estimate the appropriate asymptotic covariance matrix.

now, consider the more general case. suppose the data set consists of n multivariate 
observations, [yi,1, c, yi,Ti

], i = 1, c, n. each cluster is a draw from joint density 
fi(yi � Xi, U). once again, to preserve the generality of the result, we will allow the cluster 
sizes to differ. the appropriate log likelihood for the sample is

ln L = a
n

i = 1
ln fi(yi � Xi, U).

instead of maximizing ln L, we maximize a pseudo-log likelihood

ln LP = a
n

i = 1
a
Ti

t = 1
ln g(yit � xit, U),

where we make the possibly unreasonable assumption that the same parameter vector, 
U, enters the pseudo-log likelihood as enters the correct one. using our familiar first-
order asymptotics, the pseudo-maximum likelihood estimator (MLe) will satisfy

 (UnP,ML - U) ≈ £ -1

a n
i = 1Ti

 a
n

i = 1
a
Ti

t = 1
 
02 ln fit

0U0U′
≥-1£ -1

a n
i = 1Ti

 a
n

i = 1
a
Ti

t = 1
 
0 ln fit

0U
≥ + (U - B)

 = £ -1

a n
i = 1Ti

 a
n

i = 1
a
Ti

t = 1
Hit≥-1¢ an

i = 1
aigi≤ + (U - B),

where ai = Ti/a
n

i = 1
Ti and gi = (1/Ti)a Ti

t = 10 ln fit/0U. the trailing term in the expression 

is included to allow for the possibility that plim UnP,ML = B, which may not equal U.21 
taking the expected outer product of this expression to estimate the asymptotic mean 
squared deviation will produce two terms—the cross term vanishes. the first will be the 
cluster-corrected matrix that is ubiquitous in the current literature. the second will be 
the squared error that may persist as n increases because the pseudo-MLe need not 
estimate the parameters of the model of interest.

We draw two conclusions. We can justify the cluster estimator based on this 
approximation. in general, it will estimate the expected squared variation of the pseudo-
MLe around its probability limit. Whether it measures the variation around the appropriate 
parameters of the model hangs on whether the second term equals zero. in words, perhaps 
not surprisingly, this apparatus only works if the pseudo-MLe is consistent. is that likely? 
Certainly not if the pooled model is ignoring unobservable fixed effects. Moreover, it will 
be inconsistent in most cases in which the misspecification is to ignore latent random 
effects as well. the pseudo-MLe is only consistent for random effects in a few special 

21note, for example, Cameron and trivedi (2005, p. 842) specifically assume consistency in the generic model they 
describe.
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cases, such as the linear model and Poisson and negative binomial models discussed in 
Chapter 18. it is not consistent in the probit and logit models in which this approach is 
often used. in the end, the cases in which the estimator are consistent are rarely, if ever, 
enumerated. the upshot is stated succinctly by Freedman (2006, p. 302): “the sandwich 
algorithm, under stringent regularity conditions, yields variances for the MLe that are 
asymptotically correct even when the specification—and hence the likelihood function—
are incorrect. however, it is quite another thing to ignore bias. it remains unclear why 
applied workers should care about the variance of an estimator for the wrong parameter.”

14.9   MAXIMUM LIKELIHOOD ESTIMATION OF LINEAR REGRESSION MODELS

We will now examine several applications of the MLe. We begin by developing the 
ML counterparts to most of the estimators for the classical and generalized regression 
models  in Chapters 4 through 11. (Generally, the development for dynamic models 
becomes more involved than we are able to pursue here. the one exception we will 
consider is the standard model of autocorrelation.) We emphasize, in each of these cases, 
that we have already developed an efficient, generalized method of moments estimator 
that has the same asymptotic properties as the MLe under the assumption of normality. in 
more general cases, we will sometimes find that the GMM estimator is actually preferred 
to the MLe because of its robustness to failures of the distributional assumptions or its 
freedom from the necessity to make those assumptions in the first place. however, for the 
extensions of the classical model based on generalized least sqaures that are treated here, 
that is not the case. it might be argued that in these cases, the MLe is superfluous. there 
are occasions when the MLe will be preferred for other reasons, such as its invariance to 
transformation in nonlinear models and, possibly, its small sample behavior (although that 
is usually not the case). and, we will examine some nonlinear models in which there is no 
linear method of moments counterpart, so the MLe is the natural estimator. Finally, in 
each case, we will find some useful aspect of the estimator itself, including the development 
of algorithms such as newton’s method and the eM method for latent class models.

14.9.1  LINEAR REGRESSION MODEL WITH NORMALLY DISTRIBUTED DISTURBANCES

the linear regression model is

yi = xi
=B + ei.

the likelihood function for a sample of n independent, identically, and normally 
distributed disturbances is

L = (2ps2)-n/2e-e′e/(2s2).

the transformation from ei to yi is ei = yi - xi
=B, so the Jacobian for each observation, 

� 0ei/0yi � , is one.22 Making the transformation, we find that the likelihood function for the 
n observations on the observed random variables is

L = (2ps2)-n/2e(-1/(2s2))(y - XB)′(y - XB).

22see (B-41) in section B.5. the analysis to follow is conditioned on X. to avoid cluttering the notation, we will 
leave this aspect of the model implicit in the results. as noted earlier, we assume that the data-generating process 
for x does not involve B or s2 and that the data are well behaved as discussed in Chapter 4.
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to maximize this function with respect to B, it will be necessary to maximize the 
exponent or minimize the familiar sum of squares. taking logs, we obtain the log-
likelihood function for the classical regression model,

 ln L = -
n
2

 ln 2p -
n
2

 ln s2 -
(y - XB)′(y - XB)

2s2

 = -
1
2

 a
n

i = 1
3 ln 2p + ln s2 + (yi - xi

=B)2/s24 .  (14-39)

the necessary conditions for maximizing this log likelihood areD 0 ln L
0B

0 ln L
0s2

T = D X′(y - XB)

s2

-n

2s2 +
(y - XB)′(y - XB)

2s4

T = J0
0
R .

the values that satisfy these equations are

BnML = (X′X)-1X′y = b and sn ML
2 =

e′e
n

.

the slope estimator is the familiar one, whereas the variance estimator differs from the 
least squares value by the divisor of n instead of n - K.23

the Cramér–Rao bound for the variance of an unbiased estimator is the negative 
inverse of the expectation ofD 02 ln L

0B0B′
02 ln L
0B0s2

02 ln L
0s20B′

02 ln L
0(s2)2

T = D -
X′X
s2 -

X′E
s4

-
E′X
s4

n

2s4 -
E′E
s6

T .

in taking expected values, the off-diagonal term vanishes, leaving

[I(B, s2)]-1 = Js2(X′X)-1 0
0′ 2s4/n

R .

the least squares slope estimator is the maximum likelihood estimator for this model. 
therefore, it inherits all the desirable asymptotic properties of maximum likelihood 
estimators.

We showed earlier that s2 = e′e/(n - K) is an unbiased estimator of s2. therefore, 
the maximum likelihood estimator is biased toward zero,

 E3sn ML
2 4 =

n - K
n

 s2 = ¢1 -
K
n
bs2 6 s2. (14-40)

despite its small-sample bias, the maximum likelihood estimator of s2 has the same desirable 
asymptotic properties. We see in (14-40) that s2 and sn 2 differ only by a factor -K/n, which 

23as a general rule, maximum likelihood estimators do not make corrections for degrees of freedom.
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vanishes in large samples. it is instructive to formalize the asymptotic equivalence of the 
two. From (14-40), we know that2n(sn ML

2 - s2) ¡d
N[0, 2s4].

it follows that

zn = a1 -
K
n
b2n1sn ML

2 - s22 +
K2n

 s2 ¡d a1 -
K
n
bN[0, 2s4] +

K2n
 s2.

But K/2n and K/n vanish as n S ∞ , so the limiting distribution of zn is also N[0, 2s4]. 
Because zn = 2n(s2 - s2), we have shown that the asymptotic distribution of s2 is the 
same as that of the maximum likelihood estimator.

14.9.2  SOME LINEAR MODELS WITH NONNORMAL DISTURBANCES

the log-likelihood function for a linear regression model with normally distributed 
disturbances is

 ln LN(B, s) = a
n

i = 1
{- ln s - (1/2) ln 2p - (1/2)wi

2},

 wi = (yi - xi
=B)/s, s 7 0.  

(14-41)

example 14.6 considers maximum likelihood estimation of a linear regression model 
with logistically distributed disturbances. the appeal of the logistic distribution is its 
greater degree of kurtosis—its tails are thicker than those of the normal distribution. 
the log-likelihood function is

 ln LL(B, s) = a
n

i = 1
 {- ln s + wi - 2 ln[1 + exp(wi)]},

 wi = (yi - xi
=B)/s, s 7 0.  

(14-42)

the logistic specification fixes the shape of the distribution, as suggested earlier, similar 
to a t[8] distribution. the t distribution with an unrestricted degrees of freedom parameter 
(a special case of the generalized hyperbolic distribution) allows greater flexibility in 
this regard. the t distribution arises as the distribution of a sum of d squares of normally 
distributed variables. But the degrees of freedom parameter need not be integer valued. 
We allow d to be a free parameter, though greater than 4 for the first four moments to 
be finite. the density of a standardized t distributed random variable with degrees of 
freedom parameter d is

f(w � d, s) =
Γ[(d + 1)/2]

Γ(d/2)Γ(1/2)2pd
 
1
s

 J1 +
w2

d
R -(d + 1)/2

.

the log-likelihood function is

 ln Lt(B, s, d) = a
n

i = 1
 £ - ln s + ln Γ[(d + 1)/2] - ln Γ(d/2)

- ln Γ(1/2)] - (1/2) ln p - (1/2) ln d
-[(d + 1)/2] ln(1 + wi

2/d)
≥,

 wi = (yi - xi
=B)/s, s 7 0, d 7 4.  

(14-43)
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the centerpiece of the stochastic frontier model (example 12.2 and section 19.2.4) is a 
skewed distribution, the skew normal distribution,

f(w �l, s) =
2

s22p
 exp[-(1/2)w2]Φ(-lw), l Ú 0,

where Φ(z) is the CdF of the standard normal distribution. if the skewness parameter, l, 
equals zero, this returns the standard normal distribution. the skew normal distribution 
arises as the distribution of e = svvi - su � ui � , where vi and ui are standard normal 
variables, l = su/sv and s2 = sv

2 + su
2. [note that s2 is not the variance of e. the 

variance � ui �  is (p - 2)/p, not 1.] the log-likelihood function is

ln LSN(B, s, l) = a
n

i = 1
{- ln s - (1/2) ln(p/2) - (1/2)wi

2 + ln Φ(-lwi)}, wi = (yi - xi
=B)/s.

 (14-44)

Example 14.8  Logistic, t, and Skew Normal Disturbances
Table 14.4 shows the maximum likelihood estimates for the four models. There are only small 
differences in the slope estimators, as might be expected, at least for the first three, because 
the differences are in the spread of the distribution, not its shape. The skew normal density 
has a nonzero mean, E[su � ui � ) = (2/p)1/2su, so the constant term has been adjusted. As noted, 
it is not possible directly to test the normal as a restriction on the logistic, as they have the 
same number of parameters. The Vuong test does not distinguish them. The t distribution 
would seem to be amenable to a direct specification test; however, the “restriction” on the 
t distribution that produces the normal is d S ∞  which is not useable. However, we can exploit 
the invariance of the maximum likelihood estimator (property M4 in Table 14.1). The maximum 
likelihood estimator of 1/d is 1/dnMLE = 0.101797 = gn. We can use the delta method to obtain 
a standard error. The estimated standard error will be (1/dnMLE)2(2.54296) = 0.026342. A Wald 
test of H0: gn = 0 would test the normal versus the t distribution. The result is 
[(0.101797 - 0)/0.026342]2 = 14.934, which is larger than the critical value of 3.84, so the 
hypothesis of normality is rejected. [There is a subtle problem with this test. The value g = 0 
is on the boundary of the parameter space, not the interior. As such, the chi-squared statistic 
does not have its usual properties. This issue is explored in Kodde and Palm (1988) and Coelli 
(1995), who suggest that an appropriate critical value for a single restriction would be 2.706, 
rather than 3.84.24 The same consideration applies to the test of l = 0 below.] We note, 
because the log-likelihood function could have been parameterized in terms of g to begin 
with, we should be able to use a likelihood ratio test to test the same hypothesis. By the 
invariance result, the log likelihood in terms of g would not change, so the test statistic will 
be lLR = -2(809.676 - 822.192) = 25.032. This produces the same conclusion. The normal 
distribution is nested within the skew normal, by l = 0 or su = 0. We can test the first of 
these with a likelihood ratio test; lLR = -2(809.676 - 822.688) = 26.024. The Wald statistic 
based on the derived estimate of su would be (0.15573/0.00279)2 = 3115.56.25 The conclusion 
is the same for both cases. As noted, the t and logistic are essentially indistinguishable. The 

24the critical value is found by solving for c in .05 = (1/2)Prob(x2[1] Ú c]. For a chi-squared variable with one 
degree of freedom, the 90th percentile is 2.706.
25Greene and Mckenzie (2015) show that for the stochastic frontier model examined here, the LM test for the 
hypothesis that su = 0 can be based on the oLs residuals; the chi-squared statistic with one degree of freedom 
is (n/6)(m3/s

3)2 where m3 is the third moment of the residuals and s2 equals e′e/n. the value for this data set is 
21.665.
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580 Part III  ✦   Estimation Methodology

remaining question, then, is whether the respecification of the model favors skewness or 
kurtosis. We do not have a direct statistical test available. The OLS estimator of B is consistent 
regardless, so some information might be contained in the residuals. Figure 14.4 compares 
the OLS residuals to the normal distribution with the same mean (zero) and standard deviation 
(0.14012). The figure does suggest the presence of skewness, not excess spread. Given the 
nature of the production function application, skewness is central to this model, so the 
findings so far might be expected. The development of the stochastic production frontier 
model is continued in Section 19.2.4.

14.9.3  HYPOTHESIS TESTS FOR REGRESSION MODELS

the standard test statistic for assessing the validity of a set of linear restrictions, 
RB - q = 0, the linear model with normally distributed disturbances is the F ratio,

 F[J, n - K] =
(Rb - q)′[Rs2(X′X)-1R′]-1(Rb - q)

J
. (14-45)

(Estimated standard errors in parentheses)
Estimate OLS/MLE MLE MLE MLE

Normal Logistic t Frac. D.F. Skew Normal

b0 11.5775 11.5826 11.5813 11.6966c

(0.00365) (0.00353) (0.00363) (0.00447)
b1 0.59518 0.58696 0.59042 0.58369

(0.01958) (0.01944) (0.01803) (0.01887)
b2 0.02305 0.02753 0.02576 0.03555

(0.01122) (0.01086) (0.01096) (0.01113)
b3 0.02319 0.01858 0.01971 0.02256

(0.01303) (0.01248) (0.01299) (0.01281)
b4 0.45176 0.45671 0.45220 0.44948

(0.01078) (0.01069) (0.00989) (0.01035)
s 0.14012a 0.07807 0.12519 0.13988d

(0.00275) (0.00169) (0.00404) (0.00279)
d 9.82350

(2.54296)
l 1.50164

(0.08748)
su 0.15573e

(0.00279)

R2 0.92555 0.95253b 0.95254b 0.95250b

ln L 809.676 821.197 822.192 822.688

aMLe of s = e′e/n.
bR2 is computed as the squared correlation between predicted and actual values.
cnonzero mean disturbance. adjustment to b0 is su(2/p)1/2 = -0.04447.
dReported se = [sv

2 + su
2(p - 2)/p]1/2. estimated sv = 0.10371 (0.00418).

esu is derived. su = sl/(1 + l2)1/2. est.Cov(sn , ln) = 2.3853e -  7. standard error is computed using the 
delta method.

TABLE 14.4 Maximum Likelihood Estimates
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With normally distributed disturbances, the F test is valid in any sample size. the more 
general form of the statistic,

 F[J, n - K] =
(e*

=e* - e′e)/J

e′e/(n - K)
, (14-46)

is useable in large samples when the disturbances are homoscedastic even if the 
disturbances are not normally distributed and with nonlinear restrictions of the general 
form c(B) = 0. in the linear regression setting with linear restrictions, the Wald statistic, 
c(b)′{asy.Var[c(b)]}-1c(b), equals J * F[J, n - K], so the large-sample validity extends 
beyond normal linear model. (see sections 5.3.1 and 5.3.2.)

in this section, we will reconsider the Wald statistic and examine two related 
statistics, the likelihood ratio and Lagrange multiplier statistics. these statistics are both 
based on the likelihood function and, like the Wald statistic, are generally valid only 
asymptotically. no simplicity is gained by restricting ourselves to linear restrictions at 
this point, so we will consider general hypotheses of the form

 H0: c(B) = 0,

 H1: c(B) ≠ 0.

the Wald statistic for testing this hypothesis and its limiting distribution under H0 
would be

W = c(b)′{G(b)[sn 2(X′X)-1]G(b)′}-1c(b) ¡d
x2[J],

where G(b) = [0c(b)/0b′].

FIGURE 14.4  Distribution of Least Squares Residuals.
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582 Part III  ✦   Estimation Methodology

the Wald statistic is based on the asymptotic distribution of the estimator. the 
covariance matrix can be replaced with any valid estimator of the asymptotic covariance. 
also, for the same reason, the same distributional result applies to estimators based on 
the nonnormal distributions in example 14.7, and indeed, for any estimator in any model 
setting in which Bn ¡a

N[B, V]. the general result, then, is

 W = c(Bn)′{G(Bn)[asy.Var(Bn)]G(Bn)′}-1c(Bn) ¡d
x2[J]. (14-47)

the Wald statistic is robust in that it relies on the large sample distribution of the 
estimator, not on the specific distribution that underlies the likelihood function. the 
Wald test will be the statistic of choice in a variety of settings, not only the likelihood-
based one considered here.

the likelihood ratio (LR) test is carried out by comparing the values of the log-
likelihood function with and without the restrictions imposed. We leave aside for the 
present how the restricted estimator b* is computed (except for the linear model, which 
we saw earlier). the test statistic and its limiting distribution under H0 are

 LR = -2[ln L* - ln L] ¡d
x2[J]. (14-48)

this result is general for any nested models fit by maximum likelihood. the log likelihood 
for the normal/linear regression model is given in (14-39). the first-order conditions 
imply that regardless of how the slopes are computed, the estimator of s2 without 
restrictions on B will be sn 2 = (y - Xb)′(y - Xb)/n and likewise for a restricted 
estimator sn *

2 = (y - Xb*)′(y - Xb*)/n = e*
=e*/n. evaluated at the maximum likelihood 

estimator, the concentrated log likelihood26 will be

ln Lc = -
n
2

 [1 + ln 2p + ln(e′e/n)]

and likewise for the restricted case. if we insert these in the definition of LR, then we 
obtain

 LR = n ln[e*
=e*/e′e] = n(ln sn *

2 - ln sn 2) = n ln(sn *
2/sn 2). (14-49)

(note, this is a specific result that applies to the linear or nonlinear regression model 
with normally distributed disturbances.)

the Lagrange multiplier (LM) test is based on the gradient of the log-likelihood 
function. the principle of the test is that if the hypothesis is valid, then at the restricted 
estimator, the derivatives of the log-likelihood function should be close to zero. there 
are two ways to carry out the LM test. the log-likelihood function can be maximized 
subject to a set of restrictions by using

ln LLM = -
n
2

 c ln 2p + ln s2 +
[(y - XB)′(y - XB)]/n

s2 d + L′c(B).

26see section e4.3.
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the first-order conditions for a solution are

 F 0 ln LLM

0B
0 ln LLM

0s2

0 ln LLM

0L

V = F X′(y - XB)

s2 + G(B)′L

-n

2s2 +
(y - XB)′(y - XB)

2s4

c(B)

V = C0
0
0
S . (14-50)

the solutions to these equations give the restricted least squares estimator, b*; the usual 
variance estimator, now e*

=e*/n; and the Lagrange multipliers. there are now two ways 
to compute the test statistic. in the setting of the classical linear regression model, when 
we actually compute the Lagrange multipliers, a convenient way to proceed is to test 
the hypothesis that the multipliers equal zero. For this model, the solution for L* is 
L* = [G(X′X)-1G′]-1(Gb - q). this equation is a linear function of the unrestricted 
least squares estimator. if we carry out a Wald test of the hypothesis that L* equals 0, 
then the statistic will be

 LM = L*
= {est.Var[L*]}

-1 L* = (Gb - q)′[Gs*
2(X′X)-1G′]-1(Gb - q). (14-51)

the disturbance variance estimator, s*
2, based on the restricted slopes is e*

=e*/n.
an alternative way to compute the LM statistic for the linear regression model 

produces an interesting result. in most situations, we maximize the log-likelihood 
function without actually computing the vector of Lagrange multipliers. (the restrictions 
are usually imposed some other way.) an alternative way to compute the statistic is 
based on the (general) result that under the hypothesis being tested,

E[0 ln L/0B] = E[(1/s2)X′E] = 0

and

 asy.Var[0 ln L/0B] = -E[02 ln L/0B 0B′]-1 = s2(X′X)-1.27 (14-52)

We can test the hypothesis that at the restricted estimator, the derivatives are equal to 
zero. the statistic would be

 LM =
e*
=X(X′X)-1X′e*

e*
=e*/n

= nR*
2. (14-53)

in this form, the LM statistic is n times the coefficient of determination in a regression 
of the residuals ei* = (yi - xi

=b*) on the full set of regressors. Finally, for more general 
models and contexts, the same principle for the LM test produces

 LM = 3g1UnR2 4 =3est.asy.Var1g1UnR2 2 4 -13g1UnR2 4
 = J 1

n
 a

n

i = 1
gi1UnR2 R =J 1

n
 b 1

n
 a

n

i = 1
gi1UnR2gi1UnR2 = r R -1J 1

n
 a

n

i = 1
gi1UnR2 R

 = i′Gn (Gn ′Gn )-1Gn ′i,  (14-54)

where gi1UnR2 =
0 ln fi1UnR2

0UnR

, i is a column of ones, and gi(UnR)′ is the ith row of Gn .

27this makes use of the fact that the hessian is block diagonal.
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there is evidence that the asymptotic results for these statistics are problematic in 
small or moderately sized samples.28 the true distributions of all three statistics involve 
the data and the unknown parameters and, as suggested by the algebra, converge to the 
F distribution from above. the implication is that the critical values from the chi-squared 
distribution are likely to be too small; that is, using the limiting chi-squared distribution 
in small samples is likely to exaggerate the significance of empirical results. thus, in 
applications, the more conservative F statistic (or t for one restriction) may be preferable 
unless one’s data are plentiful.

Example 14.9  Testing for Constant Returns to Scale
The Cobb–Douglas production function estimated in Examples 14.6 and 14.7 has returns 
to scale parameter g = Σk 0lny/0 ln xk = b1 + b2 + b3 + b4. The hypothesis of constant 
returns to scale, g = 1, is routinely tested in this setting. We will carry out this test using the 
three procedures defined earlier. The estimation results are shown in Table 14.5. For the 
likelihood ratio test, the chi-squared statistic equals -2(794.624 - 822.688) = 56.129. 
The critical value for a test statistic with one degree of freedom is 3.84, so the hypothesis 
will be rejected on this basis. For the Wald statistic, based on the unrestricted results, 
c(B) = [(b1 + b2 + b3 + b4) - 1] and G = [1, 1, 1, 1]. The part of the asymptotic covariance 
matrix needed for the test is shown with Table 4.5. The statistic is

W = c′(BnU)[GVG′]-1c(BnU) = 57.312.

28see, for example, davidson and Mackinnon (2004, pp. 424–428).

(Estimated standard errors in parentheses)
Estimate Stochastic Frontier  

Unrestricted
Stochastic Frontier  

Constant Returns to Scale

b0
a 11.7014 (0.00447) 11.7022a (.00457)

b1 0.58369 (0.01887) 0.55979 (.01903)
b2 0.03555 (0.01113) 0.00812 (.01075)
b3 0.02256 (0.01281) -0.04367 (.00959)
b4 0.44948 (0.01035) 0.47575 (.00997)
sb 0.13988 (0.00279) 0.18962 (.00011)
l 1.50164 (0.08748) 1.47082 (.08576)
su

c 0.15573d (0.00279) 0.15681 (0.00289)
ln L 822.688 794.624

a unadjusted for nonzero mean of e.
b Reported se = [sv

2 + su
2(p - 2)/p]1/2. estimated sv = 0.10371 (0.00418).

c su is derived. su = sl/(1 + l2)1/2. est.Cov(sn , ln) = 2.3853e -  7.  
standard error is computed using the delta method.

estimated asy.Var[b1,b2,b3,b4] (e -  n = times 10-n.)
0.0003562
-0.0001079 0.0001238
-5.576e -  5 9.193e -  6 0.0001642
-0.0001542 1.810e -  5 -1.235e -  5 0.0001071

TABLE 14.5 Testing for Constant Returns to Scale in a Production Function
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For the LM test, we need the derivatives of the log-likelihood function. For the particular terms,

 gb = 0lnfi/0(xi
=B) = (1/s)[wi + lAi], Ai = f(-lwi)/Φ(-lwi),

 gs = 0lnfi/0s   = (1/s)[-1 + wi
2 + lwiAi],

 gl = 0lnfi/0l   = -wiAi.

The calculation is in (14-48); LM = 56.398. The test results are nearly identical for the three 
approaches.

14.10   THE GENERALIZED REGRESSION MODEL

For the generalized regression model of section 9.1,

 yi = xi
=B + ei, i = 1, c, n,

 E[E � X] = 0,

 E[EE′ � X] = s2�,

and as before, we first assume that � is a matrix of known constants. if the disturbances 
are multivariate normally distributed, then the log-likelihood function for the sample is

 ln L = -
n
2

 ln(2p) -
n
2

 ln s2 -
1

2s2 (y - XB)′�-1(y - XB) -
1
2

 ln � � � . (14-55)

it might seem that simply using oLs and a heteroscedasticity robust covariance 
matrix  (see section 4.5) would be a preferred approach that does not rely on an 
assumption of normality. there are at least two situations in which GLs, and possibly 
MLe, might be justified. First, if there is known information about the disturbance 
variances, this simplicity is a minor virtue that wastes sample information. the grouped 
data application in example 14.11 is such a case. second, there are settings in which the 
variance itself is of interest, such as models of production risk [asche and tvertas (1999)] 
and in the heteroscedastic stochastic frontier model, which is generally based on the 
model in section 14.10.3.29

14.10.1  GLS WITH KNOWN �

Because � is a matrix of known constants, the maximum likelihood estimator of B is the 
vector that minimizes the generalized sum of squares, S*(B) = (y - XB)′�-1(y - XB) 
(hence the name generalized least squares). the necessary conditions for maximizing L are

 
0 ln L

0B
=

X′�-1(y - XB)

s2 =
X*

=(y* - X*B)

s2 = 0,

 
0 ln L

0s2 = -
n

2s2 +
1

2s4 (y-XB)′�-1(y - XB)

=
n

2s2 J (y* - X*B)′(y* - X*B)

ns2 - 1R = 0, (14-56)

29Just and Pope (1978, 1979).
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where X* = �-1/2X and y* = �-1/2y. the solutions are the oLs estimators using the 
transformed data,

 BnML = (X*
=X*)

-1X*
=y*     = (X′�-1X)-1X′�-1y,  

 sn ML
2 =

(y* - X*B
n)′(y* - X*B

n)
n

=
(y - XBn)′�-1(y - XBn)

n
,
 (14-57)

which implies that with normally distributed disturbances, generalized least squares 
is also maximum likelihood. the maximum likelihood estimator of s2 is biased. an 
unbiased estimator is the one in (9-20). the conclusion is that when � is known, the 
maximum likelihood estimator is generalized least squares.

14.10.2  ITERATED FEASIBLE GLS WITH ESTIMATED �

When � is unknown and must be estimated, then it is necessary to maximize the log 
likelihood in (14-55) with respect to the full set of parameters [B, s2, �] simultaneously. 
Because an unrestricted � contains n(n + 1)/2 - 1 free parameters, it is clear that some 
restriction will have to be placed on the structure of � for estimation to proceed. We 
will examine applications in which � = �(U) for some smaller vector of parameters in 
the next several sections. We note only a few general results at this point.

1. For a given value of U the estimator of B would be GLs and the estimator of s2 
would be the estimator in (14-57).

2. the likelihood equations for U will generally be complicated functions of B and s2, 
so joint estimation will be necessary. however, in many cases, for given values of B 
and s2, the estimator of U is straightforward. For example, in the model of (9-21), the 
iterated estimator of u when B and s2 and a prior value of U are given is the prior 
value plus the slope in the regression of (ei

2/sn i
2 - 1) on zi.

the second step suggests a sort of back-and-forth iteration for this model that will work 
in many situations—starting with, say, oLs, iterating back and forth between 1 and 2 
until convergence will produce the joint maximum likelihood estimator. oberhofer and 
kmenta (1974) showed that under some fairly weak requirements, most importantly 
that U not involve s2 or any of the parameters in B, this procedure would produce the 
maximum likelihood estimator. the asymptotic covariance matrix of this estimator is 
the same as the GLs estimator. this is the same whether � is known or estimated, 
which means that if U and B have no parameters in common, then exact knowledge of 
� brings no gain in asymptotic efficiency in the estimation of B over estimation of B 
with a consistent estimator of �.

14.10.3  MULTIPLICATIVE HETEROSCEDASTICITY

harvey’s (1976) model of multiplicative heteroscedasticity is a very flexible, general 
model that includes many useful formulations as special cases. the general formulation is

 si
2 = s2 exp(zi

=A). (14-58)

a model with heteroscedasticity of the form si
2 = s2 q

M

m = 1
zim
am results if the logs of the 

variables are placed in zi. the groupwise heteroscedasticity model described in section 9.7.2  
is produced by making zi a set of group dummy variables (one must be omitted). in this 
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case, s2 is the disturbance variance for the base group whereas for the other groups 
sg

2 = s2 exp(ag).
Let zi include a constant term so that zi

= = [1, qi
=], where qi is the original set of variables, 

and let G′ = [ln s2, A′]. then, the model is simply si
2 = exp(zi

=G). once the full parameter 
vector is estimated, exp(g1) provides the estimator of s2. (this estimator uses the invariance 
result for maximum likelihood estimation. see section 14.4.5.d) the log likelihood is

 ln L = -
1
2

 a
n

i = 1
J ln si

2 + ln(2p) -
ei

2

si
2 R

 = -
1
2

 a
n

i = 1
Jzi

=G + ln(2p) +
ei

2

exp(zi
=G)

R .

 (14-59)

the likelihood equations are

 
0 ln L

0B
= a

n

i = 1
xi 

ei

exp(zi
=G)

,

 
0 ln L

0G
=

1
2

 a
n

i = 1
zi¢ ei

2

exp(zi
=G)

- 1≤ = 0.

 (14-60)

14.10.4  THE METHOD OF SCORING

For this model, the method of scoring turns out to be a particularly convenient way to 
maximize the log-likelihood function. the terms in the hessian are

 
02 ln L

0¢B
G
≤0¢B

G
≤= = - a

n

i = 1
 

1
exp(zi

=G)
 ¢ xi

eizi
≤ ¢ xi

eizi
≤=. (14-61)

the expected value of 02 ln L/0B0G′ is 0 because E[ei � xi, zi] = 0. the expected value of 
the fraction in 02 ln L/0G0G′ is E[ei

2/si
2 � xi, zi] = 1. Let D = [B, G]. then

 -E¢ 02 ln L
0D 0D′

≤ = JX′�-1X 0
0′ 1

2 Z′Z
R = -H. (14-62)

the method of scoring is an algorithm for finding an iterative solution to the likelihood 
equations. the iteration is

Dt + 1 = Dt - H-1gt,

where Dt (i.e., Bt, Gt, and �t) is the estimate at iteration t, gt is the two-part vector of 
first derivatives [0 ln L/0Bt

=, 0 ln L/0Gt
=]′, and H is partitioned likewise. [Newton’s method 

uses the actual second derivatives in (14-61) rather than their expectations in (14-62). 
the scoring method exploits the convenience of the zero expectation of the off-diagonal 
block (cross derivative) in (14-62).] Because H is block diagonal, the iteration can be 
written as separate equations,

 Bt + 1 = Bt + (X�t
-1X)-1(X′�t

-1Et)

 = Bt + (X′�t
-1X)-1X′�t

-1(y - XBt)

 = (X′�t
-1X)-1X′�t

-1y (of course).

 (14-63)
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therefore, the updated coefficient vector Bt + 1 is computed by FGLs using the previously 
computed estimate of G to compute �. We use the same approach for G:

 Gt + 1 = Gt + [2(Z′Z)-1]J1
2 a

n

i = 1
zi¢ ei(t)

2

exp(zi
=Gt)

- 1≤ R
 = Gt + (Z′Z)-1Z′ht.

 (14-64)

the 2 and 1
2 cancel. the updated value of G is computed by adding the vector of 

coefficients in the least squares regression of [ei
2/exp(zi

=G) - 1] on zi to the old one. note 
that the correction is 2(Z′Z)-1Z′(0 ln L/0G), so convergence occurs when the derivative 
is zero.

the remaining detail is to determine the starting value for the iteration. any 
consistent estimator will do. the simplest procedure is to use oLs for B and the slopes 
in a regression of the logs of the squares of the least squares residuals on zi for G. harvey 
(1976) shows that this method will produce an inconsistent estimator of g1 = ln s2, 
but the inconsistency can be corrected just by adding 1.2704 to the value obtained. 
thereafter, the iteration is simply:

1. estimate the disturbance variance si
2 with exp(zi

=G).
2. Compute Bt + 1 by FGLs.30

3. update Gt using the regression described in the preceding paragraph.
4. Compute dt + 1 = [Bt + 1, Gt + 1] - [Bt, Gt]. if dt + 1 is large, then return to step 1.

if dt + 1 at step 4 is sufficiently small, then exit the iteration. the asymptotic covariance 
matrix is simply -H-1, which is block diagonal with blocks

 asy.Var[BnML] = (X′�-1X)-1,

 asy.Var[GML] = 2(Z′Z)-1.
 (14-65)

if desired, then sn 2 = exp(gn1) can be computed. the asymptotic variance would be 
[exp(g1)]2(asy.Var[gn1, ML]).

testing the null hypothesis of homoscedasticity in this model,

h0: A = 0

in (14-58), is particularly simple. the Wald test will be carried out by testing the 
hypothesis that the last M elements of G are zero. thus, the statistic will be

lWALD = An ′b [0 I][2(Z′Z)]-1J0′
I
R r -1

An .

Because the first column in Z is a constant term, this reduces to

lWALD =
1
2

 An ′(Z1
=M0Z1)

-1An ,

where Z1 is the last M columns of Z, not including the column of ones, and M0 creates 
deviations from means. the likelihood ratio statistic is computed based on (14-59). 

30the two-step estimator obtained by stopping here would be fully efficient if the starting value for g were 
consistent, but it would not be the maximum likelihood estimator.
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under both the null hypothesis (homoscedastic—using oLs) and the alternative 
(heteroscedastic—using MLe), the third term in ln L reduces to -n/2. therefore, the 
statistic is simply

lLR = 2(ln L1 - ln L0) = a
n

i = 1
J ln s2 - ln sn i

2 R = a
n

i = 1
ln¢ s2

sn i
2 ≤,

where s2 = e′e/n using the oLs residuals. to compute the LM statistic, we will use 
the expected hessian in (14-62). under the null hypothesis, the part of the derivative 
vector in (14-60) that corresponds to B is (1/s2)X′e = 0. therefore, using (14-60), the 
LM statistic is

lLM = J1
2 a

n

i = 1
¢ ei

2

s2 - 1≤ ¢ 1
zi1

≤ R ′
c 1
2

 (Z′Z) d
-1J1

2 a
n

i = 1
¢ ei

2

s2 - 1b ¢ 1
zi1

≤ R .

the first element in the derivative vector is zero because a iei
2 = ns2. therefore, the 

expression reduces to

lLM =
1
2

 Jan
i = 1

¢ ei
2

s2 - 1≤zi1 R =

(Z1
=M0Z1)

-1Jan
i = 1

¢ ei
2

s2 - 1≤zi1 R .

this is one-half times the explained sum of squares in the linear regression of the 
variable hi = (ei

2/s2 - 1) on Z, which is the Breusch–Pagan/Godfrey LM statistic from 
section 9.5.2.

Example 14.10  Multiplicative Heteroscedasticity
In Example 6.4, we fit a cost function for the U.S. airline industry of the form

ln Cit = b1 + b2 ln Qit + b3[ln Qit]2 + b4 ln Pfuel,i,t + b5 Loadfactori,t + ei,t,

where Cit is total cost, Qit is output, and Pfuel,i,t is the price of fuel, and the 90 observations in 
the data set are for six firms observed for 15 years. (The model also included dummy variables 
for firm and year, which we will omit for simplicity.) In Example 9.4, we fit a revised model 
in which the load factor appears in the variance of ei,t rather than in the regression function. 
The model is

si,t
2 = s2 exp(a Loadfactori,t) = exp(g1 + g2 Loadfactori,t).

Estimates were obtained by iterating the weighted least squares procedure using weights 
Wi,t = exp(-c1 - c2 Loadfactori,t). The estimates of g1 and g2 were obtained at each 
iteration by regressing the logs of the squared residuals on a constant and Loadfactorit. 
It was noted at the end of the example [and is evident in (14-61)] that these would be the 
wrong weights to use for iterated weighted least squares if we wish to compute the MLE. 
Table 14.6 reproduces the results from Example 9.4 and adds the MLEs produced using 
Harvey’s method. The MLE of g2 is substantially different from the earlier result. The Wald 
statistic for testing the homoscedasticity restriction (a = 0) is (9.78076/2.839)2 = 11.869, 
which is greater than 3.84, so the null hypothesis would be rejected. The likelihood ratio 
statistic is -2(54.2747 - 57.3122) = 6.075, which produces the same conclusion. However, 
the LM statistic is 2.96, which conflicts. This is a finite sample result that is not uncommon. 
Figure 14.5 shows the pattern of load factors over the period observed. The variances of 
log costs would vary correspondingly. The increasing load factors in this period would have 
been a mixed benefit.
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Constant ln Q ln2 Q ln Pf R2a

Sum of 
Squares

OLSb 9.13823 0.92615 0.02915 0.41006 0.986167 1.57748

 Std. Error (0.24507) (0.03231) (0.01230) (0.01881)
 Het. Robust S.E. (0.22595) (0.03013) (0.01135) (0.01752)
 Cluster Robust  
  S.E.

(0.33493) (0.10235) (0.04084) (0.02477)

Two-step 9.2463 0.92136 0.02445 0.40352 0.9861187 1.612938
 Std. Error (0.21896) (0.03303) (0.01141) (0.01697)
Iteratedc 9.2774 0.91609 0.02164 0.40174 0.9860708 1.645693
 Std. Error (0.20977) (0.03299) (0.01102) (0.01633)
MLEd 9.2611 0.91931 0.02328 0.40266 0.9860099 1.626301
 Std. Error (0.2099) (0.03229) (0.01099) (0.01630)

asquared correlation between actual and fitted values.
bln LOLS = 54.2747, ln LML = 57.3122.
cValues of c2 by iteration: 8.25434, 11.6225, 11.7070, 11.7106, 11.7110,
destimate of g2 is 9.78076 (2.83945).

TABLE 14.6 Multiplicative Heteroscedasticity Model

FIGURE 14.5  Load Factors for Six Airlines, 1970–1984.
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Example 14.11  Maximum Likelihood Estimation of Gasoline Demand
In Example 9.3, we examined a two-step FGLS estimator for the OECD gasoline demand. 
The model is a groupwise heteroscedastic specification. In (14-58), zit would be a set of 
country specific dummy variables. The results from Example 9.3 are shown in Table 14.7 
in results (1)  and (2). The maximum likelihood estimates are shown in column (3). The 
parameter estimates are similar, as might be expected. It appears that the standard errors of 
the coefficients are quite a bit smaller using MLE compared to the two-step FGLS. However, 
the two estimators are essentially the same. They differ numerically, as expected. However, the 
asymptotic properties of the two estimators are the same.
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14.11    NONLINEAR REGRESSION MODELS AND QUASI-MAXIMUM 
LIKELIHOOD ESTIMATION

in Chapter 7, we considered nonlinear regression models in which the nonlinearity in 
the parameters appeared entirely on the right-hand side of the equation. Maximum 
likelihood is often used when the disturbance in a regression, or the dependent variable, 
more generally, is not normally distributed. if the distribution departs from normality, a 
likelihood-based approach may provide a useful, efficient way to proceed with estimation 
and inference. the exponential regression model provides an application.

Example 14.12  Identification in a Loglinear Regression Model
In Example 7.6, we estimated an exponential regression model, of the form

E [Income � Age, Education, Female] = exp(G1* + G2 Age + G3 Education + G4 Female).

This loglinear conditional mean is consistent with several different distributions, including the 
lognormal, Weibull, gamma, and exponential models. In each of these cases, the conditional 
mean function is of the form

 E [Income � x] = g(u) exp(g1 + x′G2)

 = exp(g1* + x′G2),

where u is an additional parameter of the distribution and g1* = ln g(u) + g1. Two implications 
are:

1. Nonlinear least squares (NLS) is robust at least to some failures of the distributional 
assumption. The nonlinear least squares estimator of G2 will be consistent and 
asymptotically normally distributed in all cases for which E[Income � x] = exp(g1* + x′G2).

2. The NLS estimator cannot produce a consistent estimator of g1; plim c1 = G1*, which varies 
depending on the correct distribution. In the conditional mean function, any pair of values (u, g1) 
for which g1* = ln g(u) + g1 is the same will lead to the same sum of squares. This is a form of 
multicollinearity; the pseudoregressor for u is 0E[Income � x]/0u = exp(G1* + x′G2)[g′(u)/g(u)] 
while that for g1 is 0E[Income � x]/0G1 = exp(G1* + x′G2). The first is a constant multiple 
of the second. NLS cannot provide separate estimates of u and G1 while MLE can—see 
the example to follow. Second, NLS might be less efficient than MLE because it does 
not use the information about the distribution of the dependent variable. This second 
consideration is uncertain. For estimation of G2, the NLS estimator is less efficient for not 
using the distributional information. However, that shortcoming might be offset because 
the NLS estimator does not attempt to compute an independent estimator of the additional 
parameter, u.

(1) (2) (3)
OLS FGLS MLE

Coefficient Std. Error Coefficient Std. Error Coefficient Std. Error

ln Income 0.66225 0.07277 0.57507 0.02927 0.45404 0.02211
ln Price -0.32170 0.07277 -0.27967 0.03519 -0.30461 0.02578
ln Cars/Cap -0.64048 0.03876 -0.56540 0.01613 -0.47002 0.01275

TABLE 14.7 Estimated Gasoline Consumption Equations
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To illustrate, we reconsider the estimator in Example 7.6. The gamma regression model 
specifies

f(y � x) =
1

Γ(u)m(x)u
 exp[-y/m(x)]yu - 1, y 7 0, u 7 0, m(x) = exp(g1 + x′G2).

The conditional mean function for this model is

E [y � x] = u/m(x) = u exp(g1 + x′g2) = exp(g1* + x′g2).

Table 14.8 presents estimates of u and (g1, G2). Estimated standard errors appear in 
parentheses. The estimates in columns (1), (2), and (4) are all computed using nonlinear 
least squares. In (1), an attempt was made to estimate u and g1 separately. The estimator 
converged on two values. However, the estimated standard errors are essentially infinite. 
The convergence to anything at all is due to rounding error in the computer. The results 
in column (2) are for g1* and g2. The sums of squares for these two estimates as well 
as for those in (4) are all 112.19688, indicating that the three results merely show three 
different sets of results for which g1* is the same. The full maximum likelihood estimates are 
presented in column (3). Note that an estimate of u is obtained here because the assumed 
gamma distribution provides another independent moment equation for this parameter; 
0 ln L/0u = -n ln Ψ(u) + Σ i(ln yi - ln m(x)) = 0, while the normal equations for the sum of 
squares provide the same equations for u and g1.

14.11.1  MAXIMUM LIKELIHOOD ESTIMATION

the standard approach to modeling counts of events begins with the Poisson regression 
model,

Prob[Y = yi � xi] =
exp(-li)li

yi

yi!
, li = exp(xi

=B), yi = 0, 1, c,

which has loglinear conditional mean function E[yi � xi] = li. (the Poisson regression model 
and other specifications for data on counts are discussed at length in Chapter 18. We 

(1)  
NLS

(2)  
Constrained 

NLS

(3)  
MLE

(4)  
NLS/MLE

Constant 1.22468 -1.69331 -3.36826 -3.36380
(47722.5)a (0.04408) (0.05048) (0.04408)

Age 0.00207 0.00207 0.00153 0.00207
(0.00061)b (0.00061) (0.00061) (0.00061)

Education 0.04792 0.04792 0.04975 0.04792
(0.00247)b (0.00247) (0.00286) (0.00247)

Female -0.00658 -0.00658 0.00696 -0.00658
(0.01373)b (0.01373) (0.01322) (0.08677)

u 0.62699 — 5.31474 5.31474c

(29921.3)a — (0.10894) (0.00000)

aReported value is not meaningful; this is rounding error. see text for description.
bstandard errors are the same as in column (2).
cFixed at this value.

TABLE 14.8 Estimated Gamma Regression Model
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introduce the topic here to begin development of the MLe in a fairly straightforward, typical 
nonlinear setting.) appendix table F7.1 presents the Riphahn et al. (2003) data, which we 
will use to analyze a count variable, DocVis, the number of visits to physicans in the survey 
year. We are using the 1988 wave of the panel, with 4,483 observations. the histogram in 
Figure 14.6 shows a distinct spike at zero followed by rapidly declining frequencies. While 
the Poisson distribution, which is typically hump shaped, can accommodate this configuration 
if li is less than one, the shape is nonetheless somewhat “non-Poisson.”31

the geometric distribution,

f(yi � xi) = ui(1 - ui)
yi, ui = 1/(1 + li), li = exp(xi

=B), yi = 0, 1, c,

is a convenient specification that produces the effect shown in Figure 14.4. (note that, 
formally, the specification is used to model the number of failures before the first 
success in successive independent trials each with success probability ui, so in fact, it 
is misspecified as a model for counts. the model does provide a convenient and useful 
illustration, however. Moreover, it will turn out that the specification can deliver a 
consistent estimator of the parameters of interest even if the Poisson is the right model.) 
the conditional mean function is also E[yi � xi] = li. the partial effects in the model are 
0 E[yi � xi]/0xi = liB, so this is a distinctly nonlinear regression model. We will construct 
a maximum likelihood estimator, then compare the MLe to the nonlinear least squares 
and (mis-specified) linear least squares estimates.

the log-likelihood function is

ln L = a
n

i = 1
 ln f(yi � xi, B) = a

n

i = 1
ln ui + yi ln(1 - ui).

31so-called hurdle and Zero inflation models (discussed in Chapter 18) are often used for this situation.

FIGURE 14.6  Histogram for Doctor Visits.
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the likelihood equations are

0 ln L
0B

= a
n

i = 1
¢ 1
ui

-
yi

1 - ui
≤  

dui

dli
 
0li

0B
= 0.

Because

dui

dli
 
0li

0B
= ¢ -1

(1 + li)
2 ≤lixi = -ui(1 - ui)xi,

the likelihood equations simplify to

 
0 ln L

0B
= a

n

i = 1
(uiyi - (1 - ui))xi

 = a
n

i = 1
(ui(1 + yi) - 1)xi.

to estimate the asymptotic covariance matrix, we can use any of the estimators of 
asy.Var[BnMLe] discussed earlier. the Bhhh estimator would be

 est.asy.VarBhhh[BnMLe] = Jan
i = 1

¢ 0 ln f(yi � xi, Bn)

0Bn
≤ ¢ 0 ln f(yi, � xi, Bn)

0Bn
≤= R -1

 = Jan
i = 1

(uni(1 + yi) - 1)2xixi
= R

 = [Gn ′Gn ]-1.

the negative inverse of the second derivatives matrix evaluated at the MLe isJ -
02 ln L

0 Bn  0 Bn ′
R -1

= Jan
i = 1

(1 + yi)uni(1 - uni)xixi
= R -1

= [-Hn ]-1.

as noted earlier, E[yi � xi] = li = (1 - ui)/ui is known, so we can also use the negative 
inverse of the expected second derivatives matrix,J -E¢ 02 ln L

0 Bn  0 Bn
≤ R -1

= Jan
i = 1

(1 - uni)xixi
= R -1

= {-E[Hn ]}-1.

Finally, although we are confident in the form of the conditional mean function, but 
uncertain about the distribution, it might make sense to use the robust estimator in 
(14-36),

est.asy.Var[Bn] = [-Hn ]-1[Gn ′Gn ][-Hn ]-1.

to compute the estimates of the parameters, either newton’s method, Bn t + 1 =
Bn t - [Hn t]-1gn t, or the method of scoring, Bn t + 1 = Bn t - {E[Hn t]}-1gn t, can be used, where H 
and g are the second and first derivatives that will be evaluated at the current estimates 
of the parameters. Like many models of this sort, there is a convenient set of starting 
values, assuming the model contains a constant term. Because E[yi � xi] = li, if we start 
the slope parameters at zero, then a natural starting value for the constant term is the 
log of y.
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14.11.2  QUASI-MAXIMUM LIKELIHOOD ESTIMATION

if one is confident in the form of the conditional mean function (and that is the function 
of interest), but less sure about the appropriate distribution, one might seek a robust 
approach. that is precisely the situation that arose in the preceding example. Given that 
DocVis is a nonnegative count, the exponential mean function makes sense. But we gave 
equal plausibility to a Poisson model, a geometric model, and a semiparametric approach 
based on nonlinear least squares. the conditional mean function is correctly specified, 
but each of these three approaches has a significant shortcoming. the Poisson model 
imposes an “equidispersion” (variance equal to the mean) that is likely to be transparently 
inconsistent with the data; the geometric model is manifestly an inappropriate 
specification, and the nonlinear least squares estimator ignores all information in the 
sample save for the form of the conditional mean function. a quasi-MLE(QMLe) 
approach based on linear exponential forms provides a somewhat robust approach in 
this sort of circumstance.

the exponential family of distributions is defined in definition 13.1. For a random 
variable, y with density f(y �U), the exponential family of distributions is

ln f(y �U) = a(y) + b(U) + Σkck(y)sk(U).

Many familiar distributions are in this class, including the normal, logistic, Bernoulli, 
Poisson, gamma, exponential, Weibull, and others. Based on this framework, Gourieroux, 
Monfort, and trognon (1984) proposed the class of conditional linear exponential families,

ln f(y �m(x, B)) = a(y) + b(m(x, B)) + ys(m(x, B)),

where the conditional mean function is E[y � x, B] = m(x, B). the usefulness of this class 
of specifications is that maximizing the implied log likelihood produces a consistent 
estimator of B even if the true distribution of y � x is not f(y �m(x, B)), so long as the 
mean is correctly specified.

example 14.13 examines a count variable, DocVis = the number of doctor visits. the 
assumed conditional mean function is E[yi � xi] = li = exp(xi

=B), but we are uncertain of 
the distribution. two candidates are considered, geometric with f(yi � xi, B) = ui(1 - ui)

y
i 

with ui = 1/(1 + li), and Poisson with f(yi �xi,B) = exp(-li)li
 y

i /Γ(yi + 1). Both of these 
distributions are in the LeF family; for the geometric, ln f(yi�xi,B) = ln[ui/(1 - ui)] + yi ln ui,  
and for the Poisson, ln f(yi � xi, B) = -li + yi ln li - ln Γ(yi + 1). Because both are 
LeFs involving the same mean function, either log likelihood will produce a consistent 
estimator of the same B.

the conditional variance is unspecified so far. in the two cases considered, the variance 
is a simple function of the mean. For the geometric distribution, Var[y � x] = l(1 + l); 
for the Poisson, Var[y � x] = E[y � x] = l. this relationship will hold in general for linear 
exponential families. For another example, the Bernoulli distribution for a binary or 
fractional variable, f(y � x) = Pi

 y
i  (1 - Pi)

11 - y2i , where Pi = li/(1 + li) has conditional 
variance, li/[1 + li]

2 = Pi(1 - Pi). the other models examined below, gamma, Weibull, 
and negative binomial, all behave likewise. the conventional estimator of the asymptotic 
variance based on the information matrix, (14-16) or (14-17), would apply if the 
distribution of the LeF were the actual distribution of yi. however, because the variance 
has not actually been specified, this may not be the case. thus, the heteroscedasticity 
makes the robust variance matrix estimator in (14-36) a logical choice.
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an apparently minor extension is needed to accommodate distributions that have 
an additional parameter, typically a shape parameter, such as the Weibull distribution,

f(yi � xi) =
u

li
 ¢ yi

li
≤u - 1

 expJ- ¢ yi

li
≤u R ,

for which E[yi � xi] = li Γ(1 + 1/u), or the gamma distribution,

f(yi � xi) =
yi
u - 1

li
uΓ(u)

 exp¢-
yi

li
≤,

for which E[yi � xi] = liu. these random variables satisfy the assumptions of the LeF 
models, but the more detailed specifications create complications both for estimation 
and inference. First, for these models, the mean, li, is no longer correctly specified. 
in the cases shown, there is a scaling parameter. if li = exp(xi

=B) as is typical, and B 
contains a constant term, then the constant term is offset by the log of that scaling 
term. For the Weibull model, the constant term is offset by ln Γ(1 + 1/u) while for the 
gamma model, the offset is ln u. these would seem to be innocuous; however, if the 
conditional mean itself or partial effects of the mean are the objects of estimation, this 
is a potentially serious shortcoming. these two models noted are, like the candidates 
noted earlier, also heteroscedastic; for the gamma, Var[y � x] = ul2, while for the Weibull, 
Var[y � x] = l{Γ(1 + 2/u) - Γ2(1 + 1/u)}. the robust estimator of the asymptotic 
covariance matrix in (14-36) for the QMLes would still be preferred.

these four distributions noted and the others listed below are all members of the 
LeF, which would suggest that any of them could form the basis of a quasi-MLe for 
(y � x). the distributions listed are, in principle, for binary (Bernoulli), count (Poisson, 
geometric), and continuous (gamma, Weibull, normal) random variables. the LeF 
approach should work best if the random variable studied is of the type that is natural 
for the form of the distribution used, or at least closest to it. thus, in the example below, 
we have modeled the count variable using the geometric and Poisson. one could use 
the Bernoulli framework for a binary or fractional variable as the basis for the quasi-
MLe. Given the results thus far, the Bernoulli LeF could also be used for a continuous 
variable, but the gamma or Weibull distribution would be a better choice. in general, 
the support of the observed variable should match that of the variable that underlies 
the candidate distribution, for example, the nonnegative integers in example 14.13. 
[Continuity is not essential; the Poisson (exponential) LeF would work for a continuous 
(discrete) nonnegative variable.]

if interest centers on estimation of B, our results would seem to imply that several 
of these distributions would suffice as the vehicle for estimation in a given situation. But 
intuition should suggest (no doubt correctly) that some choices should be better than 
others. on the other hand, why not just use nonlinear least squares (GMM) in all cases if 
only the conditional mean has been specified? the argument so far does not distinguish 
any of these estimators; they are all consistent. the criterion function chosen implies a 
weighting of the observations, and it would seem that some weighting schemes would 
be better (more efficient) than others, based on the same logic that makes generalized 
least squares better than ordinary least squares.

the preceding efficiency argument is somewhat ambiguous. it remains a question why 
one would use this approach instead of nonlinear least squares. the leading application 
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of these methods [and the focus of Gourieroux et al. (1984) who developed them] is 
about modeling counts such as our doctor visits variable, in the presence of unmeasured 
heterogeneity. Consider that in the canonical model for counts, the Poisson regression, there 
is no explicit place in the specification for unmeasured heterogeneity. the entire specification  
builds off the conditional mean, li = exp(xi

=B), and the marginal Poisson distribution. 
a natural way to extend the Poisson regression specification is li � ei = exp(xi

=B + ei). 
the conditional mean function is Λi = e[exp(ei)]li. if the model contains a constant term, 
then nothing is lost by assuming that e[exp(ei)] = 1, so Λi = li. Left unspecified are the 
variance of yi � xi and the distribution of ei. We assume that ei is a conventional disturbance, 
exogenous to the rest of the model. thus, the conditional (on x) mean is correctly specified 
by li which implies that the Poisson QMLe is a robust estimator for this model with only 
vaguely specified heterogeneity—it is exogenous and has mean 1.

the marginal distribution is f(yi � xi) = Lei

f(yi � xi, ei)g(ei)dei. if exp(ei) has a gamma 

distribution with mean 1, G(u, u), this produces the negative binomial type 2 regression 
model,

f(yi � xi) =
Γ(yi + u)

Γ(yi + 1)Γ(u)
 ¢ li

li + u
≤yi¢ u

li + u
≤u, yi = 0, 1, c.

this random variable has mean li and variance = li[1 + li/u]. the negative binomial 
density is a member of the LeF. the advantage of this formulation for count data is that 
the Poisson quasi-log likelihood will produce a consistent estimator of B regardless of 
the distribution of ei as long as ei is exogenous, homoscedastic (with respect to xi), and 
is parameterized free of B.

to conclude, the QMLe would seem to be a competitor to the GMM estimator for 
certain kinds of models. in the leading application, it is a robust estimator that follows 
the form of the random variable while nonlinear least squares does not.

Example 14.13  Geometric Regression Model for Doctor Visits
In Example 7.6, we considered nonlinear least squares estimation of a loglinear model for the 
number of doctor visits variable shown in Figure 14.6. (41 observations for which DocVis 7 50 
out of 27,326 in total are omitted from the figure). The data are drawn from the Riphahn et al. 
(2003) data set in Appendix Table F7.1. We will continue that analysis here by fitting a more 
detailed model for the count variable DocVis. The conditional mean analyzed here is

ln E[DocVisit � xit] = b1 + b2 Ageit + b3 Educit + b4 Incomeit + b5 Kidsit.

(This differs slightly from the model in Example 11.16.) For this exercise, with an eye toward 
the fixed effects model in Example 14.13, we have specified a model that does not contain 
any time-invariant variables, such as Female. (Also, for this application, we will use the entire 
sample.) Sample means for the variables in the model are given in Table 14.9. Note, these 
data are a panel. In this exercise, we are ignoring that fact, and fitting a pooled model. We will 
turn to panel data treatments in the next section, and revisit this application.

We used Newton’s method for the optimization, with starting values as suggested earlier. 
The five iterations are shown in Table 14.9.

Convergence based on the LM criterion, g′H-1g, is achieved after the fourth iteration. 
Note that the derivatives at this point are extremely small, albeit not absolutely zero. Table 
14.10 presents the quasi-maximum likelihood estimates of the parameters. Several sets 
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Start values: 0.11580e+1 0.00000 0.00000 0.00000 0.00000
1st derivatives 0.00000 -0.61777e+5 0.73202e+4 0.42575e+4 0.16464e+4
Parameters: 0.11580e+1 0.00000 0.00000 0.00000 0.00000
Iteration 1 F = 0.6287e+5 g′H-1g = 0.1907e+4
1st derivatives 0.48616e+3 -0.22449e+5 0.57162e+4 -0.17112e+3 -0.16521e+3
Parameters: 0.11186e+1 0.1762e-1 -0.50263e-1 -0.46274e-1 -0.15609
Iteration 2 F = 0.6192e+5 g′H-1g = 0.1258e+2
1st derivatives -0.31284e+1 -0.15595e+3 -0.37197e+2 -0.10630e+1 -0.77186
Parameters: 0.10922e+1 0.17981e-1 -0.47303e-1 -0.46739e-1 -0.15683
Iteration 3 F = 0.6192e+5 g′H-1g = 0.6759e-3
1st derivatives -0.18417e-3 -0.99368e-2 -0.21992e-2 -0.59354e-4 -0.25994e-4
Parameters: 0.10918e+1 0.17988e-1 -0.47274e-1 -0.46751e-1 -0.15686
Iteration 4 F = 0.6192e+5 g′H-1g = 0.1831e-8
1st derivatives -0.35727e-11 0.86745e-10 -0.26302e-10 -0.61006e-11 -0.15620e-11
Parameters: 0.10918e+1 0.17988e-1 -0.47274e-1 -0.46751e-1 -0.15686
Iteration 5 F = 0.6192e+5 g′H-1g = 0.177e-12

TABLE 14.9 Newton Iterations

of standard errors are presented. The three sets based on different estimators of the 
information matrix are presented first. The fourth set is based on the cluster corrected 
covariance matrix discussed in Section 14.8.4. Because this is actually an (unbalanced) 
panel data set, we anticipate correlation across observations. Not surprisingly, the standard 
errors rise substantially. The partial effects listed next are computed in two ways. The 
average partial effect is computed by averaging liB across the individuals in the sample. 
The partial effect is computed for the average individual by computing l at the means 
of the data. The next-to-last column contains the ordinary least squares coefficients. In 
this model, there is no reason to expect ordinary least squares to provide a consistent 
estimator of B. The question might arise, What does ordinary least squares estimate? The 
answer is the slopes of the linear projection of DocVis on xit. The resemblance of the OLS 
coefficients to the estimated partial effects is more than coincidental, and suggests an 
answer to the question.

The analysis in Table 14.11 suggests three competing approaches to modeling DocVis. 
The results for the geometric regression model are given first in Table 14.10. At the beginning 
of this section, we noted that the more conventional approach to modeling a count variable 
such as DocVis is with the Poisson regression model. The quasi-log-likelihood function and 
its derivatives are even simpler than the geometric model

 ln L = a
n

i = 1
yi lnli - li - ln yi!,

 0 ln L/0B = a
n

i = 1
(yi - li)xi,

 02 ln L/0B0B′ = a
n

i = 1
- lixixi

=.

A third approach might be a semiparametric, nonlinear regression model,

yit = exp(xit
=B) + eit.
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Without the distributional assumption, nonlinear least squares is robust, but inefficient 
compared to the QMLE. But the distributional assumption can be dropped altogether, and 
the model fit as a simple exponential regression. Note the similarity of the Poisson QMLE and 
the NLS estimator. For the QMLE, the likelihood equations, Σi = 1

n (yi - li)xi = 0, imply that 
at the solution, the residuals, (yi - li), are orthogonal to the actual regressors, xi. The NLS 
normal equations, Σi = 1

n (yi - li)lixi = Σi = 1
n (yi - li)xi

0 = 0 will imply that at the solutions, the 
residuals are orthogonal to the pseudo-regressors, lixi.

Table 14.11 presents the three sets of estimates. It is not obvious how to choose among 
the alternatives. Of the three, the Poisson model is used most often by far. The Poisson and 
geometric models are not nested, so we cannot use a simple parametric test to choose 
between them. However, these two models will surely fit the conditions for the Vuong test 
described in Section 14.6.6. To implement the test, we first computed

Vit = ln fit � geometric - ln fit � Poisson

using the respective QMLEs of the parameters. The test statistic given in Section 14.6.6 is 
then

V =
(2n)V

sV

.

This statistic converges to standard normal under the underlying assumptions. A large 
positive value favors the geometric model. The computed sample value is 37.885, which 
strongly favors the geometric model over the Poisson. Figure 14.6 suggests an explanation 

Std. Err. Std. Err. Std. Err. Std. Err. PE Var.

Variable Estimate H E[H] BHHH Cluster APE Mean OLS Mean

Constant 1.0918 0.0524 0.0524 0.0354 0.1083 — — 2.656
Age 0.0180 0.0007 0.0007 0.0005 0.0013 0.0572 0.057 0.061 43.52
Education -0.0473 0.0033 0.0033 0.0023 0.0067 -0.150 -0.144 -0.121 11.32
Income -0.4684 0.0411 0.0423 0.0278 0.0727 -1.490 -1.424 -1.621 0.352
Kids -0.1569 0.0156 0.0155 0.0103 0.0306 -0.487 -0.477 -0.517 0.403

TABLE 14.10  Estimated Geometric Regression Model Dependent Variable: DocVis: 
Mean = 3.18352, Standard Deviation = 5.68969, n = 27,326

Geometric Model Poisson Model Nonlinear Reg.

Variable Estimate Std. Err. APE Estimate Std. Err. APE Estimate Std. Err. APE

Constant 1.0918 0.1083 0.10480 0.1137 0.9802 0.1814
Age 0.0180 0.0013 0.057 0.0184 0.0013 0.060 0.0187 0.0020 0.060
Education -0.0473 0.0067 -0.150 -0.0433 0.0070 -0.138 -0.0361 0.0123 -0.115
Income -0.4684 0.0727 -1.490 -0.5207 0.0822 -1.658 -0.5919 0.1283 -1.884
Kids -0.1569 0.0306 -0.487 -0.1609 0.0312 -0.500 -0.1693 0.0488 -0.539

TABLE 14.11 Estimates of Three Models for DocVis
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for this finding. The very large mass at DocVis = 0 is distinctly non-Poisson. This would 
motivate an extended model such as the negative binomial model, or more likely a two-part 
model such as the hurdle model examined in Section 18.4.8. The geometric model would 
likely provide a better fit to a data set such as this one. The three approaches do display 
a substantive difference. The average partial effects in Table 14.11 differ noticeably for the 
three specifications.

14.12   SYSTEMS OF REGRESSION EQUATIONS

the general form of the seemingly unrelated regression (suR) model is given in (10-1) 
through (10-3),

 yi = XiBi + Ei, i = 1, c, M,

 E[Ei � X1, c, XM] = 0,

 E[EiEj
= � X1, c, XM] = sijI.

 (14-66)

FGLs estimation of this model is examined in detail in section 10.2.3. We will now 
add the assumption of normally distributed disturbances to the model and develop 
the maximum likelihood estimators. this suggests a general approach for multiple 
equation systems. Given the covariance structure defined in (14-66), the joint normality 
assumption applies to the vector of M disturbances observed at time t, which we write as

 Et � X1, c, XM ∼ n[0, �], t = 1, c, T. (14-67)

14.12.1  THE POOLED MODEL

the pooled model, in which all coefficient vectors are equal, provides a convenient starting 
point. With the assumption of equal coefficient vectors, the regression model becomes

 yit = xit
=B + eit, i = 1, c, M, t = 1, c, T,

 E[Eit � X1, c, XM] = 0,

 E[eitejs � X1, c, XM] = sij if t = s, and 0 if t ≠ s.

 (14-68)

this is a model of heteroscedasticity and cross-sectional correlation. With multivariate 
normality, the log likelihood is

 ln L = a
T

t = 1
J -

M
2

 ln 2p -
1
2

 ln � � � -
1
2

 E=t�-1EtR . (14-69)

as we saw earlier, the efficient estimator for this model is GLs, as shown in (10-22). 
Because the elements of � must be estimated, the FGLs estimator based on (10-23) 
and (10-13) is used.

the maximum likelihood estimator of B, given �, is GLs, based on (10-22). the 
maximum likelihood estimator of � is

 snij =
(yi

= - XiB
n

n

ML)′(yj - XjB
n

n

ML)

T
=

En i
=En j

T
, (14-70)

based on the MLe of B. if each MLe requires the other, how can we proceed to obtain 
both? the answer is provided by Oberhofer and Kmenta (1974), who show that for certain 
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models, including this one, one can iterate back and forth between the two estimators. 
thus, the MLes are obtained by iterating to convergence between (14-70) and

 Bn
n = [X′�n -1X]-1[X′�n -1y]. (14-71)

the process may begin with the (consistent) ordinary least squares estimator, then (14-70), 
and so on. the computations are simple, using basic matrix algebra. hypothesis tests about 
B may be done using the familiar Wald statistic. the appropriate estimator of the 
asymptotic covariance matrix is the inverse matrix in brackets in (10-22).

For testing the hypothesis that the off-diagonal elements of � are zero—that is, that 
there is no correlation across groups—there are three approaches. the likelihood ratio 
test is based on the statistic

 lLR = T(ln � �n heteroscedastic � - ln � �n general � ) = T¢ aM
i = 1

ln sn i
2 - ln � �n � ≤, (14-72)

where sn i
2 are the estimates of si

2 obtained from the maximum likelihood estimates of 
the groupwise heteroscedastic model and �n  is the maximum likelihood estimator in the 
unrestricted model.32 the large-sample distribution of the statistic is chi squared with 
M(M - 1)/2 degrees of freedom. the Lagrange multiplier test developed by Breusch 
and Pagan (1980) provides an alternative. the general form of the statistic is

 lLM = Ta
m

i = 2
a
i - 1

j = 1
r ij

2, (14-73)

where r i j
2  is the ijth residual correlation coefficient. if every equation had a different 

parameter vector, then equation-specific ordinary least squares would be efficient 
(and ML) and we would compute ri j from the oLs residuals (assuming that there are 
sufficient observations for the computation). here, however, we are assuming only a 
single-parameter vector. therefore, the appropriate basis for computing the correlations 
is the residuals from the iterated estimator in the groupwise heteroscedastic model, that 
is, the same residuals used to compute sn i

2. (an asymptotically valid approximation to 
the test can be based on the FGLs residuals instead.) note that this is not a procedure 
for testing all the way down to the homoscedastic regression model. that case involves 
different LM and LR statistics based on the groupwise heteroscedasticity model. if 
either the LR statistic in (14-72) or the LM statistic in (14-73) is smaller than the critical 
value from the table, the conclusion, based on this test, is that the appropriate model is 
the groupwise heteroscedastic model.

14.12.2  THE SUR MODEL

the oberhofer–kmenta (1974) conditions are met for the seemingly unrelated 
regressions model, so maximum likelihood estimates can be obtained by iterating the 
FGLs procedure.We note, once again, that this procedure presumes the use of (10-11) 
for estimation of si j at each iteration. Maximum likelihood enjoys no advantages over 
FGLs in its asymptotic properties.33 Whether it would be preferable in a small sample 
is an open question whose answer will depend on the particular data set.

32Note: the excess variation produced by the restrictive model is used to construct the test.
33Jensen (1995) considers some variation on the computation of the asymptotic covariance matrix for the 
estimator that allows for the possibility that the normality assumption might be violated.
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Example 14.14   ML Estimates of a Seemingly Unrelated Regressions 
Model

Although a bit dated, the Grunfeld data used in Application 11.2 have withstood the test of 
time and are still a standard data set used to demonstrate the SUR model. The data in 
Appendix Table F10.4 are for 10 firms and 20 years (1935–1954). For the purpose of this 
illustration, we will use the first four firms.34

The model is an investment equation,

Iit = b1i + b2iFit + b3iCit + eit, t = 1, c, 20, i = 1, c, 10,

where

Iit = real gross investment for firm i in year t,
Fit = real value of the firm-shares outstanding,
Cit = real value of the capital stock.

The OLS estimates for the four equations are shown in the left panel of Table 14.12. The 
correlation matrix for the four OLS residual vectors is

Re = D    1 -0.261   0.279  -0.273
-0.261   1   0.428   0.338
  0.279   0.428    1 -0.0679
-0.273  0.338 -0.0679    1

T .

Before turning to the FGLS and MLE estimates, we carry out the LM test against the null 
hypothesis that the regressions are actually unrelated. We leave as an exercise to show that 
the LM statistic in (14-73) can be computed as

lLM = (T/2)[trace(Re
= Re) - M] = 10.451.

The 95% critical value from the chi-squared distribution with 6 degrees of freedom is 12.59, 
so at this point, it appears that the null hypothesis is not rejected. We will proceed in spite 
of this finding.

34the data are downloaded from the Web site for Baltagi (2005) at www.wiley.com/legacy/wileychi/baltagi/supp/
Grunfeld.fil. see also kleiber and Zeileis (2010).

OLS FGLS MLE

Firm Variable Estimate Std. Err. Estimate Std. Err. Estimate Std. Err.

Constant -149.78 97.58 -160.68 90.41 - 179.41 86.66
1 F  0.1192  0.02382  0.1205  0.02187  0.1248  0.02086

C  0.3714  0.03418  0.3800  0.03311  0.3802  0.03266
Constant -49.19 136.52 21.16 116.18 36.46 106.18

2 F  0.1749  0.06841  0.1304  0.05737  0.1244  0.05191
C  0.3896  0.1312  0.4485  0.1225  0.4367  0.1171
Constant -9.956 28.92 -19.72 26.58 -24.10 25.80

3 F 0.02655 0.01435 0.03464 0.01279 0.03808 0.01217
C 0.1517 0.02370 0.1368 0.02249 0.1311 0.02223
Constant -6.190 12.45 0.9366 11.59 2.581 11.54

4 F 0.07795 0.01841 0.06785 0.01705 0.06564 0.01698
C 0.3157 0.02656 0.3146 0.02606 0.3137 0.02617

TABLE 14.12 Estimated Investment Equations

Re = D1 -0.261 0.279 -0.273
-0.261 1 0.428 0.338
0.279 0.428 1 -0.0679
-0.273 0.338 -0.0679 1

T .

Re = D    1 -0.261   0.279  -0.273
-0.261   1   0.428   0.338
  0.279   0.428    1 -0.0679
-0.273  0.338 -0.0679    1

T .
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The next step is to compute the covariance matrix for the OLS residuals using

W = (1/T) E′E = D 7160.29 -1967.05 607.533 -282.756
-1967.05 7904.66 978.45 367.84
607.533 978.45 660.829 -21.3757

-282.756 367.84 -21.3757 149.872

T ,

where E is the 20 * 4 matrix of OLS residuals. Stacking the data in the partitioned matrices,

X = DX1 0 0 0
0 X2 0 0
0 0 X3 0
0 0 0 X4

T  and  y = Dy1

y2

y3

y4

T ,

we now compute �n = W ⊗ I20 and the FGLS estimates,

Bn = [X′�n -1X]-1X′�n -1y.

The estimated asymptotic covariance matrix for the FGLS estimates is the bracketed inverse 
matrix. These results are shown in the center panel in Table 14.12. To compute the MLE, we 
will take advantage of the Oberhofer and Kmenta (1974) result and iterate the FGLS estimator. 
Using the FGLS coefficient vector, we recompute the residuals, then recompute W, then 
reestimate B. The iteration is repeated until the estimated parameter vector converges. We 
use as our convergence measure the following criterion based on the change in the estimated 
parameter from iteration (s - 1) to iteration (s):

d = [Bn (s) - Bn (s - 1)]′[X′[�n (s)]-1X][Bn (s) - Bn (s - 1)].

The sequence of values of this criterion function are: 0.21922, 0.16318, 0.00662, 0.00037, 
0.00002367825, 0.000001563348, 0.1041980 * 10-6. We exit the iterations after iteration 7. 
The ML estimates are shown in the right panel of Table 14.12. We then carry out the likelihood 
ratio test of the null hypothesis of a diagonal covariance matrix. The maximum likelihood 
estimate of � is

�n = D 7235.46 -2455.13 615.167 -325.413
-2455.13 8146.41 1288.66 427.011
 615.167 1288.66 702.268 2.51786
-325.413 427.011 2.51786 153.889

T .

The estimate for the constrained model is the diagonal matrix formed from the diagonals of 
W shown earlier for the OLS results. (The estimates are shown in boldface in the preceding 
matrix, W.) The test statistic is then

LR = T(ln � diag(W) � - ln � �n � ) = 18.55.

Recall that the critical value is 12.59. The results contradict the LM statistic. The hypothesis 
of diagonal covariance matrix is now rejected.
Note that aside from the constants, the four sets of coefficient estimates are fairly similar. 
Because of the constants, there seems little doubt that the pooling restriction will be rejected. 
To find out, we compute the Wald statistic based on the MLE results. For testing

H0: B1 = B2 = B3 = B4,
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we can formulate the hypothesis as

H0: B1 - B4 = 0, B2 - B4 = 0, B3 - B4 = 0.

The Wald statistic is

lW = (RBn - q)′[RVR′]-1(RBn - q) = 2190.96,

where R = C I3 0 0 - I3
0 I3 0 - I3
0 0 I3 - I3

S , q = C0
0
0
S , and V = [X′�n -1X]-1. Under the null hypothesis, 

the Wald statistic has a limiting chi-squared distribution with 9 degrees of freedom. The 
critical value is 16.92, so, as expected, the hypothesis is rejected. It may be that the difference 
is due to the different constant terms. To test the hypothesis that the four pairs of slope 
coefficients are equal, we replaced the I3 in R with [[0, I2]], the 0's with 2 * 3 zero matrices, 
and q with a 6 * 1 zero vector. The resulting chi-squared statistic equals 229.005. The critical 
value is 12.59, so this hypothesis is rejected as well.

14.13   SIMULTANEOUS EQUATIONS MODELS

in Chapter 10, we noted two approaches to maximum likelihood estimation of the 
equation
system,

 yt
=� + xt

=B = Et
=,

 Et � X ∼ n[0, �]: (14-73)

full information maximum likelihood (FiML) and limited information maximum 
likelihood (LiML). the FiML approach simultaneously estimates all model parameters. 
the FiML estimator for a linear equation system is extremely complicated both 
theoretically and practically. however, its asymptotic properties are identical to three-
stage least squares (3sLs), which is straightforward and a standard feature of modern 
econometric software. (see section 10.4.5.) thus, the additional assumption of normality 
in the system brings no theoretical or practical advantage.

the LiML estimator is a single-equation approach that estimates the parameters of 
the model one equation at a time. We examined two approaches to computing the LiML 
estimator, both straightforward, when the equations are linear. the least variance ratio 
approach shown in section 10.4.4 is based on some basic matrix algebra calculations—
the only unconventional calculation involves the characteristic roots of an asymmetric 
matrix (or obtaining the matrix square root of a symmetric matrix). the more direct 
approach in section (8.4.3) provides some useful results for interpreting the model.

the leading application of LiML estimation is for an equation that contains one 
endogenous variable. (this is the application in most of Chapter 8.) Let that be the first 
equation in (14-73),

y1g11 + y2g21 + x1′b1 = e1.

normalize the equation, so the coefficient on y1 is 1 and the other variables apprear on 
the right-hand side. then,
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 y1 = y2d1 + x1′B1 + w1. (14-74)

this is the structural form for the first equation that contains a single included endogenous 
variable. the reduced form for the entire system is y′ = x′(-B�-1) + v′.  [see 
section 10.4.2 and (10-36).] the second equation in the reduced form is

 y2 = x′P2 + u2. (14-75)

note that the structural equation for y1 involves only some of the exogenous variables in 
the system while the reduced form involves all of them including at least one that is not 
contained in x1. as we developed in section 10.4.3, there must be exogenous variables 
in the system that are excluded from the y1 equation—this is the order condition for 
identification. the disturbances in the two equations are linear functions of the disturbances 
in (14-73), so with normality, the disturbances in (14-74) and (14-75) are joint normal.

the two-equation system (14-74,14-75) is precisely the same as the one we examined 
in section 8.4.3,

 y = x1′B + x2l + e (14-76)

 x2 = z′G + u,  (14-77)

where y2 in (14-74) is the x2 in (14-76) and z = (x1, c). equation (14-77) is the reduced 
form equation for y2. this formalizes the results for an equation in a simultaneous 
equations model that contains one endogenous variable. the estimator is actually 
based on two equations, the structural equation of interest and the reduced form for the 
endogenous variable that appears in that equation. the log-likelihood function for the 
LiML estimator for this (actually) two-equation system is shown in (8-17). in the typical 
equation, (14-76) and (14-77) might well be the recursive structure. this construction of 
the model underscores the point that in a model that contains an endogenous variable, 
there is a second equation that “explains” the endogeneity.

For the practitioner, a useful result is that the asymptotic variance of the two-stage 
least squares (2sLs) estimator is the same as that of the LiML estimator. this would 
generally render the LiML estimator, with its additional normality assumption, moot. the 
exception would be the invariance of the LiML estimator to normalization of the equation 
(i.e., which variable appears on the left of the equals sign). this turns out to be useful in the 
context of analysis in the presence of weak instruments. (see section 8.7.) More generally, 
the LiML and FiML estimators have been supplanted in the literature by much simpler 
GMM estimators, 2sLs, 3sLs, and extensions that accommodate heteroscedasticity. 
interest remains in these estimators, but largely as a component of the ongoing theoretical 
research.

14.14   PANEL DATA APPLICATIONS

application of panel data methods to the linear panel data models we have considered 
so far is a fairly marginal extension. For the random effects linear model, considered in 
the following section 14.14.1, the MLe of B is, as always, FGLs given the MLes of the 
variance parameters. the latter produce a fairly substantial complication, as we shall 
see. this extension does provide a convenient, interesting application to see the payoff 
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to the invariance property of the MLe—we will reparameterize a fairly complicated 
log-likelihood function to turn it into a simple one. Where the method of maximum 
likelihood becomes essential is in analysis of fixed and random effects in nonlinear 
models. We will develop two general methods for handling these situations in generic 
terms in sections 14.14.3 and 14.14.4, then apply them in several models later in the book.

14.14.1  ML ESTIMATION OF THE LINEAR RANDOM EFFECTS MODEL

the contribution of the ith individual to the log likelihood for the random effects 
model [(11-28) to (11-32)] with normally distributed disturbances is

 ln Li(B, se
2, su

2) = -
1
2

 [Ti ln 2p + ln � �i � + (yi - XiB)′�i
-1(yi - XiB)]

 = -
1
2

 [Ti ln 2p + ln � �i � + Ei
=�i

-1Ei],
 (14-78)

where

�i = se
2ITi + su

2ii′,

and i denotes a Ti * 1 column of ones. note that the �i varies over i because it is 
Ti * Ti. Baltagi (2013) presents a convenient and compact estimator for this model 
that involves iteration between an estimator of f2 = [se

2/(se
2 + Tsu

2)], based on sums 
of squared residuals, and (a, B, se

2) (a is the constant term) using FGLs. unfortunately, 
the convenience and compactness come unraveled in the unbalanced case. We consider, 
instead, what Baltagi labels a “brute force” approach, that is, direct maximization of the 
log-likelihood function in (14-78). (see, Baltagi, pp. 169–170.)

using (a-66), we find that

�i
-1 =

1
se

2 JITi
-

su
2

se
2 + Tisu

2  ii′ R .

We will also need the determinant of �i. to obtain this, we will use the product of its 
characteristic roots. First, write

� �i � = (se
2)Ti � I + gii′ � ,

where g = su
2/se

2. to find the characteristic roots of the matrix, use the definition

[I + gii′]c = lc,

where c is a characteristic vector and l is the associated characteristic root. the equation 
implies that gii′c = (l - 1)c. Premultiply by i′ to obtain g(i′i)(i′c) = (l - 1)(i′c). any 
vector c with elements that sum to zero will satisfy this equality. there will be Ti - 1 
such vectors and the associated characteristic roots will be (l - 1) = 0 or l = 1. For 
the remaining root, divide by the nonzero (i′c) and note that i′i = Ti, so the last root is 
Tig = l - 1 or l = (1 + Tig).35 it follows that the log of the determinant is  

ln � �i � = Ti ln se
2 + ln(1 + Tig).

35By this derivation, we have established a useful general result. the characteristic roots of a T * T matrix of the 
form A = (I + abb=) are 1 with multiplicity (T - 1) and ab′b with multiplicity 1. the proof follows precisely 
along the lines of our earlier derivation.

M14_GREE1366_08_SE_C14.indd   606 2/24/17   1:15 PM



 CHaPtEr 14  ✦  Maximum Likelihood Estimation 607

expanding the parts and multiplying out the third term gives the log-likelihood function

 ln L = a
n

i = 1
ln Li

 = -
1
2

 J(ln 2p + ln se
2)a

n

i = 1
Ti + a

n

i = 1
ln(1 + Tig) R -

1
2se

2 a
n

i = 1
JEi

=Ei -
su

2(Tiei)
2

se
2 + Tisu

2 R . 

note that in the third term, we can write se
2 + Tisu

2 = se
2(1 + Tig) and su

2 = se
2g. after 

inserting these, two appearances of se
2 in the square brackets will cancel, leaving

ln L = -
1
2 a

n

i = 1
¢Ti(ln 2p + ln se

2) + ln(1 + Tig) +
1
se

2 JEi
=Ei -

g(Tiei)
2

1 + Tig
R ≤.

now, let u = 1/se
2, Ri = 1 + Tig, and Qi = g/Ri. the individual contribution to the log 

likelihood becomes

ln Li = -
1
2

 [u(Ei
=Ei - Qi(Tiei)

2) + ln Ri - Ti ln u + Ti ln 2p].

the likelihood equations are

 
0 ln Li

0B
= uJaTi

t = 1
xiteitR - uJQi¢ aTi

t = 1
xit≤ ¢ aTi

t = 1
eit≤ R ,

 
0 ln Li

0u
= -

1
2

 J ¢ aTi

t = 1
eit

2≤ - Qi¢ aTi

t = 1
eit≤2

-
Ti

u
R ,

 
0 ln Li

0g
=

1
2

 Ju¢ 1
Ri

2 ¢ aTi

t = 1
eit≤2≤ -

Ti

Ri
R .

these will be sufficient for programming an optimization algorithm such as dFP or 
BFGs. (see section e3.3.) We could continue to derive the second derivatives for 
computing the asymptotic covariance matrix, but this is unnecessary. For BnMLe, we 
know that because this is a generalized regression model, the appropriate asymptotic 
covariance matrix is

asy.Var[BnMLe] = Jan
i = 1

Xi
=�n i

-1XiR -1

.

(see section 11.5.2.) We also know that the MLes of the variance components estimators 
will be asymptotically uncorrelated with the MLe of B. in principle, we could continue 
to estimate the asymptotic variances of the MLes of se

2 and su
2. it would be necessary to 

derive these from the estimators of u and g, which one would typically do in any event. 
however, statistical inference about the disturbance variance, se

2, in a regression model, 
is typically of no interest. on the other hand, one might want to test the hypothesis that 
su

2 equals zero, or g = 0. Breusch and Pagan’s (1979) LM statistic in (11-42) extended 
to the unbalanced panel case considered here would be
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 LM =
¢ aN

i = 1Ti≤2J2aN
i = 1Ti(Ti - 1) R  D aN

i = 1(Tiei)
2

aN
i = 1a Ti

t = 1eit
2

- 1T 2

 =
¢ aN

i = 1Ti≤2J2aN
i = 1Ti(Ti - 1) R  D aN

i = 1[(Tiei)
2 - ei

=ei]

aN
i = 1ei

=ei

T 2

.

Example 14.15   Maximum Likelihood and FGLS Estimates of A Wage 
Equation

Example 11.11 presented FGLS estimates of a wage equation using Cornwell and Rupert’s 
panel data. We have reestimated the wage equation using maximum likelihood instead of 
FGLS. The parameter estimates appear in Table 14.13, with the FGLS and pooled OLS 
estimates. The estimates of the variance components are shown in the table as well. The 
similarity of the MLEs and FGLS slope estimates is to be expected given the large sample 
size. The difference in the estimates of su is perhaps surprising. The estimator is not based 
on a simple sum of squares, however, so this kind of variation is common. The LM statistic for 
testing for the presence of the common effects is 3,497.02, which is far larger than the critical 
value of 3.84. With the MLE, we can also use an LR test to test for random effects against 
the null hypothesis of no effects. The chi-squared statistic based on the two log likelihoods 
is 3,662.25, which leads to the same conclusion.

Variable
Least Squares 

Estimate
Clustered Std.

Error
Random 

Effects FGLS
Standard 

Error
Random 

Effects MLE
Standard 

Error

Constant 5.25112 0.12355 4.04144 0.08330 3.12622 0.17761
Exp 0. 04010 0.00408 0.08748 0.00225 0.10721 0.00248
ExpSq -0.00067 0.00009 -0.00076 0.00005 -0.00051 0.00005
Wks 0.00422 0.00154 0.00096 0.00059 0.00084 0.00060
Occ -0.14001 0.02724 -0.04322 0.01299 -0.02512 0.01378
Ind 0.04679 0.02366 0.00378 0.01373 0.01380 0.01529
South -0.05564 0.02616 -0.00825 0.02246 0.00577 0.03159
SMSA 0.15167 0.02410 -0.02840 0.01616 -0.04748 0.01896
MS 0.04845 0.04094 -0.07090 0.01793 -0.04138 0.01899
Union 0.09263 0.02367 0.05835 0.01350 0.03873 0.01481
Ed 0.05670 0.00556 0.10707 0.00511 0.13562 0.01267
Fem -0.36779 0.04557 -0.30938 0.04554 -0.17562 0.11310
Blk -0.16694 0.04433 -0.21950 0.05252 -0.26121 0.13747
u 42.5265
g 29.9705
se 0.34936 0.15206 0.15335
su 0.00000 0.31453 0.83949

TABLE 14.13 Wage Equation Estimated by FGLS and MLE
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14.14.2  NESTED RANDOM EFFECTS

Consider a data set on test scores for multiple school districts in a state. to establish a 
notation for this complex model, we define a four-level unbalanced structure,

 Zijkt = test score for student t, teacher k, school j, district i,

 L = school districts, i = 1, c, L,

 Mi = schools in each district, j = 1, c, Mi,

 Nij = teachers in each school, k = 1, c, Nij,

 Tijk = students in each class, t = 1, c, Tijk.

thus, from the outset, we allow the model to be unbalanced at all levels. in general terms, 
then, the random effects regression model would be

yijkt = xijkt
= B + uijk + vij + wi + eijkt.

strict exogeneity of the regressors is assumed at all levels. all parts of the disturbance are 
also assumed to be uncorrelated. (a normality assumption will be added later as well.) 
From the structure of the disturbances, we can see that the overall covariance matrix, �, 
is block diagonal over i, with each diagonal block itself block diagonal in turn over j, each 
of these is block diagonal over k, and, at the lowest level, the blocks, for example, for the 
class in our example, have the form for the random effects model that we saw earlier.

Generalized least squares has been well worked out for the balanced case.36 define 
the following to be constructed from the variance components, se

2, su
2, sv

2, and sw
2 :

 s1
2 = Tsu

2 + se
2,

 s2
2 = NTsv

2 + Tsu
2 + se

2 = s1
2 + NTsv

2,

 s3
2 = MNTsw

2 + NTsv
2 + Tsu

2 + se
2 = s2

2 + MNTsw
2 .

then, full generalized least squares is equivalent to oLs regression of

y∼ijkt = yijkt - ¢1 -
se

s1
≤ yijk. - ¢se

s1
-

se

s2
≤ yij.. - ¢se

s2
-

se

s3
≤ yi c

on the same transformation of xijkt. FGLs estimates are obtained by three groupwise 
between estimators and the within estimator for the innermost grouping.

the counterparts for the unbalanced case can be derived, but the degree of 
complexity rises dramatically.37 as antwiler (2001) shows, however, if one is willing to 
assume normality of the distributions, then the log likelihood is very tractable. (We note 
an intersection of practicality with nonrobustness.) define the variance ratios

ru =
su

2

se
2
, rv =

sv
2

se
2
, rw =

sw
2

se
2
.

Construct the following intermediate results

uijk = 1 + Tijkru, fij = a
Nij

k = 1

Tijk

uijk
, uij = 1 + fijrv, fi = a

Mi

j = 1

fij

uij
, ui = 1 + rwfi

36see, for example, Baltagi, song, and Jung (2001), who also provide results for the three-level unbalanced case.
37see Baltagi et al. (2001).
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and sums of squares of the disturbances eijkt = yijkt - xijkt
= B,

 Aijk = a
Tijk

t = 1
eijkt

2 ,

 Bijk = a
Tijk

t = 1
eijkt, Bij = a

Nij

k = 1

Bijk

uijk

, Bi = a
Mi

j = 1

Bij

uij

.

the log likelihood is

ln L = -
1
2

 H ln(2pse
2) -

1
2

 JaL
i = 1

b ln ui + a
Mi

j = 1
b ln uij + a

Nij

k = 1
′b ln uijk +

Aijk

se
2 -

ru

uijk
 
Bijk

2

se
2 r -

rv

uij
 
Bij

2

se
2 r -

rw

ui
 
Bi

2

se
2 r R ,

where H is the total number of observations. (For three levels, L = 1 and rw = 0.) 
antwiler (2001) provides the first derivatives of the log-likelihood function needed to 
maximize ln L. however, he does suggest that the complexity of the results might make 
numerical differentiation attractive. on the other hand, he finds the second derivatives 
of the function intractable and resorts to numerical second derivatives in his application. 
the complex part of the hessian is the cross derivatives between B and the variance 
parameters, and the lower-right part for the variance parameters themselves. however, 
these are not needed. as in any generalized regression model, the variance estimators 
and the slope estimators are asymptotically uncorrelated. as such, one need only invert 
the part of the matrix with respect to B to get the appropriate asymptotic covariance 
matrix. the relevant block is

 -
02 ln L
0B0B′

=
1
se

2 a
L

i = 1
a
Mi

j = 1
a
Nij

k = 1
a
Tijk

t = 1
xijktxijkt

= -
rw

se
2 a

L

i = 1
a
Mi

j = 1
a
Nij

k = 1

1
uijk

 ¢ aTijk

t = 1
xijkt≤ ¢ aTijk

t = 1
xijkt
= ≤

-
rv

se
2 a

L

i = 1
a
Mi

j = 1

1
uij

 ¢ a
Nij

k = 1

1
uijk

 ¢ aTijk

t = 1
xijkt≤ ≤ ¢ a

Nij

k = 1

1
uijk

 ¢ aTijk

t = 1
xijkt
= ≤ ≤

-
ru

se
2 a

L

i = 1
¢ aMi

j = 1

1
uij

 ¢ a
Nij

k = 1

1
uijk

 ¢ aTijk

t = 1
xijkt≤ ≤ ≤ ¢ aMi

j = 1

1
uij

 ¢ a
Nij

k = 1

1
uijk

 ¢ aTijk

t = 1
xijkt
= ≤ ≤ ≤. 

(14-79)

the maximum likelihood estimator of B is FGLs based on the maximum likelihood 
estimators of the variance parameters. thus, expression (14-79) provides the appropriate 
covariance matrix for the GLs or maximum likelihood estimator. the difference will be in 
how the variance components are computed. Baltagi et al. (2001) suggest a variety of methods 
for the three-level model. For more than three levels, the MLe becomes more attractive.

Eample 14.16  Statewide Productivity
Munnell (1990) analyzed the productivity of public capital at the state level using a Cobb–
Douglas production function. We will use the data from that study to estimate a three-level 
log linear regression model,

 ln gspjkt = a + b1 ln pcjkt + b2 ln hwyjkt + b3 ln waterjkt

 +  b4 ln utiljkt + b5 ln empjkt + b6 unempjkt + ejkt + ujk + vj,

 j = 1, c, 9; t = 1, c, 17, k = 1, c, Nj,
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where the variables in the model are

gsp = gross state product,
p_cap = public capital = hwy + water + util,

hwy = highway capital,
water = water utility capital,

util = utility capital,
pc = private capital,

emp = employment (labor),
unemp = unemployment rate,

and we have defined M = 9 regions each consisting of a group of the 48 contiguous states:

Gulf = AL, FL, LA, MS,
Midwest = IL, IN, KY, MI, MN, OH, WI,

Mid Atlantic = DE, MD, NJ, NY, PA, VA,
Mountain = CO, ID, MT, ND, SD, WY,

New England = CT, ME, MA, NH, RI, VT,
South = GA, NC, SC, TN, WV,

Southwest = AZ, NV, NM, TX, UT,
Tornado Alley = AR, IA, KS, MO, NE, OK

West Coast = CA, OR, WA.

We have 17 years of data, 1970 to 1986, for each state."38 The two- and three-level random 
effects models were estimated by maximum likelihood. The two-level model was also fit by 
FGLS, using the methods developed in Section 11.5.3.

Table 14.14 presents the estimates of the production function using pooled OLS, OLS for 
the fixed effects model, and both FGLS and maximum likelihood for the random effects 
models. Overall, the estimates are similar, though the OLS estimates do stand somewhat 
apart. This suggests, as one might suspect, that there are omitted effects in the pooled model. 
The F statistic for testing the significance of the fixed effects is 76.712 with 47 and 762 degrees 
of freedom. The critical value from the table is 1.379, so on this basis, one would reject the 
hypothesis of no common effects. Note, as well, the extremely large differences between the 
conventional OLS standard errors and the robust (cluster) corrected values. The three- or four-
fold differences strongly suggest that there are latent effects at least at the regional level. It 
remains to consider which approach, fixed or random effects, is preferred. The Hausman test 
for fixed vs. random effects produces a chi-squared value of 18.987. The critical value is 
12.592. This would imply that the fixed effects model would be the preferred specification. 
When we repeat the calculation of the Hausman statistic using the three-level estimates in the 
last column of Table 14.14, the statistic falls slightly to 15.327. Finally, note the similarity of all 
three sets of random effects estimates. In fact, under the hypothesis of mean independence, 
all three are consistent estimators. It is tempting at this point to carry out a likelihood ratio test 
of the hypothesis of the two-level model against the broader alternative three-level model. The 
test statistic would be twice the difference of the log-likelihoods, which is 2.46. For one degree 
of freedom, the critical chi squared with one degree of freedom is 3.84, so on this basis, we 
would not reject the hypothesis of the two-level model. We note, however, that there is a 
problem with this testing procedure. The hypothesis that a variance is zero is not well defined 
for the likelihood ratio test—the parameter under the null hypothesis is on the boundary of the 
parameter space (sv

2 Ú 0). In this instance, the familiar distribution theory does not apply. The 
results of Kodde and Palm (1988) in Example 14.8 can be used instead of the standard test.

38the data were downloaded from the Web site for Baltagi (2005) at www.wiley.com/legacy/wileychi/baltagi3e/. 
see appendix table F10.1.
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14.14.3  CLUSTERING OVER MORE THAN ONE LEVEL

Given the complexity of (14-79), one might prefer simply to use oLs in spite of its 
inefficiency. as might be expected, the standard errors will be biased owing to the 
correlation across observations; there is evidence that the bias is downward.39 in that 
event, the robust estimator in (11-4) would be the natural alternative. in the example 
given earlier, the nesting structure was obvious. in other cases, such as our application in 
example 11.16, that might not be true. in example 14.16 and in the application in Baltagi 
(2013), statewide observations are grouped into regions based on intuition. the impact 
of an incorrect grouping is unclear. Both oLs and FGLs would remain consistent—both 
are equivalent to GLs with the wrong weights, which we considered earlier. however, 
the impact on the asymptotic covariance matrix for the estimator remains to be analyzed.

the nested structure of the data would call the clustering computation in (11-4) into 
question. if the grouping is done only on the innermost level (on teachers in our 
example), then the assumption that the clusters are independent is incorrect (teachers 
in the same school in our example). a two- or more level grouping might be called for 
in this case. For two levels, as in clusters within stratified data (such as panels on firms 
within industries) or panel data on individuals within neighborhoods), a reasonably 

39see Moulton (1986).

Fixed  
Effects

Random 
Effects FGLS

Random 
Effects ML

Nested Random 
Effects

OLS Estimate  
(Std. Err.)

Estimate  
(Std. Err.)

Estimate  
(Std. Err.)

Estimate  
(Std. Err.)Estimate Std. Err.a

a 1.9260 0.05250 2.1608 2.1759 2.1348
(0.2143) (0.1380) (0.1477) (0.1514)

b1 0.3120 0.01109 0.2350 0.2755 0.2703 0.2724
(0.04678) (0.02621) (0.01972) (0.02110) (0.02141)

b2 0.05888 0.01541 0.07675 0.06167 0.06268 0.06645
(0.05078) (0.03124) (0.02168) (0.02269) (0.02287)

b3 0.1186 0.01236 0.0786 0.07572 0.07545 0.07392
(0.03450) (0.0150) (0.01381) (0.01397) (0.01399)

b4 0.00856 0.01235 -0.11478 -0.09672 -0.1004 -0.1004
(0.04062) (0.01814) (0.01683) (0.01730) (0.01698)

b5 0.5497 0.01554 0.8011 0.7450 0.7542 0.7539
(0.06770) (0.02976) (0.02482) (0.02664) (0.02613)

b6 -0.00727 0.001384 -0.005179 -0.005963 -0.005809 -0.005878
(0.002946) (0.000980) (0.0008814) (0.0009014) (0.0009002)

se 0.085422 0.03676493 0.0367649 0.0366974 0.0366964
su 0.0771064 0.0875682 0.0791243
sv 0.0386299
ln L 853.1372 1565.501 1429.075 1430.30576

aRobust (cluster) standard errors in parentheses. the covariance matrix is multiplied by a degrees of freedom 
correction, nT/(nT - k) = 816/810.

TABLE 14.14 Estimated Statewide Production Function
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compact procedure can be constructed. [see, e.g., Cameron and Miller (2015).] the 
pseudo-log-likelihood function is

 ln L = a
S

s = 1
 a

Cs

c = 1
 a

Ncs

i = 1
 ln f(yics � xics, U), (14-80)

where there are S strata, s = 1, c, S, Cs clusters in stratum s, c = 1, c, Cs and Ncs 
individual observations in cluster c in stratum s, i = 1, c, Ncs. We emphasize, this is 
not the true log likelihood for the sample; the assumed clustering and stratification of 
the data imply that observations are correlated. Let

 gics =
0 ln f(yics � xics, U)

0U
, gcs = a

Ncs

i = 1
gics, gs = a

Cs

c = 1
gcs,

 Gs = ¢ a
Cs

c = 1
gcsgcs

= ≤ -
1
Cs

gsgs
=,  G = a

S

s = 1
Gs,

 H = a
S

s = 1
 a

Cs

c = 1
 a

Ncs

i = 1

02 ln f(yics � xics, U)

0U0U′
= a

S

s = 1
 a

Cs

c = 1
 a

Ncs

i = 1
Hics. (14-81)

then, the corrected covariance matrix for the pseudo-MLe would be

 est.asy.Var[Un] = [-Hn ]-1[Gn ][-Hn ]-1 (14-82)

For a linear model estimated using least squares, we would use gics = (eics/s
2)xics and 

Hics = (1/s2)xicsxics
= . the appearances of s2 would cancel out in the final result. one last 

consideration concerns some finite population corrections. the terms in G might be 
weighted by a factor ws = (1 - Cs/C*) if stratum s consists of a finite set of C* clusters 
of which Cs is a significant proportion, times the within cluster correction, Cs/(Cs - 1), 
that appears in (11-4), and finally, times (n - 1)/(n - K), where n is the full sample size 
and K is the number of parameters estimated.

14.14.4  RANDOM EFFECTS IN NONLINEAR MODELS: MLE USING QUADRATURE

example 14.13 describes a nonlinear model for panel data, the geometric regression model,

 Prob[Yit = yit � xit] = uit(1 - uit)
yit, yit = 0, 1, c, i = 1, c, n, t = 1, c, Ti,

 uit = 1/(1 + lit), lit = exp(xit
=B).  

as noted, this is a panel data model, although as stated, it has none of the features we 
have used for the panel data in the linear case. it is a regression model,

E[yit � xit] = lit,

which implies that

yit = lit + eit.

this is simply a tautology that defines the deviation of yit from its conditional mean. it 
might seem natural at this point to introduce a common fixed or random effect, as we 
did earlier in the linear case, as in

yit = lit + eit + ci.
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however, the difficulty in this specification is that whereas eit is defined residually just as 
the difference between yit and its mean, ci is a freely varying random variable. Without 
extremely complex constraints on how ci varies, the model as stated cannot prevent yit 
from being negative. When building the specification for a nonlinear model, greater 
care must be taken to preserve the internal consistency of the specification. a frequent 
approach in index function models such as this one is to introduce the common effect 
in the conditional mean function. the random effects geometric regression model, for 
example, might appear

 Prob[Yit = yit � xit] = uit(1 - uit)
yit, yit = 0, 1, c; i = 1, c, n, t = 1, c, Ti,

 uit = 1/(1 + lit), lit = exp(xit
=B + ui),

f(ui) = the specification of the distribution of random effects over individuals.

By this specification, it is now appropriate to state the model specification as

Prob[Yit = yit, � xit, ui] = uit(1 - uit)
yi t.

that is, our statement of the probability is now conditioned on both the observed data 
and the unobserved random effect. the random common effect can then vary freely and 
the inherent characteristics of the model are preserved.

two questions now arise:

●● how does one obtain maximum likelihood estimates of the parameters of the 
model? We will pursue that question now.

●● if we ignore the individual heterogeneity and simply estimate the pooled model, will 
we obtain consistent estimators of the model parameters? the answer is sometimes, 
but usually not. the favorable cases are the simple loglinear models such as the 
geometric and Poisson models that we consider in this chapter. the unfavorable 
cases are most of the other common applications in the literature, including, notably, 
models for binary choice, censored regressions, two-part models, sample selection, 
and, generally, nonlinear models that do not have simple exponential means.40

We will now develop a maximum likelihood estimator for a nonlinear random 
effects model. to set up the methodology for applications later in the book, we will do 
this in a generic specification, then return to the specific application of the geometric 
regression model in example 14.13. assume, then, that the panel data model defines the 
probability distribution of a random variable, yit, conditioned on a data vector, xit, and 
an unobserved common random effect, ui. as always, there are Ti observations in the 
group, and the data on xit and now ui are assumed to be strictly exogenously determined. 
our model for one individual is, then,

p(yit � xit, ui) = f(yit � xit, ui, U),

where p(yit � xit, ui) indicates that we are defining a conditional density while f(yit � xit, ui, u) 
defines the functional form and emphasizes the vector of parameters to be estimated. 
We are also going to assume that, but for the common ui, observations within a group 
would be independent—the dependence of observations in the group arises through the 

40Note: this is the crucial issue in the consideration of robust covariance matrix estimation in section 14.8. see, as 
well, Freedman (2006).
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presence of the common ui. the joint density of the Ti observations on yit given ui under 
these assumptions would be

p(yi1, yi2, c, yi,Ti
� Xi, ui) = q

Ti

t = 1
f(yit � xit, ui, U),

because conditioned on ui, the observations are independent. But because ui is part of the 
observation on the group, to construct the log likelihood, we will require the joint density,

p(yi1, yi2, c, yi,Ti
, ui, � Xi) = JqTi

t = 1
f(yit, � xit, ui, U) R f(ui).

the likelihood function is the joint density for the observed random variables. Because 
ui is an unobserved random effect, to construct the likelihood function, we will then have 
to integrate it out of the joint density. thus,

p(yi1, yi2, c, yi,Ti
� Xi) = Lui

JqTi

t = 1
f(yit � xit, ui, U) R f(ui)dui.

the contribution to the log-likelihood function of group i is, then,

ln Li = ln L
ui 

JqTi

t = 1
f(yit � xit, ui, U) R f(ui)dui.

there are two practical problems to be solved to implement this estimator. First, it 
will be rare that the integral will exist in closed form. (it does when the density of yit is 
normal with linear conditional mean and the random effect is normal, because, as we 
have seen, this is the random effects linear model.) as such, the practical complication 
that arises is how the integrals are to be computed. second, it remains to specify the 
distribution of ui over which the integration is taken. the distribution of the common 
effect is part of the model specification. several approaches for this model have now 
appeared in the literature. the one we will develop here extends the random effects 
model with normally distributed effects that we have analyzed in the previous section. 
the technique is Butler and Moffitt’s method (1982). it was originally proposed for 
extending the random effects model to a binary choice setting (see Chapter 17), but, 
as we shall see presently, it is straightforward to extend it to a wide range of other 
models. the computations center on a technique for approximating integrals known as 
Gauss–Hermite quadrature.

We assume that ui is normally distributed with mean zero and variance su
2. thus,

f(ui) =
122psu

2
 exp¢ -

ui
2

2su
2 ≤.

With this assumption, the ith term in the log likelihood is

ln Li = lnL
∞

-∞
JqTi

t = 1
f(yit � xit, ui, U) R 122psu

2
 exp¢ -

ui
2

2su
2 ≤dui.

to put this function in a form that will be convenient for us later, we now let 
wi = ui/(su22) so that ui = su22wi = fwi and the Jacobian of the transformation 
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from ui to wi is dui = fdwi. now, we make the change of variable in the integral to 
produce the function

ln Li = ln 
12pL

∞

-∞
JqTi

t = 1
f(yit � xit, fwi, U) R  exp (-wi

2)dwi.

For the moment, let

g(wi) = q
Ti

t = 1
f(yit � xit, fwi, U).

then, the function we are manipulating is

ln Li = ln 
12pL

∞

-∞
g(wi) exp (-wi

2)dwi.

the payoff to all this manipulation is that integrals of this form can be computed very 
accurately by Gauss–hermite quadrature. Gauss–hermite quadrature replaces the 
integration with a weighted sum of the functions evaluated at a specific set of points. 
For the general case, this is

L
∞

-∞
g(wi) exp (-wi

2)dwi ≈ a
H

h = 1
zhg(vh),

where zh is the weight and vh is the node. tables of the nodes and weights are found 
in popular sources such as abramovitz and stegun (1971). For example, the nodes and 
weights for a four-point quadrature are

 vh = {0.52464762327529002 and {1.6506801238857849,

 zh = 0.80491409000549996  and 0.081312835447250001.

in practice, it is common to use eight or more points, up to a practical limit of about 96. 
assembling all of the parts, we obtain the approximation to the contribution to the log 
likelihood,

ln Li = ln 
12p

 a
H

h = 1
zhJqTi

t = 1
f(yit � xit, fvh, U) R .

the hermite approximation to the log-likelihood function is

 ln L = a
n

i = 1
 ln 

12p
 a

H

h = 1
zhJqTi

t = 1
f(yit � xit, fvh, U) R . (14-83)

this function is now to be maximized with respect to U and f. Maximization is a complex 
problem. however, it has been automated in contemporary software for some models, 
notably the binary choice models mentioned earlier, and is in fact quite straightforward 
to implement in many other models as well. the first and second derivatives of the log-
likelihood function are correspondingly complex but still computable using quadrature. 
the estimate of su and an appropriate standard error are obtained from fn  using the 
result f = su22. the hypothesis of no cross-period correlation can be tested with a 
likelihood ratio test.
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Example 14.17  Random Effects Geometric Regression Model
We will use the preceding to construct a random effects model for the DocVis count variable 
analyzed in Example 14.10. Using (14-90), the approximate log-likelihood function will be

 ln LH = a
n

i = 1
ln 

12p
 a

H

 
h = 1

zhJqTi

t = 1
uit(1 - uit)yit R ,

 uit = 1/(1 + lit), lit = exp(xit
=B + fvh).

The derivatives of the log likelihood are approximated as well. The following is the general 
result—development is left as an exercise:

 
0 log L

0¢b
f
≤ = a

n

i = 1

1
Li

 
0 Li

0¢b
f
≤

 ≈ a
n

i = 1

d 12p
a
H

h = 1
zhJqTi

t = 1
f(yit � xit, fvh, B) R D a

Ti

t = 1

0 In f(yit � xit, fvh, B)

0¢b
f
≤ T tb 12p

a
H

h = 1
zhJqTi

t = 1
f(yit � xit, fvh, B) R r .

It remains only to specialize this to our geometric regression model. For this case, the density 
is given earlier. The missing components of the preceding derivatives are the partial derivatives 
with respect to B and f that were obtained in Section 14.14.4. The necessary result is

0 ln f(yit � xit, fvh, B)

0¢b
f
≤ = [uit(1 + yit) - 1]¢xit

vh
≤.

Maximum likelihood estimates of the parameters of the random effects geometric regression 
model are given in Example 14.13 with the fixed effects estimates for this model.

14.14.5  FIXED EFFECTS IN NONLINEAR MODELS: THE INCIDENTAL PARAMETERS PROBLEM

using the same modeling framework that we used in the previous section, we now define 
a fixed effects model as an index function model with a group-specific constant term. as 
before, the model is the assumed density for a random variable,

p(yit � dit, xit) = f(yit �aidit + xit
=B),

where dit is a dummy variable that takes the value one in every period for individual i 
and zero otherwise. (in more involved models, such as the censored regression model 
we examine in Chapter 19, there might be other parameters, such as a variance. For now, 
it is convenient to omit them—the development can be extended to add them later.) For 
convenience, we have redefined xit to be the nonconstant variables in the model.41 the 

41in estimating a fixed effects linear regression model in section 11.4, we found that it was not possible to analyze 
models with time-invariant variables. the same limitation applies in the nonlinear case, for essentially the same 
reasons. the time-invariant effects are absorbed in the constant term. in estimation, the columns of the derivatives 
matrix corresponding to time-invariant variables will be transformed to columns of zeros when we compute 
derivatives of the log-likelihood function.
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parameters to be estimated are the K elements of B and the n individual constant terms, 
ai. the log-likelihood function for the fixed effects model is

ln L = a
n

i = 1
a
Ti

t = 1
ln f(yit �ai + xit

=B),

where f(.) is the probability density function of the observed outcome, for example, the 
geometric regression model that we used in our previous example. it will be convenient to let

zit = ai + xit
=B so that p(yit � dit, xit) = f(yit � zit).

in the fixed effects linear regression case, we found that estimation of the parameters 
was made possible by a transformation of the data to deviations from group means that 
eliminated the person-specific constants from the equation. (see section 11.4.1.) in a 
few cases of nonlinear models, it is also possible to eliminate the fixed effects from the 
likelihood function, although in general not by taking deviations from means. one example 
is the exponential regression model that is used in duration modeling, for example for 
lifetimes of electronic components and electrical equipment such as light bulbs,

f(yit �ai + xit
=B) = uit exp(-uityit), uit = exp(ai + xit

=B), yit Ú 0.

it will be convenient to write uit = gi exp(xit
=B) = gi∆it . We are exploiting the invariance 

property of the MLe—estimating gi = exp(ai) is the same as estimating ai. the log 
likelihood is

 ln L = a
n

i = 1
a
Ti

t = 1
 ln uit - uityit

 = a
n

i = 1
a
Ti

t = 1
ln(gi∆it) - (gi∆it)yit.

 (14-84)

the MLe will be found by equating the n + K partial derivatives with respect to gi and 
B to zero. For each constant term,

0 ln L
0gi

= a
Ti

t = 1
¢ 1
gi

- ∆ityit≤.

equating this to zero provides a solution for gi in terms of the data and B,

 gi =
Ti

a Ti

t = 1∆ityit

. (14-85)

[note the analogous result for the linear model in (11-16b).] inserting this solution back 
in the log-likelihood function in (14-84), we obtain the concentrated log likelihood,

 ln LC = a
n

i = 1
a
Ti

t = 1
C ln£ Ti∆it

a Ti

s = 1∆isyis

≥ - £ Ti∆it

a Ti

s = 1∆isyis

≥yitS , (14-86)

which is now only a function of B. this function can now be maximized with respect 
to B alone. the MLes for ai are then found as the logs of the results of (14-92). note, 
once again, we have eliminated the constants from the estimation problem, but not by 
computing deviations from group means. that is specific to the linear model.
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the concentrated log likelihood is only obtainable in only a small handful of cases, 
including the linear model, the exponential model (as just shown), the Poisson regression 
model, and a few others. Lancaster (2000) lists some of these and discusses the underlying 
methodological issues. in most cases, if one desires to estimate the parameters of a fixed 
effects model, it will be necessary to actually compute the possibly huge number of 
constant terms, ai, at the same time as the main parameters, B. this has widely been 
viewed as a practical obstacle to estimation of this model because of the need to invert 
a potentially large second derivatives matrix, but this is a misconception.42 the likelihood 
equations for the general fixed effects, index function model are

 
0 ln L

0ai
= a

Ti

t = 1

0 ln f(yit � zit)

0zit
 
0zit

0ai
= a

Ti

t = 1
git = gi. = 0,

and

 
0 ln L

0B
= a

n

i = 1
a
Ti

t = 1

0 ln f(yit � zit)

0zit
 
0zit

0B
= a

n

i = 1
a
Ti

t = 1
gitxit = 0.

the second derivatives matrix is

 
02 ln L

0ai
2 = a

Ti

t = 1

02 ln f(yit � zit)

0zit
2 = a

Ti

t = 1
hit = hi. 6 0,

 
02 ln L
0B0ai

= a
Ti

t = 1
hitxit,

 
02 ln L
0B0B′

= a
n

i = 1
a
Ti

t = 1
hitxitxit

= = HBB′,

where HBB′ is a negative definite matrix. the likelihood equations are a large system, 
but the solution turns out to be surprisingly straightforward.43

By using the formula for the partitioned inverse, we find that the K * K submatrix 
of the inverse of the hessian that corresponds to B, which would provide the asymptotic 
covariance matrix for the MLe, is

 HBB′ = b a
n

i = 1
JaTi

t = 1
hitxitxit

= -
1
hi.

¢ aTi

t = 1
hitxit≤ ¢ aTi

t = 1
hitxit

= ≤ R r -1

,

 = b a
n

i = 1
JaTi

t = 1
hit(xit - xi)(xit - xi)′ R r -1

, where xi = a Ti

t = 1hitxit

hi.

.

note the striking similarity to the result we had in (11-4) for the fixed effects model in 
the linear case.44 By assembling the hessian as a partitioned matrix for B and the full 
vector of constant terms, then using (a-66b) and the preceding definitions to isolate one 
diagonal element, we find

Haiai =
1
hi.

+ xi
=HBB′xi.

42see, for example, Maddala (1987), p. 317.
43see Greene (2004a).
44a similar result is noted briefly in Chamberlain (1984).
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once again, the result has the same format as its counterpart in the linear model. in 
principle, the negatives of these would be the estimators of the asymptotic variances 
of the maximum likelihood estimators. (asymptotic properties in this model are 
problematic, as we consider shortly.)

all of these can be computed quite easily once the parameter estimates are in hand, 
so that in fact, practical estimation of the model is not really the obstacle. [this must 
be qualified, however. Consider the likelihood equation for one of the constants in the 
geometric regression model. this would be

a
Ti

t = 1
[uit(1 + yit) - 1] = 0.

suppose yit equals zero in every period for individual i. then, the solution occurs where 
�i(uit - 1) = 0. But uit is between zero and one, so the sum must be negative and cannot 
equal zero. the likelihood equation has no solution with finite coefficients. such groups 
would have to be removed from the sample to fit this model.]

it is shown in Greene (2004a) that, in spite of the potentially large number of 
parameters in the model, newton’s method can be used with the following iteration, 
which uses only the K * K matrix computed earlier and a few K * 1 vectors:

 Bn(s + 1) = Bn(s) - b a
n

i = 1
JaTi

t = 1
hit(xit - xi)(xit - xi)′ R r -1b a

n

i = 1
JaTi

t = 1
git(xit - xi) R r

 = Bn(s) + b
(s),

and

an l
(s + 1) = an l

(s) - [(gi./hi.) + xi
=B

(s)].45

this is a large amount of computation involving many summations, but it is linear in the 
number of parameters and does not involve any n * n matrices.

in addition to the theoretical virtues and shortcomings (yet to be addressed) of this 
model, we note the practical aspect of estimation of what are possibly a huge number of 
parameters, n + K. in the fixed effects case, n is not limited, and could be in the thousands 
in a typical application. in examples 14.15 and 14.16, n is 7,293. two large applications 
of the method described here are kingdon and Cassen’s (2007) study, in which they fit 
a fixed effects probit model with well over 140,000 dummy variable coefficients, and 
Fernandez-Val’s (2009) study, which analyzes a model with 500,000 groups.

the problems with the fixed effects estimator are statistical, not practical.46 the 
estimator relies on Ti increasing for the constant terms to be consistent—in essence, each 
ai is estimated with Ti observations. in this setting, not only is Ti fixed, it is also likely to 
be quite small. as such, the estimators of the constant terms are not consistent (not 
because they converge to something other than what they are trying to estimate, but 
because they do not converge at all). there is, as well, a small sample (small Ti) bias in 
the slope estimators. this is the incidental parameters problem.47 the source of the 

45similar results appear in Prentice and Gloeckler (1978) who attribute it to Rao (1973) and Chamberlain (1980, 
1984).
46see Vytlacil, aakvik, and heckman (2005), Chamberlain (1980, 1984), newey (1994), Bover and arellano (1997), 
Chen (1998), and Fernandez-Val (2009) for some extensions of parametric and semiparametric forms of the 
binary choice models with fixed effects.
47see neyman and scott (1948) and Lancaster (2000).
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problem appears to arise from estimating n + K parameters with n multivariate 
observations—the number of parameters estimated grows with the sample size. the 
precise implication of the incidental parameters problem differs from one model to the 
next. in general, the slope estimators in the fixed effects model do converge to a parameter 
vector, but not to B. in the most familiar cases, binary choice models such as probit and 
logit, the small T bias in the coefficient estimators appears to be proportional (e.g., 100% 
when T = 2), and away from zero, and to diminish monotonically with T, becoming 
essentially negligible as T reaches 15 or 20. in other cases involving continuous variables, 
the slope coefficients appear not to be biased at all, but the impact is on variance and 
scale parameters. the linear fixed effects model noted in Footnote 12 in Chapter 11 is an 
example; the stochastic frontier model (section 19.2) is another. Yet, in models for 
truncated variables (section 19.2), the incidental parameters bias appears to affect both 
the slopes (biased toward zero) and the variance parameters (also attenuated). We will 
examine the incidental parameters problem in more detail in section 15.5.2.

Example 14.18  Fixed and Random Effects Geometric Regression
Example 14.13 presents pooled estimates for a geometric regression model,

f(yit � xit) = uit(1 - uit)yit, uit = 1/(1 + lit), lit = exp(ci + xit
=B), yit = 0, 1, c.  

We will now reestimate the model under the assumptions of the random and fixed effects 
specifications. The methods of the preceding two sections are applied directly—no modification 
of the procedures was required. Table 14.15 presents the three sets of maximum likelihood 
estimates. The estimates vary considerably. The average group size is about five. This implies 
that the fixed effects estimator may well be subject to a small sample bias. Save for the 
coefficient on Kids, the fixed effects and random effects estimates are quite similar. On the 
other hand, the two panel models give similar results to the pooled model except for the Income 
coefficient. On this basis, it is difficult to see, based solely on the results, which should be 
the preferred model. The model is nonlinear to begin with, so the pooled model, which might 
otherwise be preferred on the basis of computational ease, now has no redeeming virtues. 
None of the three models is robust to misspecification. Unlike the linear model, in this and other 
nonlinear models, the fixed effects estimator is inconsistent when T is small in both random 
and fixed effects cases. The random effects estimator is consistent in the random effects 
model, but, as usual, not in the fixed effects model. The pooled estimator is inconsistent in both 
random and fixed effects cases (which calls into question the virtue of the robust covariance 
matrix). It might be tempting to use a Hausman specification test (see Section 11.5.5); however, 
the conditions that underlie the test are not met—unlike the linear model where the fixed effects 
estimator is consistent in both cases, here it is inconsistent in both cases. For better or worse, 
that leaves the analyst with the need to choose the model based on the underlying theory.

Pooled Random Effectsa Fixed Effects

Variable Estimate Std. Err.b Estimate Std. Err. Estimate Std. Err.

Constant 1.09189 0.10828 0.39936 0.09530
Age 0.01799 0.00130 0.02209 0.00122 0.04845 0.00351
Education -0.04725 0.00671 -0.04506 0.00626 -0.05434 0.03721
Income -0.46836 0.07265 -0.19569 0.06106 -0.18760 0.09134
Kids -0.15684 0.03055 -0.12434 0.02336 -0.00253 0.03687

aestimated su = 0.95441.
bstandard errors corrected for clusters in the panel.

TABLE 14.15 Panel Data Estimates of a Geometric Regression for DOCVIS
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14.15   LATENT CLASS AND FINITE MIXTURE MODELS

in this final application of maximum likelihood estimation, rather than explore a 
particular model, we will develop a technique that has been used in many different 
settings. the latent class modeling framework specifies that the distribution of the 
observed data is a mixture of a finite number of underlying populations. the model can 
be motivated in several ways:

●● in the classic application of the technique, the observed data are drawn from a 
mixture of distinct underlying populations. Consider, for example, a historical or 
fossilized record of the intersection (or collision) of two populations.48 the 
anthropological record consists of measurements on some variable that would differ 
imperfectly, but substantively, between the populations. however, the analyst has no 
definitive marker for which subpopulation an observation is drawn from. Given a 
sample of observations, they are interested in two statistical problems: (1) estimate 
the parameters of the underlying populations (models) and (2) classify the 
observations in hand as having originated in which population. the technique has 
seen a number of recent applications in health econometrics. For example, in a study 
of obesity, Greene, harris, hollingsworth, and Maitra (2008) speculated that their 
ordered choice model (see Chapter 19) might systematically vary in a sample that 
contained (it was believed) some individuals who have a genetic predisposition 
toward obesity and most that did not. in another application, Lambert (1992) studied 
the number of defective outcomes in a production process. When a “zero defectives” 
condition is observed, it could indicate either regime 1, “the process is under control,” 
or regime 2, “the process is not under control but just happens to produce a zero 
observation.”

●● in a narrower sense, one might view parameter heterogeneity in a population as a 
form of discrete mixing. We have modeled parameter heterogeneity using continuous 
distributions in section 11.10. the “finite mixture” approach takes the distribution 
of parameters across individuals to be discrete. (of course, this is another way to 
interpret the first point.)

●● the finite mixing approach is a means by which a distribution (model) can be 
constructed from a mixture of underlying distributions. Quandt and Ramsey’s 
mixture of normals model in example 13.4 is a case in which a nonnormal 
distribution is created by mixing two normal distributions with different 
parameters.

14.15.1  A FINITE MIXTURE MODEL

to lay the foundation for the more fully developed model that follows, we revisit the 
mixture of normals model from example 13.4. Consider a population that consists of a 
latent mixture of two underlying normal distributions. neglecting for the moment that 
it is unknown which applies to a given individual, we have, for individual i, one of the 
following:

48the first application of these methods was Pearson’s (1894) analysis of 1,000 measures of the “forehead breadth 
to body length” of two intermingled species of crabs in the Bay of naples.

M14_GREE1366_08_SE_C14.indd   622 2/24/17   1:15 PM



 CHaPtEr 14  ✦  Maximum Likelihood Estimation 623

  f(yi � classi = 1) = n[m1, s1
2] =

exp[-1
2 (yi - m1)

2/s1
2]

s122p
,

or (14-87)

  f(yi � classi = 2) = n[m2, s2
2] =

exp[-1
2 (yi - m2)

2/s2
2]

s222p
.

the contribution to the likelihood function is f(yi � classi = 1) for an individual in class 
1 and f(yi � class = 2) for an individual in class 2. assume that there is a true proportion 
l = Prob(classi = 1) of individuals in the population that are in class 1, and (1 - l) in 
class 2. then, the unconditional (marginal) density for individual i is

 f(yi) = lf(yi � classi = 1) + (1 - l)f(yi � classi = 2)

 = Eclasses f(yi � classi).  (14-88)

the parameters to be estimated are l, m1, m2, s1, and s2. Combining terms, the log 
likelihood for a sample of n individual observations would be

 ln L = a
n

i = 1
ln¢l exp[-1

2 (yi - m1)
2/s1

2]

s122p
+

(1 - l) exp[-1
2 (yi - m2)

2/s2
2]

s222p
≤. (14-89)

this is the mixture density that we saw in example 13.4. We suggested the method of 
moments as an estimator of the five parameters in that example. however, this appears 
to be a straightforward problem in maximum likelihood estimation.

Example 14.19  A Normal Mixture Model for Grade Point Averages
Appendix Table F14.1 contains a data set of 32 observations used by Spector and Mazzeo 
(1980) to study whether a new method of teaching economics, the Personalized System of 
Instruction (PSI), significantly influenced performance in later economics courses. Variables 
in the data set include

GPA = the student’s grade point average,
GRADE = dummy variable for whether the student’s grade in Intermediate Macroeconomics 
was higher than in the principles course,
PSI = dummy variable for whether the individual participated in the PSI,
TUCE = the student’s score on a pretest in economics.

We will use these data to develop a finite mixture normal model for the distribution of grade 
point averages.

We begin by computing maximum likelihood estimates of the parameters in (14-89). To 
estimate the parameters using an iterative method, it is necessary to devise a set of starting 
values. It might seem natural to use the simple values from a one-class model, y and sy, 
and a value such as 1/2 for l. However, the optimizer will immediately stop on these values, 
as the derivatives will be zero at this point. Rather, it is common to use some value near 
these—perturbing them slightly (a few percent), just to get the iterations started. Table 14.16 
contains the estimates for this two-class finite mixture model. The estimates for the one-class 
model are the sample mean and standard deviation of GPA. [Because these are the MLEs, 
sn 2 = (1/n)Σ i = 1

32 (GPAi - GPA)2.] The means and standard deviations of the two classes are 
noticeably different—the model appears to be revealing a distinct splitting of the data into two 
classes. (Whether two is the appropriate number of classes is considered in Section 14.15.5.) 
It is tempting at this point to identify the two classes with some other covariate, either in 
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624 Part III  ✦   Estimation Methodology

the data set or not, such as PSI. However, at this point, there is no basis for doing so—the 
classes are “latent.” As the analysis continues, however, we will want to investigate whether 
any observed data help predict the class membership.

14.15.2  MODELING THE CLASS PROBABILITIES

the development thus far has assumed that the analyst has no information about class 
membership. estimation of the prior probabilities (l in the preceding example) is part 
of the estimation problem. there may be some, albeit imperfect, information about class 
membership in the sample as well. For our earlier example of grade point averages, 
we also know the individual’s score on a test of economic literacy (TUCE). use of 
this information might sharpen the estimates of the class probabilities. the mixture of 
normals distribution, for example, might be formulated

f(yi � zi) = §Prob(class = 1 � zi) exp [-1
2 (yi - m1)

2/s1
2]

s122p

+
[1 - Prob(class = 1 � zi)] exp [-1

2 (yi - m2)
2/s2

2]

s222p

¥,

where zi is the vector of variables that help explain the class probabilities. to make the 
mixture model amenable to estimation, it is necessary to parameterize the probabilities. the 
logit probability model is a common device. [see section 17.2. For applications, see Greene 
(2005, section 2.3.3) and references cited.] For the two-class case, this might appear as follows:

 Prob(class = 1 � zi) =
exp(zi

=U)

1 + exp(zi
=U)

,

 Prob(class = 2 � zi) = 1 - Prob(class = 1 � zi). (14-90)

(the more general J class case is shown in section 14.15.6.) the log likelihood for the 
mixture of two normal densities becomes

 ln L = a
n

i = 1
ln Li = a

n

i = 1
ln§ ¢ exp(zi

=U)

1 + exp(zi
=U)

≤  
exp[-1

2 (yi - m1)
2/s1

2]

s122p

+ ¢ 1
1 + exp(zi

=U)
≤  

exp[-1
2 (yi - m2)

2/s2
2]

s222p

¥. (14-91)

the log likelihood is now maximized with respect to m1, s1, m2, s2, and U. if zi contains 
a constant term and some other observed variables, then the earlier model returns 
if the coefficients on those other variables all equal zero. in this case, it follows that 

One Class Latent Class 1 Latent Class 2

Parameter Estimate Std. Err. Estimate Std. Err. Estimate Std. Err.

M 3.1172 0.08251 3.64187 0.3452 2.8894 0.2514
S 0.4594 0.04070 0.2524 0.2625 0.3218 0.1095
Probability 1.0000 0.0000 0.3028 0.3497 0.6972 0.3497
ln L -20.51274 -19.63654

TABLE 14.16 Estimated Normal Mixture Model

M14_GREE1366_08_SE_C14.indd   624 2/24/17   1:15 PM



 CHaPtEr 14  ✦  Maximum Likelihood Estimation 625

l = ln[u/(1 - u)]. (this device is usually used to ensure that 0 6 l 6 1 in the earlier 
model.)

14.15.3  LATENT CLASS REGRESSION MODELS

to complete the construction of the latent class model, we note that the means (and, in 
principle, the variances) in the original model could be conditioned on observed data as well. 
For our normal mixture models, we might make the marginal mean, mj, a conditional mean,

mij = xi
=Bj.

in the data of example 14.17, we also observe an indicator of whether the individual has 
participated in a special program designed to enhance the economics program (Psi). 
We might modify the model,

f(yi � classi = 1, PSIi) = N[mi1, s1
2] =

exp[-1
2 (yi - b1,1 - b2,1PSIi)

2/s1
2]

s122p
,

and similarly for f(yi � classi = 2, PSIi). the model is now a latent class linear regression 
model.

More generally, as we will see shortly, the latent class, or finite mixture model for a 
variable yi can be formulated as

f(yi � classi = j, xi) = hj(yi, xi, Gj),

where hj denotes the density conditioned on class j—indexed by j to indicate, for example, 
the jth parameter vector Gj = (Bj, sj) and so on. the marginal class probabilities are

Prob(classi = j � zi) = pj(j, zi, U).

the methodology can be applied to any model for yi. in the example in section 14.15.6, 
we will model a binary dependent variable with a probit model. the methodology 
has been applied in many other settings, such as stochastic frontier models [orea and 
kumbhakar (2004), Greene (2004)], Poisson regression models [Wedel et al. (1993)], 
and a wide variety of count, discrete choice, and limited dependent variable models 
[McLachlan and Peel (2000), Greene (2007b)].

Example 14.20  Latent Class Regression Model for Grade Point Averages
Combining 14.15.2 and 14.15.3, we have a latent class model for grade point averages,

 f(GPAi � classi = j, PSIi) =
exp[-1

2 (yi - b1j - b2jPSIi)2/sj
2]

sj22p
, j = 1, 2,

 Prob(classi = 1 � TUCEi) =
exp(u1 + u2TUCEi)

1 + exp(u1 + u2TUCEi)
,

 Prob(classi = 2 � TUCEi) = 1 - Prob(class = 1 � TUCEi).

The log likelihood is now

ln L = a
n

i = 1
ln• ¢ exp(u1 + u2TUCEi)

1 + exp(u1 + u2TUCEi)
≤  

exp[-1
2 (yi - b1,1 - b2,1PSIi)2/s1

2]

s122p

+ ¢ 1
1 + exp(u1 + u2TUCEi)

≤  
exp[-1

2 (yi - b1,2 - b2,2PSIi)2/s2
2]

s222p

µ.

Maximum likelihood estimates of the parameters are given in Table 14.17.
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14.15.4  PREDICTING CLASS MEMBERSHIP AND Bi

the model in (14-91) now characterizes two random variables, yi, the outcome variable 
of interest, and classi, the indicator of which class the individual resides in. We have a 
joint distribution, f(yi, classi), which we are modeling in terms of the conditional density, 
f(yi � classi) in (14-87), and the marginal density of classi in (14-90). We have initially 
assumed the latter to be a simple Bernoulli distribution with Prob(classi = 1) = l, but 
then modified in the previous section to equal Prob(classi = 1 � zi) = Λ(zi

=U). these can 
be viewed as the prior probabilities in a Bayesian sense. if we wish to make a prediction 
as to which class the individual came from, using all the information that we have on that 
individual, then the prior probability is going to waste some information; it wastes the 
information on the observed outcome. the posterior, or conditional (on the remaining 
data) probability,

Prob(classi = 1 � zi yi) =
f(yi, class = 1 � zi)

f(yi)
,

will be based on more information than the marginal probabilities. We have the elements 
that we need to compute this conditional probability. use Bayes’s theorem to write this as

Prob(classi = 1 � zi, yi)

=
f(yi � classi = 1, zi) Prob(classi = 1 � zi)

f(yi � classi = 1, zi) Prob(classi = 1 � zi) + f(yi � classi = 2, zi) Prob(classi = 2 � zi)
.

the denominator is Li (not ln Li) from (14-91). the numerator is the first term in 
Li. to continue our mixture of two normals example, the conditional (posterior) 
probability is

Prob(classi = 1 � zi, yi) =

¢ exp(zi
=U)

1 + exp(zi
=U)

≤  
exp[-1

2 (yi - m1)
2/s1

2]

s122p
Li

,

while the unconditional probability is in (14-90). the conditional probability for the 
second class is computed using the other two marginal densities in the numerator (or by 
subtraction from one). note that the conditional probabilities are functions of the data 
even if the unconditional ones are not. to come to the problem suggested at the outset, 

One Class Latent Class 1 Latent Class 2

Parameter Estimate Std. Err. Estimate Std. Err. Estimate Std. Err.

b1 3.1011 0.1117 3.3928 0.1733 2.7926 0.04988
b2 0.03675 0.1689 -0.1074 0.2006 -0.5703 0.07553
s 0.4443 0.0003086 0.3812 0.09337 0.1119 0.04487
u1 0.0000 0.0000 -6.8392 3.07867 0.0000 0.0000
u2 0.0000 0.0000 0.3518 0.1601 0.0000 0.0000
P(class � TUCE) 1.0000 0.7063 0.2937
ln L -20.48752 -13.39966

TABLE 14.17 Estimated Latent Class Linear Regression Model for GPA
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then, the natural predictor of classi is the class associated with the largest estimated 
posterior probability.

in random parameter settings, we have also been interested in predicting E[Bi � yi, Xi]. 
there are two candidates for the latent class model. having made the best guess as to 
which specific class an individual resides in, a natural estimator of bi would be the bj 
associated with that class. a preferable estimator that uses more information would be 
the posterior expected value,

En [Bi � yi, Xi, zi] = a
J

j = 1
pnij (�n , zi)Bnj.

Example 14.21  Predicting Class Probabilities
Table 14.18 lists the observations sorted by GPA. The predictions of class membership reflect 
what one might guess from the coefficients in the table of coefficients. Class 2 members on 
average have lower GPAs than in class 1. The listing in Table 14.18 shows this clustering. It 

GPA TUCE PSI CLASS P1 P1* P2 P2*

2.06 22 1 2 0.7109 0.0116 0.2891 0.9884
2.39 19 1 2 0.4612 0.0467 0.5388 0.9533
2.63 20 0 2 0.5489 0.1217 0.4511 0.8783
2.66 20 0 2 0.5489 0.1020 0.4511 0.8980
2.67 24 1 1 0.8325 0.9992 0.1675 0.0008
2.74 19 0 2 0.4612 0.0608 0.5388 0.9392
2.75 25 0 2 0.8760 0.3499 0.1240 0.6501
2.76 17 0 2 0.2975 0.0317 0.7025 0.9683
2.83 19 0 2 0.4612 0.0821 0.5388 0.9179
2.83 27 1 1 0.9345 1.0000 0.0655 0.0000
2.86 17 0 2 0.2975 0.0532 0.7025 0.9468
2.87 21 0 2 0.6336 0.2013 0.3664 0.7987
2.89 14 1 1 0.1285 1.0000 0.8715 0.0000
2.89 22 0 2 0.7109 0.3065 0.2891 0.6935
2.92 12 0 2 0.0680 0.0186 0.9320 0.9814
3.03 25 0 1 0.8760 0.9260 0.1240 0.0740
3.10 21 1 1 0.6336 1.0000 0.3664 0.0000
3.12 23 1 1 0.7775 1.0000 0.2225 0.0000
3.16 25 1 1 0.8760 1.0000 0.1240 0.0000
3.26 25 0 1 0.8760 0.9999 0.1240 0.0001
3.28 24 0 1 0.8325 0.9999 0.1675 0.0001
3.32 23 0 1 0.7775 1.0000 0.2225 0.0000
3.39 17 1 1 0.2975 1.0000 0.7025 0.0000
3.51 26 1 1 0.9094 1.0000 0.0906 0.0000
3.53 26 0 1 0.9094 1.0000 0.0906 0.0000
3.54 24 1 1 0.8325 1.0000 0.1675 0.0000
3.57 23 0 1 0.7775 1.0000 0.2225 0.0000
3.62 28 1 1 0.9530 1.0000 0.0470 0.0000
3.65 21 1 1 0.6336 1.0000 0.3664 0.0000
3.92 29 0 1 0.9665 1.0000 0.0335 0.0000
4.00 21 0 1 0.6336 1.0000 0.3664 0.0000
4.00 23 1 1 0.7775 1.0000 0.2225 0.0000

TABLE 14.18 Estimated Latent Class Probabilities
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also suggests how the latent class model is using the sample information. If the results in 
Table 14.16—just estimating the means, constant class probabilities—are used to produce 
the same table, when sorted, the highest 10 GPAs are in class 1 and the remainder are in class 
2. The more elaborate model is adding information on TUCE to the computation. A low TUCE 
score can push a high GPA individual into class 2. (Of course, this is largely what multiple 
linear regression does as well.)

14.15.5  DETERMINING THE NUMBER OF CLASSES

there is an unsolved inference issue remaining in the specification of the model. the 
number of classes has been taken as a known parameter—two in our main example thus 
far, three in the following application. ideally, one would like to determine the appropriate 
number of classes statistically. however, J is not a parameter in the model. a likelihood 
ratio test, for example, will not provide a valid result. Consider the original model in 
example 14.17. the model has two classes and five parameters in total. it would seem 
natural to test down to a one-class model that contains only the mean and variance using 
the LR test. however, the number of restrictions here is actually ambiguous. if m1 = m2 and 
s1 = s2, then the mixing probability is irrelevant—the two class densities are the same, and 
it is a one-class model. thus, the number of restrictions needed to get from the two-class 
model to the one-class model is ambiguous. it is neither two nor three. one strategy that 
has been suggested is to test upward, adding classes until the marginal class insignificantly 
changes the log likelihood or one of the information criteria such as the aiC or BiC (see 
section 14.6.5). unfortunately, this approach is likewise problematic because the estimates 
from any specification that is too short are inconsistent. the alternative would be to test 
down from a specification known to be too large. heckman and singer (1984b) discuss 
this possibility and note that when the number of classes becomes larger than appropriate, 
the estimator should break down. in our example 14.15, if we expand to four classes, the 
optimizer breaks down, and it is no longer possible to compute the estimates. a five-class 
model does produce estimates, but some are nonsensical. this does provide at least the 
directions to seek a viable strategy. the authoritative treatise on finite mixture models by 
McLachlan and Peel (2000, Chapter 6) contains extensive discussion of this issue.

14.15.6  A PANEL DATA APPLICATION

the latent class model is a useful framework for applications in panel data. the class 
probabilities partly play the role of common random effects, as we will now explore. 
the latent class model can be interpreted as a random parameters model with a discrete 
distribution of the parameters.

suppose that Bj is generated from a discrete distribution with J outcomes, or classes, 
so that the distribution of Bj is over these classes. thus, the model states that an individual 
belongs to one of the J latent classes, indexed by the parameter vector, but it is unknown 
from the sample data exactly which one. We will use the sample data to estimate the 
parameter vectors, the parameters of the underlying probability distribution and the 
probabilities of class membership. the corresponding model formulation is now

 f(yit � xit, zi, , B1, B2, c, BJ) = a
J

j = 1
pij(zi, )f(yit � class = j, xit, Bj), (14-92)

where it remains to parameterize the class probabilities, pij, and the structural model, 
f(yit � class = j, xit, Bj). the parameter matrix, , contains the parameters of the discrete 
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probability distribution. it has J rows, one for each class, and M columns, for the 
M variables in zi. at a minimum, M = 1 and zi contains a constant term if the class 
probabilities are fixed parameters as in example 14.17. Finally, to accommodate the 
panel data nature of the sampling situation, we suppose that conditioned on Bj, that is, on 
membership in class j, which is fixed over time, the observations on yit are independent. 
therefore, for a group of Ti observations, the joint density is

f(yi1, yi2, c, yt,Ti
� class = j, xi1, xi2, c, xi,Ti

, Bj) = q
Ti

t = 1
f(yit � class = j, xit, Bj).

the log-likelihood function for a panel of data is

 ln L = a
n

i = 1
lnJaJ

j = 1
pij(, zi)q

Ti

t = 1
f(yit � class = j, xit, Bj) R . (14-93)

the class probabilities must be constrained be in (0,1) and to sum to 1. the approach 
that is usually used is to reparameterize them as a set of logit probabilities, as we did in 
the preceding examples. then,

 pij(zi, ) =
exp(uij)

a J
j = 1exp(uij)

, j = 1, c, J, uij = zi
=Dj, uiJ = 0 (DJ = 0). (14-94)

(see section 18.2.2 for development of this model for the set of probabilities.) note 
the restriction on uij. this is an identification restriction. Without it, the same set of 
probabilities will arise if an arbitrary vector is added to every Dj. the resulting log 
likelihood is a continuous function of the parameters B1, c, BJ and D1, c, DJ. For 
all its apparent complexity, estimation of this model by direct maximization of the log 
likelihood is not especially difficult.49 the number of classes that can be identified is 
likely to be relatively small (on the order of 5 or 10 at most), however, which has been 
viewed as a drawback of the approach. in general, the more complex the model for 
yit, the more difficult it becomes to expand the number of classes. also, as might be 
expected, the less rich the data set in terms of cross-group variation, the more difficult 
it is to estimate latent class models.

estimation produces values for the structural parameters, (Bj, Dj), j = 1, c, J. 
With these in hand, we can compute the prior class probabilities, pij, using (14-94). For 
prediction purposes, we are also interested in the posterior (to the data) class 
probabilities, which we can compute using Bayes’ theorem [see (14-93)]. the conditional 
probability is

 Prob(class = j � observation i)

 =
f(observation i � class = j)Prob(class j)

a J
j = 1f(observation i � class = j) Prob(class j)

 

 =
f(yi1, yi2, c, yi,Ti

� xi1, xi2, c, xi,Ti
, Bj)pij(zj, )

a J
j = 1f(yi1, yi2, c, yi,Ti

� xi1, xi2, c, xi,Ti
, Bj)pij(zj, )

 = wij. 

(14-95)

49see section e.3 and Greene (2001, 2007b). the eM algorithm discussed in section e.3.7 is especially well suited 
for estimating the parameters of latent class models. see McLachlan and Peel (2000).
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the set of probabilities, wi = (wi1, wi2, c, wiJ), gives the posterior density over the 
distribution of values of B, that is, [B1, B2, c, BJ]. For a particular model and allowing 
for grouping within a panel data set, the posterior probability for class j is found as

 Prob(class = j � yi, Xi, zi) =
pij(, zi)q

Ti

t = 1
f(yit � class = j, xit, Bj)

a
J

j = 1
pij(, zi)q

Ti

t = 1
f(yit � class = j, xit, Bj)

 =
¢ exp(zi

=j)

Σm = 1
J  exp(zi

=m)
≤qTi

t = 1
f(yit � class = j, xit, Bj)

a
J

j = 1
¢ exp(zi

=j)

Σm = 1
J  exp(zi

=m)
≤qTi

t = 1
f(yit � class = m, xit, Bm)

. 

(14-96)

Example 14.22  A Latent Class Two-Part Model for Health Care Utilization
Jones and Bago D’Uva (2009) examined health care utilization in Europe using 8 waves of the 
ECHP panel data set. The variable of interest was numbers of visits to the physician. They 
examined two outcomes, visits to general practitioners and visits to specialists. The modeling 
framework was the latent class model in (14-92). The class-specific model was a two-part, 
negative binomial “hurdle” model for counts,

 Prob(yit = 0 � xit, B1j) =
1

1 + l1it,j
, l1it,j = exp(xit

=B1j)

 Prob(yit � yit 7 0, xit, B2j, aj) =
(ajl2it,j + 1)-1/aj Γ(yit + 1/aj)[1 + (l2it,j

-1 /aj)]-yit

Γ(1/aj)Γ(yit + 1)[1 - (ajl2it,j + 1)-1/aj]
,

 l2it,j = exp(xit
=B2j), aj 7 0. 

[This is their equation (2) with k = 0.] The first equation is a participation equation, for whether 
the number of doctor visits equals 0 or some positive value. The second equation is the 
intensity equation that predicts the number of visits, given that the number of visits is positive. 
The count model is a negative binomial model. This is an extension of the Poisson regression 
model. The Poisson model is a limiting case when aj S 0. The hurdle and count equations 
involve different coefficient vectors, B1 and B2, so that the determinants of care have different 
effects on the two stages. Interpretation of this model is complicated by the results that 
variables appear in both equations, and that the conditional mean function is complex. The 
simple conditional mean, if there were no hurdle effects, would be E[yit � xit] = l2it. However, 
with the hurdle effects,

E[yit � xit] = Prob(yit 7 0 � xit) * E[yit � yit 7 0, xit].

The authors examined the two components of this result separately. (The elasticity of 
the mean would be the sum of these two elasticities.) The mixture model involves two 
classes (as typical in this literature) A sampling of their results appears in Table 14.19 
below. (The results are extracted from their Table 8.) Note that separate tables are given 
for “Low Users” and “High Users.” The results in Section 14.15.4 are used to classify 
individuals into class 1 and class 2. It is then discovered that the average usage of those 
individuals classified as in class 1 is far lower than the average use of those in class 2.
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Example 14.23  Latent Class Models for Health Care Utilization
In Examples 7.6 and 11.21, we proposed an exponential regression model,

yit = DocVisit = exp(xit
=B) + eit,

for the variable DocVis, the number of visits to the doctor, in the German health care data. (See 
Example 11.20 for details.) The regression results for the specification,

xit = (1, Ageit, Educationit, Incomeit, Kidsit), 

are repeated (in parentheses) in Table 14.20 for convenience. The nonlinear least squares 
estimator is only semiparametric; it makes no assumption about the distribution of DocVisit 
or about eit. We do see striking increases in the standard errors when the “cluster robust” 
asymptotic covariance matrix is used. (The estimates are given in parentheses.) The analysis 
at this point assumes that the nonlinear least squares estimator remains consistent in the 
presence of the cross-observation correlation. Given the way the model is specified, that is, 
only in terms of the conditional mean function, this is probably reasonable. The extension 
would imply a nonlinear generalized regression as opposed to a nonlinear ordinary regression.

Low Users High Users

Country Coefficient Elasticity Coefficient Elasticity

Austria P(y 7 0) -0.051 -0.012 -0.109 -0.005
E[y � y 7 0] 0.012 0.009 0.039 0.035

Denmark P(y 7 0) 0.083 0.033 0.261 0.023

E[y � y 7 0] 0.042 0.021 -0.030 -0.024
The Netherlands P(y 7 0) 0.082 0.035 0.094 0.009

E[y � y 7 0] -0.037 -0.019 -0.085 -0.068

TABLE 14.19 Country-Specific Estimated Income Coefficients and Elasticities for GP Visits

TABLE 14.20 Panel Data Estimates of a Geometric Regression for DOCVIS

Pooled Random Effectsa Fixed Effects

Variable Estimate Std. Err.b Estimate Std. Err. Estimate Std. Err.

Constant 1.09189
(0.98017)c

0.10828
(0.18137)

0.39936 0.09530

Age 0.01799
(0.01873)

0.00130
(0.00198)

0.02209 0.00122 0.04845 0.00351

Education -0.04725
(-0.03609)

0.00671
(0.01287)

-0.04506 0.00626 -0.05434 0.03721

Income -0.46836
(-0.59189)

0.07265
(0.12827)

-0.19569 0.06106
-0.18760

0.09134

Kids -0.15684
(-0.16930)

0.03055
(0.04882)

-0.12434 0.02336 -0.00253 0.03687

aestimated su = 0.95441.
bstandard errors corrected for clusters in the panel.
cnonlinear least squares results in parentheses.

M14_GREE1366_08_SE_C14.indd   631 2/24/17   1:15 PM



632 Part III  ✦   Estimation Methodology

In Example 14.13, we narrowed this model by assuming that the observations on doctor visits 
were generated by a geometric distribution,

f(yi � xi) = ui(1 - ui)
yi, ui = 1/(1 + li), li = exp(xi

=B), yi = 0, 1, c.

The conditional mean is still exp(xit
=B), but this specification adds the structure of a particular 

distribution for outcomes. The pooled model was estimated in Example 14.13. Examples 
14.17 and 14.18 added the panel data assumptions of random, then fixed effects, to the 
model. The model is now

f(yit � xit) = uit(1 - uit)
yit, uit = 1/(1 + lit), lit = exp(ci + xit

=B), yit = 0, 1, c.

The pooled, random effects and fixed effects estimates appear in Table 14.17. The pooled 
estimates, where the standard errors are corrected for the panel data grouping, are 
comparable to the nonlinear least squares estimates with the robust standard errors. The 
parameter estimates are similar—both are consistent and this is a very large sample. The 
smaller standard errors seen for the MLE are the product of the more detailed specification.
We will now relax the specification by assuming a two-class finite mixture model. We also 
specify that the class probabilities are functions of gender and marital status. For the latent 
class specification,

Prob(classi = 1 � zi) = Λ(u1 + u2Femalei + u3Marriedi).

The model structure is the geometric regression as before. Estimates of the parameters of the 
latent class model are shown in Table 14.21. See Section E3.7 for discussion of estimation 
methods.
Deb and Trivedi (2002) and Bago D’Uva and Jones (2009) suggested that a meaningful 
distinction between groups of health care system users would be between infrequent and 
frequent users. To investigate whether our latent class model is picking up this distinction in 
the data, we used (14-96) to predict the class memberships (class 1 or 2). We then linearly 
regressed DocVisit on a constant and a dummy variable for class 2. The results are

DocVisit = 5.8034 (0.0465) - 4.7801 (0.06282)Class2i + eit,

One Class Latent Class 1 Latent Class 2

Parameter Estimate Std. Err. Estimate Std. Err. Estimate Std. Err.

b1 1.0918 0.1082 1.6423 0.05351 -0.3344 0.09288
b2 0.0180 0.0013 0.01691 0.0007324 0.02649 0.001248
b3 -0.0473 0.0067 -0.04473 0.003451 -0.06502 0.005739
b4 -0.4687 0.0726 -0.4567 0.04688 0.01395 0.06964
b5 -0.1569 0.0306 -0.1177 0.01611 -0.1388 0.02738
u1 0.000 0.000 -0.4280 0.06938 0.0000 0.0000
u2 0.000 0.000 0.8255 0.06322 0.0000 0.0000
u3 0.000 0.000 -0.07829 0.07143 0.0000 0.0000
Prob � z 1.0000 0.47697 0.52303
ln L -61917.97 -58708.63

TABLE 14.21 Estimated Latent Class Geometric Regression Model for DocVis
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where estimated standard errors are in parentheses. The linear regression suggests that the 
class membership dummy variable is strongly segregating the observations into frequent and 
infrequent users. The information in the regression is summarized in the descriptive statistics 
in Table 14.22.
Finally, we did a specification search for the number of classes. Table 14.23 reports the 
log likelihoods and AICs for models with 1 to 8 classes. The lowest value of the AIC occurs 
with 7 classes, although the marginal improvement ends near to J = 4. The rightmost 8 
columns show the averages of the conditional probabilities, which equal the unconditional 
probabilities. Note that when J = 8, three of the classes (2, 5, and 6) have extremely small 
probabilities. This suggests that the model might be overspecified. We will see another 
indicator in the next section.

14.15.7  A SEMIPARAMETRIC RANDOM EFFECTS MODEL

heckman and singer (1984a,b) suggested a semiparametric maximum likelihood 
approach to modeling latent heterogeneity in a duration model  (section 19.5) for 
unemployment spells. the methodology applies equally well to other settings, such as 
the one we are examining here. their method can be applied as a finite mixture model 
in which only the constant term varies across classes. the log likelihood in this case 
would be

 ln L = a
n

i = 1
 lna

J

j = 1
pj¢ qTi

t = 1
f(yit �aj + xit

=B)≤. (14-97)

Class Mean Standard Deviation

All, n = 27,326 3.18352 5.68979
Class 1, n = 12,349 5.80347 7.47579
Class 2, n = 14,977 1.02330 1.63076

TABLE 14.22 Descriptive Statistics for Doctor Visits

J ln L AIC P1 P2 P3 P4 P5 P6 P7 P8

1 -61917.77 1.23845 1.0000
2 -58708.48 1.17443 0.4770 0.5230
3 -58036.15 1.16114 0.2045 0.6052 0.1903
4 -57953.02 1.15944 0.1443 0.5594 0.2407 0.0601
5 -57866.34 1.15806 0.0708 0.0475 0.4107 0.3731 0.0979
6 -57829.96 1.15749 0.0475 0.0112 0.2790 0.1680 0.4380 0.0734
7 -57808.50 1.15723 0.0841 0.0809 0.0512 0.3738 0.0668 0.0666 0.2757
8 -57808.07 1.15738 0.0641 0.0038 0.4434 0.3102 0.0029 0.0002 0.1115 0.0640

TABLE 14.23 Specification Search for Number of Latent Classes
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50the multinomial distribution has interior boundaries at the midpoints between the estimated constants. the 
mass points have heights equal to the probabilities. the rectangles sum to slightly more than one—about 1.15. the 
figure is only a sketch of an implied approximation to the normal distribution in the parametric model.

this is a restricted form of (14-93). the specification is a random effects model in which 
the heterogeneity has a discrete, multinomial distribution with unconditional mixing 
probabilities.

Example 14.24  Semiparametric Random Effects Model
Estimates of a random effects geometric regression model are given in Table 14.17. The 
random effect (random constant term) is assumed to be normally distributed; the estimated 
standard deviation is 0.95441. Tables 14.24 and 14.25 present estimates of the semiparametric 
random effects model. The estimated constant terms and class probabilities are shown in 
Table 14.24. We fit mixture models for 2 through 7 classes. The AIC stopped falling at J = 7. 
The results for 6 and 7 are shown in the table. Note in the 7 class model, the estimated 
standard errors for the constants for classes 2 and 4 are essentially infinite—the values 
shown are the result of rounding error. As Heckman and Singer noted, this should be taken 
as evidence of overfitting the data. The remaining coefficients for the parametric parts of the 
model are shown in Table 14.25. The two approaches to fitting the random effects model 
produce similar results. The coefficients on the regressors and their estimated standard errors 
are very similar. The random effects in the normal model are estimated to have a mean of 
0.39936 and standard deviation of 0.95441. The multinomial distribution in the mixture model 
has estimated mean 0.27770 and standard deviation 1.2333. Figure 14.7 shows a comparison 
of the two estimated distributions.50

Class a Std. Err. P(class) a Std. Err. P(class)

1 -3.17815 0.28542 0.07394 -0.72948 0.16886 0.16825
2 -0.72948 0.15847 0.16825 1.23774 358561.2 0.04030
3 0.38886 0.11867 0.41734 0.38886 0.15112 0.41734
4 1.23774 0.12295 0.28452 1.23774 59175.41 0.24421
5 2.11958 0.28568 0.05183 2.11958 0.41549 0.05183
6 2.69846 0.98622 0.00412 2.69846 1.17124 0.00412
7 -3.17815 0.28863 0.07394

TABLE 14.24 Heckman and Singer Semiparametric Random Effects Model

Finite Mixture Model Normal Random Effects Model

Estimate Std. Err. Estimate Std. Err .

Constant anQ = 0.277697 0.39936 0.09530

Age 0.02136 0.00115 0.02209 0.00122
Educ. -0.03877 0.00607 -0.04506 0.00626
Income -0.23729 0.05972 -0.19569 0.06106
Kids -0.12611 0.02280 -0.12434 0.02336

sa = 1.23333 su = 0.95441

TABLE 14.25 Estimated Random Effects Exponential Count Data Model
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14.16  SUMMARY AND CONCLUSIONS

this chapter has presented the theory and several applications of maximum likelihood 
estimation, which is the most frequently used estimation technique in econometrics 
after least squares. the maximum likelihood estimators are consistent, asymptotically 
normally distributed, and efficient among estimators that have these properties. the 
drawback to the technique is that it requires a fully parametric, detailed specification 
of the data-generating process. as such, it is vulnerable to misspecification problems. 
Chapter 13 considered GMM estimation techniques that are less parametric, but more 
robust to variation in the underlying data-generating process. together, ML and GMM 
estimation account for the large majority of empirical estimation in econometrics.

FIGURE 14.7  Estimated Distributions of Random Effects.
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Exercises

1. assume that the distribution of x is f(x) = 1/u, 0 … x … u. in random sampling 
from this distribution, prove that the sample maximum is a consistent estimator  
of u. Note: You can prove that the maximum is the maximum likelihood estimator of u.  
But the usual properties do not apply here. Why not? (Hint: attempt to verify that 
the expected first derivative of the log likelihood with respect to u is zero.)

2. in random sampling from the exponential distribution f(x) = (1/u)e-x/u, x Ú 0, 
u 7 0, find the maximum likelihood estimator of u and obtain the asymptotic 
distribution of this estimator.

3. Mixture distribution. suppose that the joint distribution of the two random 
variables x and y is

f(x, y) =
ue-(b + u)y(by)x

x!
, b, u 7 0, y Ú 0, x = 0, 1, 2, c.

a. Find the maximum likelihood estimators of b and u and their asymptotic joint 
distribution.

b. Find the maximum likelihood estimator of u/(b + u) and its asymptotic 
distribution.

c. Prove that f(x) is of the form

f(x) = g(1 - g)x, x = 0, 1, 2, c,

and find the maximum likelihood estimator of g and its asymptotic distribution.
d. Prove that f(y � x) is of the form

f(y � x) =
le-ly(ly)x

x!
, y Ú 0, l 7 0.

Prove that f(y � x) integrates to 1. Find the maximum likelihood estimator of l 
and its asymptotic distribution. (Hint: in the conditional distribution, just carry 
the x’s along as constants.)

e. Prove that

f(y) = ue-uy, y Ú 0, u 7 0.

Find the maximum likelihood estimator of u and its asymptotic variance.
f. Prove that

f(x � y) =
e-by(by)x

x!
, x = 0, 1, 2, c, b 7 0.

Based on this distribution, what is the maximum likelihood estimator of b?

•	nonlinear least squares
•	nonnested models
•	oberhofer–kmenta 

estimator
•	outer product of gradients 

estimator (oPG)

•	Precision parameter
•	Pseudo-log-likelihood 

function
•	Pseudo-MLe
•	Quasi-MLe
•	Random effects

•	Regularity conditions
•	score test
•	score vector
•	Vuong test
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4. suppose that x has the Weibull distribution

f(x) = abxb - 1e-axb

, x Ú 0, a, b 7 0.

a. obtain the log-likelihood function for a random sample of n observations.
b. obtain the likelihood equations for maximum likelihood estimation of a and b. 

note that the first provides an explicit solution for a in terms of the data and b. But, 
after inserting this in the second, we obtain only an implicit solution for b. how 
would you obtain the maximum likelihood estimators?

c. obtain the second derivatives matrix of the log likelihood with respect to a and 
b. the exact expectations of the elements involving b involve the derivatives 
of the gamma function and are quite messy analytically. of course, your exact 
result provides an empirical estimator. how would you estimate the asymptotic 
covariance matrix for your estimators in part b?

d. Prove that ab Cov[ln x, xb] = 1. (Hint: the expected first derivatives of the  
log-likelihood function are zero.)

5. the following data were generated by the Weibull distribution of exercise 4:

1. 3043 0.49254 1.2742 1.4019 0.32556 0.29965 0.26423
1. 0878 1.9461 0.47615 3.6454 0.15344 1.2357 0.96381
0. 33453 1.1227 2.0296 1.2797 0.96080 2.0070

a. obtain the maximum likelihood estimates of a and b, and estimate the 
asymptotic covariance matrix for the estimates.

b. Carry out a Wald test of the hypothesis that b = 1.
c. obtain the maximum likelihood estimate of a under the hypothesis that b = 1.
d. using the results of parts a and c, carry out a likelihood ratio test of the hypothesis 

that b = 1.
e. Carry out a Lagrange multiplier test of the hypothesis that b = 1.

6. Limited Information Maximum Likelihood Estimation. Consider a bivariate 
distribution for x and y that is a function of two parameters, a and b. the joint 
density is f(x, y �a, b). We consider maximum likelihood estimation of the two 
parameters. the full information maximum likelihood estimator is the now 
familiar maximum likelihood estimator of the two parameters. now, suppose that 
we can factor the joint distribution as done in exercise 3, but in this case, we have 
f(x, y �a, b) = f(y � x, a, b)f(x �a). that is, the conditional density for y is a function 
of both parameters, but the marginal distribution for x involves only a.
a. Write down the general form for the log-likelihood function using the joint density.
b. Because the joint density equals the product of the conditional times the 

marginal, the log-likelihood function can be written equivalently in terms of the 
factored density. Write this down, in general terms.

c. the parameter a can be estimated by itself using only the data on x and the log 
likelihood formed using the marginal density for x. it can also be estimated with 
b by using the full log-likelihood function and data on both y and x. show this.

d. show that the first estimator in part c has a larger asymptotic variance than 
the second one. this is the difference between a limited information maximum 
likelihood estimator and a full information maximum likelihood estimator.

e. show that if 02 ln f(y � x, a, b)/0a0b = 0, then the result in part d is no longer true.
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7. show that the likelihood inequality in theorem 14.3 holds for the Poisson distribution 
used in section 14.3 by showing that E[(1/n) ln L(u � y)] is uniquely maximized at 
u = u0. (Hint: First show that the expectation is -u + u0 ln u - E0[ln yi].) show 
that the likelihood inequality in theorem 14.3 holds for the normal distribution.

8. For random sampling from the classical regression model in (14-3), reparameterize 
the likelihood function in terms of h = 1/s and D = (1/s)B. Find the maximum 
likelihood estimators of h and D and obtain the asymptotic covariance matrix of 
the estimators of these parameters.

9. Consider sampling from a multivariate normal distribution with mean vector 
M = (m1, m2, c, mM) and covariance matrix s2I. the log-likelihood function is

ln L =
-nM

2
 ln(2p) -

nM
2

 ln s2 -
1

2s2 a
n

i = 1
(yi - M)′(yi - M).

show that the maximum likelihood estimators of the parameters are mnm = ym, and

sn ML
2 = a n

i = 1aM
m = 1(yim - ym)2

nM
=

1
M a

M

m = 1

1
n a

n

i = 1
(yim - ym)2 =

1
M a

M

m = 1
sn m

2 .

derive the second derivatives matrix and show that the asymptotic covariance 
matrix for the maximum likelihood estimators isb -EJ 02 ln L

0U0U′
R r -1

= Js2I/n 0
0 2s4/(nM)

R .

suppose that we wished to test the hypothesis that the means of the M distributions 
were all equal to a particular value m0. show that the Wald statistic would be

W = (y - m0i)′¢sn 2

n
 I≤-1

(y - m0i) = ¢ n

s2 ≤(y - m0i)′(y - m0i),

where y is the vector of sample means.

Applications

1. Binary Choice. this application will be based on the health care data analyzed 
in example 14.13 and several others. details on obtaining the data are given in 
appendix F table 7.1. We consider analysis of a dependent variable, yit, that takes 
values 1 and 0 with probabilities F(xi

=B) and 1 - F(xi
=B), where F is a function that 

defines a probability. the dependent variable, yit, is constructed from the count 
variable DocVis, which is the number of visits to the doctor in the given year. 
Construct the binary variable

yit = 1 if DocVis 7 0, 0 otherwise.

We will build a model for the probability that yit equals one. the independent 
variables of interest will be

xit = (1, ageit, educit, femalet, marriedit, hsatit).
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a. according to the model, the theoretical density for yit is

f(yit � xit) = F(xit
=B) for yit = 1 and 1 - F(xit

=B) for yit = 0.

We will assume that a “logit model” (see section 17.2) is appropriate, so that

F(xit
=B) = Λ(xit

=B) =
exp(xit

=B)

1 - exp(xit
=B)

.

show that for the two outcomes, the probabilities may be combined into the 
density function

f(yit � xit) = g(yit, xit, B) = Λ[(2yit - 1)xit
=B].

now, use this result to construct the log-likelihood function for a sample of data 
on (yit, xit). (Note: We will be ignoring the panel aspect of the data set. Build the 
model as if this were a cross section.)

b. derive the likelihood equations for estimation of B.
c. derive the second derivatives matrix of the log-likelihood function. (Hint: the 

following will prove useful in the derivation: dΛ(t)/dt = Λ(t)[1 - Λ(t)].)
d. show how to use newton’s method to estimate the parameters of the model.
e. does the method of scoring differ from newton’s method? derive the negative 

of the expectation of the second derivatives matrix.
f. obtain maximum likelihood estimates of the parameters for the data and 

variables noted. Report your results, estimates, standard errors, and so on, as 
well as the value of the log likelihood.

g. test the hypothesis that the coefficients on female and marital status are zero. 
show how to do the test using Wald, LM, and LR tests, and then carry out the 
tests.

h. test the hypothesis that all the coefficients in the model save for the constant 
term are equal to zero.

2. the geometric distribution used in examples 14.13, 14.17, 14.18, and 14.22 would 
not be the typical choice for modeling a count such as docVis. the Poisson model 
suggested at the beginning of section 14.11.1 would be the more natural choice (at 
least at the first step in an analysis). Redo the calculations in exercises 14.13 and 
14.17 using a Poisson model rather than a geometric model. do the results change 
very much? it is difficult to tell from the coefficient estimates. Compute the partial 
effects for the Poisson model and compare them to the partial effects shown in 
table 14.11.

3. (this application will require an optimizer. Maximization of a user-supplied 
function is provided by commands in Stata, R, SAS, EViews or NLOGIT.) use the 
following pseudo-code to generate a random sample of 1,000 observations on y 
from a mixed normals population:

Set the seed of the random number generator at any specific value.

Generate two sets of 1,000 random draws from normal populations 

with standard deviations 1. For the means, use 1 for y1 and 

5 for y2.

Generate a set of 1,000 random draws, c, from uniform(0,1) 

population.
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For each observation, if c < .3, y = y1; if c ≥ .3, use y = y2.

the log-likelihood function for the mixture of two normals is given in (14-89). (the 
first step sets the seed at a particular value so that you can replicate your calculation 
of the data sets.)
a. Find the values that maximize the log-likelihood function. as starting values, 

use the sample mean of y (the same value) and sample standard deviation of y 
(again, same value) and 0.5 for p.

b. You should have observed the iterations in part a never get started. try again 
using 0.9y, .9sy, 1.1y, 1.1sy, and 0.5. this should be much more satisfactory.

c. experiment with the estimator by generating y1 and y2 with more similar means, 
such as 1 and 3, or 1 and 2.
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15

Simulation-BaSed eStimation 
and inference and random 

Parameter modelS

§
15.1   INTRODUCTION

Simulation-based methods have become increasingly popular in econometrics. they are 
extremely computer intensive, but steady improvements in recent years in computation 
hardware and software have reduced that cost enormously. the payoff has been in the 
form of methods for solving estimation and inference problems that have previously 
been unsolvable in analytic form. the methods are used for two main functions. first, 
simulation-based methods are used to infer the characteristics of random variables, 
including estimators, functions of estimators, test statistics, and so on, by sampling from 
their distributions. Second, simulation is used in constructing estimators that involve 
complicated integrals that do not exist in a closed form that can be evaluated. in such 
cases, when the integral can be written in the form of an expectation, simulation methods 
can be used to evaluate it to within acceptable degrees of approximation by estimating 
the expectation as the mean of a random sample. the technique of maximum simulated 
likelihood (mSl) is essentially a classical sampling theory counterpart to the hierarchical 
Bayesian estimator considered in chapter 16. Since the celebrated paper of Berry, 
levinsohn, and Pakes (1995), and the review by mcfadden and train (2000), maximum 
simulated likelihood estimation has been used in a large and growing number of studies.

the following are three examples  from earlier chapters that have relied on 
simulation methods.

Example 15.1   Inferring the Sampling Distribution of the Least Squares 
Estimator

In Example 4.1, we demonstrated the idea of a sampling distribution by drawing several 
thousand samples from a population and computing a least squares coefficient with each 
sample. We then examined the distribution of the sample of linear regression coefficients. A 
histogram suggested that the distribution appeared to be normal and centered over the true 
population value of the coefficient.

Example 15.2  Bootstrapping the Variance of the LAD Estimator
In Example 4.3, we compared the asymptotic variance of the least absolute deviations (LAD) 
estimator to that of the ordinary least squares (OLS) estimator. The form of the asymptotic 
variance of the LAD estimator is not known except in the special case of normally distributed 
disturbances. We relied, instead, on a random sampling method to approximate features of the 
sampling distribution of the LAD estimator. We used a device (bootstrapping) that allowed us 
to draw a sample of observations from the population that produces the estimator. With that 
random sample, by computing the corresponding sample statistics, we can infer characteristics 
of the distribution such as its variance and its 2.5th and 97.5th percentiles, which can be used to 
construct a confidence interval.
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Example 15.3  Least Simulated Sum of Squares
Familiar estimation and inference methods, such as least squares and maximum likelihood, 
rely on closed form expressions that can be evaluated exactly [at least in principle—likelihood 
equations such as (14-4) may require an iterative solution]. Model building and analysis often 
require evaluation of expressions that cannot be computed directly. Familiar examples include 
expectations that involve integrals with no closed form such as the random effects nonlinear 
regression model presented in Section 14.14.4. The estimation problem posed there involved 
nonlinear least squares estimation of the parameters of

E[yit � xit, ui] = h(xit
=B + ui).

Minimizing the sum of squares,

S(B) = a
i

 a
t

[yit - h(xit
=B + ui)]2,

is not feasible because ui is not observed. In this formulation,

E[y � xit] = EuE[yit � xit, ui] = Lu
E[yit � xit, ui]f(ui)dui,

so the feasible estimation problem would involve the sum of squares,

S*(B) = a
i

 a
t
Jyit - Lu

h(xit
=B + ui)f(ui)dui R 2

.

When the function is linear and ui is normally distributed, this is a simple problem—it reduces 
to ordinary least squares. If either condition is not met, then the integral generally remains in 
the estimation problem. Although the integral,

Eu[h(xit
=B + ui)] = Lu

h(xit
=B + ui)f(ui)dui,

cannot be computed, if a large sample of R observations from the population of ui, that is, 
uir, r = 1, c R, were observed, then by virtue of the law of large numbers, we could rely on

 plim(1/R)a
r

h(xit
=B + uir) = EuE[yit � xit, ui]

  = Lu
h(xit

=B + ui)f(ui)dui. (15-1)

We are suppressing the extra parameter, su, which would become part of the estimation 
problem. A convenient way to formulate the problem is to write ui = suvi where vi has zero 
mean and variance one. By using this device, integrals can be replaced with sums that are 
feasible to compute. Our “simulated sum of squares” becomes

 Ssimulated(B) = a
i

 a
t
Jyit - (1/R)a

r
h(xit

=B + suvir)R 2

, (15-2)

which can be minimized by conventional methods. As long as (15-1) holds, then

1
nT

 a
i

 a
t
Jyit - (1/R)a

r
h(xit

=B + suvir)R 2
Sp 1

nT
 a

i
 a

t
Jyit - Lv

h(xit
=B + suvi)f(vi)dvi R 2

 (15-3)

and it follows that with sufficiently increasing R, the B that minimizes the left-hand side 
converges (in nT) to the same parameter vector that minimizes the probability limit of the 
right-hand side. We are thus able to substitute a computer simulation for the intractable 
computation on the right-hand side of the expression.
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this chapter will describe some of the common applications of simulation methods 
in econometrics. We begin in Section 15.2 with the essential tool at the heart of all 
the computations, random number generation. Section 15.3 describes simulation-
based inference using the method of Krinsky and robb as an alternative to the delta 
method (see Section 4.4.4). the method of bootstrapping for inferring the features of 
the distribution of an estimator is described in Section 15.4. in Section 15.5, we will use 
a monte carlo study to learn about the behavior of a test statistic and the behavior of 
the fixed effects estimator in some nonlinear models. Sections 15.6 through 15.9 present 
simulation-based estimation methods. the essential ingredient of this entire set of results 
is the computation of integrals. Section 15.6.1 describes an application of a simulation-
based estimator, a nonlinear random effects model. Section 15.6.2 discusses methods 
of integration. then, the methods are applied to the estimation of the random effects 
model. Sections 15.7 through 15.9 describe several techniques and applications, including 
maximum simulated likelihood estimation for random parameter and hierarchical 
models. a third major (perhaps the major) application of simulation-based estimation 
in the current literature is Bayesian analysis using markov chain monte carlo (mcmc 
or mc2) methods. Bayesian methods are discussed separately in chapter 16. Sections 
15.10 and 15.11 consider two remaining aspects of modeling parameter heterogeneity, 
estimation of individual specific parameters, and a comparison of modeling with 
continuous distributions to less parametric modeling with discrete distributions using 
latent class models.

15.2   RANDOM NUMBER GENERATION

all the techniques we will consider here rely on samples of observations from an 
underlying population. We will sometimes call these random samples, though it will 
emerge shortly that they are never actually random. one of the important aspects of this 
entire body of research is the need to be able to replicate one’s computations. if the 
samples of draws used in any kind of simulation-based analysis were truly random, then 
that would be impossible. although the samples we consider here will appear to be 
random, they are, in fact, deterministic—the samples can be replicated. for this reason, 
the sampling methods described in this section are more often labeled pseudo–random 
number generators. (this does raise an intriguing question: is it possible to generate truly 
random draws from a population with a computer? the answer for practical purposes 
is no.) this section will begin with a description of some of the mechanical aspects of 
random number generation. We will then detail the methods of generating particular 
kinds of random samples.1

15.2.1  GENERATING PSEUDO-RANDOM NUMBERS

data are generated internally in a computer using pseudo–random number generators. 
these computer programs generate sequences of values that appear to be strings 
of draws from a specified probability distribution. there are many types of random 

1See train (2009, chapter 3) for extensive further discussion.
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number generators, but most take advantage of the inherent inaccuracy of the digital 
representation of real numbers. the method of generation is usually by the following 
steps:

1. Set a seed.
2. update the seed by seedj = seedj - 1 * s value.
3. xj = seedj * x value.
4. transform xj if necessary, and then move xj to desired place in memory.
5. return to step 2, or exit if no additional values are needed.

random number generators produce sequences of values that resemble strings of 
random draws from the specified distribution. in fact, the sequence of values produced 
by the preceding method is not truly random at all; it is a deterministic Markov chain of 
values. the set of 32 bits in the random value only appear random when subjected to 
certain tests.2 Because the series is, in fact, deterministic, at any point that this type of 
generator produces a value it has produced before, it must thereafter replicate the entire 
sequence. Because modern digital computers typically use 32-bit double words to 
represent numbers, it follows that the longest string of values that this kind of generator 
can produce is 232 - 1 (about 4.3 billion). this length is the period of a random number 
generator. (a generator with a shorter period than this would be inefficient, because it 
is possible to achieve this period with some fairly simple algorithms.) Some improvements 
in the periodicity of a generator can be achieved by the method of shuffling. By this 
method, a set of, say, 128 values is maintained in an array. the random draw is used to 
select one of these 128 positions from which the draw is taken and then the value in the 
array is replaced with a draw from the generator. the period of the generator can also 
be increased by combining several generators.3 the most popular random number 
generator in current use is the Mersenne Twister,4 which has a period of about 220,000.

the deterministic nature of pseudo–random number generators is both a flaw and 
a virtue. many monte carlo studies require billions of draws, so the finite period of any 
generator represents a nontrivial consideration. on the other hand, being able to 
reproduce a sequence of values just by resetting the seed to its initial value allows the 
researcher to replicate a study.5 the seed itself can be a problem. it is known that certain 
seeds in particular generators will produce shorter series or series that do not pass 
randomness tests. for example, congruential generators of the sort just discussed should 
be started from odd seeds.

15.2.2  SAMPLING FROM A STANDARD UNIFORM POPULATION

the output of the generator described in Section 15.2.1 will be a pseudo-draw from 
the U [0, 1] population. (in principle, the draw should be from the closed interval 
[0, 1]. However, the actual draw produced by the generator will be strictly between 
zero and one with probability just slightly below one. in the application described, 
the draw will be constructed from the sequence of 32 bits in a double word. all 

2See Press et al. (1986).
3See l’ecuyer (1998), Gentle (2002, 2003), and Greene (2007b).
4See matsumoto, and nishimura (1998).
5readers of empirical studies are often interested in replicating the computations. in monte carlo studies, at least 
in principle, data can be replicated efficiently merely by providing the random number generator and the seed.
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but two of the 231 - 1 strings of bits will produce a value in (0, 1). the practical 
result is consistent with the theoretical one, that the probabilities attached to the 
terminal points are zero also.) When sampling from a standard uniform, U [0, 1] 
population, the sequence is a kind of difference equation, because given the initial 
seed, xj is ultimately a function of xj - 1. in most cases, the result at step 3 is a pseudo-
draw from the continuous uniform distribution in the range zero to one, which can 
then be transformed to a draw from another distribution by using the fundamental 
probability transformation.

15.2.3  SAMPLING FROM CONTINUOUS DISTRIBUTIONS

one is usually interested in obtaining a sequence of draws, x1, c, xR, from some 
particular population such as the normal with mean m and variance s2. a sequence 
of draws from U[0, 1], u1, c, uR, produced by the random number generator, is an 
intermediate step. these will be transformed into draws from the desired population. 
a common approach is to use the fundamental probability transformation. for 
continuous distributions, this is done by treating the draw, ur = Fr, as if Fr was F(xr), 
where F (.) is the cdf of x. for example, if we desire draws from the exponential 
distribution with known u, then F(x) = 1 - exp(-ux). the inverse transform is 
x = (-1/u) ln(1 - F). for example, for a draw of u = 0.4 with u = 5, the associated 
x would be (-1/5) ln(1 - 0.4) = 0.1022. for the logistic population with cdf 
F(x) = Λ(x) = exp(x)/[1 + exp(x)], the inverse transformation is x = ln[F/(1 - F)]. 
there are many references, for example, evans, Hastings, and Peacock (2010) and 
Gentle (2003), that contain tables of inverse transformations that can be used to 
construct random number generators.

one of the most common applications is the draws from the standard normal 
distribution. this is complicated because there is no closed form for Φ-1(F). there are 
several ways to proceed. a well-known approximation to the inverse function is given 
in abramovitz and Stegun (1971),

Φ-1(F) = x ≈ T -
c0 + c1T + c2T

2

1 + d1T + d2T
2 + d3T

3
,

where T = [ln(1/H2)]1/2 and H = F if F 7 0.5 and 1 - F otherwise. the sign is then 
reversed if F 6 0.5. a second method is to transform the U[0, 1] values directly to a 
standard normal value. the Box–muller (1958) method is z = (-2 ln u1)

1/2 cos(2p u2), 
where u1 and u2 are two independent U[0, 1] draws. a second N[0, 1] draw can be 
obtained from the same two values by replacing cos with sin in the transformation. the 
marsaglia–Bray (1964) generator is zi = xi[-(2/v) ln v]1/2, where xi = 2ui - 1, ui is a 
random draw from U[0, 1] and v = u1

2 + u2
2, i = 1, 2. the pair of draws is rejected and 

redrawn if v Ú 1.
Sequences of draws from the standard normal distribution can easily be 

transformed into draws from other distributions by making use of the results 
in Section B.4. for example, the square of a standard normal draw will be a draw 
from chi-squared [1], and the sum of K chi-squared [1] is chi-squared [K]. from this 
relationship, it is possible to produce samples from the chi-squared [K], t[n], and 
F[K,n] distributions.
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a related problem is obtaining draws from the truncated normal distribution. the 
random variable with truncated normal distribution is obtained from one with a normal 
distribution by discarding the part of the range above a value U and below a value L. 
the density of the resulting random variable is that of a normal distribution restricted 
to the range [L, U]. the truncated normal density is

f(x � L … x … U) =
f(x)

Prob[L … x … U]
=

(1/s)f[(x - m)/s]

Φ[(U - m)/s] - Φ[(L - m)/s]
,

where f(t) = (2p)-1/2 exp(- t2/2) and Φ(t) is the cdf. an obviously inefficient 
(albeit effective) method of drawing values from the truncated normal [m, s2] 
distribution in the range [L,U] is simply to draw F from the U[0, 1] distribution and 
transform it first to a standard normal variate as discussed previously and then to 
the N[m, s2] variate by using x = m + sΦ-1(F). finally, the value x is retained if it 
falls in the range [L,U] and discarded otherwise. this rejection method will require, 
on average, 1/{Φ[(U - m)/s] - Φ[(L - m)/s]} draws per observation, which could 
be substantial. a direct transformation that requires only one draw is as follows: let 
Pj = Φ[(j - m)/s], j = L, U. then

 x = m + sΦ-1[PL + F * (PU - PL)]. (15-4)

15.2.4  SAMPLING FROM A MULTIVARIATE NORMAL POPULATION

many applications, including the method of Krinsky and robb in Section 15.3, involve 
draws from a multivariate normal distribution with specified mean M and covariance 
matrix �. to sample from this K-variate distribution, we begin with a draw, z, from 
the K-variate standard normal distribution. this is done by first computing K 
independent standard normal draws, z1, c, zK, using the method of the previous 
section and stacking them in the vector z. let C be a square root of �  such that 
CC′ = �. the desired draw is then x = M + Cz, which will have covariance matrix 
E[(x - M), (x - M)′] = CE[zz′]C′ = CIC′ = �. for the square root matrix, the 
usual choice is the Cholesky decomposition, in which C is a lower triangular matrix. 
(See Section a.6.11.) for example, suppose we wish to sample from the bivariate 
normal distribution with mean vector M, unit variances, and correlation coefficient 
r. then,

� = J1 r

r 1
R and C = J1 0

r 21 - r2 R .

the transformation of two draws z1 and z2 is x1 = m1 + z1 and x2 = m2 +
[rz1 + (1 - r2)1/2z2]. Section 15.3 and example 15.4 following show a more involved 
application.

15.2.5  SAMPLING FROM DISCRETE POPULATIONS

there is generally no inverse transformation available for discrete distributions, such as 
the Poisson. an inefficient, though usually unavoidable, method for some distributions 
is to draw the F and then search sequentially for the smallest value that has cdf equal to 
or greater than F. for example, a generator for the Poisson distribution is constructed as 
follows. the pdf is Prob[x = j] = pj = exp(-m)mj/j! where m is the mean of the random 
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variable. the generator will use the recursion pj = pj - 1 * m/j, j = 1, c beginning 
with p0 = exp(-m). an algorithm that requires only a single random draw is as follows:

initialize c = exp(-m), p = c, x = 0;
draw F from U[0, 1];
deliver x; * exit with draw x if c 7 F;
iterate: set x = x + 1, p = p * m/x, c = c + p;
return to *.

this method is based explicitly on the pdf and cdf of the distribution. other methods 
are suggested by Knuth (1997) and Press et al. (2007).

the most common application of random sampling from a discrete distribution 
is, fortunately, also the simplest. the method of bootstrapping, and countless 
other applications involve random samples of draws from the discrete uniform 
distribution, Prob(x = j) = 1/n, j = 1, c, n. in the bootstrapping application, 
we are going to draw random samples of observations from the sequence of 
integers 1,  .  .  .  , n, where each value must be equally likely. in principle, the 
random draw could be obtained by partitioning the unit interval into n equal parts, 
[0, a1), [a1, a2), c, [an - 2, an - 1), [an - 1, 1]; aj = j/n, j = 1, c, n - 1. then, random 
draw F delivers x = j if F falls into interval j. this would entail a search, which could be 
time consuming. However, a simple method that will be much faster is simply to deliver 
x = the integer part of (n * F + 1.0). (once again, we are making use of the practical 
result that F will equal exactly 1.0—and x will equal n + 1—with ignorable probability.)

15.3    S IMULATION-BASED STATISTICAL INFERENCE:  THE METHOD 
OF KRINSKY AND ROBB

most of the theoretical development in this text has concerned the statistical properties 
of estimators—that is, the characteristics of sampling distributions such as the mean 
(probability limits), variance (asymptotic variance), and quantiles (such as the boundaries 
for confidence intervals). in cases in which these properties cannot be derived explicitly, 
it is often possible to infer them by using random sampling methods to draw samples 
from the population that produced an estimator and deduce the characteristics from the 
features of such a random sample. in example 4.4, we computed a set of least squares 
regression coefficients, b1, c, bK, and then examined the behavior of a nonlinear 
function ck = bk/(1 - bm) using the delta method. in some cases, the asymptotic 
properties of nonlinear functions such as these are difficult to derive directly from the 
theoretical distribution of the parameters. the sampling methods described here can 
be used for that purpose. a second common application is learning about the behavior 
of test statistics. for example, in Sections 5.3.3 and 14.6.3 [see (14-53)], we defined a 
lagrange multiplier statistic for testing the hypothesis that certain coefficients are zero 
in a linear regression model. under the assumption that the disturbances are normally 
distributed, the statistic has a limiting chi-squared distribution, which implies that the 
analyst knows what critical value to employ if he uses this statistic. Whether the statistic 
has this distribution if the disturbances are not normally distributed is unknown. monte 
carlo methods can be helpful in determining if the guidance of the chi-squared result 
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is useful in more general cases. finally, in Section 14.7, we defined a two-step maximum 
likelihood estimator. computation of the asymptotic variance of such an estimator can 
be challenging. monte carlo methods, in particular, bootstrapping methods, can be used 
as an effective substitute for the intractable derivation of the appropriate asymptotic 
distribution of an estimator. this and the next two sections will detail these three 
procedures and develop applications to illustrate their use.

the method of Krinsky and robb is suggested as a way to estimate the asymptotic 
covariance matrix of c = f(b), where b is an estimated parameter vector with asymptotic 
covariance matrix � and f(b) defines a set of possibly nonlinear functions of b. We assume 
that f(b) is a set of continuous and continuously differentiable functions that do not involve 
the sample size and whose derivatives do not equal zero at B = plim b. (these are the 
conditions underlying the Slutsky theorem in Section d.2.3.) in Section 4.6, we used the 
delta method to estimate the asymptotic covariance matrix of c; est.asy.Var[c] = GSG′, 
where S is the estimate of � and G is the matrix of partial derivatives, G = 0f(b)/0b′. 
the recent literature contains some occasional skepticism about the accuracy of the delta 
method. the method of Krinsky and robb (1986, 1990, 1991) is often suggested as an 
alternative. in a study of the behavior of estimated elasticities based on a translog model, 
the authors (1986) advocated an alternative approach based on monte carlo methods 
and the law of large numbers. We have consistently estimated B and (s2/n)Q-1, the 
mean and variance of the asymptotic normal distribution of the estimator b, with b and 
s2(X′X)-1. it follows that we could estimate the mean and variance of the distribution of 
a function of b by drawing a random sample of observations from the asymptotic normal 
population generating b, and using the empirical mean and variance of the sample of 
functions to estimate the parameters of the distribution of the function. the quantiles 
of the sample of draws, for example, the 0.025th and 0.975th quantiles, can be used to 
estimate the boundaries of a confidence interval of the functions. the multivariate normal 
sample would be drawn using the method described in Section 15.2.4.

Krinsky and robb (1986) reported huge differences in the standard errors produced 
by the delta method compared to the simulation-based estimator. in a subsequent 
paper (1990), they reported that the entire difference could be attributed to a bug in the 
software they used—upon redoing the computations, their estimates were essentially the 
same with the two methods. it is difficult to draw a conclusion about the effectiveness 
of the delta method based on the received results—it does seem at this juncture that 
the delta method remains an effective device that can often be employed with a hand 
calculator as opposed to the much more computation-intensive Krinsky and robb 
(1986) technique. unfortunately, the results of any comparison will depend on the data, 
the model, and the functions being computed. the amount of nonlinearity in the sense 
of the complexity of the functions seems not to be the answer. Krinsky and robb’s 
case was motivated by the extreme complexity of the elasticities in a translog model. 
in another study, Hole (2006) examines a similarly complex problem and finds that the 
delta method still appears to be the more accurate procedure.

Example 15.4  Long-Run Elasticities
A dynamic version of the demand for gasoline model is estimated in Example 4.7. The model is

 ln(G/Pop)t = b1 + b2 ln PG,t + b3 ln(Income/Pop)t + b4 ln Pnc,t

 + b5 ln Puc,t + g ln (G/Pop)t - 1 + et.
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In this model, the short-run price and income elasticities are b2 and b3. The long-run 
elasticities are f2 = b2/(1 - g) and f3 = b3/(1 - g), respectively. To estimate the long-run 
elasticities, we estimated the parameters by least squares and then computed these two 
nonlinear functions of the estimates. Estimates of the full set of model parameters and the 
estimated asymptotic covariance matrix are given in Example 4.7. The delta method was 
used to estimate the asymptotic standard errors for the estimates of f2 and f3. The three 
estimates of the specific parameters and the 3 * 3 submatrix of the estimated asymptotic 
covariance matrix are

Est.£b2

b3

g

≥ = £b2

b3

c
≥ = £ -0.069532

0.164047
0.830971

≥,

Est. Asy. Var£b2

b3

c
≥ = £ 0.00021705 1.61265e-5 -0.0001109

1.61265e-5 0.0030279 -0.0021881
-0.0001109 -0.0021881 0.0020943

≥.

The method suggested by Krinsky and Robb would use a random number generator to 
draw a large trivariate sample, (b2, b3, c)r, r = 1, c, R, from the normal distribution with this 
mean vector and covariance matrix, and then compute the sample of observations on f2 and 
f3 and obtain the empirical mean and variance and the 0.025 and 0.975 quantiles from the 
sample. The method of drawing such a sample is shown in Section 15.2.4. We will require 
the square root of the covariance matrix. The Cholesky matrix is

C = £ 0.0147326 0 0
0.00109461 0.0550155 0

-0.0075275 -0.0396227 0.0216259
≥

The sample is drawn by obtaining vectors of three random draws from the standard normal 
population, vr = (v1, v2, v3)r=, r = 1, c, R. The draws needed for the estimation are then 
obtained by computing br = b + Cvr, where b is the set of least squares estimates. We then 
compute the sample of estimated long-run elasticities, f2r = b2r/(1 - cr) and f3r = b3r/(1 - cr). 
The mean and standard deviation of the sample observations constitute the estimates of the 
functions and asymptotic standard errors.

Table 15.1 shows the results of these computations based on 1,000 draws from the 
underlying distribution. The estimates from Example 4.4 using the delta method are shown 
as well. The two sets of estimates are in quite reasonable agreement. For a 95% confidence 
interval for f2 based on the estimates, the t distribution with 51 - 6 = 45 degrees of freedom 
and the delta method would be -0.411358 { 2.014(0.152296). The result for f3 would be 
0.970522 { 2.014(0.162386). These are shown in Table 15.2 with the same computation 

Regression Estimate Simulated Values

Estimate Std.Err. Mean Std.Dev.

b2 -0.069532 0.0147327 -0.068791 0.0138485
b3 0.164047 0.0550265 0.162634 0.0558856
g 0.830971 0.0457635 0.831083 0.0460514
f2 -0.411358 0.152296 -0.453815 0.219110
f3 0.970522 0.162386 0.950042 0.199458

TABLE 15.1 Simulation Results
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using the Krinsky and Robb estimated standard errors. The table also shows the empirical 
estimates of these quantiles computed using the 26th and 975th values in the samples. There 
is reasonable agreement in the estimates, though a considerable amount of sample variability 
is also evident, even in a sample as large as 1,000.

We note, finally, that it is generally not possible to replicate results such as these across 
software platforms because they use different random number generators. Within a given 
platform, replicability can be obtained by setting the seed for the random number generator.

15.4    BOOTSTRAPPING STANDARD ERRORS AND CONFIDENCE 
INTERVALS

the technique of bootstrapping is used to obtain a description of the sampling properties 
of empirical estimators using the sample data themselves, rather than broad theoretical 
results.6 Suppose that Unn is an estimator of a parameter vector U based on a sample, 
Z = [(y1, x1), c, (yn, xn)]. an approximation to the statistical properties of Unn can be 
obtained by studying a sample of bootstrap estimators Un(b)m, b = 1, c, B, obtained 
by sampling m observations, with replacement, from Z and recomputing Un with each 
sample. after a total of B times, the desired sampling characteristic is computed from

�n = [Un(1)m, Un(2)m, c, Un(B)m].

the most common application of bootstrapping for consistent estimators when n is 
reasonably large is approximating the asymptotic covariance matrix of the estimator Unn with

 est.asy.Var[Unn] =
1

B - 1
 a

B

b = 1
[Un(b)m - Un

Q

B][Un(b)m - Un
Q

B]=, (15-5)

where UnQB  is the average of the B bootstrapped estimates of U. there are few theoretical 
prescriptions for the number of replications, B. andrews and Buchinsky (2000) and 
cameron and trivedi (2005, pp. 361–362) make some suggestions for particular 
applications; davidson and macKinnon (2006) recommend at least 399. Several hundred 
is the norm; we have used 1,000 in our application to follow.7 an application to the least 
absolute deviations estimator in the linear model is shown in the following example and 
in chapter 4.

6See efron (1979), efron and tibshirani (1994), and davidson and Hinkley (1997), Brownstone and Kazimi (1998), 
Horowitz (2001), macKinnon (2002), and davidson and macKinnon (2006).
7for applications, see, for example, Veall (1987, 1992), Vinod (1993), and Vinod and raj (1994). extensive surveys 
of uses and methods in econometrics appear in cameron and trivedi (2005), Horowitz (2001), and davidson and 
macKinnon (2006).

f2 f3

Lower Upper Lower Upper

delta method -0.718098 -0.104618 0.643460 1.297585
Krinsky and robb -0.895125 -0.012505 0.548313 1.351772
Sample Quantiles -0.983866 -0.209776 0.539668 1.321617

TABLE 15.2 Estimated Confidence Intervals
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15.4.1  TYPES OF BOOTSTRAPS

the preceding is known as a paired bootstrap. the pairing is the joint sampling of yi and xi. 
an alternative approach in a regression context would be to sample the observations on xi 
once and then with each xi sampled, generate the accompanying yi by randomly generating 
the disturbance, then yni(b) = xi(b)=Unn + eni(b). this would be a parametric bootstrap in 
that in order to simulate the disturbances, we need either to know (or assume) the data-
generating process that produces ei. in other contexts, such as in discrete choice modeling in 
chapter 17, one would bootstrap sample the exogenous data in the model and then generate 
the dependent variable by this method using the appropriate underlying dGP. this is the 
approach used in 15.5.2 and in Greene (2004b) in a study of the incidental parameters 
problem in several limited dependent variable models. the obvious disadvantage of the 
parametric bootstrap is that one cannot learn of the influence of an unknown dGP for e by 
assuming it is known. for example, if the bootstrap is being used to accommodate unknown 
heteroscedasticity in the model, then a parametric bootstrap that assumes homoscedasticity 
would defeat the purpose. the more natural application would be a nonparametric 
bootstrap, in which both xi and yi, and, implicitly, ei, are sampled simultaneously.

Example 15.5  Bootstrapping the Variance of the Median
There are few cases in which an exact expression for the sampling variance of the median is 
known. Example 15.7 examines the case of the median of a sample of 500 observations from 
the t distribution with 10 degrees of freedom. This is one of those cases in which there is no 
exact formula for the asymptotic variance of the median. However, we can use the bootstrap 
technique to estimate one empirically. In one run of the experiment, we obtained a sample of 
500 observations for which we computed the median, -0.00786. We drew 100 samples of 
500 with replacement from this sample of 500 and recomputed the median with each of these 
samples. The empirical square root of the mean squared deviation around this estimate of 
-0.00786 was 0.056. In contrast, consider the same calculation for the mean. The sample 
mean is -0.07247. The sample standard deviation is 1.08469, so the standard error of the 
mean is 0.04657. (The bootstrap estimate of the standard error of the mean was 0.052.) This 
agrees with our expectation in that the sample mean should generally be a more efficient 
estimator of the mean of the distribution in a large sample. There is another approach we might 
take in this situation. Consider the regression model yi = a + ei, where ei has a symmetric 
distribution with finite variance. The least absolute deviations estimator of the coefficient in 
this model is an estimator of the median (which equals the mean) of the distribution. So, this 
presents another estimator. Once again, the bootstrap estimator must be used to estimate the 
asymptotic variance of the estimator. Using the same data, we fit this regression model using 
the LAD estimator. The coefficient estimate is -0.05397 with a bootstrap estimated standard 
error of 0.05872. The estimated standard error agrees with the earlier one. The difference in the 
estimated coefficient stems from the different computations—the regression estimate is the 
solution to a linear programming problem while the earlier estimate is the actual sample median.

15.4.2  BIAS REDUCTION WITH BOOTSTRAP ESTIMATORS

the bootstrap estimation procedure has also been suggested as a method of reducing 
bias. in principle, we would compute Unn - bias(Unn) = Unn - {E[Unn] - U}. Because neither 
U nor the exact expectation of Unn is known, we estimate the first with the mean of the 
bootstrap replications and the second with the estimator itself. the revised estimator is

 Unn,B = Unn - J 1
B

 a
B

b = 1
Un(b)m - Unn R = 2Unn - Un

Q

B. (15-6)
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[efron and tibshirani (1994, p. 138) provide justification for what appears to be the 
wrong sign on the correction.] davidson and macKinnon (2006) argue that the smaller 
bias of the corrected estimator is offset by an increased variance compared to the 
uncorrected estimator.8 the authors offer some other cautions for practitioners 
contemplating use of this technique. first, perhaps obviously, the extension of the 
method to samples with dependent observations presents some obstacles. for time-series 
data, the technique makes little sense—none of the bootstrapped samples will be a time 
series, so the properties of the resulting estimators will not satisfy the underlying 
assumptions needed to make the technique appropriate.

15.4.3  BOOTSTRAPPING CONFIDENCE INTERVALS

a second common application of bootstrapping methods is the computation of 
confidence intervals for parameters. this calculation will be useful when the 
underlying data-generating process is unknown, and the bootstrap method is being 
used to obtain appropriate standard errors for estimated parameters. a natural 
approach to bootstrapping confidence intervals for parameters would be to compute 
the estimated asymptotic covariance matrix using (15-5) and then form confidence 
intervals in the usual fashion. an improvement in terms of the bias of the estimator 
is provided by the percentile method.9 By this technique, during each bootstrap 
replication, we compute

 tk*(b) =
unk(b) - unn,k

se.(unn,k)
, (15-7)

where “k” indicates the kth parameter in the model, and unn,k, s.e.(unn,k) and unk(b) are the 
original estimator and estimated standard error from the full sample and the bootstrap 
replicate. then, with all B replicates in hand, the bootstrap confidence interval is

 unn,k + tk[a/2]* se.(unn,k) to unn,k + tk[1 - a/2]* s.e.(unn,k). (15-8)

(note that tk[a/2]*  is negative, which explains the plus sign in the left term.) for example, 
in our next application, next, we compute the estimator and the asymptotic covariance 
matrix using the full sample. We compute 1,000 bootstrap replications, and compute the 
t ratio in (15-7) for the education coefficient in each of the 1,000 replicates. after the 
bootstrap samples are accumulated, we sorted the results from (15-7), and the 25th and 
975th largest values provide the values of t*.

15.4.4  BOOTSTRAPPING WITH PANEL DATA: THE BLOCK BOOTSTRAP

example 15.6 demonstrates the computation of a confidence interval for a coefficient 
using the bootstrap. the application uses the cornwell and rupert panel data set used 
in example 11.4 and several later applications. there are 595 groups of seven observations 
in the data set. Bootstrapping with panel data requires an additional element in the 
computations. the bootstrap replications are based on sampling over i, not t. thus, the 
bootstrap sample consists of n blocks of T (or Ti) observations—the ith group as a whole 
is sampled. this produces, then, a block bootstrap sample.

8See, as well, cameron and trivedi (2005).
9See cameron and trivedi (2005, p. 364).
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Example 15.6   Block Bootstrapping Standard Errors and Confidence 
Intervals in a Panel

Example 11.4 presents least squares estimates and robust standard errors for the labor 
supply equation using Cornwell and Rupert’s panel data set. There are 595 individuals and 
seven periods in the data set. As seen in the results in Table 11.1 (reproduced below), using 
a clustering correction in a robust covariance matrix for the least squares estimator produces 
substantial changes in the estimated standard errors. Table 15.3 reproduces the least squares 
coefficients and the standard errors associated with the conventional s2 (X′X)-1 and the 
robust standard errors using the clustering correction in column (3). The block bootstrapped 
standard errors using 1,000 bootstrap replications are shown in column (4). The ability of the 
bootstrapping procedure to detect and mimic the effect of the clustering that is evident in 
columns (3) and (4). Note, as well, the resemblance to the naïve bootstrap estimates in column 
(5) and the conventional, uncorrected standard errors in column (2).

We also computed a confidence interval for the coefficient on Ed using the conventional, 
symmetric approach, bEd { 1.96s(bEd), and the percentile method in (15-7) and (15-8). For 
the conventional estimator, we use 0.05670 { 1.96(0.00556) = [0.04580,0.06760]. For the 
bootstrap confidence interval method, we first computed and sorted the 1,000 t statistics 
based on (15-7). The 25th and 975th values were -2.148 and +1.966. The confidence interval 
is [0.04476, 0.06802].

Figure 15.1 shows a kernel density estimator of the distribution of the t statistics computed 
using (15-7) with the (approximate) standard normal density.

15.5   MONTE CARLO STUDIES

Simulated data generated by the methods of the preceding sections have various uses 
in econometrics. one of the more common applications is the analysis of the properties 
of estimators or in obtaining comparisons of the properties of estimators. for example, 

Variable

(1)
Least  

Squares  
Estimate

(2)
Least  

Squares  
Standard Error

(3)
Cluster  
Robust 

 Standard Error

(4)
Block  

Bootstrap 
 Standard Error

(5)
Simple  

Bootstrap 
 Standard Error

Constant 5.25112 0.07129 0.12355 0.12421 0.07761
Wks 0.00422 0.00108 0.00154 0.00159 0.00115
South -0.05564 0.01253 0.02616 0.02557 0.01284
SMSA 0.15167 0.01207 0.02410 0.02383 0.01200
MS 0.04845 0.02057 0.04094 0.04208 0.02010
Exp 0.04010 0.00216 0.00408 0.00418 0.00213

Exp2 -0.00067 0.00005 0.00009 0.00009 0.00005

Occ -0.14001 0.01466 0.02724 0.02733 0.01539
Ind 0.04679 0.01179 0.02366 0.02350 0.01183
Union 0.09263 0.01280 0.02367 0.02390 0.01203
Ed 0.05670 0.00261 0.00556 0.00576 0.00273
Fem -0.36779 0.02510 0.04557 0.04562 0.02390
Blk -0.16694 0.02204 0.04433 0.04663 0.02103

TABLE 15.3 Bootstrap Estimates of Standard Errors for a Wage Equation
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in time-series settings, most of the known results for characterizing the sampling 
distributions of estimators are asymptotic, large-sample results. But the typical time 
series is not very long, and descriptions that rely on T, the number of observations, 
going to infinity may not be very accurate. exact finite-sample properties are usually 
intractable, however, which leaves the analyst with only the choice of learning about the 
behavior of the estimators experimentally.

in the typical application, one would either compare the properties of two or more 
estimators while holding the sampling conditions fixed or study how the properties of 
an estimator are affected by changing conditions such as the sample size or the value of 
an underlying parameter.

Example 15.7  Monte Carlo Study of the Mean Versus the Median
In Example D.8, we compared the asymptotic distributions of the sample mean and the 
sample median in random sampling from the normal distribution. The basic result is that 
both estimators are consistent, but the mean is asymptotically more efficient by a factor of

Asy.Var[Median]
Asy.Var[Mean]

=
p

2
= 1.5708.

This result is useful, but it does not tell which is the better estimator in small samples, nor does 
it suggest how the estimators would behave in some other distribution. It is known that the 
mean is affected by outlying observations whereas the median is not. The effect is averaged 
out in large samples, but the small-sample behavior might be very different. To investigate 
the issue, we constructed the following experiment: We sampled 500 observations from the 
t distribution with d degrees of freedom by sampling d + 1 values from the standard normal 
distribution and then computing

tir =
zir,d + 1A1

d a d
l = 1zir,l

2

, i = 1, c, 500, r = 1, c, 100.

FigurE 15.1  Distributions of Test Statistics.
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The t distribution with a low value of d was chosen because it has very thick tails and 
because large outlying values have high probability. For each value of d, we generated 
R = 100 replications. For each of the 100 replications, we obtained the mean and median. 
Because both are unbiased, we compared the mean squared errors around the true 
expectations using

Md =
(1/R)a R

r = 1(medianr - 0)2

(1/R)a R
r = 1(xr - 0)2

.

We obtained ratios of 0.6761, 1.2779, and 1.3765 for d = 3, 6, and 10, respectively. (You 
might want to repeat this experiment with different degrees of freedom.) These results agree 
with what intuition would suggest. As the degrees of freedom parameter increases, which 
brings the distribution closer to the normal distribution, the sample mean becomes more 
efficient—the ratio should approach its limiting value of 1.5708 as d increases. What might 
be surprising is the apparent overwhelming advantage of the median when the distribution is 
very nonnormal even in a sample as large as 500.

the preceding is a very small application of the technique. in a typical study, there 
are many more parameters to be varied and more dimensions upon which the results 
are to be studied. one of the practical problems in this setting is how to organize the 
results. there is a tendency in monte carlo work to proliferate tables indiscriminately. it 
is incumbent on the analyst to collect the results in a fashion that is useful to the reader. 
for example, this requires some judgment on how finely one should vary the parameters 
of interest. one useful possibility that will often mimic the thought process of the reader 
is to collect the results of bivariate tables in carefully designed contour plots.

there are any number of situations in which monte carlo simulation offers the only 
method of learning about finite-sample properties of estimators. Still, there are a number 
of problems with monte carlo studies. to achieve any level of generality, the number 
of parameters that must be varied and hence the amount of information that must be 
distilled can become enormous. Second, they are limited by the design of the experiments, 
so the results they produce are rarely generalizable. for our example, we may have learned 
something about the t distribution, but the results that would apply in other distributions 
remain to be described. and, unfortunately, real data will rarely conform to any specific 
distribution, so no matter how many other distributions we analyze, our results would 
still only be suggestive. in more general terms, this problem of specificity [Hendry (1984)] 
limits most monte carlo studies to quite narrow ranges of applicability. there are very 
few that have proved general enough to have provided a widely cited result.

15.5.1  A MONTE CARLO STUDY: BEHAVIOR OF A TEST STATISTIC

monte carlo methods are often used to study the behavior of test statistics when their 
true properties are uncertain. this is often the case with lagrange multiplier statistics. 
for example, Baltagi (2005) reports on the development of several new test statistics for 
panel data models such as a test for serial correlation. examining the behavior of a test 
statistic is fairly straightforward. We are interested in two characteristics: the true size of 
the test—that is, the probability that it rejects the null hypothesis when that hypothesis 
is actually true (the probability of a type 1 error) and the power of the test—that is the 
probability that it will correctly reject a false null hypothesis (one minus the probability 
of a type 2 error). as we will see, the power of a test is a function of the alternative 
against which the null is tested.
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to illustrate a monte carlo study of a test statistic, we consider how a familiar 
procedure behaves when the model assumptions are incorrect. consider the linear 
regression model

yi = a + bxi + gzi + ei, ei � (xi, zi) ∼ n[0, s2].

the lagrange multiplier statistic for testing the null hypothesis that g equals zero for 
this model is

lm = e=
0X(X′X)-1X′e0/(e=

0e0/n),

where X = (1, x, z) and e0 is the vector of least squares residuals obtained from the 
regression of y on the constant and x (and not z). [See (14-53).] under the assumptions 
of the preceding model, the large sample distribution of the lm statistic is chi squared 
with one degree of freedom. thus, our testing procedure is to compute lm and then 
reject the null hypothesis g = 0 if lm is greater than the critical value. We will use a 
nominal size of 0.05, so the critical value is 3.84. the theory for the statistic is well 
developed when the specification of the model is correct.10 We are interested in two 
specification errors. first, how does the statistic behave if the normality assumption is 
not met? Because the lm statistic is based on the likelihood function, if some distribution 
other than the normal governs ei, then the lm statistic would not be based on the olS 
estimator. We will examine the behavior of the statistic under the true specification that 
ei comes from a t distribution with five degrees of freedom. Second, how does the statistic 
behave if the homoscedasticity assumption is not met? the statistic is entirely wrong if 
the disturbances are heteroscedastic. We will examine the case in which the conditional 
variance is Var[ei � xi, zi] = s2[exp(0.2xi)]2.

the design of the experiment is as follows: We will base the analysis on a sample 
of 50 observations. We draw 50 observations on xi and zi from independent n[0, 1] 
populations at the outset of each cycle. for each of 1,000 replications, we draw a sample 
of 50 ei’s according to the assumed specification. the lm statistic is computed and the 
proportion of the computed statistics that exceed 3.84 is recorded. the experiment is 
repeated for g = 0 to ascertain the true size of the test and for values of g including 
-1, c, -0.2, -0.1, 0, 0.1, 0.2, c, 1.0 to assess the power of the test. the cycle of tests is 
repeated for the two scenarios, the t[5] distribution and the model with heteroscedasticity.

table 15.4 lists the results of the experiment. the “normal” column in each panel 
shows the expected results for the lm statistic under the model assumptions for which 
it is appropriate. the size of the test appears to be in line with the theoretical results. 
comparing the first and third columns in each panel, it appears that the presence of 
heteroscedasticity seems not to degrade the power of the statistic. But the different 
distributional assumption does. figure 15.2 plots the values in the table, and displays the 
characteristic form of the power function for a test statistic.

15.5.2  A MONTE CARLO STUDY: THE INCIDENTAL PARAMETERS PROBLEM

Section 14.14.5 examines the maximum likelihood estimator of a panel data model with 
fixed effects,

f(yit � xit) = g(yit, xit
=B + ai, U),

10See, for example, Godfrey (1988).
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where the individual effects may be correlated with xit. the extra parameter vector U 
represents M other parameters that might appear in the model, such as the disturbance 
variance, se

2, in a linear regression model with normally distributed disturbance. the 
development there considers the mechanical problem of maximizing the log likelihood

ln L = a
n

i = 1
 a

Ti

t = 1
 ln g(yit, x

=
itB + ai, U)

with respect to the n + K + M parameters (a1, c, an, B, U). a statistical problem with 
this estimator that was suggested was that there is a phenomenon labeled the incidental 

Model Model

g Normal t[5] Het. g Normal t[5] Het.

-1.0 1.000 0.993 1.000 0.1 0.090 0.083 0.098
-0.9 1.000 0.984 1.000 0.2 0.235 0.169 0.249
-0.8 0.999 0.953 0.996 0.3 0.464 0.320 0.457
-0.7 0.989 0.921 0.985 0.4 0.691 0.508 0.666
-0.6 0.961 0.822 0.940 0.5 0.859 0.680 0.835
-0.5 0.863 0.677 0.832 0.6 0.957 0.816 0.944
-0.4 0.686 0.500 0.651 0.7 0.989 0.911 0.984
-0.3 0.451 0.312 0.442 0.8 0.998 0.956 0.995
-0.2 0.236 0.177 0.239 0.9 1.000 0.976 0.998
-0.1 0.103 0.080 0.107 1.0 1.000 0.994 1.000

0.0 0.059 0.052 0.071

TABLE 15.4 Power Functions for LM Test

FigurE 15.2  Power Functions.
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parameters problem.11 With the exception of a very small number of specific models (such 
as the Poisson regression model in Section 18.4.1), the brute force, unconditional maximum 
likelihood estimator of the parameters in this model is inconsistent. the result is 
straightforward to visualize with respect to the individual effects. Suppose that B and U 
were actually known. then, each ai would be estimated with Ti observations. Because Ti 
is assumed to be fixed (and small), there is no asymptotic result to provide consistency for 
the mle of ai. But B and U are estimated with Σi Ti = N observations, so their large 
sample behavior is less transparent. one known result concerns the logit model for binary 
choice (see Sections 17.2–17.4). Kalbfleisch and Sprott (1970), andersen (1973), Hsiao 
(1996), and abrevaya (1997) have established that in the binary logit model, if Ti = 2, then 
plim Bnmle = 2B. two other cases are known with certainty. in the linear regression model 
with fixed effects and normally distributed disturbances, the slope estimator, blSdV, is 
unbiased and consistent, however, the mle of the variance, s2, converges to (T - 1)s2/T. 
(the degrees of freedom correction will adjust for this, but the mle does not correct for 
degrees of freedom.) finally, in the Poisson regression model  (Section 18.4.7.b), the 
unconditional mle is consistent.12 almost nothing else is known with certainty—that is, 
as a firm theoretical result—about the behavior of the maximum likelihood estimator in 
the presence of fixed effects. the literature appears to take as given the qualitative wisdom 
of Hsiao and abrevaya, that the fe/mle is inconsistent when T is small and fixed. (the 
implication that the severity of the inconsistency declines as T increases makes sense, but, 
again, remains to be shown analytically.)

the result for the two-period binary logit model is a standard result for discrete 
choice estimation. Several authors, all using monte carlo methods, have pursued the 
result for the logit model for larger values of T.13 Greene (2004) analyzed the incidental 
parameters problem for other discrete choice models using monte carlo methods. We 
will examine part of that study.

the current studies are preceded by a small study in Heckman (1981) which 
examined the behavior of the fixed effects mle in the following experiment:

 zit = 0.1t + 0.5zi,t - 1 + uit, zi0 = 5 + 10.0ui0,
 uit ∼ U[ - 0.5, 0.5], i = 1, c, 100, t = 0, c, 8,
 Yit = stti + bzit + eit, ti ∼ n[0, 1], eit ∼ n[0, 1],

 yit = 1 if Yit 7 0, 0 otherwise.

Heckman attempted to learn something about the behavior of the mle for the probit 
model with T = 8. He used values of b = -1.0, -0.1, and 1.0 and st = 0.5, 1.0, and 
3.0. the mean values of the maximum likelihood estimates of b for the nine cases are 
as follows:

 b = -1.0 b = -0.1 b = 1.0
st = 0.5 -0.96 -0.10 0.93
st = 1.0 -0.95 -0.09 0.91
st = 3.0 -0.96 -0.10 0.90.

11See neyman and Scott (1948), lancaster (2000).
12See cameron and trivedi (1988).
13See, for example, Katz (2001).
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the findings here disagree with the received wisdom. Where there appears to be a bias 
(i.e., excluding the center column), it seems to be quite small, and toward, not away 
from, zero.

the Heckman study used a very small sample and, moreover, analyzed the fixed 
effects estimator in a random effects model. (Note: ti is independent of zit.) Greene 
(2004a), using the same parameter values, number of replications, and sample design, 
found persistent biases away from zero on the order of 15 to 20%. numerous authors 
have extended the logit result for T = 2 with larger values of T, and likewise persistently 
found biases away from zero that diminish with increases in T. Greene (2004a) redid the 
experiment for the logit model and then replicated it for the probit and ordered probit 
models. the experiment is designed as follows: all models are based on the same index 
function

 wit = ai + bxit + ddit, where b = d = 1,

 xit ∼ n[0, 1], dit = 1[xit + hit 7 0],  where hit ∼ n[0, 1],

 ai = 2T xi + vi, vi ∼ n[0, 1].

the regressors dit and xit are constructed to be correlated. the random term hit is used 
to produce independent variation in dit. there is, however, no within group correlation 
in xit or dit built into the data generator. (other experiments suggested that the marginal 
distribution of xit mattered little to the outcome of the experiment.) the correlations 
between the variables are approximately 0.7 between xit and dit, 0.4 between ai and xit, 
and 0.2 between ai and dit. the individual effect is produced from independent variation, 
vi as well as the group mean of xit. the latter is scaled by 1T  to maintain the unit 
variances of the two parts—without the scaling, the covariance between ai and xit falls 
to zero as T increases and xi converges to its mean of zero. thus, the data generator for 
the index function satisfies the assumptions of the fixed effects model. the sample used 
for the results below contains n = 1,000 individuals. the data-generating processes for 
the discrete dependent variables are as follows:

probit:   yit = 1[wit + eit 7 0], eit ∼ n[0, 1],

ordered probit:  yit = 1[wit + eit 7 0] + 1[wit + eit 7 3], eit ∼ N[0, 1],

logit:   yit = 1[wit + vit 7 0], vit = log[uit/(1 - uit)], uit ∼ u[0, 1].

(the three discrete dependent variables are described in chapters 17 and 18.)
table 15.5 reports the results of computing the mle with 200 replications. models 

were fit with T = 2, 3, 5, 8, 10, and 20. (Note: this includes Heckman’s experiment.) each 
model specification and group size (T) is fit 200 times with random draws for eit or uit. the 
data on the regressors were drawn at the beginning of each experiment (that is, for each 
T) and held constant for the replications. the table contains the average estimate of the 
coefficient and, for the binary choice models, the partial effects. the coefficients for  
the probit and logit models with T = 2 correspond to the received result, a 100% bias. the 
remaining values show, as intuition would suggest, that the bias decreases with increasing 
T. the benchmark case of T = 8 appears to be less benign than Heckman’s results 
suggested. one encouraging finding for the model builder is that the biases in the estimated 
marginal effects appears to be somewhat less than for the coefficients. Greene (2004b) 
extends this analysis to some other models, including the tobit and truncated regression 
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models discussed in chapter 19. the results there suggest that the conventional wisdom 
for the tobit model may not be correct—the incidental parameters (iP) problem seems to 
appear in the estimator of s2 in the tobit model, not in the estimators of the slopes.14  this 
is consistent with the linear regression model, but not with the binary choice models.

15.6   SIMULATION-BASED ESTIMATION

Sections 15.3 through 15.5 developed a set of tools for inference about model parameters 
using simulation methods. this section will describe methods for using simulation as part 
of the estimation process. the modeling framework arises when integrals that cannot 
be computed directly appear in the estimation criterion function (sum of squares, log 
likelihood, and so on). to begin the development, in Section 15.6.1, we will construct a 
nonlinear model with random effects. Section 15.6.2 will describe how simulation is used 
to evaluate integrals for maximum likelihood estimation. Section 15.6.3 will develop an 
application, the random effects regression model.

14research on the incidental parameters problem in discrete choice models, such as fernandez-Val (2009), focuses 
on the slopes in the models. However, in all cases examined, the incidental parameters problem shows up as a 
proportional bias, which would seem to relate to an implicit scaling. the iP problem in the linear regression affects 
only the estimator of the disturbance variance.

Logit Probit Ord. Probit

Periods Coefficient Partial Effecta Coefficient Partial Effecta Coefficient

T = 2
b 2.020 1.676 2.083 1.474 2.328
d 2.027 1.660 1.938 1.388 2.605

T = 3
b 1.698 1.523 1.821 1.392 1.592
d 1.668 1.477 1.777 1.354 1.806

T = 5
b 1.379 1.319 1.589 1.406 1.305
d 1.323 1.254 1.407 1.231 1.415

T = 8
b 1.217 1.191 1.328 1.241 1.166
d 1.156 1.128 1.243 1.152 1.220

T = 10
b 1.161 1.140 1.247 1.190 1.131
d 1.135 1.111 1.169 1.110 1.158

T = 20
b 1.069 1.034 1.108 1.088 1.058
d 1.062 1.052 1.068 1.047 1.068

aaverage ratio of estimated partial effect to true partial effect.

TABLE 15.5  Means of Empirical Sampling Distributions, N = 1,000 Individuals Based on 
200 Replications
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15.6.1  RANDOM EFFECTS IN A NONLINEAR MODEL

in example 11.20, we considered a nonlinear regression model for the number of doctor 
visits in the German Socioeconomic Panel. the basic form of the nonlinear regression 
model is

E[yit � xit] = exp(xit
=B), t = 1, c, Ti, i = 1, c, n.

in order to accommodate unobserved heterogeneity in the panel data, we extended the 
model to include a random effect,

 E[yit � xit, ui] = exp(xit
=B + ui), (15-9)

where ui is an unobserved random effect with zero mean and constant variance, possibly 
normally distributed—we will turn to that shortly. We will now go a step further and 
specify a particular probability distribution for yit. Because doctor visits is a count, the 
Poisson regression model would be a natural choice,

 p(yit � xit, ui) =
exp(-mit)mit

yit

yit!
, mit = exp(xit

=B + ui). (15-10)

conditioned on xit and ui, the Ti observations for individual i are independent. that is, 
by conditioning on ui, we treat them as data, the same as xit. thus, the Ti observations 
are independent when they are conditioned on xit and ui. the joint density for the Ti 
observations for individual i is the product,

p(yi1, yi2, c, yi,Ti
� Xi, ui) = q

Ti

t = 1

exp(-mit)mit
yit

yit!
, mit = exp(xit

=B + ui), t = 1, c, Ti. 

 (15-11)

in principle at this point, the log-likelihood function to be maximized would be

 ln L = a
n

i = 1
lnJqTi

t = 1

exp(-mit)mit
yit

yit!
R , mit = exp(xit

=B + ui). (15-12)

But it is not possible to maximize this log likelihood because the unobserved 
ui, i = 1, c, n, appears in it. the joint distribution of (yi1, yi2, c, yi, Ti, ui) is equal to 
the marginal distribution of ui times the conditional distribution of yi = (yi1, c, yi,Ti) 
given ui,

p(yi1, yi2, c, yi,Ti
, ui � Xi) = p(yi1, yi2, c, yi,Ti

� Xi, ui)f(ui),

where f(ui) is the marginal density for ui. now, we can obtain the marginal distribution 
of (yi1, yi2, c, yi,Ti) without ui by

p(yi1, yi2, c, yi,Ti
� Xi) = L

ui 

p(yi1, yi2, c, yi,Ti
� Xi, ui)f(ui)dui.

for the specific application, with the Poisson conditional distributions for yit � ui and a 
normal distribution for the random effect,

p(yi1, yi2, c, yi,Ti
� Xi) = L

∞

-∞
JqTi

t = 1

exp(-mit)mit
yit

yit!
R  

1
s

 f¢ui

s
≤dui, mit = exp(x=

itB + ui).
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the log-likelihood function will now be

 ln L = a
n

i = 1
lnb L

∞

-∞
JqTi

t = 1

exp(-mit)mit
yit

yit!
R 1
s

 f¢ui

s
≤dui r , mit = exp(xit

=B + ui). (15-13)

the optimization problem is now free of the unobserved ui, but that complication has 
been traded for another one, the integral that remains in the function.

to complete this part of the derivation, we will simplify the log-likelihood function 
slightly in a way that will make it fit more naturally into the derivations to follow. make 
the change of variable ui = swi, where wi has mean zero and standard deviation one. 
then, the Jacobian is dui = sdwi, and the limits of integration for wi are the same as for 
ui. making the substitution and multiplying by the Jacobian, the log-likelihood function 
becomes

 ln L = a
n

i = 1
lnb L

∞

-∞
JqTi

t = 1

exp(-mit)mit
yit

yit!
Rf(wi)dwi r , mit = exp(xit

=B + swi). (15-14)

the log likelihood is then maximized over (B, s). the purpose of the simplification is to 
parameterize the model so that the distribution of the variable that is being integrated 
out has no parameters of its own. thus, in (15-14), wi is normally distributed with mean 
zero and variance one.

in the next section, we will turn to how to compute the integrals. Section 14.14.4 
analyzes this model and suggests the Gauss–Hermite quadrature method for computing 
the integrals. in this section, we will derive a method based on simulation, Monte Carlo 
integration.15

15.6.2  MONTE CARLO INTEGRATION

integrals often appear in econometric estimators in open form, that is, in a form for 
which there is no specific closed form function that is equivalent to them. for example, 

the integral, L
t

0
u exp(-uw)dw = 1 - exp(-ut), is in closed form. the integral in  

(15-14) is in open form. there are various devices available for approximating open form 
integrals—Gauss–Hermite and Gauss–laguerre quadrature noted in Section 14.14.4 and 
in appendix e2.4 are two. the technique of monte carlo integration can often be used 
when the integral is in the form

h(y) = Lw
g(y � w)f(w)dw = Ew[g(y � w)],

where f(w) is the density of w and and w is a random variable that can be simulated.16

if w1, w2, c, wn are a random sample of observations on the random variable 
w and g(w) is a function of w with finite mean and variance, then by the law of large 
numbers [theorem d.4 and the corollary in (d-5)],

15the term Monte Carlo is in reference to the casino at monte carlo, where random number generation is a 
crucial element of the business.
16there are some necessary conditions on w and g(y � w) that will be met in the applications that interest us here. 
Some details appear in cameron and trivedi (2005) and train (2009).
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plim 
1
n

 a
n

i = 1
g(wi) = E[g(w)].

the function in (15-14) is in this form,

L
∞

-∞
JqTi

t = 1

exp[-exp(x=
itB + swi)][exp(x=

itB + swi)]yit]

yit!
Rf(wi)dwi

 = Ewi
[g(yi1, yi2, c, yiTi

� wi, Xi, B, s)],

where

g(yi1, yi2, c, yiTi
� wi, Xi, B, s) = q

Ti

t = 1

exp[-exp(xit
=B + swi)][exp(xit

=B + swi)]yit]

yit!

and wi is a random variable with standard normal distribution. it follows, then, that

plim 
1
R a

R

r = 1
q
Ti

t = 1

exp[-exp(xit
=B + swir)][exp(xit

=B + swir)]yit]

yit!

 = L
∞

-∞
JqTi

t = 1

exp[-exp(xit
=B + swi)][exp(xit

=B + swi)]yit]

yit!
Rf(wi)dwi. 

(5-15)

this suggests the strategy for computing the integral. We can use the methods developed in 
Section 15.2 to produce the necessary set of random draws on wi from the standard normal 
distribution and then compute the approximation to the integral according to (15-15).

Example 15.8  Fractional Moments of the Truncated Normal Distribution
The following function appeared in Greene’s (1990) study of the stochastic frontier model:

h(M, e) =
L

∞

0
zM 1s f3 z - ( -e - us2)

s 4dz

L
∞

0

1
s f3 z - ( -e - us2)

s 4dz
.

The integral only exists in closed form for integer values of M. However, the weighting function 
that appears in the integral is of the form

f(z � z 7 0) =
f(z)

Prob[z 7 0]
=

1
s f1 z - m

s 2

L
∞

0

1
s f1 z - m

s 2dz
.

This is a truncated normal distribution. It is the distribution of a normally distributed variable z 
with mean m and standard deviation s, conditioned on z being greater than zero. The integral 
is equal to the expected value of zM given that z is greater than zero when z is normally 
distributed with mean m = -e - us2 and variance s2.

The truncated normal distribution is examined in Section 19.2. The function h(M, e) is the 
expected value of zM when z is the truncation of a normal random variable with mean m and 
standard deviation s. To evaluate the integral by Monte Carlo integration, we would require 
a sample z1, c, zR from this distribution. We have the results we need in (15-4) with L = 0, 
so PL = Φ[0 - (-e - us2)/s] = Φ(e/s + us) and U = + ∞  so PU = 1. Then, a draw on z is 
obtained by

z = m + sΦ-1[PL + F(1 - PL)],
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where F is the primitive draw from U[0, 1]. Finally, the integral is approximated by the simple 
average of the draws,

h(M, e) ≈
1
R a

R

r = 1
z[e, u, s, Fr]M.

this is an application of monte carlo integration. in certain cases, an integral can be 
approximated by computing the sample average of a set of function values. the approach 
taken here was to interpret the integral as an expected value. our basic statistical result 
for the behavior of sample means implies that, with a large enough sample, we can 
approximate the integral as closely as we like. the general approach is widely applicable 
in Bayesian econometrics and classical statistics and econometrics as well.17

15.6.2a   Halton Sequences and Random Draws for Simulation-Based Integration

monte carlo integration is used to evaluate the expectation

E[g(x)] = Lx
g(x)f(x)dx,

where f(x) is the density of the random variable x and g(x) is a smooth function. the 
monte carlo approximation is

E[g(x)] ≈
1
R a

R

r = 1
g(xr).

convergence of the approximation to the expectation is based on the law of large 
numbers—a random sample of draws on g(x) will converge in probability to its expectation. 
the standard approach to simulation-based integration is to use random draws from the 
specified distribution. conventional simulation-based estimation uses a random number 
generator to produce the draws from a specified distribution. the central component of 
this approach is drawn from the standard continuous uniform distribution, U[0, 1]. draws 
from other distributions are obtained from these draws by using transformations. in 
particular, for a draw from the normal distribution, where ui is one draw from 
U[0, 1], vi = Φ-1(ui). Given that the initial draws satisfy the necessary assumptions, the 
central issue for purposes of specifying the simulation is the number of draws. Good 
performance in this connection requires large numbers of draws. results differ on the 
number needed in a given application, but the general finding is that when simulation is 
done in this fashion, the number is large (hundreds or thousands). a consequence of this 
is that for large-scale problems, the amount of computation time in simulation-based 
estimation can be extremely large. numerous methods have been devised for reducing 
the numbers of draws needed to obtain a satisfactory approximation. one such method 
is to introduce some autocorrelation into the draws—a small amount of negative 
correlation across the draws will reduce the variance of the simulation. Antithetic draws, 
whereby each draw in a sequence is included with its mirror image (wi and -wi for 
normally distributed draws, wi and 1 - wi for uniform, for example), is one such method.18

17See Geweke (1986, 1988, 1989, 2005) for discussion and applications. a number of other references are given in 
Poirier (1995, p. 654) and Koop (2003). See, as well, train (2009).
18See Geweke (1988) and train (2009, chapter 9).
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Procedures have been devised in the numerical analysis literature for taking 
intelligent draws from the uniform distribution, rather than random ones.19 an emerging 
literature has documented dramatic speed gains with no degradation in simulation 
performance through the use of a smaller number of Halton draws or other constructed, 
nonrandom sequences instead of a large number of random draws. these procedures 
appear to vastly reduce the number of draws needed for estimation (sometimes by a 
factor of 90% or more) and reduce the simulation error associated with a given number 
of draws. in one application of the method to be discussed here, Bhat (1999) found that 
100 Halton draws produced lower simulation error than 1,000 random numbers.

a Halton sequence is generated as follows: let r be a prime number. expand the 
sequence of integers g = 1, 2, c in terms of the base r as

g = a
I

i = 0
bir

i where, by construction, 0 … bi … r - 1 and rI … g 6 rI + 1.

the Halton sequence of values that corresponds to this series is

H(g) = a
I

i = 0
bir

-i - 1.

for example, using base 5, the integer 37 has b0 = 2, b1 = 2, and b2 = 1. then

H5(37) = 2 * 5-1 + 2 * 5-2 + 1 * 5-3 = 0.488.

the sequence of Halton values is efficiently spread over the unit interval. the 
sequence is not random as the sequence of pseudo-random numbers is; it is a well-
defined deterministic sequence. But randomness is not the key to obtaining accurate 
approximations to integrals. uniform coverage of the support of the random variable 
is the central requirement. the large numbers of random draws are required to obtain 
smooth and dense coverage of the unit interval. figures 15.3 and 15.4 show two sequences 

19See train (1999, 2009) and Bhat (1999) for extensive discussion and further references.

FigurE 15.3  Bivariate Distribution of Random Uniform Draws.

0.000
0.00

0.20

0.40

0.60

0.80

1.00
1,000 Uniform Draws (U1 and U2)U2

U1
0.250 0.500 0.750 1.000

M15_GREE1366_08_SE_C15.indd   665 2/24/17   10:16 PM



666 Part III  ✦   Estimation Methodology

of 1,000 Halton draws and two sequences of 1,000 pseudo-random draws. the Halton 
draws are based on r = 7 and r = 9. the clumping evident in the first figure is the 
feature (among others) that mandates large samples for simulations.

Example 15.9  Estimating the Lognormal Mean
We are interested in estimating the mean of a standard lognormally distributed variable. 
Formally, this result is

E[y] = L
∞

-∞
exp(x) 

122p
 expJ -

1
2

 x2 Rdx = 1.649.

To use simulation for the estimation, we will average n draws on y = exp(x) where x is drawn 
from the standard normal distribution. To examine the behavior of the Halton sequence 
as compared to that of a set of pseudo-random draws, we did the following experiment. 
Let xi, t = the sequence of values for a standard normally distributed variable. We draw 
t = 1, c, 10,000 draws. For i = 1, we used a random number generator. For i = 2, we 
used the sequence of the first 10,000 Halton draws using r = 7. The Halton draws were 
converted to standard normal using the inverse normal transformation. To finish preparation 
of the data, we transformed xi, t to yi, t = exp(xi, t). Then, for n = 100, 110, c, 10,000, we 
averaged the first n observations in the sample. Figure 15.5 plots the evolution of the 
sample means as a function of the sample size. The lower trace is the sequence of Halton-
based means. The greater stability of the Halton estimator is clearly evident in the figure.

15.6.2.b   Computing Multivariate Normal Probabilities Using the GHK Simulator

the computation of bivariate normal probabilities is typically done using quadrature and 
requires a large amount of computing effort. Quadrature methods have been developed 
for trivariate probabilities as well, but the amount of computing effort needed at this 
level is enormous. for integrals of level greater than three, satisfactory (in terms of speed 
and accuracy) direct approximations remain to be developed. our work thus far does 

FigurE 15.4  Bivariate Distribution of Halton (7) and Halton (9).
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suggest an alternative approach. Suppose that x has a K-variate normal distribution with 
mean vector 0 and covariance matrix �. (no generality is sacrificed by the assumption 
of a zero mean, because we could just subtract a nonzero mean from the random vector 
wherever it appears in any result.) We wish to compute the K-variate probability, 
Prob[a1 6 x1 6 b1, a2 6 x2 6 b2, c, aK 6 xK 6 bK]. the monte carlo integration 
technique is well suited for this problem. as a first approach, consider sampling R 
observations, xr, r = 1, c, R, from this multivariate normal distribution, using the 
method described in Section 15.2.4. now, define

dr = 1[a1 6 xr1 6 b1, a2 6 xr2 6 b2, c, aK 6 xrK 6 bK].

(that is, dr = 1 if the condition is true and 0 otherwise.) Based on our earlier results, it 
follows that

plim d = plim 
1
R a

R

r = 1
dr = Prob[a1 6 x1 6 b1, a2 6 x2 6 b2, c, aK 6 xK 6 bK].20

this method is valid in principle, but in practice it has proved to be unsatisfactory for 
several reasons. for large-order problems, it requires an enormous number of draws from 
the distribution to give reasonable accuracy. also, even with large numbers of draws, it 
appears to be problematic when the desired tail area is very small. nonetheless, the idea 
is sound, and recent research has built on this idea to produce some quite accurate and 
efficient simulation methods for this computation. a survey of the methods is given in 
mcfadden and ruud (1994).21

21a symposium on the topic of simulation methods appears in Review of Economic Statistics, Vol. 76, november 
1994. See, especially, mcfadden and ruud (1994), Stern (1994), Geweke, Keane, and runkle (1994), and Breslaw 
(1994). See, as well, Gourieroux and monfort (1996).

FigurE 15.5   Estimates of E[exp(x)] Based on Random Draws and Halton Sequences, by 
 Sample Size.

0

0.91

1.10

1.29

1.47

1.66

1.85

2000 4000 6000

Number of Draws

Estimators of E[exp(x)]
M

ea
ns

 B
as

ed
 o

n 
R

an
do

m
 a

nd
 H

al
to

n 
D

ra
w

s

8000 10000

PseudoRandom Draws

Halton Draws

20 this method was suggested by lerman and manski (1981).
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among the simulation methods examined in the survey, the GHK smooth recursive 
simulator appears to be the most accurate.22 the method is surprisingly simple. the 
general approach uses

Prob[a1 6 x1 6 b1, a2 6 x2 6 b2, c, aK 6 xK 6 bK] ≈
1
R

 a
R

r = 1
 q

K

k = 1
Qrk,

where Qrk are easily computed univariate probabilities. the probabilities Qrk are 
computed according to the following recursion: We first factor � using the Cholesky 
factorization � = CC=, where C is a lower triangular matrix (see Section a.6.11). the 
elements of C are lkm, where lkm = 0 if m 7 k. then we begin the recursion with

Qr1 = Φ(b1/l11) - Φ(a1/l11).

note that l11 = s11, so this is just the marginal probability, Prob[a1 6 x1 6 b1]. now, 
using (15-4), we generate a random observation er1 from the truncated standard normal 
distribution in the range

Ar1 to Br1 = a1/l11 to b1/l11.

(Note: the range is standardized because l11 = s11.) for steps k = 2, c, K, compute

 Ark = Jak - a
k - 1

m = 1
lkmermRn lkk,

 Brk = Jbk - a
k - 1

m = 1
lkmermRn lkk.

then,

Qrk = Φ(Brk) - Φ(Ark).

finally, in preparation for the next step in the recursion, we generate a random draw from 
the truncated standard normal distribution in the range Ark to Brk. this process is replicated 
R times, and the estimated probability is the sample average of the simulated probabilities.

the GHK simulator has been found to be impressively fast and accurate for fairly 
moderate numbers of replications. its main usage has been in computing functions and 
derivatives for maximum likelihood estimation of models that involve multivariate 
normal integrals. We will revisit this in the context of the method of simulated moments 
when we examine the probit model in chapter 17.

15.6.3  SIMULATION-BASED ESTIMATION OF RANDOM EFFECTS MODELS

in Section 15.6.2, (15-10), and (15-14), we developed a random effects specification for 
the Poisson regression model. for feasible estimation and inference, we replace the log-
likelihood function,

ln L = a
n

i = 1
lnb L

∞

-∞
JqTi

t = 1

exp[-exp(xit
=B + swi)][exp(xit

=B + swi)]yit

yit!
Rf(wi)dwi r ,

with the simulated log-likelihood function,

22See Geweke (1989), Hajivassiliou (1990), and Keane (1994). details on the properties of the simulator are given 
in Börsch-Supan and Hajivassiliou (1993).

M15_GREE1366_08_SE_C15.indd   668 2/24/17   10:16 PM



 CHaPtEr 15  ✦  Simulation-Based Estimation and Inference and random Parameter Models 669

 ln LS = a
n

i = 1
lnb 1

R
 a

R

r = 1
q
Ti

t = 1

exp[-exp(xit
=B + swir)][exp(xit

=B + swir)]yit

yit!
r . (15-16)

We now consider how to estimate the parameters via maximum simulated likelihood. in 
spite of its complexity, the simulated log likelihood will be treated in the same way that 
other log likelihoods were handled in chapter 14. that is, we treat ln LS as a function of 
the unknown parameters conditioned on the data, ln LS(B, s), and maximize the function 
using the methods described in appendix e, such as the dfP or BfGS gradient methods. 
What is needed here to complete the derivation are expressions for the derivatives of 
the function. We note that the function is a sum of n terms; asymptotic results will be 
obtained in n; each observation can be viewed as one Ti@variate observation.

in order to develop a general set of results, it will be convenient to write each single 
density in the simulated function as

Pitr(B, s) = f(yit � xit, wir, B, s) = Pitr(U) = Pitr.

for our specific application in (15-16),

Pitr =
exp[-exp(xit

=B + swir)][exp(xit
=B + swir)]yit]

yit!
.

the simulated log likelihod is, then,

 ln LS = a
n

i = 1
lnb 1

R a
R

r = 1
q
Ti

t = 1
Pitr(U) r . (15-17)

continuing this shorthand, then, we will also define

Pir = Pir(U) = q
Ti

t = 1
Pitr(U),

so that

ln LS = a
n

i = 1
lne 1

R a
R

r = 1
Pir(U) f .

and, finally,

Pi = Pi(U) =
1
R a

R

r = 1
Pir,

so that

 ln LS = a
n

i = 1
 ln Pi(U). (15-18)

With this general template, we will be able to accommodate richer specifications of the 
index function, now xit

=B + swi, and other models such as the linear regression, binary 
choice models, and so on, simply by changing the specification of Pitr.

the algorithm will use the usual procedure,

Un(k) = Un(k - 1) + update vector,

starting from an initial value, Un(0), and will exit when the update vector is sufficiently 
small. a natural initial value would be from a model with no random effects; that is, the 
pooled estimator for the linear or Poisson or other model with s = 0. thus, at entry to 
the iteration (update), we will compute
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ln LnS
(k - 1)

= a
n

i = 1
 lnb 1

R a
R

r = 1
q
Ti

t = 1

exp[-exp(xit
=Bn(k - 1) + sn (k - 1)wir)][exp(xit

=Bn(k - 1) + sn (k - 1)wir)]yit]

yit!
r .

to use a gradient method for the update, we will need the first derivatives of the function. 
computation of an asymptotic covariance matrix may require the Hessian, so we will 
obtain this as well.

Before proceeding, we note two important aspects of the computation. first, a 
question remains about the number of draws, R, required for the maximum simulated 
likelihood estimator to be consistent. the approximated function,

Enw[f(y � x, w)] =
1
R a

R

r = 1
f(y � x, wr),

is an unbiased estimator of Ew[f(y � x, w)]. However, what appears in the simulated log 
likelihood is ln Ew[f(y � x, w)], and the log of the estimator is a biased estimator of the 
log of its expectation. to maintain the asymptotic equivalence of the mSl estimator of 
U and the true mle (if w were observed), it is necessary for the estimators of these terms 
in the log likelihood to converge to their expectations faster than the expectation of ln 
L converges to its expectation. the requirement is that n1/2/R S 0.23 the estimator 
remains consistent if n1/2 and R increase at the same rate; however, the asymptotic 
covariance matrix of the mSl estimator will then be larger than that of the true mle. 
in practical terms, this suggests that the number of draws be on the order of n.5 + d for 
some positive d. [this does not state, however, what R should be for a given n; it only 
establishes the properties of the mSl estimator as n increases. for better or worse, 
researchers who have one sample of n observations often rely on the numerical stability 
of the estimator with respect to changes in R as their guide. Hajivassiliou (2000) gives 
some suggestions.] note, as well, that the use of Halton sequences or any other 
autocorrelated sequences for the simulation, which is becoming more prevalent, 
interrupts this result. the appropriate counterpart to the Gourieroux and monfort result 
for random sampling remains to be derived. one might suspect that the convergence 
result would persist, however. the usual standard is several hundred.

Second, it is essential that the same (pseudo- or Halton) draws be used every time 
the function or derivatives or any function involving these is computed for observation 
i. this can be achieved by creating the pool of draws for the entire sample before the 
optimization begins, and simply dipping into the same point in the pool each time a 
computation is required for observation i. alternatively, if computer memory is an issue 
and the draws are re-created for each individual each time, the same practical result can 
be achieved by setting a preassigned seed for individual i, seed(i) = s(i) for some simple 
monotonic function of i, and resetting the seed when draws for individual i are needed.

to obtain the derivatives, we begin with

 
0 ln LS

0U
= a

n

i = 1

(1/R)aR
r = 10¢ q Ti

t = 1Pitr(U)≤/0U

(1/R)aR
r = 1q Ti

t = 1Pitr(U)
. (15-19)

23See Gourieroux and monfort (1996).
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for the derivative term,

 0q
Ti

t = 1
Pitr(U)/0U = ¢ qTi

t = 1
Pitr(U)≤0¢ lnq

Ti

t = 1
Pitr(U)≤/0U

 = ¢ qTi

t = 1
Pitr(U)≤aTi

t = 1
0 ln Pitr(U)/0U

 = Pir(U)¢ aTi

t = 1
0 ln Pitr(U)/0U≤ = Pir(U)a

Ti

t = 1
gitr(U)

  = Pir(U)gir(U).  

(15-20)

now, insert the result of (15-20) in (15-19) to obtain

 
0 ln LS(U)

0U
= a

n

i = 1

a
R

r = 1
Pir(U)gir(U)

a
R

r = 1
Pir(U)

. (15-21)

define the weight Qir(U) = Pir(U)/Σr = 1
R Pir(U) so that 0 6 Qir(U) 6 1 and 

Σr = 1
R Qir(U) = 1. then,

 
0 ln LS(U)

0U
= a

n

i = 1
a
R

r = 1
Qir(U)gir(U) = a

n

i = 1
gi(U). (15-22)

to obtain the second derivatives, define Hitr(U) = 02 ln Pitr(U)/0U0U′ and let

Hir(U) = a
Ti

t = 1
Hitr(U)

and

Hi(U) = a
R

r = 1
Qir(U)Hir(U). (15-23)

then, working from (15-21), the second derivatives matrix breaks into three parts as 
follows:

02 ln Ls(U)

0U0U′
= a

n

i = 1
F aR

r = 1Pir(U)Hir(U)

aR
r = 1Pir(U)

+

a R
r = 1Pir(U)gir(U)gir(U)′

aR
r = 1Pir(U)

- J aR
r = 1Pir(U)gir(U)

aR
r = 1Pir(U)

R JaR
r = 1Pir(U)gir(U)

aR
r = 1Pir(U)

R ′

V .

We can now use (15-20) through (15-23) to combine these terms;

 
02 ln LS

0U0U= = a
n

i = 1
bHi(U) + a

R

r = 1
Qir(U)[gir(U) - gi(U)][gir(U) - gi(U)]= r . (15-24)

an estimator of the asymptotic covariance matrix for the mSle can be obtained by 
computing the negative inverse of this matrix.
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Example 15.10  Poisson Regression Model with Random Effects
For the Poisson regression model, U = (B=, s)= and

 Pitr(U) =
exp[-exp(xit

=B + swir)][exp(xit
=B + swir)]yit]

yit!
=

exp[-mitr(u)]mitr(u)yit

yit!

 gitr(U) = [yit - mitr(U)]¢ xit

wir
≤

 Hitr(U) = -mitr(U)¢ xit

wir
≤ ¢ xit

wir
≤′

.

 

(15-25)

Estimates of the random effects model parameters would be obtained by using these 
expressions in the preceding general template. We will apply these results in an application 
in Chapter 19 where the Poisson regression model is developed in greater detail.

Example 15.11   Maximum Simulated Likelihood Estimation of the 
Random Effects Linear Regression Model

The preceding method can also be used to estimate a linear regression model with random 
effects. We have already seen two ways to estimate this model, using two-step FGLS in 
Section 11.5.3 and by (closed form) maximum likelihood in Section 14.9.6.a. It might seem 
redundant to construct yet a third estimator for the model. However, this third approach 
will be the only feasible method when we generalize the model to have other random 
parameters in the next section. To use the simulation estimator, we define U = (B, su, se). 
We will require

Pitr(U) =
1

se22p
 expJ -

(yit - xit
=B - suwir)2

2se
2 R ,

gitr(U) = D ¢ (yit - xit
=B - suwir

se
2 ≤ ¢ xit

wir
≤

(yit - xit
=B - suwir)2

se
3 -

1
se

T = C (eitr/se
2)¢ xit

wir
≤

(1/se)[(eitr
2 /se

2) - 1]
S ,

 Hitr(U) = C - (1/se
2)¢ xit

wir
≤ ¢ xit

wir
≤′

- (2eitr/se
3)¢ xit

wir
≤

- (2eitr/se
3)(xit

=wir) - (3eitr
2 /se

4) + (1/se
2)
S .  

(15-26)

Note in the computation of the disturbance variance, se
2, we are using the sum of squared 

simulated residuals. However, the estimator of the variance of the heterogeneity, su, is not 
being computed as a mean square. It is essentially the regression coefficient on wir. One 
surprising implication is that the actual estimate of su can be negative. This is the same result 
that we have encountered in other situations. In no case is there a natural estimator of su

2 that 
is based on a sum of squares. However, in this context, there is yet another surprising aspect 
of this calculation. In the simulated log-likelihood function, if every wir for every individual 
were changed to -wir and su is changed to -su, then the exact same value of the function 
and all derivatives results. The implication is that the sign of su is not identified in this setting. 
With no loss of generality, it is normalized to positive (+ ) to be consistent with the underlying 
theory that it is a standard deviation.
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15.7   A RANDOM PARAMETERS LINEAR REGRESSION MODEL

We will slightly reinterpret the random effects model as

 yit = b0i + xit1
= B1 + eit,

  b0i = b0 + ui.  
(15-27)

this is equivalent to the random effects model, though in (15-27), we reinterpret it as a 
regression model with a randomly distributed constant term. in Section 11.10.1, we built 
a linear regression model that provided for parameter heterogeneity across individuals,

 yit = xit
=Bi + eit,

  Bi = B + ui,  
(15-28)

where ui has mean vector 0 and covariance matrix �. in that development, we took a 
fixed effects approach in that no restriction was placed on the covariance between ui 
and xit. consistent with these assumptions, we constructed an estimator that involved 
n regressions of yi on Xi to estimate B one unit at a time. each estimator is consistent 
in Ti. (this is precisely the approach taken in the fixed effects model, where there are 
n unit specific constants and a common B. the approach there is to estimate B first 
and then to regress yi - Xi, blSdV on di to estimate ai.) in the same way that assuming 
that ui is uncorrelated with xit in the fixed effects model provided a way to use fGlS 
to estimate the parameters of the random effects model, if we assume in (15-28) that ui 
is uncorrelated with Xi, we can extend the random effects model in Section 15.6.3 to a 
model in which some or all of the other coefficients in the regression model, not just the 
constant term, are randomly distributed. the theoretical proposition is that the model 
is now extended to allow individual heterogeneity in all coefficients.

to implement the extended model, we will begin with a simple formulation in which 
ui has a diagonal covariance matrix—this specification is quite common in the literature. 
the implication is that the random parameters are uncorrelated; bi,k has mean bk and 
variance gk

2. the model in (15-26) can modified to allow this case with a few minor 
changes in notation. Write

 Bi = B + �wi, (15-29)

where �  is a diagonal matrix with the standard deviations (g1, g2, c, gK) of 
(ui1, c, uiK) on the diagonal and wi is now a random vector with zero means and unit 
standard deviations. then, � = �� =. the parameter vector in the model is now

U = (b1, c, bK, g1, c, gK, se)′.

(in an application, some of the g’s might be fixed at zero to make the corresponding 
parameters nonrandom.) in order to extend the model, the disturbance in (15-26), 
eitr = (yit - xitB - suwir), becomes

 eitr = yit - xit
= (B + �wir). (15-30)

now, combine (15-17) and (15-29) with (15-30) to produce

 ln LS = a
n

i = 1
lnb 1

R a
R

r = 1
q
Ti

t = 1

1

se22p
 expJ (yit - xit

= (B + �wir))2

2se
2 R r . (15-31)
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in the derivatives in (15-26), the only change needed to accommodate this extended 
model is that the scalar wir becomes the vector (wir,1 xit1, wir,2 xit,2, c, wir,K xit,K). this is 
the element-by-element product of the regressors, xit, and the vector of random draws, 
wir, which is the Hadamard product, direct product, or Schur product of the two vectors, 
usually denoted xit ∘ wir.

although only a minor change in notation in the random effects template in (15-26), 
this formulation brings a substantial change in the formulation of the model. the integral 
in ln L is now a K dimensional integral. maximum simulated likelihood estimation 
proceeds as before, with potentially much more computation as each draw now requires 
a K-variate vector of pseudo-random draws.

the random parameters model can now be extended to one with a full covariance 
matrix, � as we did with the fixed effects case. We will now let � in (15-29) be the 
cholesky factorization of �, so � = �� =. (this was already the case for the simpler 
model with diagonal �.) the implementation in (15-26) will be a bit complicated. the 
derivatives with respect to B are unchanged. for the derivatives with respect to �, it 
is useful to assume for the moment that � is a full matrix, not a lower triangular one. 
then, the scalar wir in the derivative expression becomes a K2 * 1 vector in which the 
(k - 1) * K + l th element is xit,k * wir,l. the full set of these is the Kronecker product 
of xit and wir, xit ⊗ wir. the necessary elements for maximization of the log-likelihood 
function are then obtained by discarding the elements for which �kl are known to be 
zero—these correspond to l 7 k.

in (15-26), for the full model, for computing the mSl estimators, the derivatives with 
respect to (B, �). are equated to zero. the result after some manipulation is

0 ln LS

0(B, �)
= a

n

i = 1

1
R a

R

r = 1
a
Ti

t = 1

(yit - x=
it(B + �wir))

se
2 J xit

xit ⊗ wir
R = 0.

By multiplying this by se
2, we find, as usual, that se

2 is not needed for computation 
of the estimates of (B, �). thus, we can view the solution as the counterpart to least 
squares, which might call, instead, the least simulated sum of squares estimator. once 
the simulated sum of squares is minimized with respect to B and �, then the solution 
for se

2 can be obtained via the likelihood equation,

0 ln LS

0se
2 = a

n

i = 1
e 1

R a
R

r = 1
J -Ti

2se
2 + a Ti

t = 1(yit - xit
= (B + �wi,r))2

2se
4 R r = 0.

multiply both sides of this equation by -2se
4 to obtain the equivalent condition

0 ln LS

0se
2 = a

n

i = 1
e 1

R a
R

r = 1
TiJ -se

2 + a Ti

t = 1(yit - xit
= (B + �wi,r))2

Ti
d r = 0.

By expanding this expression and manipulating it a bit, we find the solution for se
2 is

sn e
2 = a

n

i = 1
Fi

1
R a

R

r = 1
sn e, ir

2 , where sn e, ir
2 = a Ti

t = 1(yit - xit
= (B + �wi,r))2

Ti

and Fi = Ti/ΣiTi is a weight for each group that equals 1/n if Ti is the same for all i.
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Example 15.12  Random Parameters Wage Equation
Estimates of the random effects log wage equation from the Cornwell and Rupert study in 
Examples 11.7 and 15.6 are shown in Table 15.6. The table presents estimates based on 
several assumptions. The encompassing model is

ln Wageit = b1,i + b2,iWksi,t + g + b12,iFemi + b13,iBlki + eit, (15-32)

bk,i = bk + lkwik, wik ∼ N[0, 1], k = 1, c, 13. (15-33)

Variable Pooled OLS
Feasible Two-

Step GLS
Maximum 
Likelihood

Maximum  
Simulated 

Likelihooda

Random Parameters  
Max. Simulated 

Likelihooda

B L

Wks 0.00422 0.00096 0.00084 0.00086 -0.00029 0.00614
(0.00108) (0.00059) (0.00060) (0.00047) (0.00082) (0.00042)

South -0.05564 -0.00825 0.00577 0.00935 0.04941 0.20997
(0.01253) (0.02246) (0.03159) (0.00508) (0.02002) (0.01702)

SMSA 0.15167 -0.02840 -0.04748 -0.04913 -0.05486 0.01165
(0.01207) (0.01616) (0.01896) (0.00507) (0.01747) (0.02738)

MS 0.04845 -0.07090 -0.04138 -0.04142 -0.06358 0.02524
(0.02057) (0.01793) (0.01899) (0.00824) (0.01896) (0.03190)

Exp 0.04010 0.08748 0.10721 0.10668 0.09291 0.01803
(0.00216) (0.00225) (0.00248) (0.00096) (0.00216) (0.00092)

Exp2 -0.00067 -0.00076 -0.00051 -0.00050 -0.00019 0.00008

(0.00005) (0.00005) (0.00005) (0.00002) (0.00007 (0.00002)
Occ -0.14001 -0.04322 -0.02512 -0.02437 -0.00963 0.02565

(0.01466) (0.01299) (0.01378) (0.00593) (0.01331) (0.01019)
Ind 0.04679 0.00378 0.01380 0.01610 0.00207 0.02575

(0.01179) (0.01373) (0.01529) (0.00490) (0.01357) (0.02420)
Union 0.09263 0.05835 0.03873 0.03724 0.05749 0.15260

(0.01280) (0.01350) (0.01481) (0.00509) (0.01469) (0.02022)
Ed 0.05670 0.10707 0.13562 0.13952 0.09356 0.00409

(0.00261) (0.00511) (0.01267) (0.01170) (0.00359) (0.00160)
Fem -0.36779 -0.30938 -0.17562 -0.11694 -0.03864 0.28310

(0.02510) (0.04554) (0.11310) (0.01060) (0.02467) (0.00760)
Blk -0.16694 -0.21950 -0.26121 -0.15184 -0.26864 0.02930

(0.02204) (0.05252) (0.13747) (0.00979) (0.03156) (0.03841)
Constant 5.25112 4.04144 3.12622 3.08362 3.81680 0.26347

(0.07129) (0.08330) (0.17761) (0.03276) (0.06905) (0.01628)
su 0.00000 0.31453 0.83932 0.80926
se 0.34936 0.15206 0.15334 0.15326 0.14354

lm = 3497.02 (0.00208)
Ln L -1523.254 307.873 309.173 365.313

a Based on 500 Halton draws.

TABLE 15.6 Estimated Wage Equations (Standard errors in parentheses)
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Under the assumption of homogeneity, that is, lk = 0, the pooled OLS estimator is consistent 
and efficient. As we saw in Chapter 11, under the random effects assumption, that is lk = 0 for 
k = 2, c, 13 but l1 ≠ 0, the OLS estimator is consistent, as are the next three estimators 
that explicitly account for the heterogeneity. To consider the full specification, write the model 
in the equivalent form

 ln Wageit = xit
=B + ¢l1wi,1 + a

13

k = 2
lkwi,kxit,k≤ + eit

 = xit
=B + Wit + eit.

This is sti l l  a regression: E[Wit + eit � X] = 0. (For the product terms, 
E[lkwi,kxit,k � X] = lkxit,kE[wi,k � xitk] = 0.) Therefore, even OLS remains consistent. The 
heterogeneity induces heteroscedasticity in Wit so the OLS estimator is inefficient and the 
conventional covariance matrix will be inappropriate. The random effects estimators of B 
in the center three columns of Table 15.6 are also consistent, by a similar logic. However, 
they likewise are inefficient. The result at work, which is specific to the linear regression 
model, is that we are estimating the mean parameters, bk, and the variance parameters, lk 
and se, separately. Certainly, if lk is nonzero for k = 2, c, 13, then the pooled and RE 
estimators that assume they are zero are all inconsistent. With B estimated consistently in 
an otherwise misspecified model, we would call the MLE and MSLE pseudo-maximum 
likelihood estimators.See Section 14.8.

Comparing the ML and MSL estimators of the random effects model, we find the estimates 
are similar, though in a few cases, noticeably different nonetheless. The estimates tend to 
differ most when the estimates themselves have large standard errors (small t ratios). This is 
partly due to the different methods of estimation in a finite sample of 595 observations. We 
could attribute at least some of the difference to the approximation error in the simulation 
compared to the exact evaluation of the (closed form) integral in the MLE. The full random 
parameters model is shown in the last two columns. Based on the likelihood ratio statistic of 
2(365.312 - 309.173) = 112.28 with 12 degrees of freedom, we would reject the hypothesis 
that l2 = l3 = g = l13 = 0. The 95% critical value with 12 degrees of freedom is 21.03. 
This random parameters formulation of the model suggests a need to reconsider the notion of 
statistical significance of the estimated parameters. In view of (15-33), it may be the case that 
the mean parameter might well be significantly different from zero while the corresponding 
standard deviation, l, might be large as well, suggesting that a large proportion of the population 
remains statistically close to zero. Consider the estimate of b3,i, the coefficient on Southit. The 
estimate of the mean, b3, is 0.04941, with an estimated standard error of 0.02002. This implies 
a confidence interval for this parameter of 0.04941 { 1.96(0.02002) = [0.01017,0.08865]. 
But this is only the location of the center of the distribution. With an estimate of lk of 0.20997, 
the random parameters model suggests that in the population, 95% of individuals have an 
effect of South within 0.04941 { 1.96(0.20997) = [-0.36213,0.46095]. This is still centered 
near zero but has a different interpretation from the simple confidence interval for b itself. 
Most of the population is less than two standard deviations from zero. This analysis suggests 
that it might be an interesting exercise to estimate bi rather than just the parameters of the 
distribution. We will consider that estimation problem in Section 15.10.

the next example examines a random parameters model in which the covariance 
matrix of the random parameters is allowed to be a free, positive definite matrix. that is,

 yit = xit
=Bi + eit

  Bi = B + ui, E[ui � X] = 0, Var[ui � X] = �. (15-34)
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this is the random effects counterpart to the fixed effects model in Section 11.10.1. note 
that the difference in the specifications is the random effects assumption, E[ui � X] = 0. 
We continue to use the cholesky decomposition of � in the reparameterized model

Bi = B + �wi, E[wi � X] = 0, Var[wi � X] = I.

Example 15.13   Least Simulated Sum of Squares Estimates of a 
Production Function Model

In Example 11.22, we examined Munnell’s production model for gross state product,

 ln gspit = b1 + b2 ln pcit + b3 ln hwyit + b4 ln waterit
 + b5 ln utilit + b6 ln empit + b7 unempit + eit, i = 1, c, 48; t = 1, c, 17.

The panel consists of state-level data for 17 years. The model  in Example 11.19 (and 
Munnell’s) provides no means for parameter heterogeneity save for the constant term. We 
have reestimated the model using the Hildreth and Houck approach. The OLS, feasible 
GLS, and maximum likelihood estimates are given in Table 15.7. (The OLS and FGLS results 
are reproduced from Table 11.21.) The chi-squared statistic for testing the null hypothesis 
of parameter homogeneity is 25,556.26, with 7(47) = 329 degrees of freedom. The critical 
value from the table is 372.299, so the hypothesis would be rejected. Unlike the other 
cases we have examined in this chapter, the FGLS estimates are very different from OLS 
in these estimates. The FGLS estimates correspond to a fixed effects view, as they do not 
assume that the variation in the coefficients is unrelated to the exogenous variables. The 
underlying standard deviations are computed using g as the covariance matrix. [For these 

Least Squares Feasible GLS
Maximum Simulated 

Likelihood

Variable Estimate Standard Error Estimate Standard Error Estimate Standard Error

Constant 1.9260 0.05250 1.6533 1.08331 2.02319 0.03801
(0.53228)

ln pc 0.3120 0.01109 0.09409 0.05152 0.32049 0.00621
(0.15871)

ln hwy 0.05888 0.01541 0.1050 0.1736 0.01215 0.00909
(0.19212)

ln water 0.1186 0.01236 0.07672 0.06743 0.07612 0.00600
(0.17484)

ln util 0.00856 0.01235 -0.01489 0.09886 -0.04665 0.00850
(0.78196)

ln emp 0.5497 0.01554 0.9190 0.1044 0.67568 0.00984
(0.82133)

unemp -0.00727 0.001384 -0.004706 0.002067 -0.00791 0.00093
(0.02171)

se 0.08542 0.2129 0.02360
ln L 853.1372 1527.196

TABLE 15.7 Estimated Random Coefficients Models
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data, subtracting the second matrix rendered g not positive definite so, in the table, the 
standard deviations are based on the estimates using only the first term in (11-88).] The 
increase in the standard errors is striking. This suggests that there is considerable variation 
in the parameters across states. We have used (11-89) to compute the estimates of the 
state-specific coefficients.

The rightmost two columns of Table 15.7 present the maximum simulated likelihood 
estimates of the random parameters production function model. They somewhat resemble 
the OLS estimates, more so than the FGLS estimates, which are computed by an entirely 
different method. The values in parentheses under the parameter estimates are the estimates 
of the standard deviations of the distribution of ui, the square roots of the diagonal elements 
of Γ. These are obtained by computing the square roots of the diagonal elements of ��′. 
The estimate of � is shown here.

�n = G 0.53228 0 0 0 0 0 0
-0.12511 0.09766 0 0 0 0 0

0.17529 -0.07196 0.03169 0 0 0 0
0.03467 0.03306 0.15498 0.06522 0 0 0
0.16413 -0.03030 -0.08889 0.59745 0.46772 0 0
0.14750 -0.02049 0.05248 0.67429 0.44158 0.00167 0
0.00427 -0.00337 0.00181 0.01640 0.01277 0.00239 0.00083

W .

An estimate of the correlation matrix for the parameters might also be informative. This 
is also derived from �n  by computing �n = �n �n = and then transforming the covariances to 
correlations by dividing by the products of the respective standard deviations (the values in 
parentheses in Table 15.7). The result is

r = G 1
-0.7883 1

0.9124 -0.9497 1
0.1983 -0.0400 0.2563 1
0.2099 -0.1893 0.1873 0.2186 1
0.1796 -0.1569 0.1837 0.3938 0.9802 1
0.1966 -0.2504 0.2512 0.3654 0.9669 0.9812 1

W .

15.8   HIERARCHICAL LINEAR MODELS

example 11.23 examined an application of a two-level model, or hierarchical model, for 
mortgage rates,

RMit = b1i + b2,iJit + various terms relating to the mortgage + eit.

the second-level equation is

                      b2,i = a1 + a2Gfai + a3 one@year treasury rate + a4 ten@year treasury rate
+  a5 credit risk + a6 prepayment risk + g + ui.

recent research in many fields has extended the idea of hierarchical modeling to the 
full set of parameters in the model. (depending on the field studied, the reader may find 
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these labeled hierarchical models, mixed models, random parameters models, or random 
effects models. the last of these generalizes our notion of random effects.) a two-level 
formulation of the model in (15-34) might appear as

 yit = xit
=Bi + eit,

 Bi = B + �zi + ui.

(a three-level model is shown in example 15.14.) this model retains the earlier 
stochastic specification but adds the measurement equation to the generation of the 
random parameters. model of the previous section now becomes

yit = xit
= (B + �zi + �wi) + eit,

which is essentially the same as our earlier model in (15-28) to (15-31) with the addition 
of the product (interaction) terms of the form dklxitkzil, which suggests how it might be 
estimated (simply by adding the interaction terms to the previous formulation). in the 
template in (15-26), the term suwir becomes xit

= (�zi + �wi), U = (B′, D′, L′, se)′, where 
D′ is a row vector composed of the rows of �, and L= is a row vector composed of the 
rows of �. the scalar term wir in the derivatives is replaced by a column vector of terms 
contained in (xit ⊗ zi, xit ⊗ wir).

the hierarchical model can be extended in several useful directions. recent analyses 
have expanded the model to accommodate multilevel stratification in data sets such as 
those we considered in the treatment of nested random effects in Section 14.9.6.b. a 
three-level model would appear as in the next example that relates to home sales,

  yijt = xijt
= Bij + eit, t = site, j = neighborhood, i = community,

 Bij = Fi + �zij + uij

  Fi = P + ri + vi. 
(15-35)

Example 15.14  Hierarchical Linear Model of Home Prices
Beron, Murdoch, and Thayer (1999) used a hedonic pricing model to analyze the sale prices 
of 76,343 homes in four California counties: Los Angeles, San Bernardino, Riverside, and 
Orange. The data set is stratified into 2,185 census tracts and 131 school districts. Home 
prices are modeled using a three-level random parameters pricing model. (We will change 
their notation somewhat to make roles of the components of the model more obvious.) Let 
site denote the specific location (sale), nei denote the neighborhood, and com denote the 
community, the highest level of aggregation. The pricing equation is

 ln Pricesite, nei, com = pnei, com
0 + a

K

k = 1
pnei, com

k xk,site,nei,com + esite,nei,com,

  pnei, com
k = bcom

0,k + a
L

l = 1
bcom

l,k zk,nei, com + rnei,com
k , k = 0, c, K,

  bcom
l,k = g0,l.k + a

M

m = 1
gm,l,kem,com + ucom

l,k , l = 1, c, L.

There are K level-one variables, xk, and a constant in the main equation, L level-two variables, 
zl, and a constant in the second-level equations, and M level-three variables, em, and a 
constant in the third-level equations. The variables in the model are as follows. The level-one 
variables define the hedonic pricing model,
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x =   house size, number of bathrooms, lot size, presence of central heating, presence of 
air conditioning, presence of a pool, quality of the view, age of the house, distance to 
the nearest beach.

Levels two and three are measured at the neighborhood and community levels,

z =   percentage of the neighborhood below the poverty line, racial makeup of the 
neighborhood, percentage of residents over 65, average time to travel to work

and

e =   FBI crime index, average achievement test score in school district, air quality measure, 
visibility index.

The model is estimated by maximum simulated likelihood.

the hierarchical linear model analyzed in this section is also called a mixed model and 
random parameters model. although the three terms are usually used interchangeably, 
each highlights a different aspect of the structural model in (15-35). the hierarchical 
aspect of the model refers to the layering of coefficients that is built into stratified 
and panel data structures, such as in example 15.4. the random parameters feature is 
a signature feature of the model that relates to the modeling of heterogeneity across 
units in the sample. note that the model in (15-35) and Beron et al.’s application could 
be formulated without the random terms in the lower-level equations. this would then 
provide a convenient way to introduce interactions of variables in the linear regression 
model. the addition of the random component is motivated on precisely the same basis 
that ui appears in the familiar random effects model in Section 11.5 and (15-39). it is 
important to bear in mind, in all these structures, strict mean independence is maintained 
between ui and all other variables in the model. in most treatments, we go yet a step 
further and assume a particular distribution for ui, typically joint normal. finally, the 
mixed model aspect of the specification relates to the underlying integration that 
removes the heterogeneity, for example, in (15-13). the unconditional estimated model 
is a mixture of the underlying models, where the weights in the mixture are provided by 
the underlying density of the random component.

15.9   NONLINEAR RANDOM PARAMETER MODELS

most of the preceding applications have used the linear regression model to illustrate 
and demonstrate the procedures. However, the template used to build the model has 
no intrinsic features that limit it to the linear regression. the initial description of the 
model and the first example were applied to a nonlinear model, the Poisson regression. 
We will examine a random parameters binary choice model in the next section as well. 
this random parameters model has been used in a wide variety of settings. one of the 
most common is the multinomial choice models that we will discuss in chapter 18.

the simulation-based random parameters estimator/model is extremely flexible.24 
the simulation method, in addition to extending the reach of a wide variety of model 
classes, also allows great flexibility in terms of the model itself. for example, constraining 
a parameter to have only one sign is a perennial issue. use of a lognormal specification 
of the parameter, bi = exp(b + swi), provides one method of restricting a random 

24See train and mcfadden (2000) for discussion.
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parameter to be consistent with a theoretical restriction. researchers often find that the 
lognormal distribution produces unrealistically large values of the parameter. a model 
with parameters that vary in a restricted range that has found use is the random variable 
with symmetric about zero triangular distribution,

f(w) = 1[-a … w … 0](a + w)/a2 + 1[0 6 w … a](a - w)/a2.

a draw from this distribution with a = 1 can be computed as

w = 1[u … .5][(2u)1/2 - 1] + 1[u 7 .5][1 - (2(1 - u))1/2],

where u is the U[0, 1] draw. then, the parameter restricted to the range b { l is obtained 
as b + lw. a further refinement to restrict the sign of the random coefficient is to force 
l = b, so that bi ranges from 0 to 2l.25 there is a large variety of methods for simulation 
that allow the model to be extended beyond the linear model and beyond the simple 
normal distribution for the random parameters.

random parameters models have been implemented in several contemporary 
computer packages. the Proc miXed package of routines in SaS uses a kind of 
generalized least squares for linear, Poisson, and binary choice models. the Glamm 
program—rabe-Hesketh, Skrondal, and Pickles (2005)—written for Stata uses 
quadrature methods for several models including linear, Poisson, and binary choice. 
the rPm and rPl procedures in LIMDEP/NLOGIT use the methods described 
here for linear, binary choice, censored data, multinomial, ordered choice, and several 
others. finally, the MLWin package (www.bristol.ac.uk/cmm/software/mlwin/) is a large 
implementation of some of the models discussed here. MLWin uses mcmc methods 
with noninformative priors to carry out maximum simulated likelihood estimation.

15.10   INDIVIDUAL PARAMETER ESTIMATES

in our analysis of the various random parameters specifications, we have focused on 
estimation of the population parameters B, �, and � in the model,

Bi = B + �zi + �wi,

for example, in example 15.13, where we estimated a model of production. at a few 
points, it is noted that it might be useful to estimate the individual specific Bi. We did 
a similar exercise in analyzing the Hildreth/Houck/Swamy model in example 11.19 in 
Section 11.11.1. the model is

 yi = XiBi + Ei

 Bi = B + ui,

where no restriction is placed on the correlation between ui and Xi. in this fixed effects 
case, we obtained a feasible GlS estimator for the population mean, B,

Bn = a
n

i = 1
Wn ibi,

where

Wn i = b a
n

i = 1
[�n + sn e

2(Xi
=Xi)

-1]-1 r -1

[�n + sn e
2(Xi

=Xi)
-1]-1

25discussion of this sort of model construction is given in train and Sonnier (2003) and train (2009).
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and

bi = (Xi
=Xi)

-1Xi
=yi.

for each group, we then proposed an estimator of E[Bi � information in hand about
group i] as

est. E[Bi � yi, Xi] = bi + Qn i(Bn - bi),

where

 Qn i = {[si
2(Xi

=Xi)]-1 + �n-1}-1�n-1. (15-36)

the estimator of E[Bi � yi, Xi] is equal to the least squares estimator plus a proportion 
of the difference between Bn  and bi. (the matrix Qn i is between 0 and I. if there were a 
single column in Xi, then qn i would equal (1/gn)/{(1/gn) + [1/(si

2/xi
=xi)]}.)

We can obtain an analogous result for the mixed models we have examined in this 
chapter.26 from the initial model assumption, we have

f(yit � xit, Bi, U),

where

 Bi = B + �zi + �wi (15-37)

and U is any other parameters in the model, such as se in the linear regression model. 
for a panel, because we are conditioning on Bi, that is, on wi, the Ti observations are 
independent, and it follows that

 f(yi1, yi2, c, yiTi � Xi, Bi, U) = f(yi � Xi, Bi, U) = Πtf(yit � xit, Bi, U). (15-38)

this is the contribution of group i to the likelihood function (not its log) for the sample, 
given Bi; that is, note that the log of this term is what appears in the simulated log-
likelihood function in (15-31) for the normal linear model and in (15-16) for the Poisson 
model. the marginal density for Bi is induced by the density of wi in (15-37). for example, 
if wi is joint normally distributed, then f(Bi) = N[B + �zi, ��′]. as we noted earlier in 
Section 15.9, some other distribution might apply. Write this generically as the marginal 
density of Bi, f(Bi � zi, �), where � is the parameters of the underlying distribution of Bi, 
for example (B, �, �) in (15-37). then, the joint distribution of yi and Bi is

f(yi, Bi � Xi, zi, U, �) = f(yi � Xi, Bi, U)f(Bi � zi, �).

We will now use Bayes’ theorem to obtain f(Bi � yi, Xi, zi, U, �):

 f(Bi � yi, Xi, zi, U, �) =
f(yi � Xi, Bi, U)f(Bi � zi, �)

f(yi � Xi, zi, U, �)

  =
f(yi � Xi, Bi, U)f(Bi � zi, �)

1Bi
f(yi, Bi � Xi, zi, U, �)dBi

  =
f(yi � Xi, Bi, U)f(Bi � zi, �)

1Bi
f(yi � Xi, Bi, U)f(Bi � zi, �)dBi

.

26See revelt and train (2000) and train (2009).
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the denominator of this ratio is the integral of the term that appears in the log-likelihood 
conditional on Bi. We will return momentarily to computation of the integral. We now 
have the conditional distribution of Bi � yi, Xi, zi, U, �. the conditional expectation of 
Bi � yi, Xi, zi, U, � is

E[Bi � yi, Xi, zi, U, �] =
LBi

Bi f(yi � Xi, Bi, U)f(Bi � zi, �)

LBi

f(yi � Xi, Bi, U)f(Bi � zi, �)dBi

.

neither of these integrals will exist in closed form. However, using the methods already 
developed in this chapter, we can compute them by simulation. the simulation estimator 
will be

 est.E[Bi � yi, Xi, zi, U, �] =
(1/R)aR

r = 1B
n

irq Ti

t = 1f(yit � xit, Bnir, Un)

(1/R)aR
r = 1q Ti

t = 1f(yit � xit, Bnir, Un)

  = a
R

r = 1
Qn irB

n

ir, 
(15-39)

where Qn ir is defined in (15-20), (15-21), and

Bnir = Bn + �n zi + �n wir.

this can be computed after the estimation of the population parameters. (it may be 
more efficient to do this computation during the iterations because everything needed 
to do the calculation will be in place and available while the iterations are proceeding.) 
for example, for the random parameters linear model, we will use

 f(yit � xit, Bnir, Un) =
1

sne22p
 expJ -

(yit - xit
= (Bn + �n zi + �n wir))2

2sn e
2 R . (15-40)

We can also estimate the conditional variance of Bi by estimating first, one element at a 
time, E[bi,k

2 � yi, Xi, zi, U, �], then, again, one element at a time,

 est.Var[bi, k � yi, Xi, zi, U, �] =
{est.E[bi,k

2 � yi, Xi, zi, U, �]} -
{est.E[bi,k � yi, Xi, zi, U, �]}2.

 (15-41)

With the estimates of the conditional mean and conditional variance in hand, we can 
then compute the limits of an interval that resembles a confidence interval as the mean 
plus and minus two estimated standard deviations. this will construct an interval that 
contains at least 95% of the conditional distribution of Bi.

Some aspects worth noting about this computation are as follows:

●● the preceding suggested interval is a classical (sampling-theory-based) counterpart 
to the highest posterior density interval that would be computed for Bi for a 
hierarchical Bayesian estimator.

●● the conditional distribution from which Bi is drawn might not be symmetric or 
normal, so a symmetric interval of the mean plus and minus two standard deviations 
may pick up more or less than 95% of the actual distribution. this is likely to be a 
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small effect. in any event, in any population, whether symmetric or not, the mean 
plus and minus two standard deviations will typically encompass at least 95% of the 
mass of the distribution.

●● it has been suggested that this classical interval is too narrow because it does not 
account for the sampling variability of the parameter estimators used to construct it. 
But the suggested computation should be viewed as a point estimate of the interval, 
not an interval estimate as such. accounting for the sampling variability of the 
estimators might well suggest that the endpoints of the interval should be somewhat 
farther apart. the Bayesian interval that produces the same estimation would be 
narrower because the estimator is posterior to, that is, applies only to the sample data.

●● Perhaps surprisingly so, even if the analysis departs from normal marginal 
distributions Bi, the sample distribution of the n estimated conditional means is not 
necessarily normal. Kernel estimators based on the n estimators, for example, can 
have a variety of shapes.

●● a common misperception found in the Bayesian and classical literatures alike is that 
the preceding produces an estimator of Bi. in fact, it is an estimator of conditional 
mean of the distribution from which Bi is an observation. By construction, for 
example, every individual with the same (yi. Xi, zi) has the same prediction even 
though the wi and any other stochastic elements of the model, such as ei, will differ 
across individuals.

Example 15.15  Individual State Estimates of a Private Capital Coefficient
Example 15.13 presents feasible GLS and maximum simulated likelihood estimates of Munnell’s 
state production model. We have computed the estimates of E[b2i � yi, Xi] for the 48 states in the 
sample using (15-36) for the fixed effects estimates and (15-39) for the random effects estimates. 
Figure 15.6 examines the estimated coefficients for private capital. Figure 15.6 displays kernel 
density estimates for the population distributions based on the fixed and random effects 

FigurE 15.6  Kernel Density Estimates of Parameter Distributions.
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estimates computed using (15-36) and (15-39). The much narrower distribution corresponds 
to the random effects estimates. The substantial overall difference of the distributions is 
presumably due in large part to the difference between the fixed effects and random effects 
assumptions. One might suspect on this basis that the random effects assumption is restrictive.

Example 15.16  Mixed Linear Model for Wages
Koop and Tobias (2004) analyzed a panel of 17,919 observations in their study of the 
relationship between wages and education, ability, and family characteristics. (See the end 
of chapter applications in Chapters 3, 5, and 11 and Appendix Table F3.2 for details on the 
location of the data.) The variables used in the analysis are:

Mean Reported mean

Person id (time invariant)
Education (time varying) 12.68 12.68
Log of hourly wage (time varying)  2.297 2.30
Potential experience (time varying)  8.363 8.36
Time trend (time varying)
Ability (time invariant) 0.0524 0.239
Mother’s education (time invariant) 11.47 12.56
Father’s education (time invariant) 11.71 13.17
Broken home dummy (time invariant) 0.153 0.157
number of siblings (time invariant) 3.156 2.83

This is an unbalanced panel of 2,178 individuals. The means in the list are computed from 
the sample data. The authors report the second set of means based on a subsample of 
14,170 observations whose parents have at least 9 years of education. Figure 15.7 shows a 
frequency count of the numbers of observations in the sample.
We will estimate the following hierarchical wage model:

FigurE 15.7  Group Sizes for Wage Data Panel.
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 ln Wageit = b1,i + b2,i Educationit + b3 Experienceit + b4 Experienceit
2

+b5 Broken Homei + b6 Siblingsi + eit,

 b1,i = a1,1 + a1,2 Abilityi + a1,3 Mother′s educationi + a1,4 Father′s educationi + u1,i,

 b2,i = exp(a2,1 + a2,2 Abilityi + a2,3 Mother′s educationi + a2,4 Father′s educationi + u2,i).

We anticipate that the education effect will be nonnegative for everyone in the population, so 
we have built that effect into the model by using a lognormal specification for this coefficient. 
Estimates are computed using the maximum simulated likelihood method described in 
Sections 15.6.3 and 15.7. Estimates of the model parameters appear in Table 15.8. The four 
models in Table 15.8 are the pooled OLS estimates, the random effects model, and the 
random parameters models, first assuming that the random parameters are uncorrelated 
(Γ21 = 0) and then allowing free correlation (Γ21 = nonzero). The differences between the 
conventional and the robust standard errors in the pooled model are fairly large, which 
suggests the presence of latent common effects. The formal estimates of the random effects 
model confirm this. There are only minor differences between the FGLS and the ML estimates 
of the random effects model. But the hypothesis of the pooled model is decisively rejected 
by the likelihood ratio test. The LM statistic [Section 11.5.5 and (11-42)] is 19,353.51, which 
is far larger than the critical value of 3.84. So, the hypothesis of the pooled model is firmly 
rejected. The likelihood ratio statistic based on the MLEs is 2(12300.51 - 8013.43) = 8,574.16, 
which produces the same conclusion. An alternative approach would be to test the hypothesis 
that su

2 = 0 using a Wald statistic—the standard t test. The software used for this exercise 
reparameterizes the log likelihood in terms of u1 = su

2/se
2 and u2 = 1/se

2. One approach, based 
on the delta method (see Section 4.4.4), would be to estimate su

2 with the MLE of u1/u2. The 

Variable Pooled OLS RE/FGLS RE/MLE RE/MSL Random Parameters

Exp 0.09089 0.10272 0.10289 0.10277 0.10531
(0.00431) (0.00260) (0.00261) (0.00165) (0.00165)

Exp2 -0.00305 -0.00363 -0.00364 -0.00364 -0.00375

(0.00025) (0.00014) (0.00014) (0.000093) (0.000093)
Broken Home -0.05603 -0.06328 -0.06360 -0.05675 -0.04816

(0.02178) (0.02171) (0.02252) (0.00667) (0.00665)
Siblings -0.00202 -0.00664 -0.00675 -0.00841 -0.00125

(0.00407) (0.00384) (0.00398) (0.00116) (0.00121)
Constant 0.69271 0.60995 0.61223 0.60346 *

(0.05876) (0.04665) (0.04781) (0.01744) *

Education 0.08869 0.08954 0.08929 0.08982 *

(0.00433) (0.00337) (0.00346) (0.00123) *

se 0.48079 0.328699 0.32913 0.32979 0.32949
su 0.00000 0.350882 0.036580 0.37922 *

LM 19353.51
ln L -12300.51446 -8013.43044 -8042.97734 -7983.57355

* Random Parameters

bn1.i = 0.83417 + 0.02870 Abilityi - 0.01355 Mother’s Edi + 0.00878 Father’s Edi + 0.30857u1,i

(.04952) (0.01304)    (0.00463)     (0.00372)
 bn2.i = exp[-2.78412 + 0.05680 Abilityi + 0.01960 Mother’s Edi - 0.00370 Father’s Edi + 0.10178 u2,i)
(.05582) (0.01505)    (0.00503)     (0.00388)

TABLE 15.8 Estimated Random Parameter Models
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asymptotic variance of this estimator would be estimated using Theorem 4.5. Alternatively, 
we might note that se

2 must be positive in this model, so it is sufficient simply to test the 
hypothesis that u1 = 0. Our MLE of u1 is 9.23137 and the estimated asymptotic standard error 
is 0.10427. Following this logic, then, the test statistic is 88.57. This is far larger than the critical 
value of 1.96, so, once again, the hypothesis is rejected. We do note a problem with the LR 
and Wald tests: The hypothesis that su

2 = 0 produces a nonstandard test under the null 
hypothesis because su

2 = 0 is on the boundary of the parameter space. Our standard theory 
for likelihood ratio testing (see Chapter 14) requires the restricted parameters to be in the 
interior of the parameter space, not on the edge. The distribution of the test statistic under 
the null hypothesis is not the familiar chi squared.27 The simple expedient in this complex 
situation is to use the LM statistic, which remains consistent with the earlier conclusion.

The fifth model in Table 15.8 presents the mixed model estimates. The mixed model 
allows Λ21 to be a free parameter. The implied estimators for su1, su2, and su,21 are the 

elements of �n �n ′, where �n = J 0.30857 0.00000
-0.06221 0.08056

R . Then, snu1 = 2Λn11
2 = 0.30857 and 

snu2 = 2Λn21
2 + Λn22

2 = 0.10178.
Note that for both random parameters models, the estimate of se is relatively unchanged. 

The models decompose the variation across groups in the parameters differently, but the 
overall variation of the dependent variable is largely the same.

The interesting coefficient in the model is b2,i. The coefficient on education in the model is 
b2,i = exp(a2,1 + a2,2 Ability + a2,3 Mother’s education + a2,4 Father’s education + u2,i). The 
raw coefficients are difficult to interpret. The expected value of b2i equals exp(A2

=zi + su2
2 /2). 

The sample means for the three variables are 0.052374, 11.4719, and 11.7092, respectively. 
With these values, and su2 = 0.10178, the population mean value for the education coefficient 
is approximately 0.0727, which is in line with expectations. This is comparable to, though 
somewhat smaller than, the estimates for the pooled and random effects model. Of course, 
variation in this parameter across the sample individuals was the objective of this specification. 
Figure 15.8 plots a kernel density estimate for the estimated conditional means for the 2,178 
sample individuals. The figure shows the range of variation in the sample estimates.

The authors of this study used Bayesian methods, but a very similar specification to ours 
to study heterogeneity in the returns to education. They proposed several specifications, 
including a latent class approach that we will consider momentarily. Their massively preferred 
specification28 is similar to the one we used in our random parameters specification,

 ln Wageit = u1,i + u2,i Educationit + G′zit + eit,

  u1,i = u1,0 + u1,i,

 u2,i = u2,0 + u2,i.

Among the preferred alternatives in their specification is a Heckman and Singer (1984) 
style (Section 14.15.7) latent class model with 10 classes. The specification would be

ln(Wageit � class = j ) = u1, j + u2, j Educationit + g′zit + eit,

Prob(class = j) = pj, j = 1, c, 10.

27this issue is confronted in Breusch and Pagan (1980) and Godfrey (1988) and analyzed at (great) length by 
andrews (1998, 1999, 2000, 2001, 2002) and andrews and Ploberger (1994, 1995).
28the model selection criterion used is the Bayesian information criterion, 2ln f(data � parameters) - K ln n, 
where the first term would be the posterior density for the data, K is the number of parameters in the model, 
and n is the sample size. for frequentist methods such as those we use here, the first term would be twice the 
log likelihood. the authors report a Bic of -16,528 for their preferred model. the log likelihood for the 5 class 
latent class model reported below is -8053.676. With 22 free parameters (8 common parameters in the regression 
+  5(u1 and u2) + 4 free class probabilities), the Bic for our model is -16,275.45.
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We fit this alternative model to explore the sensitivity of the returns coefficient to the 
specification. With 10 classes, the frequentist approach converged, but several of the classes 
were estimated to be extremely small—on the order of 0.1% of the population, and these 
segments produced nonsense values of u2 such as -5.0. Results for a finite mixture model 
with 5 classes are as follows (the other model coefficients are omitted):

Class uEd p

1 0.09447 0.32211
2 0.05354 0.03644
3 0.09988 0.09619
4 0.07155 0.33285
5 0.05677 0.21241

The weighted average of these results is 0.07789. The numerous estimates of the returns to 
education computed in this example are in line with other studies, in this paper, elsewhere 
in the book, and in other studies. What we have found here is that the estimated returns, for 
example, by OLS in Table 15.8, are a bit lower when the model accounts for heterogeneity 
in the population.

15.11   MIXED MODELS AND LATENT CLASS MODELS

Sections 15.7 through 15.10 examined different approaches to modeling parameter 
heterogeneity. the fixed effects approach begun in Section 11.4 is extended to include 
the full set of regression coefficients in Section 11.10.1 where

 yi = Xi Bi + Ei,

 Bi = B + ui,

FigurE 15.8  Kernel Density Estimate for Education Coefficient.
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and no restriction is placed on E[ui � Xi]. estimation produces a feasible GlS estimate 
of B. estimation of B begins with separate least squares estimation with each group, 
i—because of the correlation between ui and xit, the pooled estimator is not consistent. 
the efficient estimator of B is then a mixture of the bi’s. We also examined an estimator 
of Bi, using the optimal predictor from the conditional distributions, (15-39). the 
crucial assumption underlying the analysis is the possible correlation between Xi and 
ui. We also considered two modifications of this random coefficients model. first, a 
restriction of the model in which some coefficients are nonrandom provides a useful 
simplification. the familiar fixed effects model of Section 11.4 is such a case, in which 
only the constant term varies across individuals. Second, we considered a hierarchical 
form of the model

 Bi = B + �zi + ui. (15-42)

this approach is applied to an analysis of mortgage rates in example 11.23.
a second approach to random parameters modeling builds from the crucial 

assumption added to (15-42) that ui and Xi are uncorrelated. the general model is 
defined in terms of the conditional density of the random variable, f(yit � xit, Bi, U), 
and the marginal density of the random coefficients, f(Bi � zi, �), in which �  is the 
separate parameters of this distribution. this leads to the mixed models examined in 
this chapter. the random effects model that we examined in Section 11.5 and several 
other points is a special case in which only the constant term is random (like the fixed 
effects model). We also considered the specific case in which ui is distributed normally 
with variance su

2.
a third approach to modeling heterogeneity in parametric models is to use a discrete 

distribution, either as an approximation to an underlying continuous distribution, or as 
the model of the data-generating process in its own right. (See Section 14.15.) this model 
adds to the preceding a nonparametric specification of the variation in Bi,

Prob(Bi = Bj � zi) = pij, j = 1, c, J.

a somewhat richer, semiparametric form that mimics (15-42) is

Prob(Bi = Bj � zi) = pj(zi, �), j = 1, c, J.

We continue to assume that the process generating variation in Bi across individuals 
is independent of the process that produces Xi—that is, in a broad sense, we retain 
the random effects approach. in the last example of this chapter, we will examine a 
comparison of mixed and finite mixture models for a nonlinear model.

Example 15.17   Maximum Simulated Likelihood Estimation of a Binary 
Choice Model

Bertschek and Lechner (1998) analyzed the innovations of a sample of German manufacturing 
firms. They used a probit model (Sections 17.2–17.4) to study firm innovations. The model is 
for Prob(yit = 1 � xit, Bi) where

yit = 1 if firm i realized a product innovation in year t and 0 if not.

The independent variables in the model are

xit,1 = constant,
xit,2 = log of sales,
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xit,3 = relative size = ratio of employment in business unit to employment in the industry,
xit,4 = ratio of industry imports to (industry sales + imports),
xit,5 = ratio of industry foreign direct investment to (industry sales + imports),
xit,6 = productivity = ratio of industry value added to industry employment,
xit,7 = dummy variable indicating firm is in the raw materials sector,
xit,8 = dummy variable indicating the firm is in the investment goods sector.

The sample consists of 1,270 German firms observed for five years, 1984–1988. (See 
Appendix Table F15.1.) The density that enters the log likelihood is

f(yit � xit, Bi) = Prob[yit � xit
=Bi] = [(2yit - 1)xit

=Bi], yit = 0, 1,

where
Bi = B + vi, vi ∼ N[0, �].

To be consistent with Bertschek and Lechner (1998) we did not fit any firm-specific 
time-invariant components in the main equation for Bi. Table 15.9 presents the estimated 
coefficients for the basic probit model in the first column. These are the values reported in the 
1998 study. The estimates of the means, B, are shown in the second column. There appear 
to be large differences in the parameter estimates, although this can be misleading as there 
is large variation across the firms in the posterior estimates. The third column presents the 
square roots of the implied diagonal elements of � computed as the diagonal elements of 
CC′. These estimated standard deviations are for the underlying distribution of the parameter 
in the model—they are not estimates of the standard deviation of the sampling distribution 
of the estimator. That is shown for the mean parameter in the second column. The fourth 
column presents the sample means and standard deviations of the 1,270 estimated conditional 
estimates of the coefficients.

Probit RP Mean RP Std. Dev. Empirical Distn.

Constant -1.96031 -3.43237 0.44947 -3.42768
(0.37298) (0.28187) (0.02121) (0.15151)

ln Sales 0.17711 0.31054 0.09014 0.31113
(0.03580) (0.02757) (0.00242) (0.06206)

Relative Size 1.07274 4.36456 3.91986 4.37532
(0.26871) (0.27058) (0.23881) (1.03431)

Import 1.13384 1.69975 0.93927 1.70413
(0.24331) (0.18440) (0.07287) (0.20289)

FDI 2.85318 2.91042 0.93468 2.91600
(0.64233) (0.47161) (0.32610) (0.15182)

Productivity -2.34116 -4.05320 2.52542 -4.02747
(1.11575) (1.04683) (0.21665) (0.54492)

Raw materials -0.27858 -0.42055 0.34962 -0.41966
(0.12656) (0.10694) (0.06926) (0.05948)

Investment 0.18796 0.30491 0.04672 0.30477
(0.06287) (0.04756) (0.02812) (0.00812)

ln L -4114.05 -3524.66

TABLE 15.9 Estimated Random Parameters Model
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Class 1 Class 2 Class 3 Posterior

Constant -2.32073 -2.70546 -8.96773 -3.77582
(0.65898) (0.73335) (2.46099) (2.14253)

ln Sales 0.32265 0.23337 0.57148 0.34283
(0.06516) (0.06790) (0.19448) (0.08919)

Relative Size 4.37802 0.71974 1.41997 2.57719
(0.87099) (0.29163) (0.71765) (1.29454)

Import 0.93572 2.25770 3.12177 1.80964
(0.41140) (0.50726) (1.33320) (0.74348)

FDI 2.19747 2.80487 8.37073 3.63157
(1.58729) (1.02824) (2.09091) (1.98176)

Productivity -5.86238 -7.70385 -0.91043 -5.48219
(1.53051) (4.10134) (1.46314) (1.78348)

Raw Materials -0.10978 -0.59866 0.85608 -0.07825
(0.17459) (0.37942) (0.40407) (0.36666)

Investment 0.13072 0.41353 0.46904 0.29184
(0.11851) (0.12388) (0.23876) (0.12462)

ln L = -3503.55
Class Prob (Prior) 0.46950 0.33073 0.19977

(0.03762) (0.03407) (0.02629)
Class Prob (Posterior) 0.46950 0.33073 0.19976

(0.39407) (0.28906) (0.32492)
Pred. Count 649 366 255

TABLE 15.10 Estimated Latent Class Model

The latent class formulation developed in Section 14.15 provides an alternative approach 
for modeling latent parameter heterogeneity.29 To illustrate the specification, we will reestimate 
the random parameters innovation model using a three-class latent class model. Estimates 
of the model parameters are presented in Table 15.10. The estimated conditional mean 
shown, which is comparable to the empirical means in the rightmost column in Table 15.9 for 
the random parameters model, are the sample average and standard deviation of the 1,270 
firm-specific posterior mean parameter vectors. They are computed using Bn i = � j = 1

3 Pn ij Bn j, 
where pnij is the conditional estimator of the class probabilities in (14-97). These estimates 
differ considerably from the probit model, but they are quite similar to the empirical means in 
Table 15.9. In each case, a confidence interval around the posterior mean contains the one-
class pooled probit estimator. Finally, the (identical) prior and average of the sample posterior 
class probabilities are shown at the bottom of the table. The much larger empirical standard 
deviations reflect that the posterior estimates are based on aggregating the sample data and 
involve, as well, complicated functions of all the model parameters. The estimated numbers 
of class members are computed by assigning to each firm the predicted class associated 
with the highest posterior class probability.

29See Greene (2001) for a survey. for two examples, nagin and land (1993) employed the model to study age 
transitions through stages of criminal careers and Wang et al. (1998) and Wedel et al. (1993) used the Poisson 
regression model to study counts of patents.
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15.12   SUMMARY AND CONCLUSIONS

this chapter has outlined several applications of simulation-assisted estimation and 
inference. the essential ingredient in any of these applications is a random number 
generator. We examined the most common method of generating what appear to be 
samples of random draws from a population—in fact, they are deterministic markov 
chains that only appear to be random. random number generators are used directly 
to obtain draws from the standard uniform distribution. the inverse probability 
transformation is then used to transform these to draws from other distributions. We 
examined several major applications involving random sampling:

●● random sampling, in the form of bootstrapping, allows us to infer the characteristics 
of the sampling distribution of an estimator, in particular its asymptotic variance. We 
used this result to examine the sampling variance of the median in random sampling 
from a nonnormal population. Bootstrapping is also a useful, robust method of 
constructing confidence intervals for parameters.

●● monte carlo studies are used to examine the behavior of statistics when the precise 
sampling distribution of the statistic cannot be derived. We examined the behavior of a 
certain test statistic and of the maximum likelihood estimator in a fixed effects model.

●● many integrals that do not have closed forms can be transformed into expectations 
of random variables that can be sampled with a random number generator. this 
produces the technique of monte carlo integration. the technique of maximum 
simulated likelihood estimation allows the researcher to formulate likelihood 
functions (and other criteria such as moment equations) that involve expectations 
that can be integrated out of the function using monte carlo techniques. We used 
the method to fit random parameters models.
the techniques suggested here open up a vast range of applications of Bayesian 
statistics and econometrics in which the characteristics of a posterior distribution 
are deduced from random samples from the distribution, rather than brute force 
derivation of the analytic form. Bayesian methods based on this principle are 
discussed in chapter 16.

Key Terms and Concepts

•	antithetic draws
•	Block bootstrap
•	cholesky decomposition
•	cholesky factorization
•	direct product
•	discrete uniform 

distribution
•	fundamental probability 

transformation
•	Gauss–Hermite quadrature
•	GHK smooth recursive 

simulator
•	Hadamard product

•	Halton draws
•	Hierarchical linear model
•	incidental parameters 

problem
•	Kronecker product
•	markov chain
•	mersenne twister
•	mixed model
•	monte carlo integration
•	nonparametric bootstrap
•	Paired bootstrap
•	Parametric bootstrap
•	Percentile method

•	Period
•	Power of a test
•	Pseudo maximum 

likelihood estimator
•	Pseudo–random number 

generator
•	Schur product
•	Seed
•	Simulation
•	Size of a test
•	Shuffling
•	Specificity
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Exercises

1. the exponential distribution has density f(x) = u exp(-ux). How would you obtain 
a random sample of observations from an exponential population?

2. the Weibull population has survival function S(x) = lp exp(-(lx)p). How would 
you obtain a random sample of observations from a Weibull population? (the 
survival function equals one minus the cdf.)

3. derive the first-order conditions for nonlinear least squares estimation of the 
parameters in (15-2). How would you estimate the asymptotic covariance matrix 
for your estimator of U = (B, s)?

Applications

1. does the Wald statistic reject the null hypothesis too often? construct a monte 
carlo study of the behavior of the Wald statistic for testing the hypothesis that g 
equals zero in the model of Section 15.5.1. recall that the Wald statistic is the square 
of the t ratio on the parameter in question. the procedure of the test is to reject the 
null hypothesis if the Wald statistic is greater than 3.84, the critical value from the 
chi-squared distribution with one degree of freedom. replicate the study in Section 
15.5.1 that is for all three assumptions about the underlying data.

2. a regression model that describes income as a function of experience is

ln Incomei = b1 + b2 Experiencei + b3 Experiencei
2 + ei.

3. the model implies that ln Income is largest when 0 ln Income/0 Experience equals 
zero. the value of Experience at which this occurs is where b4 + 2b5 Experience = 0, 
or Experience* = -b2/b3. describe how to use the delta method to obtain a 
confidence interval for Experience*. now, describe how to use bootstrapping for 
this computation. a model of this sort using the cornwell and rupert data appears 
in example 15.6. using your proposals here, carry out the computations for that 
model using the cornwell and rupert data.
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16

Bayesian estimation and inference

§
16.1 INTRODUCTION

the  preceding chapters  (and those that follow this one) are focused primarily on 
parametric specifications and classical estimation methods. these elements of the 
econometric method present a bit of a methodological dilemma for the researcher. they 
appear to straightjacket the analyst into a fixed and immutable specification of the 
model. But in any analysis, there is uncertainty as to the magnitudes, sometimes the signs 
and, at the extreme, even the meaning of parameters. it is rare that the presentation of 
a set of empirical results has not been preceded by at least some exploratory analysis. 
Proponents of the Bayesian methodology argue that the process of estimation is not one 
of deducing the values of fixed parameters, but rather, in accordance with the scientific 
method, one of continually updating and sharpening our subjective beliefs about the 
state of the world. of course, this adherence to a subjective approach to model building 
is not necessarily a virtue. if one holds that models and parameters represent objective 
truths that the analyst seeks to discover, then the subjectivity of Bayesian methods may 
be less than perfectly comfortable.

contemporary applications of Bayesian methods typically advance little of this 
theological debate. the modern practice of Bayesian econometrics is much more pragmatic. 
as we will see in several of the following examples, Bayesian methods have produced 
some remarkably efficient solutions to difficult estimation problems. researchers often 
choose the techniques on practical grounds, rather than in adherence to their philosophical 
basis; indeed, for some, the Bayesian estimator is merely an algorithm.1

Bayesian methods have have been employed by econometricians since well before 
Zellner’s classic (1971) presentation of the methodology to economists, but until fairly 
recently, were more or less at the margin of the field. With recent advances in technique 
(notably the Gibbs sampler) and the advance of computer software and hardware that 
has made simulation-based estimation routine, Bayesian methods that rely heavily on 
both have become widespread throughout the social sciences. there are libraries of 
work on Bayesian econometrics, a rapidly expanding applied literature.2 this chapter 
will introduce the vocabulary and techniques of Bayesian econometrics. section 16.2 

1for example, the Website of mLWin, a widely used program for random parameters modeling, www.bristol.ac.uk/
cmm/software/mlwin/features/mcmc.html, states that their use of diffuse priors for Bayesian models produces 
approximations to maximum likelihood estimators. train (2001) is an interesting application that compares Bayesian 
and classical estimators of a random parameters model.  another comparison appears in example 16.7 below.
2recent additions to the dozens of books on the subject include Gelman et al. (2004), Geweke (2005), Gill (2002), 
Koop (2003), Lancaster (2004), congdon (2005), and rossi et al. (2005). readers with a historical bent will find 
Zellner (1971) and Leamer (1978) worthwhile reading. there are also many methodological surveys. Poirier and 
tobias (2006) as well as Poirier (1988, 1995) sharply focus the nature of the methodological distinctions between 
the classical (frequentist) and Bayesian approaches.
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lays out the essential foundation for the method. the canonical application, the 
linear regression model, is developed in section 16.3. section 16.4 continues the 
methodological development. the fundamental tool of contemporary Bayesian 
econometrics, the Gibbs sampler, is presented in section 16.5. three applications and 
several more limited examples are presented in sections 16.6 through 16.8. section 16.6 
shows how to use the Gibbs sampler to estimate the parameters of a probit model 
without maximizing the likelihood function. this application also introduces the 
technique of data augmentation. Bayesian counterparts to the panel data random and 
fixed effects models are presented in section 16.7. a hierarchical Bayesian treatment 
of the random parameters model is presented in section 16.8 with a comparison to the 
classical treatment of the same model. some conclusions are drawn in section 16.9. the 
presentation here is nontechnical. a much more extensive entry-level presentation 
is given by Lancaster (2004). intermediate-level presentations appear in cameron 
and  trivedi (2005, chapter 13), and Koop (2003). a more challenging treatment 
is offered in Geweke (2005). the other sources listed in footnote 2 are oriented to 
applications.

16.2 BAYES’ THEOREM AND THE POSTERIOR DENSITY

the centerpiece of the Bayesian methodology is Bayes’ theorem: for events A and B, 
the conditional probability of event A given that B has occurred is

 P(A � B) =
P(B � A)P(A)

P(B)
. (16-1)

Paraphrased for our applications here, we would write

P(parameters � data) =
P(data � parameters)P(parameters)

P(data)
.

in this setting, the data are viewed as constants whose distributions do not involve the 
parameters of interest. for the purpose of the study, we treat the data as only a fixed set 
of additional information to be used in updating our beliefs about the parameters. note 
the similarity to (12-1). thus, we write

 
P(parameters � data) ∝ P(data � parameters)P(parameters)

          = Likelihood function * Prior density.
 (16-2)

the symbol ∝  means “is proportional to.” in the preceding equation, we have dropped 
the marginal density of the data, so what remains is not a proper density until it is scaled 
by what will be an inessential proportionality constant. the first term on the right is 
the joint distribution of the observed random variables y, given the parameters. as we 
shall analyze it here, this distribution is the normal distribution we have used in our 
previous analysis—see (12-1). the second term is the prior beliefs of the analyst. the 
left-hand side is the posterior density of the parameters, given the current body of data, 
or our revised beliefs about the distribution of the parameters after seeing the data. the 
posterior is a mixture of the prior information and the current information, that is, the 
data. once obtained, this posterior density is available to be the prior density function 
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when the next body of data or other usable information becomes available. the principle 
involved, which appears nowhere in the classical analysis, is one of continual accretion 
of knowledge about the parameters.

traditional Bayesian estimation is heavily parameterized. the prior density and the 
likelihood function are crucial elements of the analysis, and both must be fully specified 
for estimation to proceed. the Bayesian estimator is the mean of the posterior density 
of the parameters, a quantity that is usually obtained either by integration (when closed 
forms exist), approximation of integrals by numerical techniques, or by monte carlo 
methods, which are discussed in section 15.6.2.

Example 16.1  Bayesian Estimation of a Probability
Consider estimation of the probability that a production process will produce a defective 
product. In case 1, suppose the sampling design is to choose N = 25 items from the 
production line and count the number of defectives. If the probability that any item is defective 
is a constant u between zero and one, then the likelihood for the sample of data is

L(u � data) = uD(1 - u)25 - D,

where D is the number of defectives, say, 8. The maximum likelihood estimator of u will 
be p = D/25 = 0.32, and the asymptotic variance of the maximum likelihood estimator is 
estimated by p(1 - p)/25 = 0.008704.

Now, consider a Bayesian approach to the same analysis. The posterior density is obtained 
by the following reasoning:

 p(u � data) =
p(u, data)
p(data)

=
p(u, data)

Lu

p(u, data)du
=

p(data � u)p(u)
p(data)

 =
Likelihood(data � u) * p(u)

p(data)
,

where p(u) is the prior density assumed for u. [We have taken some license with the terminology, 
because the likelihood function is conventionally defined as L(u � data).] Inserting the results 
of the sample first drawn, we have the posterior density,

p(u � data) =
uD(1 - u)N - Dp(u)

Lu

uD(1 - u)N - Dp(u)du

.

What follows depends on the assumed prior for u. Suppose we begin with a noninformative 
prior that treats all allowable values of u as equally likely. This would imply a uniform 
distribution over (0,1). Thus, p(u) = 1, 0 … u … 1. The denominator with this assumption is 
a beta integral (see Section E2.3) with parameters a = D + 1 and b = N - D + 1, so the 
posterior density is

p(u � data) =
uD(1 - u)N - D¢ Γ(D + 1)Γ(N - D + 1)

Γ(D + 1 + N - D + 1)
≤ =

Γ(N + 2)uD(1 - u)N - D

Γ(D + 1)Γ(N - D + 1)
.

This is the density of a random variable with a beta distribution with parameters (a, b) =
(D + 1, N - D + 1). (See Section B.4.6.) The mean of this random variable is (D + 1)/
(N + 2) = 9/27 = 0.3333 (as opposed to 0.32, the MLE). The posterior variance is [(D + 1)/
(N - D + 1)]/[(N + 3)(N + 2)2] = 0.007936 compared to 0.00874 for the MLE.
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There is a loose end in this example. If the uniform prior were truly noninformative, that 
would mean that the only information we had was in the likelihood function. Why didn’t the 
Bayesian estimator and the MLE coincide? The reason is that the uniform prior over [0,1] is 
not really noninformative. It did introduce the information that u must fall in the unit interval. 
The prior mean is 0.5 and the prior variance is 1/12. The posterior mean is an average of 
the MLE and the prior mean. Another less than obvious aspect of this result is the smaller 
variance of the Bayesian estimator. The principle that lies behind this (aside from the fact that 
the prior did in fact introduce some certainty in the estimator) is that the Bayesian estimator 
is conditioned on the specific sample data. The theory behind the classical MLE implies that 
it averages over the entire population that generates the data. This will always introduce a 
greater degree of uncertainty in the classical estimator compared to its Bayesian counterpart.

16.3 BAYESIAN ANALYSIS OF THE CLASSICAL REGRESSION MODEL

the complexity of the algebra involved in Bayesian analysis is often extremely 
burdensome. for the linear regression model, however, many fairly straightforward 
results have been obtained. to provide some of the flavor of the techniques, we present 
the full derivation only for some simple cases. in the interest of brevity, and to avoid the 
burden of excessive algebra, we refer the reader to one of the several sources that 
present the full derivation of the more complex cases.3

the classical normal regression model we have analyzed thus far is constructed 
around the conditional multivariate normal distribution N[XB, s2I]. the interpretation is 
different here. in the sampling theory setting, this distribution embodies the information 
about the observed sample data given the assumed distribution and the fixed, albeit 
unknown, parameters of the model. in the Bayesian setting, this function summarizes 
the information that a particular realization of the data provides about the assumed 
distribution of the model parameters. to underscore that idea, we rename this joint 
density the likelihood for B and s2 given the data, so

 L(B, s2 � y, X) = [2ps2]-n/2e-[(1/(2s2))(y - XB)′(y - XB)]. (16-3)

for purposes of the following results, some reformulation is useful. Let d = n - K 
(the degrees of freedom parameter), and substitute

y − XB = y − Xb − X(B − b) = e − X(B − b)

in the exponent. expanding this produces

a -
1

2s2 b(y - XB)′(y - XB) = a -
1
2

 ds2b a 1
s2 b -

1
2

 (B - b)′a 1
s2 X′Xb(B - b).

after a bit of manipulation (note that n/2 = d/2 + K/2), the likelihood may be written

L(B, s2 � y, X) = [2p]-d/2[s2]-d/2e-(d/2)(s2/s2)[2p]-K/2[s2]-K/2e-(1/2)(B - b)′[s2(X′X)-1]-1(B - b).

this density embodies all that we have to learn about the parameters from the observed 
data. Because the data are taken to be constants in the joint density, we may multiply 

3these sources include Judge et al. (1982, 1985), maddala (1977a), mittelhammer et al. (2000), and the canonical 
reference for econometricians, Zellner (1971). a remarkable feature of the current literature is the degree to 
which the analytical components have become ever simpler while the applications have become progressively 
more complex. this will become evident in sections 16.5–16.7.
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this joint density by the (very carefully chosen), inessential (because it does not involve 
B or s2) constant function of the observations,

A =
ad

2
 s2b

(d/2) + 1

Γad
2

+ 1b
 [2p](d/2) � X′X � -1/2.

for convenience, let v = d/2. then, multiplying L(B, s2 � y, X) by A gives

 
L(B, s2 � y, X) ∝

[vs2]v + 1

Γ(v + 1)
 a 1
s2 b

v

e-vs2(1/s2)[2p]-K/2 �s2(X′X)-1 � -1/2

* e-(1/2)(B - b)′[s2(X′X)-1]-1(B - b).
 (16-4)

the likelihood function is proportional to the product of a gamma density for z = 1/s2 
with parameters l = vs2 and P = v + 1 [see (B-39); this is an inverted gamma 
distribution] and a K-variate normal density for B �s2 with mean vector b and covariance 
matrix s2(X′X)-1. the reason will be clear shortly.

16.3.1  ANALYSIS WITH A NONINFORMATIVE PRIOR

the departure point for the Bayesian analysis of the model is the specification of a 
prior distribution. this distribution gives the analyst’s prior beliefs about the parameters 
of the model. one of two approaches is generally taken. if no prior information is known 
about the parameters, then we can specify a noninformative prior that reflects that. We 
do this by specifying a flat prior for the parameter in question:4

g(parameter) ∝ constant.

there are different ways that one might characterize the lack of prior information. the 
implication of a flat prior is that within the range of valid values for the parameter, all 
intervals of equal length—hence, in principle, all values—are equally likely. the second 
possibility, an informative prior, is treated in the next section. the posterior density is 
the result of combining the likelihood function with the prior density. Because it pools 
the full set of information available to the analyst, once the data have been drawn, the 
posterior density would be interpreted the same way the prior density was before the 
data were obtained.

to begin, we analyze the case in which s2 is assumed to be known. this assumption 
is obviously unrealistic, and we do so only to establish a point of departure. Using Bayes’ 
theorem, we construct the posterior density,

f(B � y, X, s2) =
L(B �s2, y, X)g(B �s2)

f(y)
∝ L(B �s2, y, X)g(B �s2),

assuming that the distribution of X does not depend on B or s2. Because g(B �s2) ∝  a 
constant, this density is the one in (16-4). for now, write

 f(B �s2, y, X) ∝ h(s2)[2p]-K/2 �s2(X′X)-1 � -1/2 e-(1/2)(B - b)′[s2(X′X)-1]-1(B - b), (16-5)

4that this improper density might not integrate to one is only a minor difficulty. any constant of integration would 
ultimately drop out of the final result. see Zellner (1971, pp. 41–53) for a discussion of noninformative priors.
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where

 h(s2) =
[vs2]v + 1

Γ(v + 1)
 J 1
s2 R v

e-vs2(1/s2). (16-6)

for the present, we treat h(s2) simply as a constant that involves s2, not as a probability 
density; (16-5) is conditional on s2. thus, the posterior density f(B �s2, y, X) is 
proportional to a multivariate normal distribution with mean b and covariance matrix 
s2(X′X)-1.

this result is familiar, but it is interpreted differently in this setting. first, we 
have combined our prior information about B (in this case, no information) and 
the sample information to obtain a posterior distribution. thus, on the basis of the 
sample data in hand, we obtain a distribution for B with mean b and covariance matrix 
s2(X′X)-1. the result is dominated by the sample information, as it should be if there 
is no prior information. in the absence of any prior information, the mean of the 
posterior distribution, which is a type of Bayesian point estimate, is the sampling theory 
estimator, b.

to generalize the preceding to an unknown s2, we specify a noninformative prior 
distribution for ln s over the entire real line.5 By the change of variable formula, if 
g(ln s) is constant, then g(s2) is proportional to 1/s2.6 assuming that B and s2 are 
independent, we now have the noninformative joint prior distribution,

g(B, s2) = gB(B)gs2(s2) ∝
1
s2.

We can obtain the joint posterior distribution for B and s2 by using

 f(B, s2 � y, X) = L(B �s2, y, X)gs2(s2) ∝ L(B �s2, y, X) *
1
s2. (16-7)

for the same reason as before, we multiply gs2(s2) by a well-chosen constant, this time 
vs2Γ(v + 1)/Γ(v + 2) = vs2/(v + 1). multiplying (16-5) by this constant times gs2(s2) 
and inserting h(s2) gives the joint posterior for B and s2, given y and X,

f(B, s2 � y, X) ∝
[vs2]v + 2

Γ(v + 2)
 J 1
s2 R v + 1

 e-vs2(1/s2)[2p]-K/2 �s2(X′X)-1 � -1/2

* e-(1/2)(B - b)′[s2(X′X)-1]-1(B - b).

to obtain the marginal posterior distribution for B, it is now necessary to integrate s2 
out of the joint distribution (and vice versa to obtain the marginal distribution for s2). 
By collecting the terms, f(B, s2 � y, X) can be written as

f(B, s2 � y, X) ∝ A * a 1
s2 b

P - 1

e-l(1/s2),

5see Zellner (1971) for justification of this prior distribution.
6many treatments of this model use s rather than s2 as the parameter of interest. the end results are identical. We 
have chosen this parameterization because it makes manipulation of the likelihood function with a gamma prior 
distribution especially convenient. see Zellner (1971, pp. 44–45) for discussion.
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where

A =
[vs2]v + 2

Γ(v + 2)
 [2p]-K/2 � (X′X)-1 � -1/2,

P = v + 2 + K/2 = (n - K)/2 + 2 + K/2 = (n + 4)/2,
and

l = vs2 + 1
2 (B - b)′X′X(B - b).

the marginal posterior distribution for B is

L
∞

0
f(B, s2 � y, X)ds2 ∝ AL

∞

0
a 1
s2 b

P - 1

e-l(1/s2)ds2.

to do the integration, we have to make a change of variable; d(1/s2) = -(1/s2)2ds2, 
so ds2 = -(1/s2)-2 d(1/s2). making the substitution—the sign of the integral changes 
twice, once for the Jacobian and back again because the integral from s2 = 0 to ∞  is 
the negative of the integral from (1/s2) = 0 to ∞—we obtain

L
∞

0
f(B, s2 � y, X)ds2 ∝ AL

∞

0
a 1
s2 b

P - 3

e-l(1/s2)da 1
s2 b

= A *
Γ(P - 2)

lP - 2 .

reinserting the expressions for A, P, and l produces

 f(B � y, X) ∝

[vs2]v + 2Γ(v + K/2)

Γ(v + 2)
 [2p]-K/2 � X′X � -1/2

3vs2 + 1
2 (B - b)′X′X(B - b)4v + K/2

. (16-8)

this density is proportional to a multivariate t distribution7 and is a generalization of 
the familiar univariate distribution we have used at various points. this distribution has 
a degrees of freedom parameter, d = n - K, mean b, and covariance matrix 
(d/(d - 2)) * [s2(X′X)-1]. each element of the K-element vector B has a marginal 
distribution that is the univariate t distribution with degrees of freedom n - K, mean 
bk, and variance equal to the kth diagonal element of the covariance matrix given 
earlier. once again, this is the same as our sampling theory result. the difference is a 
matter of interpretation. in the current context, the estimated distribution is for B and 
is centered at b.

16.3.2  ESTIMATION WITH AN INFORMATIVE PRIOR DENSITY

once we leave the simple case of noninformative priors, matters become quite 
complicated, both at a practical level and, methodologically, in terms of just where the 
prior comes from. the integration of s2 out of the posterior in (16-7) is complicated by 
itself. it is made much more so if the prior distributions of B and s2 are at all involved. 
Partly to offset these difficulties, researchers have used conjugate priors, which are ones 

7see, for example, Judge et al. (1985) for details. the expression appears in Zellner (1971, p. 67). note that the 
exponent in the denominator is v + K/2 = n/2.
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that have the same form as the conditional density and are therefore amenable to the 
integration needed to obtain the marginal distributions.8

Example 16.2  Estimation with a Conjugate Prior
We continue Example 16.1, but we now assume a conjugate prior. For likelihood functions 
involving proportions, the beta prior is a common device, for reasons that will emerge shortly. 
The beta prior is

p(u) =
Γ(a + b)ua - 1(1 - u)b - 1

Γ(a)Γ(b)
.

Then the posterior density becomes

uD(1 - u)N - D 
Γ(a + b)ua - 1(1 - u)b - 1

Γ(a)Γ(b)

L
1

0
uD(1 - u)N - D 

Γ(a + b)ua - 1(1 - u)b - 1

Γ(a)Γ(b)
 du

=
uD + a - 1(1 - u)N - D + b - 1

L
1

0
uD + a - 1(1 - u)N - D + b - 1du

.

The posterior density is, once again, a beta distribution, with parameters (D + a, N - D + b). 
The posterior mean is

E[u � data] =
D + a

N + a + b
.

(Our previous choice of the uniform density was equivalent to a = b = 1.) Suppose we choose a 
prior that conforms to a prior mean of 0.5, but with less mass near zero and one than in the center, 
such as a = b = 2. Then the posterior mean would be (8 + 2)/(25 + 3) = 0.33571. (This is 
yet larger than the previous estimator. The reason is that the prior variance is now smaller than 
1/12, so the prior mean, still 0.5, receives yet greater weight than it did in the previous example.)

suppose that we assume that the prior beliefs about B may be summarized in a 
K-variate normal distribution with mean B0 and variance matrix �0. once again, it is 
illuminating to begin with the case in which s2 is assumed to be known. Proceeding in 
exactly the same fashion as before, we would obtain the following result: the posterior 
density of B conditioned on s2 and the data will be normal with

 E[B �s2, y, X] = 5�0
-1 + [s2(X′X)-1]-16-15�0

-1B0 + [s2(X′X)-1]-1b6
 = FB0 + (I - F)b,  (16-9)

where

 F = 5�0
-1 + [s2(X′X)-1]-16-1�0

-1

 = 5[prior variance]-1 + [conditional variance]-16-1[prior variance]-1. 
(16-10)

this vector is a matrix weighted average of the prior and the least squares (sample) 
coefficient estimates, where the weights are the inverses of the prior and the conditional 

8our choice of noninformative prior for ln s led to a convenient prior for s2 in our derivation of the posterior 
for B. the idea that the prior can be specified arbitrarily in whatever form is mathematically convenient is very 
troubling; it is supposed to represent the accumulated prior belief about the parameter. on the other hand, it 
could be argued that the conjugate prior is the posterior of a previous analysis, which could justify its form. the 
issue of how priors should be specified is one of the focal points of the methodological debate. non-Bayesians 
argue that it is disingenuous to claim the methodological high ground and then base the crucial prior density 
in a model purely on the basis of mathematical convenience. in a small sample, this assumed prior is going to 
dominate the results, whereas in a large one, the sampling theory estimates will dominate anyway.
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covariance matrices.9 the smaller the variance of the estimator, the larger its weight, 
which makes sense. also, still taking s2 as known, we can write the variance of the 
posterior normal distribution as

 Var[B � y, X, s2] = 5�0
-1 + [s2(X′X)-1]-16-1. (16-11)

notice that the posterior variance combines the prior and conditional variances on the 
basis of their inverses.10 We may interpret the noninformative prior as having infinite 
elements in �0. this assumption would reduce this case to the earlier one.

once again, it is necessary to account for the unknown s2. if our prior over s2 is 
to be informative as well, then the resulting distribution can be extremely cumbersome. 
a conjugate prior for B and s2 that can be used is

 g(B, s2) = gB�s2(B �s2)gs2(s2), (16-12)

where gB�s2(B �s2) is normal, with mean B0 and variance s2A and

 gs2(s2) =
[ms0

2]m + 1

Γ(m + 1)
 a 1
s2 b

m

e-ms0
2(1/s2). (16-13)

this distribution is an inverted gamma distribution. it implies that 1/s2 has a gamma 
distribution. the prior mean for s2 is s0

2 and the prior variance is s0
4/(m - 1).11 the 

product in (16-12) produces what is called a normal-gamma prior, which is the natural 
conjugate prior for this form of the model. By integrating out s2, we would obtain the 
prior marginal for B alone, which would be a multivariate t distribution.12 combining 
(16-12) with (16-13) produces the joint posterior distribution for B and s2. finally, the 
marginal posterior distribution for B is obtained by integrating out s2. it has been shown 
that this posterior distribution is multivariate t with

 E[B � y, X] = 5[s2A]-1 + [s2(X′X)-1]-16-15[s2A]-1B0 + [s2(X′X)-1]-1b6 (16-14)

and

 Var[B � y, X] = a j

j - 2
b5[s2A]-1 + [s2(X′X)-1]-16-1, (16-15)

where j is a degrees of freedom parameter and s2 is the Bayesian estimate of s2. the 
prior degrees of freedom m is a parameter of the prior distribution for s2 that would 
have been determined at the outset. (see the following example.) once again, it is clear 
that as the amount of data increases, the posterior density, and the estimates thereof, 
converge to the sampling theory results.

9note that it will not follow that individual elements of the posterior mean vector lie between those of B0 and b. 
see Judge et al. (1985, pp. 109–110) and chamberlain and Leamer (1976).
10Precisely this estimator was proposed by theil and Goldberger (1961) as a way of combining a previously 
obtained estimate of a parameter and a current body of new data. they called their result a “mixed estimator.” 
the term “mixed estimation” takes an entirely different meaning in the current literature, as we saw in chapter 15.
11you can show this result by using gamma integrals. note that the density is a function of 1/s2 = 1/x 
in the formula of (B-39), so to obtain E[s2], we use the analog of E[1/x] = l/(P - 1) and 
E[(1/x)2] = l2/[(P - 1)(P - 2)]. in the density for (1/s2), the counterparts to l and P are ms0

2 and m + 1.
12full details of this (lengthy) derivation appear in Judge et al. (1985, pp. 106–110) and Zellner (1971).
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Example 16.3  Bayesian Estimate of the Marginal Propensity to Consume
In Example 3.2, an estimate of the marginal propensity to consume is obtained using 11 
observations from 1940 to 1950, with the results shown in the top row of Table 16.1. [Referring 
to Example 3.2, the variance is (6,848.975/9)/12,300.182.] A classical 95% confidence interval for 
b based on these estimates is (0.1221, 1.2475). (The very wide interval probably results from the 
obviously poor specification of the model.) Based on noninformative priors for b and s2, we would 
estimate the posterior density for b to be univariate t with nine degrees of freedom, with mean 
0.6848014 and variance (11/9)0.061878 = 0.075628. An HPD interval for b would coincide with 
the confidence interval. Using the fourth quarter (yearly) values of the 1950–2000 data used in 
Example 5.3, we obtain the new estimates that appear in the second row of the table.

We take the first estimate and its estimated distribution as our prior for b and obtain a 
posterior density for b based on an informative prior instead. We assume for this exercise 
that s may be taken as known at the sample value of 24.954. Then,

b = c 1
0.061878

+
1

0.000065865
d

-1

c 0.6848014
0.061878

+
0.92481

0.000065865
d = 0.92455,

The weighted average is overwhelmingly dominated by the far more precise sample 
estimate from the larger sample. The posterior variance is the inverse in brackets, which 
is 0.000065795. This is close to the variance of the latter estimate. An HPD interval can be 
formed in the familiar fashion. It will be slightly narrower than the confidence interval, because 
the variance of the posterior distribution is slightly smaller than the variance of the sampling 
estimator. This reduction is the value of the prior information. (As we see here, the prior is not 
particularly informative.)

16.4 BAYESIAN INFERENCE

the posterior density is the Bayesian counterpart to the likelihood function. it embodies 
the information that is available to make inference about the econometric model. as we 
have seen, the mean and variance of the posterior distribution correspond to the classical 
(sampling theory) point estimator and asymptotic variance, although they are interpreted 
differently. Before we examine more intricate applications of Bayesian inference, it is 
useful to formalize some other components of the method, point and interval estimation 
and the Bayesian equivalent of testing a hypothesis.13

16.4.1  POINT ESTIMATION

the posterior density function embodies the prior and the likelihood and therefore contains 
all the researcher’s information about the parameters. But for purposes of presenting 

13We do not include prediction in this list. the Bayesian approach would treat the prediction problem as one 
of estimation in the same fashion as parameter estimation. the value to be forecasted is among the unknown 
elements of the model that would be characterized by a prior and would enter the posterior density in a 
symmetric fashion along with the other parameters.

Years Estimated MPC Variance of b Degrees of Freedom Estimated S

1940–1950 0.6848014 0.061878 9 24.954
1950–2000 0.92481 0.000065865 49 92.244

TABLE 16.1 Estimates of the MPC
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results, the density is somewhat imprecise, and one normally prefers a point or interval 
estimate. the natural approach would be to use the mean of the posterior distribution as 
the estimator. for the noninformative prior, we use b, the sampling theory estimator.

one might ask at this point, why bother? these Bayesian point estimates are identical 
to the sampling theory estimates. all that has changed is our interpretation of the results. 
this situation is, however, exactly the way it should be. remember that we entered the 
analysis with noninformative priors for B and s2. therefore, the only information brought 
to bear on estimation is the sample data, and it would be peculiar if anything other than 
the sampling theory estimates emerged at the end. the results do change when our prior 
brings out of sample information into the estimates, as we shall see later.

the results will also change if we change our motivation for estimating B. the 
parameter estimates have been treated thus far as if they were an end in themselves. But 
in some settings, parameter estimates are obtained so as to enable the analyst to make 
a decision. consider then, a loss function, H(Bn , B), which quantifies the cost of basing 
a decision on an estimate Bn  when the parameter is B. the expected, or average, loss is

 EB[H(Bn , B)] = LB

H(Bn , B)f(B � y, X)dB, (16-16)

where the weighting function, f, is the marginal posterior density. (the joint density for B 
and s2 would be used if the loss were defined over both.) the Bayesian point estimate is 
the parameter vector that minimizes the expected loss. if the loss function is a quadratic 
form in (Bn - B), then the mean of the posterior distribution is the minimum expected 
loss (meLo) estimator. the proof is simple. for this case,

E[H(Bn , B) � y, X] = E31
2 (Bn - B)′W(Bn - B) � y, X4 .

to minimize this, we can use the result that

 0E[H(Bn , B) � y, X]/0Bn = E[0H(Bn , B)/0Bn � y, X]

 = E[-W(Bn - B) � y, X].

the minimum is found by equating this derivative to 0, whence, because -W is irrelevant, 
Bn = E[B � y, X]. this kind of loss function would state that errors in the positive and 
negative directions are equally bad, and large errors are much worse than small errors. 
if the loss function were a linear function instead, then the meLo estimator would be 
the median of the posterior distribution. these results are the same in the case of the 
noninformative prior that we have just examined.

16.4.2  INTERVAL ESTIMATION

the counterpart to a confidence interval in this setting is an interval of the posterior 
distribution that contains a specified probability. clearly, it is desirable to have this 
interval be as narrow as possible. for a unimodal density, this corresponds to an interval 
within which the density function is higher than any points outside it, which justifies the 
term highest posterior density (HPD) interval. for the case we have analyzed, which 
involves a symmetric distribution, we would form the HPd interval for B around the least 
squares estimate b, with terminal values taken from the standard t tables. section 4.8.3 
shows the (classical) derivation of an HPd interval for an asymmetric distribution, in 
that case for a prediction of y when the regression models ln y.
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16.4.3  HYPOTHESIS TESTING

the Bayesian methodology treats the classical approach to hypothesis testing with 
a large amount of skepticism. two issues are especially problematic. first, a close 
examination of only the work we have done in chapter 5 will show that because we 
are using consistent estimators, with a large enough sample, we will ultimately reject 
any (nested) hypothesis unless we adjust the significance level of the test downward as 
the sample size increases. second, the all-or-nothing approach of either rejecting or not 
rejecting a hypothesis provides no method of simply sharpening our beliefs. even the 
most committed of analysts might be reluctant to discard a strongly held prior based 
on a single sample of data, yet that is what the sampling methodology mandates. the 
Bayesian approach to hypothesis testing is much more appealing in this regard. indeed, 
the approach might be more appropriately called comparing hypotheses, because it 
essentially involves only making an assessment of which of two hypotheses has a higher 
probability of being correct.

the Bayesian approach to hypothesis testing bears large similarity to Bayesian 
estimation.14 We have formulated two hypotheses, a null, denoted H0, and an alternative, 
denoted H1. these need not be complementary, as in H0 : “statement A is true” versus 
H1 : “statement A is not true,” because the intent of the procedure is not to reject one 
hypothesis in favor of the other. for simplicity, however, we will confine our attention 
to hypotheses about the parameters in the regression model, which often are 
complementary. assume that before we begin our experimentation (i.e., data gathering, 
statistical analysis) we are able to assign prior probabilities P(H0) and P(H1) to the two 
hypotheses. the prior odds ratio is simply the ratio

 oddsprior =
P(H0)

P(H1)
. (16-17)

for example, one’s uncertainty about the sign of a parameter might be summarized in a 
prior odds over H0 : b Ú 0 versus H1 : b 6 0 of 0.5/0.5 = 1. after the sample evidence 
is gathered, the prior will be modified, so the posterior is, in general,

oddsposterior = B01 * oddsprior.

the value B01 is called the Bayes factor for comparing the two hypotheses. it summarizes 
the effect of the sample data on the prior odds. the end result, oddsposterior, is a new odds 
ratio that can be carried forward as the prior in a subsequent analysis.

the Bayes factor is computed by assessing the likelihoods of the data observed 
under the two hypotheses. We return to our first departure point, the likelihood of the 
data, given the parameters,

 f(y �B, s2, X) = [2ps2]-n/2e(-1/(2s2))(y - XB)′(y - XB). (16-18)

Based on our priors for the parameters, the expected, or average likelihood, assuming 
that hypothesis j is true (j = 0, 1), is

f(y � X, Hj) = EB,s2[f(y �B, s2, X, Hj)] = Ls2LB

f(y �B, s2, X, Hj)g(B, s2)dBds2.

14for extensive discussion, see Zellner and siow (1980) and Zellner (1985, pp. 275–305).
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(this conditional density is also the predictive density for y.) therefore, based on the 
observed data, we use Bayes’s theorem to reassess the probability of Hj; the posterior 
probability is

P(Hj � y, X) =
f(y � X, Hj)P(Hj)

f(y)
.

the posterior odds ratio is P(H0 � y, X)/P(H1 � y, X), so the Bayes factor is

B01 =
f(y � X, H0)

f(y � X, H1)
.

Example 16.4  Posterior Odds for the Classical Regression Model
Zellner (1971) analyzes the setting in which there are two possible explanations for the 
variation in a dependent variable y:

Model0: y = x0
=B0 + E0

and

Model1: y = x1
=B1 + E1.

We will briefly sketch his results. We form informative priors for [B, s2]j, j = 0, 1, as specified 
in (16-12) and (16-13), that is, multivariate normal and inverted gamma, respectively. Zellner 
then derives the Bayes factor for the posterior odds ratio. The derivation is lengthy and 
complicated, but for large n, with some simplifying assumptions, a useful formulation 
emerges. First, assume that the priors for s0

2 and s1
2 are the same. Second, assume that 

[ � A0
-1 � / � A0

-1 + X0
=X0 � ]/[ � A1

-1 � / � A1
-1 + X1

=X1 � ] S 1. The first of these would be the usual 
situation, in which the uncertainty concerns the covariation between yi and xi, not the amount 
of residual variation (lack of fit). The second concerns the relative amounts of information in 
the prior (A) versus the likelihood (X′X). These matrices are the inverses of the covariance 
matrices, or the precision matrices. [Note how these two matrices form the matrix weights 
in the computation of the posterior mean in (16-9).] Zellner (p. 310) discusses this assumption 
at some length. With these two assumptions, he shows that as n grows large,15

B01 ≈ a s0
2

s1
2 b

-(n + m)/2

= a1 - R0
2

1 - R1
2 b

-(n + m)/2

.

Therefore, the result favors the model that provides the better fit using R2 as the fit measure. 
If we stretch Zellner’s analysis a bit by interpreting model 1 as the model and model 0 as “no 
model” (that is, the relevant part of B0 = 0, so R0

2 = 0), then the ratio simplifies to

B01 = (1 - R1
2)(n + m)/2.

Thus, the better the fit of the regression, the lower the Bayes factor in favor of model 0 (no 
model), which makes intuitive sense.

Zellner and Siow (1980) have continued this analysis with noninformative priors for B and 
sj

2. Specifically, they use a flat prior for ln s [see (16-7)] and a multivariate Cauchy prior (which 
has infinite variances) for B. Their main result (3.10) is

15a ratio of exponentials that appears in Zellner’s result (his equation 10.50) is omitted. to the order of approximation 
in the result, this ratio vanishes from the final result. (Personal correspondence from a. Zellner to the author.)
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B01 =
1
2 2p

Γ[(k + 1)/2]
 an - K

2
b

k/2

(1 - R2)(n - K - 1)/2.

This result is very much like the previous one, with some slight differences due to degrees of 
freedom corrections and the several approximations used to reach the first one.

16.4.4  LARGE-SAMPLE RESULTS

although all statistical results for Bayesian estimators are necessarily “finite sample” 
(they are conditioned on the sample data), it remains of interest to consider how the 
estimators behave in large samples.16 do Bayesian estimators “converge” to something? 
to do this exercise, it is useful to envision having a sample that is the entire population. 
then, the posterior distribution would characterize this entire population, not a sample 
from it. it stands to reason in this case, at least intuitively, that the posterior distribution 
should coincide with the likelihood function. it will (as usual) save for the influence of 
the prior. But as the sample size grows, one should expect the likelihood function to 
overwhelm the prior. it will, unless the strength of the prior grows with the sample size 
(that is, for example, if the prior variance is of order 1/n). an informative prior will still 
fade in its influence on the posterior unless it becomes more informative as the sample 
size grows.

the preceding suggests that the posterior mean will converge to the maximum 
likelihood estimator. the mLe is the parameter vector that is at the mode of the likelihood 
function. the Bayesian estimator is the posterior mean, not the mode, so a remaining 
question concerns the relationship between these two features. the Bernstein–von Mises 
“theorem” [see cameron and trivedi (2005, p. 433) and train (2003, chapter 12)] states 
that the posterior mean and the maximum likelihood estimator will coverge to the same 
probability limit and have the same limiting normal distribution. a form of central limit 
theorem is at work.

But for remaining philosophical questions, the results suggest that for large samples, 
the choice between Bayesian and frequentist methods can be one of computational 
efficiency. (this is the thrust of the application in section 16.8. note, as well, footnote 1 
at the beginning of this chapter. in an infinite sample, the maintained uncertainty of the 
Bayesian estimation framework would have to arise from deeper questions about the 
model. for example, the mean of the entire population is its mean; there is no uncertainty 
about the parameter.)

16.5 POSTERIOR DISTRIBUTIONS AND THE GIBBS SAMPLER

the foregoing analysis has proceeded along a set of steps that includes formulating the 
likelihood function (the model), the prior density over the objects of estimation, and 
the posterior density. to complete the inference step, we then analytically derived the 
characteristics of the posterior density of interest, such as the mean or mode, and the 

16the standard preamble in econometric studies, that the analysis to follow is “exact” as opposed to approximate 
or “large sample,” refers to this aspect—the analysis is conditioned on and, by implication, applies only to the 
sample data in hand. any inference outside the sample, for example, to hypothesized random samples is, like the 
sampling theory counterpart, approximate.
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variance. the complicated element of any of this analysis is determining the moments 
of the posterior density, for example, the mean,

 un = E[u � data] = Lu

u p(u � data)du. (16-19)

there are relatively few applications for which integrals such as this can be derived in 
closed form. (this is one motivation for conjugate priors.) the modern approach to 
Bayesian inference takes a different strategy. the result in (16-19) is an expectation. 
suppose it were possible to obtain a random sample, as large as desired, from the 
population defined by p(u � data). then, using the same strategy we used throughout 
chapter 15 for simulation-based estimation, we could use that sample’s characteristics, 
such as mean, variance, quantiles, and so on, to infer the characteristics of the posterior 
distribution. indeed, with an (essentially) infinite sample, we would be freed from having 
to limit our attention to a few simple features such as the mean and variance and we 
could view any features of the posterior distribution that we like. the (much less) 
complicated part of the analysis is the formulation of the posterior density.

it remains to determine how the sample is to be drawn from the posterior density. 
this element of the strategy is provided by a remarkable (and remarkably useful) result 
known as the Gibbs sampler.17 the central result of the Gibbs sampler is as follows: We 
wish to draw a random sample from the joint population (x, y). the joint distribution of 
x and y is either unknown or intractable and it is not possible to sample from the joint 
distribution. However, assume that the conditional distributions f(x � y) and f(y � x) are 
known and simple enough that it is possible to draw univariate random samples from 
both of them. the following iteration will produce a bivariate random sample from the 
joint distribution:   

Gibbs sampler:

1. Begin the cycle with a value of x0 that is in the right range of x � y,
2. draw an observation y0 � x0, from the known population y � x,
3. draw an observation xt � yt - 1, from the known population x � y,
4. draw an observation yt � xt from the known population of y � x.

iteration of steps 3 and 4 for several thousand cycles will eventually produce a random 
sample from the joint distribution. (the first several thousand draws are discarded to 
avoid the influence of the initial conditions—this is called the burn in.) [some technical 
details on the procedure appear in cameron and trivedi (section 13.5).]

Example 16.5  Gibbs Sampling from the Normal Distribution
To illustrate the mechanical aspects of the Gibbs sampler, consider random sampling from 
the joint normal distribution. We consider the bivariate normal distribution first. Suppose we 
wished to draw a random sample from the population¢x1

x2
≤ ∼ NJ ¢0

0
≤,¢1 r

r 1
≤ R .

As we have seen in Chapter 15, a direct approach is to use the fact that linear functions 
of normally distributed variables are normally distributed. [See (B-80).] Thus, we might 

17see casella and George (1992).
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transform a series of independent normal draws (u1, u2)′ by the Cholesky decomposition of 
the covariance matrix, ¢x1

x2
≤

i
= J 1 0

u1 u2
R ¢u1

u2
≤

i
= Lui,

where u1 = r and u2 = 21 - r2. The Gibbs sampler would take advantage of the result

x1 � x2 ∼ N[rx2, (1 - r2)],

and
x2 � x1 ∼ N[rx1, (1 - r2)].

To sample from a trivariate, or multivariate population, we can expand the Gibbs sequence 
in the natural fashion. For example, to sample from a trivariate population, we would use the 
Gibbs sequence

x1 � x2, x3 ∼ N[b1,2x2 + b1,3x3, �1�2,3],

x2 � x1, x3 ∼ N[b2,1x1 + b2,3x3, �2�1,3],

x3 � x1, x2 ∼ N[b3,1x1 + b3,2x2, �3�1,2],

where the conditional means and variances are given in Theorem B.7. This defines a three-
step cycle.

the availability of the Gibbs sampler frees the researcher from the necessity of deriving 
the analytical properties of the full, joint posterior distribution. Because the formulation 
of conditional priors is straightforward, and the derivation of the conditional posteriors 
is only slightly less so, this tool has facilitated a vast range of applications that previously 
were intractable. for an example, consider, once again, the classical normal regression 
model. from (16-7), the joint posterior for (B, s2) is

p(B, s2 � y, X) ∝
[vs2]v + 2

Γ(v + 2)
 J 1
s2 R v + 1

 exp(-vs2/s2)[2p]-K/2 �s2(X′X)-1 � -1/2

* exp(-(1/2)(B - b)′[s2(X′X)-1]-1(B - b).

if we wished to use a simulation approach to characterizing the posterior distribution, 
we would need to draw a K + 1 variate sample of observations from this intractable 
distribution. However, with the assumed priors, we found the conditional posterior for 
B in (16-5):

p(B �s2, y, X) = N[b, s2(X′X)-1].

from (16-6), we can deduce that the conditional posterior for s2 �B, y, X is an inverted 
gamma distribution with parameters ms0

2 = vsn 2 and m = v in (16-13):

p(s2 �B, y, X) =
[vsn 2]v + 1

Γ(v + 1)
 J 1
s2 R v

 exp(-vsn 2/s2), sn 2 =
Σi = 1(yi - xi

=B)2

n - K
.

this sets up a Gibbs sampler for sampling from the joint posterior of B and s2. We 
would cycle between random draws from the multivariate normal for B and the inverted 
gamma distribution for s2 to obtain a K + 1 variate sample on (B, s2). [of course, for 
this application, we do know the marginal posterior distribution for B—see (16-8).]
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the Gibbs sampler is not truly a random sampler; it is a markov chain—each “draw” 
from the distribution is a function of the draw that precedes it. the random input at 
each cycle provides the randomness, which leads to the popular name for this strategy, 
Markov chain Monte Carlo or MCMC or MC2 (pick one) estimation. in its simplest 
form, it provides a remarkably efficient tool for studying the posterior distributions in 
very complicated models. the example in the next section shows a striking example of 
how to locate the mLe for a probit model without computing the likelihood function 
or its derivatives. in section 16.8, we will examine an extension and refinement of the 
strategy, the metropolis–Hasting algorithm.

in the next several sections, we will present some applications of Bayesian inference. 
in section 16.9, we will return to some general issues in classical and Bayesian estimation 
and inference. at the end of the chapter, we will examine Koop and tobias’s (2004) 
Bayesian approach to the analysis of heterogeneity in a wage equation based on panel 
data. We used classical methods to analyze these data in example 15.16.

16.6 APPLICATION: BINOMIAL PROBIT MODEL

consider inference about the binomial probit model for a dependent variable that is 
generated as follows (see sections 17.2–17.4):

 yi
* = xi

=B + ei, ei ∼ n[0, 1], (16-20)

yi = 1 if yi
* 7 0, otherwise yi = 0. (16-21)

(theoretical motivation for the model appears in section 17.3.) the data consist of 
(y, X) = (yi, xi), i = 1, c, n. the random variable yi has a Bernoulli distribution with 
probabilities

Prob[yi = 1 � xi] = Φ(xi
=B),

Prob[yi = 0 � xi] = 1 - Φ(xi
=B).

the likelihood function for the observed data is

L(y � X, B) = q
n

i = 1
[Φ(xi

=B)]yi[1 - Φ(xi
=B)]1 - yi.

(once again, we cheat a bit on the notation—the likelihood function is actually the joint 
density for the data, given X and B.) classical maximum likelihood estimation of B is 
developed in section 17.3. to obtain the posterior mean (Bayesian estimator), we assume 
a noninformative, flat (improper) prior for B,

p(B) ∝ 1.

the posterior density would be

p(B � y, X) = q n
i = 1[Φ(xi

=B)]yi[1 - Φ(xi
=B)]1 - yi(1)

LB
q n

i = 1[Φ(xi
=B)]yi[1 - Φ(xi

′B)]1 - yi(1)dB

,

and the estimator would be the posterior mean,

M16_GREE1366_08_SE_C16.indd   710 2/24/17   1:36 PM



 CHAPTER 16  ✦  Bayesian Estimation and Inference 711

 Bn = E[B � y, X] =
LB

Bq n
i = 1[Φ(xi

=B)]yi[1 - Φ(xi
=B)]1 - yidB

LB
q n

i = 1[Φ(xi
=B)]yi[1 - Φ(xi

=B)]1 - yidB

. (16-22)

evaluation of the integrals in (16-22) is hopelessly complicated, but a solution using 
the Gibbs sampler and a technique known as data augmentation, pioneered by albert 
and chib (1993a), is surprisingly simple. We begin by treating the unobserved yi

*’s as 
unknowns to be estimated, along with B. thus, the (K + n) * 1 parameter vector is 
U = (B, y*). We now construct a Gibbs sampler. consider, first, p(B � y*, y, X). if yi

* is 
known, then yi is known [see (16-21)]. it follows that

p(B � y*, y, X) = p(B � y*, X).

this posterior defines a linear regression model with normally distributed disturbances 
and known s2 = 1. it is precisely the model we saw in section 16.3.1, and the posterior 
we need is in (16-5), with s2 = 1. so, based on our earlier results, it follows that

 p(B � y*, y, X) = n[b*, (X′X)-1], (16-23)

where

b* = (X′X)-1X′y*.

for yi
*, ignoring yi for the moment, it would follow immediately from (16-20) that

p(yi
* �B, X) = n[xi

=B, 1].

However, yi is informative about yi
*. if yi equals one, we know that yi

* 7 0 and if yi 
equals zero, then yi

* … 0. the implication is that conditioned on B, X, and y, yi
* has the 

truncated (above or below zero) normal distribution that is developed in sections 19.2.1 
and 19.2.2. the standard notation for this is

 p(yi
* � yi = 1, B, xi) = n+[xi

=B, 1],

 p(yi
* � yi = 0, B, xi) = n-[xi

=B, 1]. 
(16-24)

results (16-23) and (16-24) set up the components for a Gibbs sampler that we can 
use to estimate the posterior means E[B � y, X] and E[y* � y, X]. the following is our 
algorithm:

Gibbs Sampler for the Binomial Probit Model
1. compute X′X once at the outset and obtain L such that LL′ = (X′X)-1 (cholesky 

decomposition).
2. start B at any value such as 0.
3. result (15-4) shows how to transform a draw from U[0, 1] to a draw from the 

truncated normal with underlying mean m and standard deviation s. for this 
application, the draw is

 yi,r
* (r) = xi

=Br - 1 + Φ-1[1 - (1 - U)Φ(xi
=Br - 1)] if yi = 1,

 yi,r
* (r) = xi

=Br - 1 + Φ-1[UΦ(-xi
=Br - 1)] if yi = 0.

this step is used to draw the n observations on yi,r
* (r).
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4. section 15.2.4 shows how to draw an observation from the multivariate normal 
population. for this application, we use the results at step 3 to compute 
b* = (X′X)-1X′y*(r). We obtain a vector, v, of K draws from the n[0, 1] population, 
then B(r) = b* + Lv.

the iteration cycles between steps 3 and 4. this should be repeated several thousand 
times, discarding the burn-in draws, then the estimator of B is the sample mean of the 
retained draws. the posterior variance is computed with the variance of the retained 
draws. Posterior estimates of yi

* would typically not be useful.

Example 16.6  Gibbs Sampler for a Probit Model
In Examples 14.19 through 14.21, we examined Spector and Mazzeo’s (1980) widely traveled 
data on a binary choice outcome. (The example used the data for a different model.) The 
binary probit model studied in the paper was

Prob(GRADEi = 1 �B, xi) = Φ(b1 + b2GPAi + b3TUCEi + b4PSIi).

The variables are defined in Example 14.19. Their probit model is studied in Example 17.3. 
The sample contains 32 observations. Table 16.2 presents the maximum likelihood estimates 
and the posterior means and standard deviations for the probit model. For the Gibbs sampler, 
we used 5,000 draws, and discarded the first 1,000.

The results in Table 16.2 suggest the similarity of the posterior mean estimated with the 
Gibbs sampler to the maximum likelihood estimate. However, the sample is quite small, and 
the differences between the coefficients are still fairly substantial. For a striking example 
of the behavior of this procedure, we now revisit the German health care data examined in 
Example 14.23 and several other examples throughout the book. The probit model to be 
estimated is

Prob(Doctor visitsit 7 0) = Φ(b1 + b2 Ageit + b3 Educationit + b4 Incomeit

+ b5 Kidsit + b6 Marriedit + b7 Femaleit).

The sample contains data on 7,293 families and a total of 27,326 observations. We are 
pooling the data for this application. Table 16.3 presents the probit results for this model 
using the same procedure as before. (We used only 500 draws and discarded the first 100.)

The similarity is what one would expect given the large sample size. We note before 
proceeding to other applications, notwithstanding the striking similarity of the Gibbs sampler 
to the MLE, that this is not an efficient method of estimating the parameters of a probit 
model. The estimator requires generation of thousands of samples of potentially thousands 
of observations. We used only 500 replications to produce Table 16.3. The computations 
took about five minutes. Using Newton’s method to maximize the log likelihood directly took 
less than five seconds. Unless one is wedded to the Bayesian paradigm, on strictly practical 
grounds, the MLE would be the preferred estimator.

Maximum Likelihood Posterior Means and Std. Devs.

Variable Estimate Std. Error Posterior Mean Posterior S.D.

Constant -7.4523 2.5425 -8.6286 2.7995
GPA 1.6258 0.6939 1.8754 0.7668
TUCE 0.0517 0.0839 0.0628 0.0869
PSI 1.4263 0.5950 1.6072 0.6257

TABLE 16.2 Probit Estimates for Grade Equation
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Maximum Likelihood Posterior Means and Std. Devs.

Variable Estimate Std. Error Posterior Mean Posterior S.D.

Constant -0.124332 0.058146 -0.126287 0.054759
Age 0.011892 0.000796 0.011979 0.000801
Education -0.014959 0.003575 -0.015142 0.003625
Income -0.132595 0.046552 -0.126693 0.047979
Kids -0.152114 0.018327 -0.151492 0.018400
Married 0.073518 0.020644 0.071977 0.020852
Female 0.355906 0.016017 0.355828 0.015913

TABLE 16.3 Probit Estimates for Doctor Visits Equation

this application of the Gibbs sampler demonstrates in an uncomplicated case how 
the algorithm can provide an alternative to actually maximizing the log likelihood. We 
do note that the similarity of the method to the em algorithm in section e.3.7 is not 
coincidental. Both procedures use an estimate of the unobserved, censored data, and 
both estimate B by using oLs using the predicted data.

16.7 PANEL DATA APPLICATION: INDIVIDUAL EFFECTS MODELS

We consider a panel data model with common individual effects,

yit = ai + xit
=B + eit, eit ∼ n[0, se

2].

in the Bayesian framework, there is no need to distinguish between fixed and random 
effects. the classical distinction results from an asymmetric treatment of the data and 
the parameters. so, we will leave that unspecified for the moment. the implications will 
emerge later when we specify the prior densities over the model parameters.

the likelihood function for the sample under normality of eit is

p(y �a1, c, an, B, se
2, X) = q

n

i = 1
q
Ti

t = 1
 

1

se22p
 exp¢ -

(yit - ai - xit
=B)2

2se
2 ≤.

the remaining analysis hinges on the specification of the prior distributions. We will 
consider three cases. each illustrates an aspect of the methodology.

first, group the full set of location (regression) parameters in one (n + K) * 1 
slope vector, G. then, with the disturbance variance, U = (A, B, se

2) = (G, se
2). define 

a conformable data matrix, Z = (D, X), where D contains the n dummy variables so 
that we may write the model

y = ZG + E

in the familiar fashion for our common effects linear regression. (see chapter 11.) We 
now assume the uniform-inverse gamma prior that we used in our earlier treatment of 
the linear model,

p(G, se
2) ∝ 1/se

2.

the resulting (marginal) posterior density for G is precisely that in (16-8) (where now the slope 
vector includes the elements of A). the density is an (n + K) variate t with mean equal to the 
oLs estimator and covariance matrix [(ΣiTi - n - K)/(ΣiTi - n - K - 2)]s2(Z′Z)-1. 
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Because oLs in this model as stated means the within estimator, the implication is that with 
this noninformative prior over (A, B), the model is equivalent to the fixed effects model. 
note, again, this is not a consequence of any assumption about correlation between effects 
and included variables. that has remained unstated; though, by implication, we would allow 
correlation between D and X.

some observers are uncomfortable with the idea of a uniform prior over the entire 
real line.18 formally, our assumption of a uniform prior over the entire real line is an 
improper prior because it cannot have a positive density and integrate to one over the 
entire real line. as such, the posterior appears to be ill defined. However, note that the 
“improper” uniform prior will, in fact, fall out of the posterior, because it appears in both 
numerator and denominator. the practical solution for location parameters, such as a 
vector of regression slopes, is to assume a nearly flat, “almost uninformative” prior. the 
usual choice is a conjugate normal prior with an arbitrarily large variance. (it should be 
noted, of course, that as long as that variance is finite, even if it is large, the prior is 
informative. We return to this point in section 16.9.)

consider, then, the conventional normal-gamma prior over (G, se
2) where the 

conditional (on se
2) prior normal density for the slope parameters has mean G0 and 

covariance matrix se
2A, where the (n + K) * (n + K) matrix, A, is yet to be specified. 

[see the discussion after (16-13).] the marginal posterior mean and variance for G for this 
set of assumptions are given in (16-14) and (16-15). We reach a point that presents two 
rather serious dilemmas for the researcher. the posterior was simple with our uniform, 
noninformative prior. now, it is necessary actually to specify A, which is potentially large. 
(in one of our main applications in this text, we are analyzing models with n = 7,293 
constant terms and about K = 7 regressors.) it is hopelessly optimistic to expect to be 
able to specify all the variances and covariances in a matrix this large, unless we actually 
have the results of an earlier study (in which case we would also have a prior estimate 
of G). a practical solution that is frequently chosen is to specify A to be a diagonal 
matrix with extremely large diagonal elements, thus emulating a uniform prior without 
having to commit to one. the second practical issue then becomes dealing with the 
actual computation of the order (n + K) inverse matrix in (16-14) and (16-15). Under 
the strategy chosen, to make A a multiple of the identity matrix, however, there are 
forms of partitioned inverse matrices that will allow solution to the actual computation.

thus far, we have assumed that each ai is generated by a different normal distribution, 
-  G0 and A, however specified, have (potentially) different means and variances for the 
elements of A. the third specification we consider is one in which all ai’s in the model 
are assumed to be draws from the same population. to produce this specification, we 
use a hierarchical prior for the individual effects. the full model will be

 yit = ai + xit
=B + eit, eit ∼ n[0, se

2],

 p(B �se
2) = n[B0, se

2A],

 p(se
2) = Gamma(s0

2, m),

 p(ai) = n[ma, ta
2],

 p(ma) = n[a, Q],

 p(ta
2) = Gamma(t0

2, v).

18see, for example, Koop (2003, pp. 22–23), Zellner (1971, p. 20), and cameron and trivedi (2005, pp. 425–427).
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We will not be able to derive the posterior density (joint or marginal) for the parameters 
of this model. However, it is possible to set up a Gibbs sampler that can be used to infer 
the characteristics of the posterior densities statistically. the sampler will be driven by 
conditional normal posteriors for the location parameters, [B �A, se

2, ma, ta
2],

[ai �B, se
2, ma, ta

2], and [ma �B, A, se
2, ta

2] and conditional gamma densities for the scale 
(variance) parameters, [se

2 �A, B, ma, ta
2] and [ta

2 �A, B, se
2, ma].19 the assumption of a 

common distribution for the individual effects and an independent prior for B produces 
a Bayesian counterpart to the random effects model.

16.8  HIERARCHICAL BAYES ESTIMATION OF A RANDOM PARAMETERS 
MODEL

We now consider a Bayesian approach to estimation of the random parameters model.20 
for an individual i, the conditional density for the dependent variable in period t is 
f(yit � xit, Bi), where Bi is the individual specific K * 1 parameter vector and xit is 
individual specific data that enter the probability density.21 for the sequence of T 
observations, assuming conditional (on Bi) independence, person i’s contribution to the 
likelihood for the sample is

 f(yi � Xi, Bi) = q
T

t = 1
f(yit � xit, Bi), (16-25)

where yi = (yi1, c, yiT) and Xi = [xi1, c, xiT]. We will suppose that Bi is distributed 
normally with mean B and covariance matrix �. (this is the “hierarchical” aspect of 
the model.) the unconditional density would be the expected value over the possible 
values of Bi,

 f(yi � Xi, B, �) = LBi

 q
T

t = 1
f(yit � xit, Bi)fK[Bi �B, �]dBi, (16-26)

where fK[Bi �B, �] denotes the K variate normal prior density for Bi given B and �. 
maximum likelihood estimation of this model, which entails estimation of the deep 
parameters, B, �, then estimation of the individual specific parameters, Bi is considered in 
sections 15.7 through 15.11. We now consider the Bayesian approach to estimation of 
the parameters of this model.

to approach this from a Bayesian viewpoint, we will assign noninformative prior 
densities to B and �. as is conventional, we assign a flat (noninformative) prior to B. 

19the procedure is developed at length by Koop (2003, pp. 152–153).
20note that there is occasional confusion as to what is meant by random parameters in a random parameters 
(rP) model. in the Bayesian framework we discuss in this chapter, the “randomness” of the random parameters 
in the model arises from the uncertainty of the analyst. as developed at several points in this book (and in the 
literature), the randomness of the parameters in the rP model is a characterization of the heterogeneity of 
parameters across individuals. consider, for example, in the Bayesian framework of this section, in the rP model, 
each vector Bi is a random vector with a distribution (defined hierarchically). in the classical framework, each Bi 
represents a single draw from a parent population.
21to avoid a layer of complication, we will embed the time-invariant effect ∆zi in xit

=B. a full treatment in the 
same fashion as the latent class model would be substantially more complicated in this setting (although it is quite 
straightforward in the maximum simulated likelihood approach discussed in section 15.11).
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the variance parameters are more involved. if it is assumed that the elements of Bi are 
conditionally independent, then each element of the (now) diagonal matrix � may be 
assigned the inverted gamma prior that we used in (16-13). a full matrix � is handled 
by assigning to � an inverted Wishart prior density with parameters scalar K and matrix 
K * I.22 this produces the joint posterior density,

 Λ(B1, c, Bn, B, � � all data) = b q
n

i = 1
q

T

t = 1
f(yit � xit, Bi)fK[Bi �B, �] r * p(B, �). (16-27)

this gives the joint density of all the unknown parameters conditioned on the observed 
data. our Bayesian estimators of the parameters will be the posterior means for these 
(n + 1)K + K(K + 1)/2 parameters. in principle, this requires integration of (16-27) 
with respect to the components. as one might guess at this point, that integration is 
hopelessly complex and not remotely feasible.

However, the techniques of markov chain monte carlo (mcmc) simulation 
estimation (the Gibbs sampler) and the Metropolis–Hastings algorithm enable us to 
sample from the (only seemingly hopelessly complex) joint density 
Λ(B1, c, Bn, B, � � all data) in a remarkably simple fashion. train (2001 and 2002, 
chapter 12) describes how to use these results for this random parameters model.23 the 
usefulness of this result for our current problem is that it is, indeed, possible to partition 
the joint distribution, and we can easily sample from the conditional distributions. We 
begin by partitioning the parameters into G = (B, �) and D = (B1, c, Bn). train 
proposes the following strategy: to obtain a draw from G �D, we will use the Gibbs 
sampler to obtain a draw from the distribution of (B � �, D) and then one from the 
distribution of (� �B, D). We will lay out this first, then turn to sampling from D �B, �.

conditioned on D and �, B has a K-variate normal distribution with mean 
B = (1/n) � Σi = 1

n Bi and covariance matrix (1/n)�. to sample from this distribution we 
will first obtain the cholesky factorization of � = LL′ where L is a lower triangular 
matrix. (see section a.6.11.) Let v be a vector of K draws from the standard normal 
distribution. then, B + Lv has mean vector B + L * 0 = B and covariance matrix 
LIL′ = �, which is exactly what we need. so, this shows how to sample a draw from 
the conditional distribution B.

to obtain a random draw from the distribution of � �B, D, we will require a random 
draw from the inverted Wishart distribution. the marginal posterior distribution of 
� �B, D is inverted Wishart with parameters scalar K + n and matrix W = (KI + nV), 
where V = (1/n)a n

i = 1(Bi - B)(Bi - B)′. train (2001) suggests the following strategy 
for sampling a matrix from this distribution: Let M be the lower triangular cholesky factor 
of W-1, so MM′ = W-1. obtain K + n draws of vk = K standard normal variates. then, 

obtain S = Ma aK + n
k = 1 vkvk

= bM′. then �j = S-1 is a draw from the inverted Wishart 

distribution. [this is fairly straightforward, as it involves only random sampling from the 
standard normal distribution. for a diagonal � matrix, that is, uncorrelated parameters 

22the Wishart density is a multivariate counterpart to the chi-squared distribution. discussion may be found in 
Zellner (1971, pp. 389–394) and Gelman (2003).
23train describes the use of this method for mixed (random parameters) multinomial logit models. By writing the 
densities in generic form, we have extended his result to any general setting that involves a parameter vector in 
the fashion described above. the classical version of this appears in section 15.11 for the binomial probit model 
and in section 18.2.7 for the mixed logit model.
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in Bi, it simplifies a bit further. a draw for the nonzero kth diagonal element can be 
obtained using (1 + nVkk)/aK + n

k = 1 vrk
2 .]

the difficult step is sampling Bi. for this step, we use the metropolis–Hastings 
(m–H) algorithm suggested by chib and Greenberg (1995, 1996) and Gelman et al. 
(2004). the procedure involves the following steps:

1. Given B and � and “tuning constant” t (to be described next), compute d = tLv 
where L is the cholesky factorization of � and v is a vector of K independent 
standard normal draws.

2. create a trial value Bi1 = Bi0 + d where Bi0 is the previous value.
3. the posterior distribution for Bi is the likelihood that appears in (16-26) times the 

joint normal prior density, fK[Bi �B, �]. evaluate this posterior density at the trial 
value Bi1 and the previous value Bi0. Let

R10 =
f(yi � Xi, Bi1)fK(Bi1 �B, �)

f(yi � Xi, Bi0)fK(Bi0 �B, �)
.

4. draw one observation, u, from the standard uniform distribution, U[0, 1].
5. if u 6 R10, then accept the trial (new) draw. otherwise, reuse the old one.

this m–H iteration converges to a sequence of draws from the desired density. overall, 
then, the algorithm uses the Gibbs sampler and the metropolis–Hastings algorithm 
to produce the sequence of draws for all the parameters in the model. the sequence 
is repeated a large number of times to produce each draw from the joint posterior 
distribution. the entire sequence must then be repeated N times to produce the sample 
of N draws, which can then be analyzed, for example, by computing the posterior mean.

some practical details remain. the tuning constant, t, is used to control the iteration. 
a smaller t increases the acceptance rate. But at the same time, a smaller t makes new 
draws look more like old draws so this slows down the process. Gelman et al. (2004) suggest 
t = 0.4 for K = 1 and smaller values down to about 0.23 for higher dimensions, as will be 
typical. each multivariate draw takes many runs of the mcmc sampler. the process must 
be started somewhere, though it does not matter much where. nonetheless, a “burn-in” 
period is required to eliminate the influence of the starting value. typical applications 
use several draws for this burn-in period for each run of the sampler. How many sample 
observations are needed for accurate estimation is not certain, though several hundred 
would be a minimum. this means that there is a huge amount of computation done by 
this estimator. However, the computations are fairly simple. the only complicated step 
is computation of the acceptance criterion at step 3 of the m–H iteration. depending on 
the model, this may, like the rest of the calculations, be quite simple.

Example 16.7   Bayesian and Classical Estimation of Heterogeneity in the 
Returns to Education

Koop and Tobias (2004) study individual heterogeneity in the returns to education using a panel 
data set from the National Longitudinal Survey of Youth (NLSY). In a wage equation such as

ln Wageit = u1,i + u2,i Educationit + g1Experienceit + g2Experienceit
2 + g3Timeit

+ g4Unempit + eit, (16-28)

individual heterogeneity appears in the intercept and in the returns to education. Received 
estimates of the returns to education, u2 here, computed using OLS, are biased due to the 
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endogeneity of Education in the equation. The missing variables would include ability and 
motivation. Instrumental variable approaches will mitigate the problem (and IV estimators are 
typically larger than OLS), but the authors are concerned that the results might be specific to 
the instrument used. They cite the example of using as an instrumental variable a dummy 
variable for presence of a college in the county of residence, by which the IV estimator will 
deliver the returns to education for those who attend college given that there is a college in 
their county, but not for others (the local average treatment effect rather than the average 
treatment effect). They propose a structural approach based on directly modeling the 
heterogeneity. They examine several models including random parameters (continuous 
variation) and latent class (discrete variation) specifications. They propose extensions of the 
familiar models by introducing covariates into the heterogeneity model (see Example 15.16) 
and by exploiting time variation in schooling as part of the identification strategy. Bayesian 
methods are used for the estimation and inference.24

Several models are considered. The one most preferred is the hierarchical linear model 
examined in Example 15.16:

 u1,i = u1,0 + l1,1Abilityi + l1,2Mother's Educationi + l1,3 Father's Educationi +

 + l1,4 Broken Homei + l1,5 Siblingsi + u1,i,

 u2,i = u2,0 + l2,1 Abilityi + l2,2 Mother's Educationi + l2,3 Father's Educationi

 + l2,4 Broken Homei + l2,5 Siblingsi + u2,i. (16-29)

The candidate models are framed as follows:

yit � xit,zit,Ui,G,Se
2 ∼ N[xit

= Ui + zit
= G, Se

2] (main regression model),
  G �MG, VG ∼ N[MG, VG] (normal distribution for location parameters),
  se

-2 �  se-2, he ∼ G(se-2,he) (gamma distribution for 1/se
2),

  Ui �L, wi ∼ f(Ui �L,wi) (varies by model, discrete or continuous),
  L �L ∼ g(L) (varies by model).

The models for Ui �L,wi are either discrete or continuous distributions, parameterized in terms 
of a vector of parameters, L and a vector of time-invariant variables, wi. [Note, for example, 
(16-29).] The model for the regression slopes, G, and the regression variance, se

2, will be 
common to all the specifications. The models for the heterogeneity, Ui �L,wi and for L �L will 
vary with the specification. The models considered are:

1. u1, i  = u1,0 and u2,i = u2,0,  no heterogeneity (-24,212),
2. Ui  ∼ N[U0, �u],  a simple random parameters model (-15,886),
3. u1,i  ∼ N[u1,su12], u2, i = u2,0,  a random effects model (-16,501),
4. Ui  = Ug

0 with probability pg,  a latent class model(-16,528),
5. f(Ui) = Σg pg f(Ui �Ug

0, Σg),  a finite mixture of normal (-15,898).

(The BIC values for model selection reported in the study are shown in parentheses. These are 
discussed further below.) The preferred model is model 2 with mean function U0 + �wi. This is 

24the authors note, “although the length of our panel is rather short, this does not create a significant problem for 
us as we employ a Bayesian approach which provides exact finite sample results.” it is not clear at this point what 
problem is caused by the short panel—actually, for most of the sample the panel is reasonably long (see figure 
15.7)—or how exact inference mitigates that problem. Likewise, “estimates of the individual-level parameters 
obtained from our hierarchical model incorporate not only information from the outcomes of that individual, but 
also incorporate information obtained from the other individuals in the sample.” as the authors carefully note 
later, they do not actually compute individual specific estimates, but rather conditional means for individuals with 
specific characteristics. (Both from p. 828.)
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(16-28) and (16-29). Model 4 could be also augmented with wi. This would be a latent class model 
with prob(ui = ug

0) = exp(wi
=Lg)/Σg = 1

G  exp(wi
=Lg). This model is developed in Section 14.15.2. 

Estimates based on this latent class formulation are shown below.
The data set is an unbalanced panel of 2,178 individuals, altogether 17,919 person-year 

observations with Ti ranging from 1 to 15. (See Figure 15.7.) Means of the data are given in 
Example 15.16.25 Most of the analysis is based on the full data set. However, models involving 
the time-invariant variables were estimated using 1,694 individuals (14,170 person-year 
observations) whose parents have at least 9 years of education. A Gibbs sampler is used with 
11,000 repetitions; the first 1,000 are discarded as the burn-in. (The Gibbs sampler, priors, and 
other computational details are provided in an appendix in the paper.) Two devices are 
proposed to choose among the models. First, the posterior odds ratio in Section 16.4.3 is 
computed. With equal priors for the models, the posterior odds equals the likelihood ratio, 
which is computed for two models, A and B, as exp(lnLA - lnLB). The log likelihoods for models 
1, 2, and 3 are -12,413, -8,046, and -8,153. Small differences in the log likelihoods always 
translate to huge differences in the posterior odds. For these cases, the posterior odds in favor 
of model 2 against model 3 are exp(107), which is overwhelming (“massive”). (The log likelihood 
for the version of model 2 in Example 15.16 is -7,983, which is also vastly better than the 
model 2 here by this criterion.) A second criterion is the Bayesian information criterion, which 
is 2lnL - Klnn, where K is the number of parameters estimated and n is the number of 
individuals (2,170 or 1,694). The BICs for the five models are listed above with the model 
specifications. The model with no heterogeneity is clearly rejected. Among the others, Model 
2, the random parameters specification, is preferred by a wide margin. Model 5, the mixture of 
two normal distributions with heterogeneous means, is second, followed by Model 3, the 
random effects model. Model 4, the latent class model, is clearly the least preferred.

Continuous Distribution of Heterogeneity
The main results for the study are based on the subsample and Model 2. The reported 
posterior means of the coefficient distributions of (16-29) are shown in the right panel in 
Table 16.4. (Results are extracted from Tables IV and V in the paper.) We re-estimated (16-28) 
and (16-29) using the methods of Sections 15.7 and 15.8. The estimates of the parameters 

25the unemployment rate variable in (16-28) is not included in the Jae archive data set that we have used to 
partially replicate this study in example 15.16 and here.

Random Parameters Model Koop–Tobias Posterior Means

Variable Constant Education Constant Education

Exp 0.12621 0.126

Exp2 -0.00388 -0.004

Time -0.01787 -0.024
Unemployment -0.004
Constant 0.39277 0.09578 0.797 0.070
Ability -0.13177 0.01568 -0.073 0.0125
Mother’s Educ 0.02864 -0.00167 0.021 -0.001
Father’s Educ 0.00242 -0.00022 -0.022 0.002
Broken Home 0.12963 -0.01640 0.115 -0.015
Number Siblings -0.08323 0.00659 -0.079 0.007

TABLE 16.4 Estimated Wage Equations
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of the model are shown in the left panel of Table 16.4. Overall, the mean return is about 
11% (0.11). We did the same analysis with the classical results based on Section 15.10. The 
individual specific estimates are summarized in Figure 16.1 (which is nearly identical to the 
authors’ Figure 3). The results are essentially the same as Koop and Tobias’s. The differences 
are attributable to the different methodologies – the prior distributions will have at least 
some influence on the results – and to our omission of the unemployment rate from the main 
equation. The authors’ reported results suggest that the impact of the unemployment rate on 
the results is minor, which would suggest that the differences in the estimated results primarily 
reflect the different approaches to the analysis. The similarity of the end results would be 
anticipated by the Bernstein–von Mises theorem. (See Section 16.4.4.)

Discrete Distribution of Heterogeneity
Model 4 in the study is a latent class model. The authors fit a model with G = 10 classes. The 
model is a Heckman and Singer style (Section 14.15.7) specification in that the coefficients on 
the time-varying variables are the same in all 10 classes. The class probabilities are specified 
as fixed constants. This provides a discrete distribution for the heterogeneity in Ui. Model 4 
was the least preferred model among the candidates.

We fit a 5 segment latent class model based on (16-28) and (16-29). The parameters on 
the time-varying variables in (16-28) are the same in all classes—only the constant terms and 
the education coefficients differ across the classes. The class probabilities are built on the 
time-invariant effects, ability, parent’s education, etc. (The authors do not report a model with 
this form of heterogeneity.) The log likelihood for this extension of the model is

ln L = a
n

i = 1
 ln a

G

g = 1
 pig(wi)¢qTi

t = 1
 f(yit � u0,g + u1,g Educationit + zit

=G)≤ (16-30)

pig(wi) =
exp(wi

=Lg)

Σg = 1
G  exp(wi

=Lg)
.

FIgurE 16.1  Random Parameters Estimate of Expected Returns.
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Using the suggested subsample, the log likelihood for the model in (16-30) is 6235.02. When 
the time-invariant variables are not included in the class probabilities, the log likelihood falls 
to 6192.66. By a standard likelihood ratio test, the chi squared is 84.72, with 20 degrees of 
freedom (the 5 additional coefficients in G-1 of the class probabilities). The critical chi squared 
is 31.02. We computed E[u1,i � data] for each individual based on the estimated posterior class 
probabilities as

 En[u1,i] = Σg = 1
G Pn ig(u1,g � wi, datai)un1,g. (16-31)

(See Section 14.15.4.) The overall estimate of returns to education is the sample average of 
these, 0.107. Figure 16.2 shows the results of this computation for the 1,694 individuals. We 
then used the method in Section 14.15.4. to estimate the class assignments and computed 
the means of the expected returns for the individuals assigned to each of the 5 classes. 
The results are shown in Table 16.5. Finally, because we now have a complete (estimated) 
assignment of the individuals, we constructed in Figure 16.3 a comparison of distributions of 
the expected coefficients in each of the 5 classes.

this analysis has examined the heterogeneity in the returns to education by a variety 
of model specifications. in the end, the results are quite consistent across the different 
models and based on the two methodologies.

16.9   SUMMARY AND CONCLUSIONS

this chapter has introduced the major elements of the Bayesian approach to 
estimation and inference. the contrast between Bayesian and classical, or frequentist, 
approaches to the analysis has been the subject of a decades-long dialogue among 

FIgurE 16.2  Estimated Distribution of Expected Returns Based on Latent Class Model.
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FIgurE 16.3  Kernel Density Estimates of Expected Returns by Class.
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1 0.147 167
2 0.092 608
3 0.080 189
4 0.123 640
5 0.083 90
full sample 0.107 1,694

TABLE 16.5 Estimated Expected Returns to Schooling by Class

practitioners and philosophers. as the frequency of applications of Bayesian methods 
has grown dramatically in the modern literature, however, the approach to the body 
of techniques has typically become more pragmatic. the Gibbs sampler and related 
techniques including the metropolis–Hastings algorithm have enabled some remarkable 
simplifications of previously intractable problems. for example, recent developments 
in commercial software have produced a wide choice of mixed estimators which are 
various implementations of the maximum likelihood procedures and hierarchical Bayes 
procedures (such as the Sawtooth and MLWin programs). Unless one is dealing with 
a small sample, the choice between these can be based on convenience. there is little 
methodological difference. this returns us to the practical point noted earlier. the choice 
between the Bayesian approach and the sampling theory method in this application 
would not be based on a fundamental methodological criterion, but on purely practical 
considerations—the end result is largely the same.
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this chapter concludes our survey of estimation and inference methods in 
econometrics. We will now turn to two major areas of applications, microeconometrics in 
chapters 17–19. which is primarily oriented to cross-section and panel data applications, 
and time series and (broadly) macroeconometrics in chapters 20 and 21.

Key Terms and Concepts

•	Bayes factor
•	Bayes’ theorem
•	Bernstein–von mises 

theorem
•	Burn in
•	conjugate prior
•	data augmentation
•	Gibbs sampler
•	Hierarchical prior
•	Highest posterior density 

(HPd) interval
•	improper prior
•	informative prior

•	inverted gamma 
distribution

•	inverted Wishart
•	Joint posterior distribution
•	Likelihood function
•	Loss function
•	markov chain monte carlo 

(mcmc)
•	metropolis–Hastings 

algorithm
•	multivariate t distribution
•	noninformative prior
•	normal-gamma prior
•	Posterior density

•	Posterior mean
•	Precision matrix
•	Predictive density
•	Prior beliefs
•	Prior density
•	Prior distribution
•	Prior odds ratio
•	Prior probabilities
•	sampling theory
•	Uniform-inverse gamma 

prior
•	Uniform prior

Exercise

1. suppose the distribution of yi �l is Poisson,

f(yi �l) =
exp(-l)lyi

yi!
=

exp(-l)lyi

Γ(yi + 1)
, yi = 0, 1, c, l 7 0.

We will obtain a sample of observations, yi, c, yn. suppose our prior for l is the 
inverted gamma, which will imply

p(l) ∝
1
l

.

a. construct the likelihood function, p(y1, c, yn �l).
b. construct the posterior density,

p(l � y1, c, yn) =
p(y1, c, yn �l)p(l)

L
∞

0
p(y1, c, yn �l)p(l)dl

.

c. Prove that the Bayesian estimator of l is the posterior mean, E[l � y1, c, yn] = y.
d. Prove that the posterior variance is Var[l � yl, c, yn] = y/n.
(Hint: you will make heavy use of gamma integrals in solving this problem. also, 
you will find it convenient to use Σiyi = ny.)
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Applications

1. consider a model for the mix of male and female children in families. Let Ki denote 
the family size (number of children), Ki = 1, c. Let Fi denote the number of 
female children, Fi = 0, c, Ki. suppose the density for the number of female 
children in a family with Ki children is binomial with constant success probability u:

p(Fi � Ki, u) = ¢Ki

Fi
≤uFi(1 - u)Ki - Fi.

We are interested in analyzing the “probability,” u. suppose the (conjugate) prior 
over u is a beta distribution with parameters a and b:

p(u) =
Γ(a + b)

Γ(a)Γ(b)
 ua - 1(1 - u)b - 1.

your sample of 25 observations is given here:

Ki 2 1 1 5 5 4 4 5 1 2 4 4 2 4 3 2 3 2 3 5 3 2 5 4 1

Fi 1 1 1 3 2 3 2 4 0 2 3 1 1 3 2 1 3 1 2 4 2 1 1 4 1

a. compute the classical maximum likelihood estimate of u.
b. form the posterior density for u given (Ki, Fi), i = 1, c, 25 conditioned on a 

and b.
c. Using your sample of data, compute the posterior mean assuming a = b = 1.
d. Using your sample of data, compute the posterior mean assuming a = b = 2.
e. Using your sample of data, compute the posterior mean assuming a = 1 and 

b = 2.
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17

Binary OutcOmes and 
discrete chOices

§
17.1 INTRODUCTION

this is the first of three chapters that will survey models used in microeconometrics. 
the analysis of individual choice that is the focus of this field is fundamentally about 
modeling discrete outcomes such as purchase decisions, whether or not to buy insurance, 
voting behavior, choice among a set of alternative brands, travel modes or places to 
live, and responses to survey questions about the strength of preferences or about self-
assessed health or well-being. in these and any number of other cases, the dependent 
variable is not a quantitative measure of some economic outcome, but rather an indicator 
of whether or not some outcome has occurred. it follows that the regression methods 
we have used up to this point are largely inappropriate. We turn, instead, to modeling 
probabilities and using econometric tools to make probabilistic statements about the 
occurrence of these events. We will also examine models for counts of occurrences. these 
are closer to familiar regression models, but are, once again, about discrete outcomes of 
behavioral choices. as such, in this setting as well, we will be modeling probabilities of 
events, rather than conditional mean functions.

the models used in this area of study are inherently (and intrinsically) nonlinear. We 
have developed some of the elements of nonlinear modeling in chapters 7 and 14. 
those elements are combined in whole in the study of discrete choices. this chapter will 
focus on binary choices, where the model is the probability of an event. many general 
treatments of nonlinear modeling in econometrics, in fact, focus on only this segment 
of the field. this is reasonable. nearly the full set of results used more broadly, for 
specification, estimation, inference, and analysis can be developed and understood 
in this particular application. We will take that approach here. several of the parts of 
nonlinear modeling will be developed in detail in this chapter, then invoked or extended 
in straightforward ways in the chapters to follow.

the models that are analyzed in this and chapter 18 are built on a platform of 
preferences of decision makers. We take a random utility view of the choices that are 
observed. the decision maker is faced with a situation or set of alternatives and reveals 
something about his or her underlying preferences by the choice that he or she makes. 
the choice(s) made will be affected by observable influences—this is, for example, the 
ultimate objective of advertising—and by unobservable characteristics of the chooser. 
the blend of these fundamental bases for individual choice is at the core of the broad 
range of models that we will examine here.1

1see Greene and hensher (2010, chapter 4) for a historical perspective on this approach to model specification.
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this chapter and chapter 18 will describe four broad frameworks for analysis. the 
first is the simplest:

Binary Choice: the individual faces two choices and makes that choice between the 
two that provides the greater utility. many such settings involve the choice between 
taking an action and not taking that action, for example, the decision whether or not to 
purchase health insurance. in other cases, the decision might be between two distinctly 
different choices, such as the decision whether to travel to and from work via public 
or private transportation. in the binary choice case, the 0/1 outcome is merely a label 
for “no/yes”—the numerical values are a mathematical convenience. this chapter will 
present a lengthy survey of models and methods for binary choices.

the binary choice case naturally extends to cases of more than two outcomes. For 
one example, in our our travel mode case, the individual choosing private transport might 
choose between private transport as driver and private transport as passenger, or public 
transport by train or by bus. such multinomial (many named) choices are unordered. 
another case is one that is a constant staple of the online experience. instead of being 
asked a binary choice, “did you like our service?”, the hapless surfer will be asked an 
ordered multinomial choice, “On a scale from 1 to 5, how much did you like our service?”

Multinomial Choice: the individual chooses among more than two choices, once again, 
making the choice that provides the greatest utility. at one level, this is a minor variation 
of the binary choice case—the latter is, of course, a special case of the former. But 
more elaborate models of multinomial choice allow a rich specification of consumer 
preferences. in the multinomial case, the observed response is again a label for the 
selected choice; it might be a brand, the name of a place, or the type of travel mode. 
numerical assignments are not meaningful in this setting.

Ordered Choice: the individual reveals the strength of his or her preferences with 
respect to a single outcome. Familiar cases involve survey questions about strength of 
feelings about a particular commodity, such as a movie, or self-assessments of social 
outcomes such as health in general or self-assessed well-being. in the ordered choice 
setting, opinions are given meaningful numeric values, usually 0, 1, . . . , J for some upper 
limit, J. For example, opinions might be labeled 0, 1, 2, 3, 4 to indicate the strength of 
preferences for a product, a movie, a candidate or a piece of legislation. But in this 
context, the numerical values are only a ranking, not a quantitative measure. thus, a 
“1” is greater than a “0” only in a qualitative sense, not by one unit, and the difference 
between a “2” and a “1” is not the same as that between a “1” and a “0.”

in these three cases, although the numerical outcomes are merely labels of some 
nonquantitative outcome, the analysis will nonetheless have a regresson-style motivation. 
throughout, the models will be based on the idea that observed covariates are relevant 
in explaining the observed choices and in how changes in those attributes can help 
explain variation in choices. For example, in the binary outcome “did or did not purchase 
health insurance,” a conditioning model suggests that covariates such as age, income, and 
family situation will help explain the choice.  chapter 18 will describe a range of models 
that have been developed around these considerations.

We will also be interested in a fourth application of discrete outcome models:

Event Counts: the observed outcome is a count of the number of occurrences. in 
many cases, this is similar to the preceding three settings in that the dependent variable 
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measures an individual choice, such as the number of visits to the physician or the 
hospital, the number of derogatory reports in one’s credit history, the number of vehicles 
in a household’s capital stock, or the number of visits to a particular recreation site. 
in other cases, the event count might be the outcome of some natural process, such as 
the occurrence rate of a disease in a population or the number of defects per unit of 
time in a production process. in these settings, we will be doing a more familiar sort 
of regression modeling. however, the models will still be constructed specifically to 
accommodate the discrete (and nonnegative) nature of the observed response variable 
and the modeling of probabilities of occurrences of events rather than some measure 
of the events themselves.

We will consider these four cases in turn. the four broad areas have many elements in 
common; however, there are also substantive differences between the particular models 
and analysis techniques used in each. this chapter will develop the first topic, models 
for binary choices. in each section, we will include several applications and present the 
single basic model that is the centerpiece of the methodology, and, finally, examine 
some recently developed extensions of the model. this chapter contains a very lengthy 
discussion of models for binary choices. this analysis is as long as it is because, first, the 
models discussed are used throughout microeconometrics—the central model of binary 
choice in this area is as ubiquitous as linear regression. second, all the econometric issues 
and features that are encountered in the other areas will appear in the analysis of binary 
choice, where we can examine them in a fairly straightforward fashion.

it will emerge that, at least in econometric terms, the models for multinomial and 
ordered choice considered in chapter 18 can be built from the two fundamental building 
blocks, the model of random utility and the translation of that model into a description of 
binary choices. there are relatively few new econometric issues that arise here.  chapter 18 
will be largely devoted to suggesting different approaches to modeling choices among 
multiple alternatives and models for ordered choices. Once again, models of preference 
scales, such as movie or product ratings, or self-assessments of health or well-being, can be 
naturally built up from the fundamental model of random utility. Finally,  chapter 18 will 
develop the well-known Poisson regression model for counts of events. We will then extend 
the model to demonstrate some recent applications and innovations.

chapters 17 and 18 are a lengthy but far from complete survey of topics in estimating 
qualitative response (QR) models. in general, because the outcome variable in the first 
three of these four cases is merely the name of an event, not the event itself, linear regression 
will be an inappropriate approach. in most cases, the method of estimation is maximum 
likelihood.2 therefore, readers interested in the mechanics of estimation may want to 
review the material in appendices d and e before continuing. the various properties of 
maximum likelihood estimators are discussed in chapter 14. We shall assume 
throughout these chapters that the necessary conditions behind the optimality properties 
of maximum likelihood estimators are met and, therefore, we will not derive or establish 
these properties specifically for the Qr models. detailed proofs for most of these models 

2in the binary choice case, it is possible arbitrarily to assign two numerical values to the outcomes, typically 0 
and 1, and “linearly regress” this constructed variable on the covariates. We will examine this strategy at some 
length with an eye to what information it reveals. the strategy would make little sense in the multinomial choice 
cases. since the count data case is, in fact, a quantitative regression setting, the comparison of a linear regression 
approach to the intrinsically nonlinear regression approach is worth a close look.
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can be found in surveys by amemiya (1981), mcFadden (1984), maddala (1983), and 
dhrymes (1984). additional commentary on some of the issues of interest in the 
contemporary literature is given by manski and mcFadden (1981) and maddala and Flores-
Lagunes (2001). agresti (2002) and cameron and trivedi (2005) contain numerous 
theoretical developments and applications. Greene (2008) and Greene and hensher (2010) 
provide, among many others, general surveys of discrete choice models and methods.3

17.2 MODELS FOR BINARY OUTCOMES

For purposes of studying individual behavior, we will construct models that link a 
decision or outcome to a set of factors, at least in the spirit of regression. Our approach 
will be to analyze each of them in the general framework of probability models:

 Prob(event j occurs � x) = Prob(Y = j � x) = F(relevant effects, parameters, x). (17-1)

the study of qualitative choice focuses on appropriate specification, estimation, and use 
of models for the probabilities of events, where in most cases, the event is an individual’s 
choice among a set of two or more alternatives. henceforth, we will use the shorthand,

Prob(Y = 1 � x) = Probability that event of interest occurs � x,

and, naturally, Prob(Y = 0 � x) = [1 - Prob(y = 1 � x)] is the probability that the event 
does not occur.

Example 17.1  Labor Force Participation Model
In Example 5.2, we estimated an earnings equation for the subsample of 428 married women 
who participated in the formal labor market taken from a full sample of 753 observations. The 
semilog earnings equation is of the form

ln earnings = b1 + b2 age + b3 age2 + b4 education + b5 kids + e,

where earnings is hourly wage times hours worked, education is measured in years of 
schooling, and kids is a binary variable that equals one if there are children under 18 in the 
household. What of the other 325 individuals? The underlying labor supply model described 
a market in which labor force participation is the outcome of a market process whereby the 
demanders of labor services are willing to offer a wage based on expected marginal product, 
and individuals themselves make a decision whether or not to accept the offer depending on 
whether it exceeds their own reservation wage. The first of these depends on, among other 
things, education, while the second (we assume) depends on such variables as age, the 
presence of children in the household, other sources of income (husband’s), and marginal 
tax rates on labor income. The sample we used to fit the earnings equation contains data 
on all these other variables. The models considered in this chapter would be appropriate 
for modeling the outcome y = 1 (in the labor force, 428 observations) or 0 (not in the labor 
force, 325 observations). For example, we would be interested how and how significantly the 
presence of children in the household (kids) affects the labor force participation.

models for explaining a binary dependent variable are typically motivated in 
two contexts. the labor force participation model in example 17.1 describes a process 
of individual choice between two alternatives in which the choice is influenced by 

3there are dozens of book-length surveys of discrete choice models. two others that are heavily oriented to an 
application of these methods are train (2009) and hensher, rose, and Greene (2015).

M17_GREE1366_08_SE_C17.indd   728 2/24/17   1:51 PM



 ChaPter 17  ✦  Binary Outcomes and Discrete Choices 729

observable effects (children, tax rates) and unobservable aspects of the preferences of 
the individual. the relationship between voting behavior and income is another example. 
in other cases, the binary choice model arises in a setting in which the nature of the 
observed data dictates the special treatment of a binary dependent variable model. in 
these cases, the analyst is essentially interested in a regression-like model of the sort 
considered in chapters 2 through 7. With data on the variable of interest and a set of 
covariates, they are interested in specifying a relationship between the former and the 
latter, more or less along the lines of the models we have already studied. For example, 
in a model of the demand for tickets for sporting events, in which the variable of interest 
is number of tickets, it could happen that the observation consists only of whether the 
sports facility was filled to capacity (demand greater than or equal to capacity so Y = 1) 
or not (Y = 0). the event here is still qualitative, but now it is constructed as an indicator 
of a censoring (or not) of an underlying continuous variable, in this case, unobserved 
true demand. it will generally turn out that the models and techniques used in both 
cases (and, indeed, the underlying structure) are the same. nonetheless, it is useful to 
examine both of them.

17.2.1  RANDOM UTILITY

an interpretation of data on individual choices is provided by a random utility model. Let 
Ua and Ub represent an individual’s utility of two choices. For example, Ua might be the 
utility of rental housing and Ub that of home ownership. the observed choice between the 
two reveals which one provides the greater utility, but not the underlying unobservable 
utilities. hence, the observed indicator equals 1 if Ua 7 Ub and 0 if Ua … Ub. if we define, 
U = Ua - Ub, then Y = 1(U 7 0) [where 1 (condition) equals 1 if condition is true and 
0 if it is false]. this is precisely the same as the censoring case noted earlier.

a common formulation is the linear random utility model,

 Ua = w′Ba + za
=Ga + ea and Ub = w′Bb + zb

=Gb + eb. (17-2)

in (17-2), the observable (measurable) vector of characteristics of the individual is 
denoted w; this might include gender, age, income, and other demographics. the vectors 
za and zb denote features (attributes) of the two choices that might be choice specific. 
in a voting context, for example, the attributes might be indicators of the competing 
candidates’ positions on important issues. the random terms, ea and eb, represent the 
stochastic elements that are specific to and known only by the individual, but not by the 
observer (analyst). to continue our voting example, ea might represent an intangible, 
general preference for candidate a, such as party affiliation.

the completion of the model for the determination of the observed outcome 
(choice) is the revelation of the ranking of the preferences by the choice the individual 
makes. thus, if we denote by Y = 1 the consumer’s choice of alternative a, we infer from 
Y = 1 that Ua 7 Ub. Because the outcome is ultimately driven by the random elements 
in the utility functions, we have

 Prob[Y = 1 � w, z a, z b] = Prob[Ua 7 Ub]

 = Prob[(w′Ba + z a
=Ga + ea) - (w′Bb + z b

= Gb + eb) 7 0 �w, za, zb]

 = Prob[{w′(Ba - Bb) + (za
=Ga - zb

=Gb)} + (ea - eb) 7 0 �w, z a, zb]

 = Prob[x′B + e 7 0 � x],
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where x′B collects all the observable elements of the difference of the two utility 
functions and e denotes the difference between the two random elements.

Example 17.2  Structural Equations for a Binary Choice Model
Nakosteen and Zimmer (1980) analyzed a model of migration based on the following structure:4 
For a given individual, the market wage that can be earned at the present location is

yp* = wp
=Bp + ep.

Variables in the equation include age, sex, race, growth in employment, and growth in per capita 
income. If the individual migrates to a new location, then his or her market wage would be

ym* = wm
= Bm + em.

Migration entails costs that are related both to the individual and to the labor market,

C* = z′A + u.

Costs of moving are related to whether the individual is self-employed and whether that 
person recently changed his or her industry of employment. They migrate if the benefit 
ym* - yp* is greater than the cost, C*. The net benefit of moving is

 M* = ym* - yp* - C*

 = wm
= Bm - wp

=Bp - z′A + (em - ep - u)

 = x′B + e.

Because M* is unobservable, we cannot treat this equation as an ordinary regression. The 
individual either moves or does not. After the fact, we observe only ym*  if the individual has moved 
or yp* if he or she has not. But we do observe that M = 1 for a move and M = 0 for no move.

17.2.2  THE LATENT REGRESSION MODEL

discrete dependent-variable models are often cast in the form of index function models. 
We view the outcome of a discrete choice as a reflection of an underlying regression. 
as an often-cited example, consider the decision to make a large purchase. the theory 
states that the consumer makes a marginal benefit/marginal cost calculation based on 
the utilities achieved by making the purchase and by not making the purchase (and by 
using the money for something else). We model the difference between perceived benefit 
and cost as an unobserved variable y* such that

y* = x′B + e.

note that this is the result of the net utility calculation in the previous section and in 
example 17.2. We assume that e has mean zero (there is a constant term in x) and has 
either a logistic distribution with variance p2/3 or a standard normal distribution with 
variance one, or some other specific distribution with known variance. We do not observe 

4a number of other studies have also used variants of this basic formulation. some important examples are Willis 
and rosen (1979) and robinson and tomes (1982). the study by tunali (1986) examined in example 17.13 is 
another application. the now standard approach, in which participation equals one if wage offer (xw

= Bw + ew) 
minus reservation wage (xr

=Br + er) is positive, underlies heckman (1979) and is also used in Fernandez and 
rodriguez-Poo (1997). Brock and durlauf (2000) describe a number of models and situations involving individual 
behavior that give rise to binary choice models. the di maria et al. (2010) study of the light bulb puzzle in 
example 17.4 is another example of an elaborate structural random utility model that produces a binary outcome. 
this application is also closely related to rubin’s (1974, 1978) potential outcomes model discussed in section 8.5.
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the net benefit of the purchase (i.e., net utility), only whether it is made or not. therefore, 
our observation is

 y = 1 if y* 7 0,
 y = 0 if y* … 0.

the statement in (17-3) is conveniently denoted y = 1 (y* 7 0). in this formulation, x′B 
is called the index function. the assumption of known variance of e is an innocent 
normalization. note, once again, the outcomes 0 and 1 are merely labels of the event. 
now, suppose the variance of e is, instead, an unrestricted parameter s2. the latent 
regression will be y* = x′B + se*, where now e* has variance one. But 
(y*/s) = x′(B/s) + e is the same model with the same data. the observed data will be 
unchanged; y is still 0 or 1, depending only on the sign of y*, not on its scale. this means 
that there is no information about s in the sample data so s cannot be estimated. the 
parameter vector B in this model is only “identified up to scale.”5 the assumption of zero 
for the threshold in (17-4) is likewise innocent if the model contains a constant term (and 
not if it does not).6 Let a be a supposed nonzero threshold and a be the unknown 
constant term and, for the present, x and B contain the rest of the index not including 
the constant term. then, the probability that y equals one is

 Prob(y* 7 a � x) = Prob(a + x′B + e 7 a � x) = Prob[(a - a) + x′B + e 7 0 � x]. (17-3)

Because a is unknown, the difference (a - a) remains an unknown parameter. the end 
result is that if the model contains a constant term, it is unchanged by the choice of the 
threshold in (17-4). the choice of zero is a normalization with no significance. With the 
two normalizations, then,

 Prob(y* 7 0 � x) = Prob(e 7 -x′B � x). (17-4)

a remaining detail in the model is the choice of the specific distribution for e. We will 
consider several. the overwhelming majority of applications are based either on the 
normal or the logistic distribution. if the distribution is symmetric, as are the normal 
and logistic, then

 Prob(y* 7 0 � x) = Prob(e 6 x′B � x) = F(x′B), (17-5)

where F(t) is the cdf of the random variable, e. this provides an underlying structural 
model for the probability.

17.2.3  FUNCTIONAL FORM AND PROBABILITY

consider the model of labor force participation suggested in example 17.1. the respondent 
either participates in the formal labor market (Y = 1) or does not (Y = 0) in the period 
in which the survey is taken. We believe that a set of factors, such as age, marital status, 
education, and work experience, gathered in a vector x, explain the decision, so that

 Prob(Y = 1 � x) = F(x, B)

 Prob(Y = 0 � x) = 1 - F(x, B). 
(17-6)

5in some treatments [e.g., horowitz (1990) and Lewbel (2000)] it is more convenient to normalize one of the 
elements of B to equal 1 and leave s free to vary. in the end, only B/s is estimated, so this is inconsequential.
6unless there is some compelling reason, binary choice models should not be estimated without constant terms.
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the set of parameters B reflects the impact of changes in x on the probability. For 
example, among the factors that might interest us is the partial effect of having 
children in the household on the probability of labor force participation. the 
challenge at this point is to devise a suitable specification for the right-hand side of 
the equation.

Our requirement is a model that will produce predictions consistent with the 
underlying theory in (17-5) and (17-6). For a given regressor vector, we would expect

 0 … Prob(Y = 1 � x) … 1, (17-7)

 lim
x′BS -∞

 Prob(Y = 1 � x) = 0,

 lim
x′BS + ∞

 Prob(Y = 1 � x) = 1. 
(17-8)

see Figure 17.1. in principle, any proper, continuous probability distribution defined over 
the real line will suffice. the normal distribution has been used in many analyses, giving 
rise to the probit model,7

 Prob(Y = 1 � x) = L
x′B

-∞
f(t)dt = Φ(x′B). (17-9)

7the term “probit” derives from “probability unit,” in turn from the use of inverse normal probability units in 
bioassay. see Finney (1971) and Greene and hensher (2010, ch. 4).

FIGURE 17.1  Model for a Probability.
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the function f(t) is a commonly used notation for the standard normal density 
function and Φ(t) is the cdf. Partly because of its mathematical convenience, the logistic 
distribution,

 Prob(Y = 1 � x) =
exp(x′B)

1 + exp(x′B)
= Λ(x′B), (17-10)

has also been used in many applications. We shall use the notation Λ(.) to indicate the 
logistic distribution function. For this case, the density is Λ(t)[1 - Λ(t)]. this model is 
called the logit model for reasons we shall discuss below. Both of these distributions have 
the familiar bell shape of symmetric distributions and sigmoid shape shown in Figure 17.1. 
Other models which do not assume symmetry, such as the Gumbel model or type i 
extreme value model,

Prob(Y = 1 � x) = exp[-exp(-x′B)],

complementary log log model,

Prob(Y = 1 � x) = 1 - exp[-exp(x′B)],

and the Burr model,8

Prob(Y = 1 � x) = J exp(x′B)

1 + exp(x′B)
R g

= [Λ(x′B)]g,

have also been employed. still other distributions have been suggested,9 but the probit 
and logit models are by far the most common frameworks used in econometric 
applications.

the question of which distribution to use is a natural one. the logistic distribution 
is similar to the normal except in the tails, which are considerably heavier. (it more 
closely resembles a t distribution with seven degrees of freedom.) For intermediate 
values of x′B, the two distributions tend to give very similar probabilities. the 
logistic distribution tends to give larger probabilities to Y = 1 when x′B is extremely 
small (and smaller probabilities to Y = 1 when x′B is very large) than the normal 
distribution. it is difficult to provide practical generalities on this basis, however, 
as they would require knowledge of B. We might expect different predictions from 
the two models, however, if the sample contains (1) very few responses (Y’s equal 
to 1) or very few nonresponses (Y’s equal to 0) and (2) very wide variation in an 
important independent variable, particularly if (1) is also true. there are practical 
reasons for favoring one or the other in some cases for mathematical convenience, but 
it is difficult to justify the choice of one distribution or another on theoretical grounds. 
amemiya (1981) discusses a number of related issues, but as a general proposition, 
the question is unresolved. in most applications, the choice between these two seems 
not to make much difference. as seen in the following example, the symmetric and 
asymmetric distributions can give somewhat different results, and here, the guidance 
on how to choose is unfortunately sparse. On the other hand, for estimation of the 
quantities usually of interest (partial effects), in the sample sizes typical in modern 

8Or scobit model for a skewed logit model; see nagler (1994).
9see, for example, maddala (1983, pp. 27–32), aldrich and nelson (1984), and Stata (2014).
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research, it turns out that the different functional forms tend to give comfortably 
similar results. the choice of which F(.) to use is ultimately less important than the 
choice of x and x′B. We will examine this proposition in more detail below.

17.2.4  PARTIAL EFFECTS IN BINARY CHOICE MODELS

most analyses will be directed at examining the relationships between the covariates, 
x, and the probability of the event, Prob(Y = 1 � x) = F(y � x) = F(x′B), typically, the 
partial effects. Whatever distribution is used, it is important to note that the parameters 
of the model (B), like those of any nonlinear model, are not necessarily the partial effects 
we are accustomed to analyzing. in general, via the chain rule,

 
0F(y � x)

0x
= JdF(x′B)

d(x′B)
R * B = f(x′B) * B, (17-11)

where f(.) is the density function that corresponds to the distribution function, F(.). For 
the normal distribution (probit model), this result is

0F(y � x)

0x
= f(x′Bprobit) * Bprobit.

For the logistic distribution,

dΛ(x′Blogit)

d(x′Blogit)
=

exp(x′Blogit)

[1 + exp(x′Blogit)]2 = Λ(x′Blogit)[1 - Λ(x′Blogit)],

so, in the logit model,

0F(y � x)

0x
= Λ(x′Blogit)[1 - Λ(x′Blogit)]Blogit.

these values will vary with the values of x. in index function models generally, the set 
of partial effects is a multiple of the coefficient vector.

as we will observe below in several applications, a common empirical regularity for 
estimates of probit and logit models is Bnlogit ≈ 1.6Bnprobit. this might suggest quite a large 
difference between the two models, however, that would be misleading. as a general 
result, the partial effects produced by these two (and other) models will be nearly the 
same. near the middle of the range of the probabilities, where F(x′B) is roughly 0.5, the 
logistic partial effects will be roughly 0.5(1 9 0.5)Blogit while the probit partial effects 
will be roughly 0.4Bprobit (where 0.4 is the normal density at the point where the cdf 
equals 0.5). if the two partial effects are to be the same, then 0.25Blogit = 0.4Bprobit or 
Blogit = 1.6Bprobit. Observed estimates will vary around this general result. an example 
is shown in table 17.1.

For computing partial effects one can evaluate the expressions at the sample means 
of the data, producing the partial effects at the averages (Pea),

PEA = Gn(x) = f(x′Bn)Bn .

the means of the data do not always produce a realistic scenario for the computation. 
For example, the mean gender of 0.5 does not correspond to any individual in the sample. 
it is more common to evaluate the partial effects at every actual observation and use 
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the sample average of the individual partial effects, producing the average partial effects 
(APE). the desired computation would be

 APE = GQn =
1
n a

n

i = 1
f(xi

=Bn)Bn . (17-12)

it is usually, the “average partial effect,” that is, the expected value of the partial effect, 
that is actually of interest. Let G0 denote the population parameter. then,

 APE0 = G0 = ExJ 0E[y � x]

0x
R . (17-13)

One might wonder whether the aPe produces a different answer from the Pea. it 
is tempting to suggest that the difference is a small sample effect, but it is not, at least 
not entirely. assume the parameters are known, and let the average partial effect for 
variable xk be

gk = APEk =
1
n a

n

i = 1

0F(xi
=B)

0xik
=

1
n a

n

i = 1
F′(xi

=B)bk =
1
n a

n

i = 1
gk(xi).

We will compute this at the mLe, Bn . now, expand this function in a second-order taylor 
series around the point of sample means, x, to obtain

 gk =
1
n a

n

i = 1
Jgk(x) + a

k

m = 1

0gk(x)

0xm
 (xim - xm) +

1
2 a

K

l = 1
a
K

m = 1

02gk(x)

0xl0xm
 (xil - xl)(xim - xm) + ∆i(x)R

 = gk(x) +
1
2 a

K

l = 1
a
K

m = 1
glmSlm + ∆(x),

where ∆(x) is the remaining higher-order terms. the first of the four terms is the partial 
effect at the sample means. the second term is zero. the third is an average of functions 
of the variances and covariances of the data and the curvature of the probability function 
at the means. the final term is the remainder. Little can be said to characterize these two 
terms in any particular sample. in applications, the difference is usually relatively small.

another complication for computing partial effects in a nonlinear model arises 
because x will often include dummy variables—for example, a labor force participation 
equation will often contain a dummy variable for marital status. it is not appropriate to 
apply (17-12) for the effect of a change in a dummy variable, or a change of state. the 
appropriate partial effect for a binary independent variable, say, d, would be

 Pea = Prob[Y = 1 � x(d), d = 1] - Prob[Y = 1 � x(d), d = 0]  (17-14)

or

 aPe =
1
n a

n

i = 1
[Prob(Y = 1 � xi,(d), di = 1) - Prob(Y = 1 � xi,(d), di = 0)],

where d denotes the other variables in the model excluding the dummy variable in 
question. simply taking the derivative with respect to the binary variable as if it were 
continuous provides an approximation that is often surprisingly accurate. in example 17.3,  
for the binary variable PSI, the average difference in the two probabilities for the probit 
model is 0.374, whereas the derivative approximation is 0.222 * 1.426 = 0.317. in a 
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larger sample, the differences are often very small. nonetheless, the difference in the 
probabilities is the preferred computation, and is automated in standard software.

if the dummy variable in the choice model is a treatment as Psi is in the example 
below, then the aPe would estimate the average treatment, ate, for the population. But 
the average treatment on the treated, atet, would require a change in the computation. 
if the treatment were exogenous (e.g., if students were carefully randomly assigned to 
Psi), then computing the aPe over the subsample with di = 1, would be an appropriate 
estimator.10 any difference between ate and atet would then be attributable to 
systematic differences in x � d = 1 and x � (d = 0 or d = 1). if the treatment were 
endogenous, then neither aPe nor aPe � d = 1 would be an appropriate estimator—
indeed, the model itself would have to be extended. We will treat this case in section 17.6.

17.2.5  ODDS RATIOS IN LOGIT MODELS

the odds in favor of an event is the ratio Prob(Y = 1)/Prob(Y = 0). For the logit 
model—the result is not meaningful for the other models considered—the odds “in 
favor of Y = 1” are

Odds =
Prob(Y = 1 � x)

Prob(Y = 0 � x)
=

exp(x′B)/[1 + exp(x′B)]

1/[1 + exp(x′B)]
= exp(x′B).

consider the effect on the odds of the change of a dummy variable, d,

Odds Ratio =
Odds(x, d = 1)

Odds(x, d = 0)
=

Jexp(x′B + d * 1)/[1 + exp(x′B + d * 1)]

1/[1 + exp(x′B + d * 1)]
RJexp(x′B + d * 0)/[1 + exp(x′B + d * 0)]

1/[1 + exp(x′B + d * 0)]
R = exp(d).

therefore, the change in the odds when a variable changes by one unit somewhat 
resembles a partial effect, though in fact it is not a derivative. “Odds ratios” are reported 
in many studies that are based on logit models. When the experiment of changing the 
variable in question, xk, by one unit is meaningful, exp(bk) for the respective coefficient 
reports the multiplicative change in the ratio. the proportional change would be 
exp(d) - 1. [received studies always report exp(d), not exp(d) - 1.] if the experiment 
of a change in one unit is not meaningful, the odds ratio, like the simple partial effect, 
could be misleading. note, in example 17.8 (table17.5) below, we have computed a partial 
effect for income of roughly -0.03. however, a change in income of a full unit in these 
data is not a meaningful experiment—the full range of values is about 1.0–3.0. the more 
useful calculation for a variable xk is 0Prob(Y = 1 � x)/0xk * dxk. in example 17.8, for the 
income variable, dxk = 0.1 would be more informative. a similar computation would 
be appropriate for the odds ratios, though it is unclear how that might be constructed 
independently of the specific change for a specific variable, in which case, the partial 
effect (or elasticity) might be more straightforward. the odds ratio is meaningful for a 
dummy variable, however. We examine an application in example 17.11.

10use of linear regression with binary dependent variables to estimate treatment effects in randomized trials 
is discussed in department of health and human services, Office of adolescent health, evaluation technical 
assistance Brief no. 6, december 2014, www.hhs.gov/ash/oah-initiatives/assets/lpm-tabrief.pdf (accessed 
June 2016).
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Example 17.3  Probability Models
The data listed in Appendix Table F14.1 were taken from a study by Spector and Mazzeo 
(1980), which examined whether a new method of teaching economics, the Personalized 
System of Instruction (PSI), significantly influenced performance in later economics 
courses. The “dependent variable” used in the application is GRADE, which indicates 
whether a student’s grade in an intermediate macroeconomics course was higher than 
that in the principles course. The other variables are GPA, their grade point average; 
TUCE, the score on a pretest that indicates entering knowledge of the material; and PSI, 
the binary variable indicator of whether the student was exposed to the new teaching 
method. (Spector and Mazzeo’s specific equation was somewhat different from the one 
estimated here.)

Table 17.1 presents five sets of parameter estimates. The coefficients and average 
partial effects were computed for four probability models: probit, logit, Gompertz, and 
complementary log log and for the linear regression of GRADE on the covariates. The last 
four sets of estimates are computed by maximizing the appropriate log-likelihood function. 
Inference is discussed in the next section, so standard errors are not presented here. The 
scale factor given in the last row is the average of the density function evaluated at the means 
of the variables. If one looked only at the coefficient estimates, then it would be natural to 
conclude that the five models had produced radically different estimates. But a comparison of 
the columns of average partial effects shows that this conclusion is clearly wrong. The models 
are very similar; in fact, the logit and probit models results are nearly identical.

The data used in this example are only moderately unbalanced between 0s and 1s for the 
dependent variable (21 and 11). As such, we might expect similar results for the probit and 
logit models.11 One indicator is a comparison of the coefficients. In view of the different 
variances of the distributions, one for the normal and p2/3 for the logistic, we might expect 
to obtain comparable estimates by multiplying the probit coefficients by p/23 ≈ 1.8. 
Amemiya (1981) found, through trial and error, that scaling by 1.6 instead produced better 
results. This proportionality result is frequently cited. The result in (17-11) may help explain 
the finding. The index x′B is not the random variable. The partial effect in the probit model 
for, say, xk is f(x′Bp)bpk, whereas that for the logit is Λ(1 - Λ)blk. (The subscripts p and l are 
for probit and logit.) Amemiya suggests that his approximation works best at the center of 

11One might be tempted in this case to suggest an asymmetric distribution for the model, such as the Gumbel 
distribution. however, the asymmetry in the model, to the extent that it is present at all, refers to the values of e, 
not to the observed sample of values of the dependent variable.

Linear Logit Probit Comp. Log Log Gompertz

Variable Coeff. APE Coeff. APE Coeff. APE Coeff. APE Coeff. APE

Constant -1.498 – -13.021 – -7.452 – -10.361 – -7.141 –
GPA 0.464 0.464 2.826 0.363 1.626 0.361 2.293 0.413 1.584 0.319
TUCE 0.010 0.010 0.095 0.012 0.052 0.011 0.041 0.007 0.060 0.012
PSIa 0.379 0.379 2.379 0.358 1.426 0.374 1.562 0.312 1.616 0.411
Mean f(x′B)  1.000 0.128 0.222 0.180 0.201

aPartial effects for Psi computed as average of [Prob(Grade = 1 � x(PSI), PSI = 1) - Prob(Grade
= 1 � x(PSI), PSI = 0)].

TABLE 17.1 Estimated Probability Models
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the distribution, where F = 0.5, or x′B = 0 for either distribution. Suppose it is. Then 
f(0) = 0.3989 and Λ(0)[1 - Λ(0)] = 0.25. If the partial effects are to be the same, then 0.3989 
bpk = 0.25blk, or blk = 1.6bpk, which is the regularity observed by Amemiya. Note, though, 
that as we depart from the center of the distribution, the relationship will move away from 1.6. 
Because the logistic density descends more slowly than the normal, for unbalanced samples 
such as ours, the ratio of the logit coefficients to the probit coefficients will tend to be larger 
than 1.6. The ratios for the ones in Table 17.1 are closer to 1.7 than 1.6.

The computation of effects of dummy variables in binary choice settings is an important 
(one might argue, the most important) element of the analysis. One way to analyze the effect 
of a dummy variable on the whole distribution is to compute Prob(Y = 1) over the range of 
x′B (using the sample estimates) and with the two values of the binary variable. Using the 
coefficients from the probit model in Table 17.1, we have the following probabilities as a 
function of GPA, at the mean of TUCE (21.938):

 PSI = 0: Prob(GRADE = 1) = Φ[-7.452 + 1.626GPA + 0.052(21.938)],

 PSI = 1: Prob(GRADE = 1) = Φ[-7.452 + 1.626GPA + 0.052(21.938) + 1.426].

Figure 17.2 shows these two functions plotted over the range of GPA observed in the sample, 
2.0 to 4.0. The partial effect of PSI is the difference between the two functions, which ranges 
from only about 0.06 at GPA = 2 to about 0.50 at GPA of 3.5. This effect shows that the 
probability that a student’s grade will increase after exposure to PSI is far greater for students 
with high GPAs than for those with low GPAs. At the sample mean of GPA of 3.117, the effect 
of PSI on the probability is 0.465. The simple estimate of the partial effect at the mean is 
0.468. But of course, this calculation does not show the wide range of differences displayed 
in Figure 17.2. The APE averages over the entire distribution, and equals 0.374. This latter 
figure is probably more representative of the desired effect. (In the typical application with a 
much larger sample, the differences in these results will usually be much smaller.)

FIGURE 17.2  Effect of GPA on Predicted Probabilities.
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The odds ratio for the PSI variable is exp(2.379) = 10.6. This would imply that the odds 
of a grade increase for those who take the PSI are more than 10 times the odds for a student 
who does not. From Figure 17.2, for the average student, the odds ratio would appear to be 
about (0.571/0.429)/(0.106/0.894) = 11.1, which is essentially the same result. The partial 
effect of PSI for that student is 0.571 - 0.106 = 0.465. It is clear from Figure 17.2, however, 
that the partial effect of PSI varies greatly depending on the GPA. The odds ratio, being 
a constant, will mask that aspect of the results. The plot in Figure 17.2 is suggestive, but 
imprecise. A more direct analysis would examine the effect of PSI on the probability as 
it varies with GPA. Figure 17.3 shows that effect. The unsurprising conclusion is that the 
impact of PSI is greatest for students in the middle of the grade distribution, not at the low 
end, which might have been expected. We also see that the marginal benefit of PSI actually 
begins to diminish for the students with the highest GPAs, probably because they are most 
likely already to have GRADE = 1. [Figure 17.3 also shows the estimated effect from the linear 
probability, model (Section 17.2.6) which, like the odds ratio, oversimplifies the relationship.]

Example 17.4  The Light Bulb Puzzle: Examining Partial Effects
The light bulb puzzle refers to an observed sluggishness by consumers in adopting energy 
efficient and environmentally less harmful CFL (compact fluorescent light) bulbs in spite of 
their advantageous cost and environmental impacts. Di Maria, Ferreira, and Lazarova (2010) 
examined a survey of Irish energy consumers to learn about the underlying preferences that 
seem to be driving this puzzling outcome. The authors develop a model of utility maximization 
over consumption of conventional lighting and CFL lighting. Utility is derived from two 
sources, consumption of the lighting (in lumens) and environmental impact, I. Determination 
of the binary outcome, “adopt CFL,” is based on maximizing utility from the two sources, 
subject to the costs of adoption, including effort. Individual heterogeneity enters the utility 
calculation (as a random component) through differences in environmental preferences, 
perceived costs, understanding of the technology, the costs of the effort in adoption, and 
differences in individual discount rates.

FIGURE 17.3  Effect of PSI on GRADE by GPA.
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The empirical analysis is based on a survey of 1,500 Irish lighting consumers in the 2001 
Urban Institute Ireland National Survey on Quality of Life. Inputs to the adoption model are 
in three components:

Environmental Interest:12

Support of Kyoto Protocol (1–4), Importance of Environment (1, 2, 3),
Knowledge of Environment (0, 1).

Demographics:

Age, Gender, Marital Status, Family Size, Education (4 levels), Income

Housing Attributes:

Rural, Own/Rent, Detached or Semidetached Number of Rooms,
House Built Before the 1960s.

The authors report coefficient estimates for probit models with standard errors and partial 
effects evaluated at the means of the data. Among the statistically significant results reported 
are partial effects of 0.098 for support of the Kyoto Protocal, 0.044 for the Importance of the 
Environment, and 0.115 for Knowledge of the Environment. Overall, about 30% of the sample 
are adopters. The environmental interest variables, therefore, are found to exert a very large 
influence. The mean values of these variables are 3.05, 2.51, and 0.85, respectively. Thus, 
starting from the base of 3.05, increased support for Kyoto increases the acceptance rate from 
about 0.30 to about 0.398, or roughly a third. For the Importance variable, the change from the 
average to the highest would be about 0.5, and the partial effect is 0.044, so the probability 
would increase by about 0.022 from a base of about 0.3, or about 7.3%, a much smaller 
increase. For the Knowledge variable, the partial effect is 0.115. Increasing this variable from 
0 to 1 would increase the probability from 0.3 by about 0.115, or, again, by about one-third.

The average income in the sample is €22,987. The log of the mean is about 10. An increase 
in the log of income of one unit would take it to 11, or income of about €62,500, which is 
larger than the maximum in the sample. A more reasonable experiment might be to raise 
income by about 10%, in which case the log income rises by about 0.095.The partial effect 
for log income is 0.073. An increase in the log of income of 0.095 would be associated with 
an increase in the average probability of 0.095 * 0.073 = 0.007. This would correspond to 
a 2.3% increase in the probability, from 0.30 to 0.307.

The authors report an experiment with the marginal effects: “As robustness checks we first 
estimated the marginal effects associated with the coefficients in Table 5 at different levels of 
income (1st, 25th, 50th, 75th, and 99th percentile) and educational attainment. The marginal 
impacts discussed above increase monotonically with the level of income and education, 
but these increases are not statistically significant.” That is, they examined the changes in 
the partial effect of education associated with changes in income. Superficially, this is an 
estimation of 0[0Prob(Adopt = 1)/0Education]/0income. This is the analysis in Figure 17.3.

17.2.6  THE LINEAR PROBABILITY MODEL

the binary outcome suggests a regression model,

F(x, B) = x′B,

with

E[y � x] = {0 * [1 - F(x, B)]} + {1 * [F(x, B)]} = F(x, B).

12the authors used a principal component for the three measures in one specification of the model, but the 
preferred specification used the three environmental variables separately.
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this implies the regression model,

 y = E[y � x] + (y - E[y � x])
 = x′B + e.

the linear probability model (LPM) has a number of shortcomings. a minor 
complication arises because e is heteroscedastic in a way that depends on B. Because 
x′B + e must equal 0 or 1, e equals either -x′B or 1 - x′B, with probabilities 1 - F 
and F, respectively. thus, you can easily show that in this model,

Var[e � x] = x′B(1 - x′B).

We could manage this complication with an FGLs estimator in the fashion of chapter 9, 
though this only solves the estimation problem, not the theoretical one.13 a more serious 
flaw is that without some ad hoc tinkering with the disturbances, we cannot be assured 
that the predictions from this model will truly look like probabilities. We cannot constrain 
x′B to the 0–1 interval. such a model produces both nonsense probabilities and negative 
variances. Five of the 32 observations in example 17.3 predict negative probabilities. (this 
failure of the model to adhere to the basic assumptions of the theory is sometimes labeled 
“incoherence.”)

in spite of the list of shortcomings, the LPm has been used in a number of recent 
studies. the principal motivation is that it appears to reliably reproduce the partial 
effects obtained from the formal models such as probit and logit—often only the signs 
and statistical significance are of interest. Proponents of the LPm argue that it produces 
a good approximation to the partial effects in the nonlinear models. the authors of the 
study in example 17.5 state that they obtained similar results from a logit model (in the 
2002 version, a probit model in the 2003 version). if that is always the case, and given the 
restrictiveness and incoherence of the linear specification, what is the LPm’s advantage? 
Proponents point to two:

1. Simplicity. this is, of course, dubious because modern software requires merely the 
press of a different button or two for nonlinear models. the argument gains more 
currency in models that contain endogenous variables. We will return to this case 
below.

2. Robustness. the assumptions of normality or logisticality (?) are fragile while 
linearity is distribution free. this remains actually to be verified. researchers 
disagree on the appropriateness of the LPm. For discussion, see Lewbel, dong, and 
yang (2012) and angrist and Pischke (2009).

Example 17.5  Cheating in the Chicago School System—An LPM
Jacob and Levitt (2002, 2003) used a binary choice model to detect cheating by teachers on 
behalf of their students in the Chicago school system. The study developed a method of 
detecting whether test results had been altered. The model used to generate the final results 

13there is a deeper peculiarity about this formulation. in the regression models we have examined up to this 
point, the disturbance, e, is assumed to embody the independent variation of influences (other variables) that are 
generated outside the model. Because the disturbance in this model arises only tautologically through the need to 
have y on the Lhs of the equation equal y on the rhs, there is no room in the linear probability model for left-
out variables to explain some of the variation in y. For a given x, e cannot vary independently of x. although the 
least squares residuals, ei, are algebraically orthogonal to xi, it is difficult to construct a statistical understanding of 
independence or uncorrelatedness of ei and xi.
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in the study is an LPM for the variable “Indicator of classroom cheating.” In one of the main 
results in the paper, the authors report (2002, p. 41): “[T]eachers are roughly 6 percentage 
points more likely to cheat for students who scored in the second quartile (between the 25th 
and 50th percentile) in the prior year, as compared to students scoring at the third or fourth 
quartiles.” The coefficient on the relevant variable in the LPM is 0.057, or roughly 6%. This 
seems like a moderate result. However, only about 1% of the observations in their sample 
are actually classified as having cheated, overall. As such, if 1% is the baseline, the “6 
percentage points” is actually a 600% increase! The moderate result is actually extreme. The 
result is not surprising, however. The linear probability model forces the probability function 
to have the same slope all the way from zero to one. It is clear from Figure 17.1, however, that 
in the extreme tails, such as F(.) = 0.01, the function will be much flatter than in the center 
of the distribution.14 Unless the entire distribution of the data is confined to the extreme ends 
of the range, having to accommodate the middle of the distribution will make the LPM highly 
inaccurate in the tails.15 An implication of this restriction is shown in Figure 17.3.

17.3 ESTIMATION AND INFERENCE FOR BINARY CHOICE MODELS

With the exception of the linear probability model, estimation of binary choice models 
is usually based on the method of maximum likelihood. each observation is treated as 
a single draw from a Bernoulli distribution (binomial with one draw). the model with 
success probability F(x′B) and independent observations leads to the joint probability, 
or likelihood function,

Prob(Y1 = y1, Y2 = y2, c, Yn = yn � X) = q
yi = 0

[1 - F(xi
=B)] q

yi = 1
F(xi

=B),

where X denotes [xi]i = 1, c, n. the likelihood function for a sample of n observations can 
be conveniently written as

 L(B � data) = q
n

i = 1
[F(xi

=B)]yi[1 - F(xi
=B)]1 - yi. (17-15)

taking logs, we obtain

 ln L = a
n

i = 1
{yi ln F(xi

=B) + (1 - yi) ln[1 - F(xi
=B)]}.16 (17-16)

the likelihood equations are

 
0 ln L

0B
= a

n

i = 1
Jyi 

fi

Fi
+ (1 - yi) 

-fi

(1 - Fi)
Rxi = 0, (17-17)

where fi is the density, dFi/d(xi
=B). [in (17-17) and later, we will use the subscript i to 

indicate that the function has an argument xi
=B.] the choice of a particular form for Fi 

leads to the empirical model.
unless we are using the linear probability model, the likelihood equations in (17-17) 

will be nonlinear and require an iterative solution. all of the models we have seen thus 

14this result appears in the 2002 (nBer) version of the paper, but not in the 2003 version.
15see Wooldridge (2010, pp. 562–564).
16if the distribution is symmetric, as the normal and logistic are, then 1 - F(x′B) = F(-x′B). there is a further 
simplification. Let q = 2y - 1. then ln L = Σi ln F(qixi

=B).
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far are relatively straightforward to calibrate. For the logit model, by inserting (17-10) in 
(17-17), we get, after a bit of manipulation, the likelihood equations,

 
0 ln L

0B
= a

n

i = 1
(yi - Λi)xi = 0. (17-18)

note that if xi contains a constant term, the first-order conditions imply that the average 
of the predicted probabilities must equal the proportion of ones in the sample.17 this 
implication also bears some similarity to the least squares normal equations if we view 
the term yi - Λi as a residual.18 For the probit model, the log likelihood is

 ln L = a
yi = 0

 ln[1 - Φ(xi
=B)] + a

yi = 1
 ln Φ(xi

=B). (17-19)

the first-order conditions for maximizing ln L are

0 ln L
0B

= a
yi = 0

-fi

1 - Φi
 xi + a

yi = 1

fi

Φi
 xi = a

yi = 0
l0ixi + a

yi = 1
l1ixi.

using the device suggested in footnote 16, we can reduce this to

 
0 log L

0B
= a

n

i = 1
Jqif(qixi

=B)

Φ(qixi
=B)

Rxi = a
n

i = 1
lixi = 0, (17-20)

where qi = 2yi - 1.
the actual second derivatives for the logit model are quite simple:

 H =
02 ln L
0B0B′

= - a
i

Λi(1 - Λi)xixi
=. (17-21)

the second derivatives do not involve the random variable yi, so newton’s method is 
also the method of scoring for the logit model. the hessian is always negative definite, 
so the log likelihood is globally concave. newton’s method will usually converge to the 
maximum of the log likelihood in just a few iterations unless the data are especially 
badly conditioned. the computation is slightly more involved for the probit model. a 
useful simplification is obtained by using the variable l(yi, xi

=B) = li that is defined 
in (17-20). the second derivatives can be obtained using the result that for any z, 
df(z)/dz = -zf(z). then, for the probit model,

 H =
02 ln L
0B0B′

= a
n

i = 1
- li[li + (qixi

=B)]xixi
=. (17-22)

this matrix is also negative definite for all values of B. the proof is less obvious than for 
the logit model.19 it suffices to note that the scalar part in the summation is 
Var[e � e … B′x] - 1 when y = 1 and Var[e � e Ú -B′x] - 1 when y = 0. the 
unconditional variance is one. Because truncation always reduces variance—see 

17the same result holds for the linear probability model. although regularly observed in practice, the result has 
not been proven for the probit model.
18the first derivative of the log likelihood with respect to the constant term produces the generalized residual in many 
settings. see, for example, chesher, Lancaster, and irish (1985) and the equivalent result for the tobit model in section 
19.3.2.
19see, for example, amemiya (1985, pp. 273–274) and maddala (1983, p. 63).
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theorem 18.2—in both cases, the variance is between zero and one, so the value is 
negative.20

the asymptotic covariance matrix for the maximum likelihood estimator can be 
estimated by using the negative inverse of the hessian evaluated at the maximum 
likelihood estimates. there are also two other estimators available. the Berndt, hall, 
hall, and hausman estimator [see (14-18) and example 14.4] would be (B)-1 where

B = a
n

i = 1
gi

2xixi
=,

where gi = (yi - �i) for the logit model [see (17-18)] and gi = li for the probit model 
[see (17-20)]. the third estimator would be based on the expected value of the hessian. 
as we saw earlier, the hessian for the logit model does not involve yi, so H = E[H]. 
But because li is a function of yi [see (17-20)], this result is not true for the probit model. 
amemiya (1981) showed that for the probit model,

 EJ 02 ln L
0B0B′

R
probit

= a
n

i = 1
l0il1ixixi

=. (17-23)

Once again, the scalar part of the expression is always negative [note in (17-20) that l0i 
is always negative and li1 is always positive]. the estimator of the asymptotic covariance 
matrix for the maximum likelihood estimator is then the negative inverse of whatever 
matrix is used to estimate the expected hessian. Because the actual hessian is generally 
used for the iterations, this option is the usual choice. as we shall see later, though, for 
certain hypothesis tests, the Bhhh estimator is a more convenient choice.

17.3.1  ROBUST COVARIANCE MATRIX ESTIMATION

the probit maximum likelihood estimator is often labeled a quasi-maximum likelihood 
estimator (QmLe) in view of the possibility that the normal probability model might be 
misspecified. White’s (1982a) robust sandwich estimator for the asymptotic covariance 
matrix of the QmLe (see section 14.11 for discussion),

est.asy.Var[Bn] = [-Hn ]-1[Bn ][-Hn ]-1,

has been used in a number of studies based on the probit model.21 (indeed, it is ubiquitous 
in the contemporary literature.) if the probit model is correctly specified, then 
plim(1/n)(Bn ) = plim(1/n)(-Hn ) and either single matrix will suffice, so the robustness 
issue is moot. On the other hand, the probit (Q-) maximum likelihood estimator is not 
consistent in the presence of any form of heteroscedasticity, unmeasured heterogeneity, 
omitted variables (even if they are orthogonal to the included ones), nonlinearity of the 
functional form of the index, or an error in the distributional assumption [with some 
narrow exceptions as described by ruud (1986)]. thus, in almost any case, the sandwich 
estimator provides an appropriate asymptotic covariance matrix for an estimator that 
is biased in an unknown direction.22 White raises this issue explicitly, although it seems 
to receive little attention in the literature: “it is the consistency of the QmLe for the 
parameters of interest in a wide range of situations which insures its usefulness as the 

20see Johnson and Kotz (1993) and heckman (1979). We will make repeated use of this result in chapter 19.

22see section 14.11 and Freedman (2006).

21For example, Fernandez and rodriguez-Poo (1997), horowitz (1993), and Blundell, Laisney, and Lechner (1993).
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basis for robust estimation techniques” (1982a, p. 4). his very useful result is that, if the 
QmLe converges to a probability limit, then the sandwich estimator can be used under 
certain circumstances to estimate the asymptotic covariance matrix of that estimator. 
But there is no guarantee that the QmLe will converge to anything interesting or useful. 
simply computing a robust covariance matrix for an otherwise inconsistent estimator 
does not give it redemption. consequently, the virtue of a robust covariance matrix in 
this setting is unclear. it is true, however, that the robust estimator does appropriately 
estimate the asymptotic covariance for the parameter vector that is estimated by 
maximizing the log likelihood, whether that is B or something else. in practice, because 
the model is generally reasonably specified, the correction usually makes little difference.

similar considerations apply to the cluster correction of the asymptotic covariance 
matrix for the mLe described in section 14.8.2. For data with clustered structure, the 
estimator is

V =
C

C - 1
 ¢ - a

C

c = 1
a
Nc

t = 1

02 ln fct(Un)

0Un0Un′
b

-1J a
C

c = 1
¢ aNc

t = 1

0 ln fct(Un)

0Un
≤ ¢ aNc

t = 1

0 ln fct(Un)

0Un′
≤ R

 ¢ - a
C

c = 1
a
Nc

t = 1

02 ln fct(Un)

0Un0Un′
≤-1

. (17-24)

(the analogous form will apply for a panel data arrangement with n groups and Ti 
observations in group i.) the matrix provides an appropriate estimator for the asymptotic 
variance for the mLe. Whether the mLe, itself, estimates the parameter vector of 
interest when the observations are correlated (clustered) is a separate issue.

Example 17.6  Robust Covariance Matrices for Probit and LPM Estimators
In Example 7.6, we considered nonlinear least squares estimation of a loglinear model for the 
number of doctor visits variable shown in Figure 14.6. The data are drawn from the Riphahn et 
al. (2003) data set in Appendix Table F7.1. We will continue that analysis here by fitting a more 
detailed model for the binary variable Doctor = 1 (DocVis 7 0). The index function for the model is

 Prob(Doctor = 1 � xit] = F(b1 + b2 Ageit + b3 Educit + b4 Incomeit + b5 Kidsit

+ b6 Health Satisfactionit + b7 Marital Statusit).

The data are an unbalanced panel of 27,326 household-years in 7,293 groups. We will 
examine the 3,377 observations in the 1994 wave, then the full data set. Descriptive 
statistics for the variables in the model are given in Table 17.2. (We will use these data in 

Full Panel: n = 27,326 1994 Wave: n = 3,377

Variable Mean
Standard 
Deviation Minimum Maximum Mean

Standard 
Deviation

Doctor 0.629 0.483 0 1 0.658 0.474
Age 43.526 11.330 25 64 42.627 11.586
Education 11.321 2.325 7 18 11.506 2.403
Income 0.352 0.177 0.0015 3.0671 0.445 0.217
Kids 0.403 0.490 0 1 0.388 0.487
Health Sat. 6.786 2.294 0 10 6.643 2.215
Married 0.759 0.428 0 1 0.710 0.454

TABLE 17.2 Descriptive Statistics for Binary Choice Model
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several examples to follow.) Table 17.3 presents two sets of estimates for each of the probit 
model and the linear probability model. The 1994 wave of the panel is used for the top panel 
of results. The comparison is between the conventional standard errors and the robust 
standard errors. These would be the White estimator for the LPM and the robust estimator 
in (14-36) for the MLE. In both cases, there is essentially no difference in the estimated 
standard errors. This would be the typical result. The lower panel shows the impact of 
correcting the standard errors of the pooled estimator in a panel. The robust standard errors 
are based on (17-24). In this case, there is a tangible difference, though perhaps less than 
one might expect. The correction for clustering produces a 20% to 50% increase in the 
standard errors.

17.3.2  HYPOTHESIS TESTS

the full menu of procedures is available for testing hypotheses about the coefficients. 
the simplest method for a single restriction would be the usual t tests, using the standard 
errors from the estimated asymptotic covariance matrix for the mLe. Based on the 
asymptotic normal distribution of the estimator, we would use the standard normal table 
rather than the t table for critical points. (see the several previous examples.) For more 
involved restrictions, it is possible to use the Wald test. For a set of restrictions RB = q, 
the statistic is

W = (RBn - q)′{R(est.asy.Var[Bn])R′}-1(RBn - q).

Cross Section Estimates, 1994 Wave

Probit Model Linear Probability Model

Variable Coefficient
Standard 

Error
Robust Std. 

Error Coefficient Std. Error
Robust Std. 

Error

Constant 1.69384 0.18199 0.18063 1.05062 0.05986 0.05840
Age 0.00448 0.00240 0.00238 0.00147 0.00080 0.00079
Education -0.01205 0.01002 0.01002 -0.00448 0.00343 0.00351
Income -0.09149 0.11187 0.11473 -0.02671 0.03842 0.04016
Kids -0.24557 0.05514 0.05541 -0.08398 0.01874 0.01907
Health Sat. -0.18503 0.01201 0.01187 -0.05800 0.00363 0.00319
Married 0.10571 0.06134 0.06131 0.03666 0.02055 0.02040

Full Panel Data Pooled Estimates

Variable Coefficient Std. Error
Clustered Std. 

Error Coefficient Std. Error
Clustered Std. 

Error

Constant 1.46973 0.06538 0.08687 0.99472 0.02246 0.02988
Age 0.00617 0.00082 0.00107 0.00213 0.00029 0.00037
Education -0.01527 0.00360 0.00499 -0.00587 0.00127 0.00180
Income -0.02838 0.04746 0.05727 -0.00285 0.01667 0.02031
Kids -0.12993 0.01868 0.02354 -0.04508 0.00656 0.00837
Health Sat. -0.17466 0.00396 0.00490 -0.05757 0.00126 0.00141
Married 0.06591 0.02103 0.02762 0.02363 0.00730 0.00958

TABLE 17.3 Estimates for Binary Choice Models
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For example, for testing the hypothesis that a subset of the coefficients, say, the last M, 
are zero, the Wald statistic uses R = [0 � IM] and q = 0. collecting terms, we find that 
the test statistic for this hypothesis is

 W = BnM
= VM

-1BnM, (17-25)

where the subscript M indicates the subvector or submatrix corresponding to the M 
variables and V is the estimated asymptotic covariance matrix of Bn .

Likelihood ratio and Lagrange multiplier statistics can also be computed. the 
likelihood ratio statistic is

Lr = -2[ln LnR - ln LnU],

where LnR and LnU are the likelihood functions evaluated at the restricted and unrestricted 
estimates, respectively.

a common test, which is similar to the F test that all the slopes in a regression are 
zero, is the likelihood ratio test that all the slope coefficients in the probit or logit model 
are zero. For this test, the constant term remains unrestricted. in this case, the restricted 
log likelihood is the same for both probit and logit models,

 ln L0 = n[P ln P + (1 - P) ln(1 - P)], (17-26)

where P is the proportion of the observations that have dependent variable equal to 1. 
these tests of models mL1 and mL2 are shown in table 17.9 in example 17.14.

it might be tempting to use the likelihood ratio test to choose between the probit 
and logit models. But there is no restriction involved and the test is not valid for this 
purpose. to underscore the point, there is nothing in its construction to prevent the chi-
squared statistic for this “test” from being negative. note, again, in example 17.14, the 
log likelihood for the logit model is -1,991.13 while for the probit model (not shown) 
it is -1,990.36. this might suggest a preference for the probit model, but one could not 
carry out a test based on these results.

the Lagrange multiplier test statistic is Lm = g′Vg, where g is the first derivatives 
of the unrestricted model evaluated at the restricted parameter vector and V is any of the 
estimators of the asymptotic covariance matrix of the maximum likelihood estimator, 
once again computed using the restricted estimates. davidson and macKinnon (1984) 
find evidence that E[H] is the best of the three estimators, which gives

 Lm = ¢ an
i = 1

gixi≤=Jan
i = 1

E[-hi]xixi
= R -1¢ an

i = 1
gixi≤, (17-27)

where E[-hi] is defined in (17-21) for the logit model and in (17-23) for the probit 
model. One could use the robust estimator in section 13.3.1 instead.

For the logit model, when the hypothesis is that all the slopes are zero, the Lm 
statistic is

Lm = nR2,

where R2 is the uncentered coefficient of determination in the regression of (yi - y) 
on xi and y is the proportion of 1s in the sample. an alternative formulation based on 
the Bhhh estimator, which we developed in section 14.4.6 is also convenient. For any 
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of the models considered (probit, logit, Gumbel, etc.), the first derivative vector can be 
written as

0 ln L
0B

= a
n

i = 1
gixi = X′Gi,

where G(n * n) = diag[g1, g2, c, gn] and i is an n * 1 column of 1s. the Bhhh 
estimator of the hessian is (X′G′GX), so the Lm statistic based on this estimator is

 Lm = nJ 1
n

 i′(GX)(X′G′GX)-1(X′G′)iR = nRi
2, (17-28)

where Ri
2 is the uncentered coefficient of determination in a regression of a column of 

ones on the first derivatives of the logs of the individual probabilities.
all the statistics listed here are asymptotically equivalent and under the null 

hypothesis of the restricted model have limiting chi-squared distributions with degrees 
of freedom equal to the number of restrictions being tested.

Example 17.7  Testing for Structural Break in a Logit Model
The probit model in Example 17.6, based on Riphahn, Wambach, and Million (2003), is

 Prob(DocVisit 7 0) = Φ(b1 + b2 Ageit + b3 Educationit + b4 Income

 + b5 Kidsit + b6 HealthSatit + b7 Marriedit).

In the original study, the authors split the sample on the basis of gender and fit separate 
models for male- and female-headed households. We will use the preceding results to 
test for the appropriateness of the sample splitting. This test of the pooling hypothesis 
is a counterpart to the Chow test of structural change in the linear model developed in 
Section 6.6.2. Because we are not using least squares (in a linear model), we use the 
likelihood-based procedures rather than an F test as we did earlier. Estimates of the three 
models (based on the 1994 wave of the datra) are shown in Table 17.4. The chi-squared 
statistic for the likelihood ratio test is

LR = -2(-1,990.534 - (-1,117.587 - 840.246)) = 65.402.

The 95% critical value for seven degrees of freedom is 14.067. To carry out the Wald test for 
this hypothesis there are two numerically identical ways to proceed. First, using the estimates 

Pooled Sample Male Female

Variable Estimate Std. Error Estimate Std. Error Estimate Std. Error

Constant 1.69384 0.18199 1.51850 0.23388 1.80570 0.30341
Age 0.00448 0.00240 0.00509 0.00331 0.00031 0.00374
Education -0.01205 0.01002 -0.01351 0.01309 0.00842 0.01645
Income -0.09149 0.11187 0.09350 0.15627 -0.30374 0.16447
Kids -0.24557 0.05514 -0.28068 0.07676 -0.26567 0.08357
Health Sat. -0.18503 0.01201 -0.19514 0.01635 -0.16289 0.01797
Married 0.10571 0.06134 0.13027 0.08862 0.08212 0.08862
ln L -1,990.534 -1,117.587 -840.246
Sample Size 3,377 1,812 1,565

TABLE 17.4 Estimated Models for Pooling Hypothesis
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for Male and Female samples separately, we can compute a chi-squared statistic to test the 
hypothesis that the difference of the two coefficients is zero. This would be

W = [BnMale - BnFemale]′[Est.Asy.Var(BnMale) + Est.Asy.Var(BnFemale)]-1[BnMale - BnFemale] = 64.6942.

Another way to obtain the same result is to add to the pooled model the original seven 
variables now multiplied by the Female dummy variable. We use the augmented X matrix 
X* = [X, female * X]. The model with 14 variables is now estimated, and a test of the pooling 
hypothesis is done by testing the joint hypothesis that the coefficients on these seven additional 
variables are zero. The Lagrange multiplier test is carried out by using this augmented model 
as well. To apply (17-28), the necessary derivatives are in (17-18). For the probit model, the 
derivative matrix is simply G* = diag[li] from (17-20). For the LM test, the vector B that is 
used is the one for the restricted model. Thus, Bn* = (BnPooled

= , 0, 0, 0, 0, 0, 0, 0)′. The estimated 
values that appear in G* are simply those obtained from the pooled model. Then,

LM = i′G*X*[(X*′G*′)(G*X*)]-1X*′G*′i = 65.9686.

The pooling hypothesis is rejected by all three procedures.

17.3.3  INFERENCE FOR PARTIAL EFFECTS

the predicted probabilities, F(x′Bn) = Fn, and the estimated partial effects, 
f(x′Bn) * Bn = fn Bn , are nonlinear functions of the parameter estimates. We have three 
methods of computing asymptotic standard errors for these: the delta method, the 
method of Krinsky and robb, and bootstrapping. all three methods can be found in 
applications in the received literature. discussion of the various methods and some 
related issues appears in dowd, Greene, and norton (2014).

17.3.3.a  The Delta Method

to compute standard errors, we can use the linear approximation approach discussed in 
section 4.6. For the predicted probabilities,

est.asy.Var[Fn] = [0Fn/0Bn]′V[0Fn/0Bn],
where

V = est.asy.Var[Bn].

the estimated asymptotic covariance matrix of Bn  can be any of those described earlier. 
Let z = x′Bn . then the derivative vector is

[0Fn/0Bn] = [dFn/dz][0z/0Bn] = fnx.

combining terms gives

est.asy.Var[Fn] = fn 2x′Vx,

which depends on the particular x vector used. this result is also useful when a partial 
effect is computed for a dummy variable. in that case, the estimated effect is

∆Fn = [Fn � (d = 1)] - [Fn � (d = 0)].

the estimator of the asymptotic variance would be

 est.asy.Var[∆Fn] = [0∆Fn/0Bn]′V[0∆Fn/0Bn], (17-29)
where

[0∆Fn/0Bn] = fn1 * ¢x(d)

1
≤ - fn0 * ¢x(d)

0
≤.
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For the other partial effects, let Gn (x) = fn(x′Bn)Bn . then

est.asy.Var[Gn (x)] = J 0Gn (x)

0Bn ′
RVJ 0Gn (x)

0Bn ′
R =

.

the matrix of derivatives (the Jacobian) is

fn(x=Bn)a 0Bn

0Bn ′
b + Bn adfn(x)

dz
b a 0z

0Bn ′
b = fn(x)I + adfn(x)

dz
bBnx′.

For the probit model, df(z)/dz = -zf(z), so

est.asy.Var[Gn (x)] = {f(x′Bn)}2 * [I - (x′Bn)Bnx′]V[I - (x′Bn)xBn ′].

For the logit model, fn(x=bn) = Λn(x)[1 - Λn(x)], so

dfn(x=Bn)

dz
= [1 - 2Λn (x)]¢dΛn (x)

dz
≤ = [1 - 2Λn (x)]Λn (x)[1 - Λn (x)].

collecting terms, we obtain

est.asy.Var[Gn (x)] = {Λn(x)[1 - Λn(x)]}2[I + [1 - 2Λn(x)]Bnx′]Vn [I + [1 - 2Λ(x)]xBn ′].

as before, the value obtained will depend on the x vector used. a common application 
sets x at x, the means of the data.

the average partial effects would be computed as

GnQ =
1
n a

n

i = 1

0F(xi
=Bn)

0xi
= J 1

n a
n

i = 1
f(xi

=Bn) RBn .

the preceding estimator appears to be the mean of a random sample. it would be if 
it were based on the true B. But the n terms based on the same Bn  are correlated. the 
delta method must account for the asymptotic (co)variation of the terms in the sum of 
functions of Bn . to use the delta method to estimate the asymptotic standard errors for 
the average partial effects, APEk

¿
, we would use

 est.asy.Var[GnQ ] =
1
n2 est.asy.VarJan

i = 1
Gn iR

 =
1
n2 a

n

i = 1
a
n

j = 1
 est.asy.cov[Gn i, Gn j]

 =
1
n2 a

n

i = 1
a
n

j = 1
Gi(Bn)Vn Gj

=(Bn)

 = J 1
n a

n

i = 1
Gi(Bn) RVn J 1

n a
n

j = 1
Gj

=(Bn) R ,

where

Gi(Bn) =
0f(xi

=Bn)Bn

0Bn ′
= f(xi

=Bn)I + f′(xi
=Bn)Bnxi

=.

the estimator of the asymptotic covariance matrix for the aPe is simply

est.asy.Var[GnQ ] = G(Bn) Vn  G′(Bn).
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the appropriate covariance matrix is computed by making the same adjustment as in 
the partial effects—the derivative matrices are averaged over the observations rather 
than being computed at the means of the data.

17.3.3.b  An Adjustment to the Delta Method

the delta method treats the data as fixed in repeated samples. if, instead, the aPe were 
treated as a parameter to be estimated—that is, a feature of the population from which 
(yi, xi) are randomly drawn—then the asymptotic variance would account for the 
variation in xi as well.23 in the application, then, there are two sources of variation: the 
first is the sampling variation of the parameter estimator of B and the second is the 
sampling variability due to the variation in x.24 an appropriate asymptotic variance for 
the aPe would be the sum of the two terms.25

assume for the moment that B is known. then, the aPe is

G =
1
n a

n

i = 1

0F(xi
=B)

0xi
= J 1

n a
n

i = 1
 f(xi

=B) RB =
1
n a

n

i = 1
Gi.

Based on the sample of observations on the partial effects, the natural estimator of the 
variance of each of the K estimated partial effects would be

sn g,k
2 =

1
n

 J 1
n - 1 a

n

i = 1
(gk(xi) - gk) R 2

=
1
n

 J 1
n - 1 a

n

i = 1
(PEi,k - APEk) R 2

.26  

the asymptotic variance of the partial effects estimator is intended to reflect the 
variation of the parameter estimator, Bn , whereas the preceding estimator generates the 
variation from the heterogeneity of the sample data while holding the parameter fixed 
at Bn . For example, for a logit model, gnk(xi) = bnkΛ(xi

=Bn)[1 - Λ(xi
=Bn)] = Bnkd

n

i, and dni is 
the same for all k. it follows that

sn g,k
2 = bnk

2J 1
n

 
1

n - 1 a
n

i = 1
(dni - dn

Q)2 R = bnk
2s2

dn
.

the delta method would use, instead, the kth diagonal element of

est.asy.Var[Gn (x)] = {Λn(x)[1 - Λn(x)]}2[I + [1 - 2Λn(x)]Bnx′]Vn [I + [1 - 2Λ(x)]xBn ′].

to account for the variation of the data as well, the variance estimator would be the 
sum of these two terms.

the impact of the adjustment is data dependent. in our experience, it is usually 
minor. (it is trivial in the example below.) We do note that the aPes are sometimes 
computed for specific configurations of x, or specific values, or specific subsets of 
observations. in these cases, the appropriate adjustment, if any, is unclear.

23For example, see equation (17-13).
24the two sources of variation are the disturbances (the random part of the random utility model) and the variation 
of the observed sample of xi. this does raise a question as to the meaning of the standard errors, robust or otherwise, 
computed for the linear probability model.
25see Wooldridge (2010, p. 467 and 2011, pp. 184–186) for formal development of this result.
26see, for example, contoyannis et al. (2004, p. 498), who reported computing the “sample standard deviation of the 
partial effects.”
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17.3.3.c  The Method of Krinsky and Robb

the method of Krinsky and robb was described in section 15.3. For present purposes, 
we will apply the method as follows. the mLes of the model parameters are Bn  and V. We 
will draw a random sample of R draws from the multivariate normal population with 
this mean and variance. this is done by first computing the cholesky decomposition of 
V = CC′ where C is a lower triangular matrix. With this in hand, we draw R standard 
multivariate normal vectors wr, then Bn(r) = Bn + Cwr. With each Bn(r), we compute the 
partial effects, either aPe or Pea, Gn (r). the estimator of the asymptotic variance is the 
empirical variance of this sample of R observations,

est.asy.Var[Gn ] =
1
R a

R

r = 1
 (Gn (r) - GnQ )2.

note that Krinsky and robb will accommodate the sampling variability of Bn  but not 
the sample variation in xi considered in the preceding adjustment to the delta method.

17.3.3.d  Bootstrapping

Bootstrapping is described in section 15.4. it is essentially the same as Krinsky and 
robb save that the sample of draws of Bn  (r) is obtained by repeatedly sampling n 
observations from the data with replacement and reestimating the model with each. in 
principle, bootstrapping will automatically account for the extra variation due to the 
data discussed in section 17.3.2b.

Example 17.8  STANDARD ERRORS FOR PARTIAL EFFECTS
Table 17.5 shows estimates of a simple probit model,

 Prob(DocVisit 7 0) = Φ(b1 + b2 Ageit + b3 Educationit + b4 Incomeit

 + b5 Kidsit + b6 HealthSatit + b7 Marriedit).

We report the average partial effects and the partial effects at the means. These results are 
based on the 1994 wave of the panel in Example 17.7. The sample size is 3,377. As noted 
earlier, the APEs and PEAs differ slightly, but not enough that one would draw a different 
conclusion about the population from one versus the other. In computing the standard errors 
for the APEs, we used the delta method without the adjustment in Section 17.3.2b. When that 
adjustment is made, the results are almost identical. The only change is the standard error for 
the coefficient on health satisfaction which changes from 0.00361 to 0.00362.

Probit Model Average Partial Effects Partial Effects at Means

Variable Coefficient Std. Error
Avg. Partial 

Effect Std. Error
Partial Effect 

at Means Std. Error

Constant 1.69384 0.18199
Age 0.00448 0.00240 0.00150 0.00080 0.00161 0.00086
Education -0.01205 0.01002 -0.00404 0.00336 -0.00433 0.00360
Income -0.09149 0.11187 -0.03067 0.03749 -0.03290 0.04022
Kids -0.24557 0.05514 -0.08358 0.01890 -0.08830 0.01982
Health Sat. -0.18503 0.01201 -0.06202 0.00362 -0.06653 0.00426
Married 0.10571 0.06134 0.02086 0.02086 0.04801 0.02206

TABLE 17.5 Comparison of Estimators of Partial Effects
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table 17.6 compares the three methods of computing standard errors for average 
partial effects. these results, in a moderate sized data set, in a typical application, are 
consistent with the theoretical proposition that any of the three methods should be 
useable. the choice could be based on convenience.

Example 17.9  Hypothesis Tests About Partial Effects
Table 17.7 presents the maximum likelihood estimates for the probit model,

 Prob(DocVisit 7 0) = Φ(b1 + b2 Ageit + b3 Educationit + b4 Incomeit

+ b5 Kidsit + b6 Health + b7 Marriedit).

(The column labeled “Interaction Model” is the estimates of the model in Example 17.14.) 
The t ratios listed are used for testing the hypothesis that the coefficient or partial effect is 
zero. The similarity of the t statistics for the coefficients and the partial effects is typical. The 
interpretation differs, however. Consider the test of the hypothesis that the coefficient on Kids 
is zero. The value of -4.45 leads to rejection of the null bypothesis. The same hypothesis 
about the average partial effect produces the same conclusion. The question is, what should 
be the conclusion if these tests conflict? If the t ratio on the APE for Kids were 0.45, then the 
tests would conflict. And, because

APE (Kids) = bkids * E[density � x],

Variable
Avg. Partial 

Effect
Std. Error 

Delta Method
Std. Error 

Krinsky and Robb*
Std. Error 
Bootstrap*

Age 0.00150 0.00080 0.00081 0.00080
Education -0.00404 0.00336 0.00336 0.00372
Income -0.03067 0.03749 0.03680 0.04065
Kids -0.08358 0.01890 0.01839 0.02032
Health Sat. -0.06202 0.00361 0.00384 0.00372
Married 0.02086 0.02086 0.01971 0.02248

*100 replications.

TABLE 17.6 Comparison of Methods for Computing Standard Errors for Average Partial Effects

Cross Section Estimation, 1994 Wave

Probit Model Average Partial Effects

Variable Coefficient Std. Error t Ratio
(Interaction 

Model) Estimate Std. Error t Ratio

Constant 1.69384 0.18199 9.31 1.98542 – – –
Age 0.00448 0.00240 1.86 -0.00177 0.00150 0.00080 -1.86
Education -0.01205 0.01002 -1.20 -0.03466 -0.00404 0.00336 -1.20
Income -0.09149 0.11187 -0.82 -0.09903 -0.03067 0.03749 -0.82
Kids -0.24557 0.05514 -4.45 -0.24976 -0.08358 0.01890 -4.42
Health Sat. -0.18503 0.01201 -15.40 -0.18527 -0.06202 0.00362 -17.15
Married 0.10571 0.06134 1.72 -0.10598 0.03571 0.02086 1.71
Age * Educ. 0.00055

TABLE 17.7 Estimates for Binary Choice Models
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the conflict would be fundamental. We have already rejected the hypothesis that bkids equals 
zero, so the only way that the APE can equal zero is if the second term is zero. But the second 
term is positive by construction—the density must be positive. Worse, if the expected density 
were zero, then all the other APEs would be zero as well. The natural way out of the dilemma 
is to base tests about relevance of variables on the structural model, not on the partial effects. 
The implication runs in the direction from the structure to the partial effects, not the reverse. 
That leaves a question. Is there a use for the standard errors for the partial effects? Perhaps 
not for hypothesis tests, but for developing confidence intervals as in the next example.

Example 17.10  Confidence Intervals for Partial Effects
Continuing the development of Section 17.3.3, the usual approach could be taken for forming 
a confidence interval for the APE. For example, based on the results in Table 17.7, we would 
estimate the APE for Kids to be -0.08358 { 1.96 (0.0189) = [-0.12062 - 0.0465]. As we 
noted in Example 17.3, the single estimate of the APE might not capture the interesting 
variation in the partial effect as other variables change. Figure 17.4 below reproduces the 
APE for PSI as it varies with GPA in the example of the performance in economics courses. 
We have added to Figure 17.3 confidence intervals for the APE of PSI for a set of values of 
GPA ranging from 2 to 4 to show a confidence region.

Example 17.11  Inference about Odds Ratios
The results in Table 17.8 are obtained for a logit model for GRADE in Example 17.3. (The 
coefficient estimates appear in Table 17.1.)

We are interested in the odds ratios for this model, which as we saw in Section 17.2.5, 
would be computed as exp(bnk) for each estimate. Williams (2015) reports the following post-
estimation results for this model using Version 11 (and later) of Stata. (Some detail has been 
omitted.)

FIGURE 17.4  Confidence Region for Average Partial Effect.
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grade | Odds Ratio Std. Err. z P>|z| [95% 
conf.

Interval]

gpa | 16.87972 21.31809 2.24 0.035 1.420194 200.6239

tuce | 1.098832 .1556859 0.67 0.501 .8333651 1.451502

psi | 10.79073 11.48743 2.23 0.025 1.339344 86.93802

This result from a widely used software package provides context to consider what is reported 
and how to interpret it. The estimated odds ratios appear in the first column. To obtain 
the standard errors, we would use the delta method. The Jacobian for each coefficient is 
d[exp(bnk)]/d bnk = exp(bnk), so the standard error would just be the odds ratio times the original 
estimated standard error. Thus, 21.31809 = 16.87972 * 1.26294. But the z is not the ratio 
of the odds ratio to the estimated standard error. It is the z ratio for the original coefficient. On 
the other hand, it would make no sense to test the hypothesis that the odds ratio equals zero, 
because it must be positive. Perhaps the meaningful test would be against the value 1.0, but 
2.24 is not equal to (16.87972 - 1)/21.31898 either. The 2.24 and the P value next to it are 
simply carried over from the original logit model. The implied test is that the odds ratio equals 
one—it is implied by the equality of the coefficient to zero. The confidence interval would 
typically be computed as we did in the previous example, but again, the values shown are not 
equal to 16.87972 { 1.96 (21.31809). They are equal to exp(0.35079) to exp(5.30143) which 
is the confidence interval from the original coefficient. This is logical—we have estimated a 
95% confidence interval for b, so these values do provide a 95% interval for the exponent. In 
Section 4.8.3, we considered whether this would be the shortest 95% confidence interval for a 
prediction of y from ln y, which is what we have done here, and discovered that it is not. On the 
other hand, it is unclear what utility that is not provided by the coefficient would be provided 
by the confidence interval for the odds ratio. Finally, as noted earlier, the odds ratio is useful 
for the conceptual experiment of changing the variable by one unit. For the GPA which ranges 
from 2 to 4 and for PSI which is a dummy variable, these would seem appropriate. TUCE is a 
test score that ranges around 30. A unit change in TUCE might not be as interesting.

17.3.4  INTERACTION EFFECTS

models with interaction effects, such as

 Prob(DocVisit 7 0) = Λ(b1 + b2Ageit + b3 Educationit + b4 Incomeit

+ b5 Kidsit + b6 Healthit + b7 Marriedit + b8 Ageit * Educationit),

have attracted considerable attention in recent applications of binary choice models.27 
a practical issue concerns the computation of partial effects by standard computer 
packages. Write the model as

Prob(DocVisit 7 0) = Λ(b1x1it + b2x2it + b3x3it + b4x4it + b5x5it +b6x6it +b7x7it +b8x8it).

27see, for example, ai and norton (2004) and Greene (2010).

Variable Coefficient
Std.  

Error t Ratio P Value
95% Confidence 

Lower Interval Upper

Constant -13.0213 4.93132 -2.64 0.0083 -22.6866 -3.3561
GPA 2.82611 1.26294 2.24 0.0252 0.35079 5.3014
TUCE 0.09516 0.14155 0.67 0.5014 -0.18228 0.37260
PSI 2.37869 1.06456 2.23 0.0255 0.29218 4.46520

TABLE 17.8 Estimated Logit Model
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estimation of the model parameters is routine. rote computation of partial effects using 
(17-11) will produce

PE8 = 0 Prob(DocVis 7 0)/0x8 = b8Λ(x′B)[1 - Λ(x′B)],

which is what common computer packages will dutifully report. the problem is that 
x8 = x2x3, and PE8 in the previous equation is not the partial effect for x8—there is no 
meaningful partial effect for x8 because x8 = x2x3. moreover, the partial effects for x2 
and x3 will also be misreported by the rote computation. to revert back to our original 
specification,

 0Prob(DocVis 7 0 � x)/0 Age = Λ(x′B)[1 - Λ(x′B)](b2 + b8 Education),

 0Prob(DocVis 7 0 � x)/0 Education = Λ(x′B)[1 - Λ(x′B)](b3 + b8 Age),

and what is computed as 0Prob(DocVis 7 0 � x)/0(Age * Education) is meaningless. the 
practical problem motivating ai and norton (2004) was that the computer package does 
not know that x8 is x2x3, so it computes a partial effect for x8 as if it could vary partially 
from the other variables. the (now) obvious solution is for the analyst to force the 
correct computations of the relevant partial effects by whatever software he or she is 
using, perhaps by programming the computations themselves.28

the practical complication raises a theoretical question that is less clear cut. What is 
the interaction effect in the model? in a linear model based on the preceding, we would 
have

02E[y � x]/0x20x3 = b8,

which is unambiguous. however, in this nonlinear binary choice model, the correct result is

 02E[y � x]/0x20x3 = {Λ(x′B)[1 - Λ(x′B)]}b8 +
{Λ(x′B)[1 - Λ(x′B)][1 - 2Λ(x′B)]}(b2 + b8 Education)(b3 + b8Age).

not only is b8 not the interesting effect, but there is also a complicated additional 
term. Loosely, we can associate the first term as a direct effect—note that it is the 
naïve term PE8 from earlier. the second part can be attributed to the fact that we 
are differentiating a nonlinear model—essentially, the second part of the partial 
effect results from the nonlinearity of the function. the existence of an interaction 
effect in this model is inescapable—notice that the second part is nonzero (generally) 
even if b8 does equal zero. Whether this is intended to represent an interaction in 
some economic sense is unclear. in the absence of the product term in the model, 
probably not. We can see an implication of this in Figure 17.1. at the point where 
x′B = 0, where the probability equals one half, the probability function is linear. at 
that point, (1 - 2Λ) will equal zero and the functional form effect will be zero as well. 
When x′B departs from zero, the probability becomes nonlinear. (these same effects 
can be shown for the probit model—at x′B = 0, the second derivative of the probit 
probability is -x′Bf(x′B) = 0.)

28the practical issue is now widely understood. modern computer packages are able to understand model 
specifications stated in structural form. For our example, rather than compute x8, the user would literally 
specifically the instruction to the software as x1, x2, x3, x4, x5, x6, x7, x2*x3 (not computing x8) and the computation 
of partial effects would be done accordingly.
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We developed an extensive application of interaction effects in a nonlinear model in 
example 7.6. in that application, using the same data for the numerical exercise, we 
analyzed a nonlinear regression E[y � x] = exp(x′B). the results obtained in that study 
were general, and will apply to the application here, where the nonlinear regression is 
E[y � x] = Λ(x′B) or Φ(x′B).

Example 17.12  Interaction Effect
We added an interaction term, Age * Education, to the model in Example 17.9. The model 
is now

 Prob(DocVisit 7 0) = Φ(b1 + b2 Ageit + b3 Educationit + b4 Incomeit + b5 Kidsit

 + b6 Healthit + b7 Marriedit + b8 Ageit * Educationit).

Estimates of the model parameters appear in Table 17.6. Estimation of the probit model 
produces an estimate of b8 of 0.00055. It is not clear what this measures. From the correctly 
specified and estimated model (with the explicit interaction term), the estimated partial effect 
for education is f(x′B)(b3 + b8Age) = -0.00392. By fitting the model with x8 instead of x2 
times x3, we obtain the first term as the (erroneous) partial effect of education, -0.01162. This 
implies that the second term, f(x′B)b8Age, is -0.00392 + 0.01162 = 0.00770. As noted, the 
naïve calculation produces a value that has little to do with the desired result.

17.4 MEASURING GOODNESS OF FIT FOR BINARY CHOICE MODELS

there have been many fit measures suggested for discrete response models.29 the 
general intent is to devise a counterpart to the R2 in linear regression. the R2 for a linear 
model provides two useful measures. First, when computed as 1 - e′e/y′M0y, it measures 
the success of the estimator at optimizing (minimizing) the fitting criterion, e′e. that is 
the interpretation of R2 as the proportion of the variation of y that is explained by the 
model. second, when computed as Corr2(y, x′b), it measures the extent to which the 
predictions of the model are able to mimic the actual data. Fit measures for discrete 
choice models are based on the same two ideas. We will discuss several.

17.4.1  FIT MEASURES BASED ON THE FITTING CRITERION

most applications of binary choice modeling use a maximum likelihood estimator. the 
log-likelihood function itself is the fitting criterion, so as a starting point for considering 
the performance of the estimator, ln LmLe = Σi = 1

n [(1 - yi) ln(1 - Pn i) + yi ln Pn i] is 
computed using the mLes of the parameters. Following the first motivation for R2, the 
hypothesis that all the slopes in the model are zero is often interesting. the log likelihood 
computed with only a constant term will be ln L0 = n[P0 ln P0 + P1 ln P1] where n is the 
sample size and Pj is the sample proportion of zeros or ones. (Note: ln L0 is based only 
on the sample proportions, so it will be the same regardless of the model.) mcFadden’s 
(1974) “Pseudo R2” or “likelihood ratio index” is

RPseudo
2 = LRI = 1 -

ln LMLE

ln L0
.

29see, for example, cragg and uhler (1970), amemiya (1981), maddala (1983), mcFadden (1974), Ben-akiva 
and Lerman (1985), Kay and Little (1986), Veall and Zimmermann (1992), Zavoina and mcKelvey (1975), efron 
(1978), and cramer (1999). a survey of techniques appears in Windmeijer (1995). see, as well, Long and Freese 
(2006, sec. 3.5) for a catalog of fit measures for discrete dependent variable models.
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this measure has an intuitive appeal in that it is bounded by zero and one and it increases 
when variables are added to the model.30 if all the slope coefficients (but not the constant 
term) are zero, then RPseudo

2  equals zero. unlike R2, there is no way to make RPseudo
2  reach 

one. moreover, the values between zero and one have no natural interpretation. if 
P(xi

=B) is a proper cdf, then even with many regressors the model cannot fit perfectly 
unless xi

=B goes to + ∞  or - ∞ . as a practical matter, it does happen. But when it does, 
it indicates a flaw in the model, not a good fit. if the range of one of the independent 
variables contains a value, say x*, such that the sign of (x - x*) predicts y perfectly and 
vice versa, then the model will become a perfect predictor. this result also holds in 
general if the sign of x′B gives a perfect predictor for some vector B. For example, one 
might mistakenly include as a regressor a dummy variable that is identical, or nearly so, 
to the dependent variable. in this case, the maximization procedure will break down 
precisely because x′B is diverging during the iterations.31

notwithstanding all of the preceding, this statistic is very commonly reported 
with empirical results, with references to “fit” and even “proportion of variation 

explained.” a “degrees of freedom correction,” RPseudo
2 = 1 -

ln LMLE - K

ln L0
, has been 

suggested, as well as some similar ad hoc “adjustments,” such as the “cox and snell  
RCS

2 = 1 - exp(-(ln LM - ln L0)/n). We note, however, none of these are fit measures 
in the familiar sense, and they are not R2@like measures of explained variation. as a 
final note, another shortcoming of these measures is that they are based on a particular 
estimation criterion. there are other estimators for binary choice models, as shown in 
example 17.14.

the pseudo R2 will be most useful for comparing one model to another. if the 
models are nested, then the log-likelihood function is the natural choice, as examined 
in the next section. For more general cases, researchers often use one of the information 
criteria, typically the akaike information criterion,

AIC = -2 ln L + 2K  or  AIC/n,

or schwartz’s Bayesian information criterion,

BIC = -2 ln L + K ln n  or  BIC/n.

in general, a lower ic value suggests a better model. in comparing nonnested models, 
some care is needed in interpreting this result, however.

17.4.2  FIT MEASURES BASED ON PREDICTED VALUES

Fit measures based on the predicted probabilities rather than the log likelihood have 
also been suggested. For example, efron (1978) proposed a direct counterpart to R2,

REfron
2 = 1 -

Σi = 1
n (yi - Pn i)

2

Σi = 1
n (yi - y)2 .

30the log likelihood for a binary choice model must be negative as it is a sum of logs of probabilities. the model 
with fewer variables is a restricted version of the larger model so it must have a smaller log likelihood. thus, the log-
likelihood function increases when variables are added to the model, and the Lri must be between zero and one. 
For models with continuous variables, the log likelihood can be positive, so these appealing results are not assured.
31see mcKenzie (1998) for an application and discussion.
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the ambiguity in this measure comes from treating (yi - Pn i) as a quantitative residual 
when the yi is actually only a label of the outcome. Ben-akiva and Lerman (1985) and 
Kay and Little (1986) suggested a fit measure that is keyed to the prediction rule,

RBL
2 =

1
n a

n

i = 1
[yiPn i + (1 - yi)(1 - Pn i)],

which can be written as a simple weighted average of the mean predicted probabilities 
of the two outcomes, RBL

2 = P0Pn
Q

0 + P1Pn
Q

1. a difficulty in this computation is that in 
unbalanced samples, the less frequent outcome will usually be predicted very badly by 
the standard procedure, and this measure does not pick up that point. cramer (1999) 
and tjur (2009) have suggested an alternative measure, the coefficient of discrimination, 
that directly considers this failure,

 l = (average Pn � yi = 1) - (average Pn � yi = 0)

 = (average(1 - Pn) � yi = 0) - (average(1 - Pn) � yi = 1).

this measure heavily penalizes the incorrect predictions, and because each proportion 
is taken within the subsample, it is not unduly influenced by the large proportionate size 
of the group of more frequent outcomes.

a useful summary of the predictive ability of the model is a 2 * 2 table of the hits 
and misses of a prediction rule such as

 yn = 1 if Fn 7 F * and 0 otherwise. (17-30)

(in information theory, this is labeled a confusion matrix.) the usual threshold value is 
0.5, on the basis that we should predict a one if the model says a one is more likely than 
a zero. consider, for example, the naïve predictor

 yn = 1 if P 7 0.5 and 0 otherwise, (17-31)

where P is the simple proportion of ones in the sample. this rule will always predict correctly 
100 P% of the observations, which means that the naïve model does not have zero fit. in 
fact, if the proportion of ones in the sample is very high, it is possible to construct examples 
in which the second model will generate more correct predictions than the first! Once again, 
this flaw is not in the model; it is a flaw in the fit measure.32 the important element to bear 
in mind is that the coefficients of the estimated model are not chosen so as to maximize this 
(or any other) fit measure, as they are in the linear regression model where b maximizes R2.

another consideration is that 0.5, although the usual choice, may not be a very good 
value to use for the threshold. if the sample is unbalanced—that is, has many more ones 
than zeros, or vice versa—then by this prediction rule it might never predict a one 
(or zero). to consider an example, suppose that in a sample of 10,000 observations, only 
1,000 have Y = 1. We know that the average predicted probability in the sample will be 
0.10. as such, it may require an extreme configuration of regressors even to produce a 
Pn  of 0.2, to say nothing of 0.5. in such a setting, the prediction rule may fail every time 
to predict when Y = 1. the obvious adjustment is to reduce F*. Of course, this 
adjustment comes at a cost. if we reduce the threshold F* so as to predict y = 1 more 
often, then we will increase the number of correct classifications of observations that do 

32see amemiya (1981).
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have y = 1, but we will also increase the number of times that we incorrectly classify as 
ones observations that have y = 0.33 in general, any prediction rule of the form in (17-30) 
will make two types of errors: it will incorrectly classify zeros as ones and ones as zeros. 
in practice, these errors need not be symmetric in the costs that result. For example, in 
a credit scoring model, incorrectly classifying an applicant as a bad risk is not the same 
as incorrectly classifying a bad risk as a good one.34 changing F* will always reduce the 
probability of one type of error while increasing the probability of the other. there is no 
correct answer as to the best value to choose. it depends on the setting and on the 
criterion function upon which the prediction rule depends.

17.4.3  SUMMARY OF FIT MEASURES

the likelihood ratio index and various modifications of it are related to the likelihood 
ratio statistic for testing the hypothesis that the coefficient vector is zero. cramer’s 
measure is oriented more toward the relationship between the fitted probabilities and the 
actual values. it is usefully tied to the standard prediction rule yn = 1[Pn 7 0.5]. Whether 
these have a close relationship to any type of fit in the familiar sense is uncertain. in 
some cases, it appears so. But the maximum likelihood estimator, on which many of 
the fit measures are based, is not chosen so as to maximize a fitting criterion based on 
prediction of y as it is in the linear regression model (which maximizes R2). it is chosen to 
maximize the joint density of the observed dependent variables. it remains an interesting 
question for research whether fitting y well or obtaining good parameter estimates is a 
preferable estimation criterion. evidently, they need not be the same thing.

Example 17.13  Prediction with a Probit Model
Tunali (1986) estimated a probit model in a study of migration, subsequent remigration, and 
earnings for a large sample of observations of male members of households in Turkey. Among 
his results, he reports the confusion matrix shown here for a probit model: The estimated 
model is highly significant, with a likelihood ratio test of the hypothesis that the coefficients 
(16 of them) are zero based on a chi-squared value of 69 with 16 degrees of freedom.35 The 
model predicts 491 of 690, or 71.2%, of the observations correctly, although the likelihood 
ratio index is only 0.083. A naïve model, which always predicts that y = 0 because P 6 0.5, 
predicts 487 of 690, or 70.6%, of the observations correctly. This result is hardly suggestive 
of no fit. The maximum likelihood estimator produces several significant influences on the 
probability but makes only four more correct predictions than the naïve predictor.36

Predicted

D = 0 D = 1 Total

actual D = 0 471 16 487
D = 1 183 20 203
total 654 36 690

33the technique of discriminant analysis is used to build a procedure around this consideration. in this setting, we 
consider not only the number of correct and incorrect classifications, but also the cost of each type of misclassification.
34see Boyes, hoffman, and Low (1989).
35this view actually understates slightly the significance of his model, because the preceding predictions are based on a 
bivariate model. the likelihood ratio test fails to reject the hypothesis that a univariate model applies, however.
36it is also noteworthy that nearly all the correct predictions of the maximum likelihood estimator are the zeros. it hits 
only 10% of the ones in the sample.
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Example 17.14  Fit Measures for a Logit Model
Table 17.9 presents estimates of a logit model for the specification in Example 17.12. 
Results ML1 are the MLEs for the full model. ML2 is a restricted version from which Age, 
Education, and Health are excluded. The variables removed are highly significant; the chi-
squared statistic for the four restrictions is 2(2,137.06 - 1,991.13) = 291.86. The critical 
value for 95% from the chi-squared table with four degrees of freedom is 9.49, so the 
excluded variables significantly contribute to the likelihood for the data. We consider 
the fit of the model based on the measures suggested earlier. The results labeled NLS 
in Table 17.9 were computed by nonlinear least squares, rather than MLE. The criterion 
function is SS(bNLS) = Σ i(yi - Λ(B′xi)2. We are interested in how the fit obtained by this 
alternative estimator compares to that obtained by the MLE. Table 17.10 shows the various 
scalar fit measures. Note, first, the log likelihood strongly favors ML1. The nonlinear least 
squares estimates appear rather different from the MLEs but produce nearly the same log 
likelihood. However, the statistically significant coefficients, on Kids, Health, and Married, 
are actually almost the same, which would explain the finding. The information criteria favor 
ML1 as might be expected. The predictive influence of the excluded variables in ML2 is 
clear in the scalar measures, which generally rise from about 0.01 to 0.10. The Ben-Akiva 
and Lerman measure does not discriminate between the two specifications. Cramer and the 
others are essentially the same. Based on the confusion matrices, the count R2 underscores 
the difficulty of summarizing the fit of the model to the data. The two models do essentially 
equally well, though, at predicting different outcomes. ML1 predicts the zeros much better 
than ML2, but at the cost of many more erroneous predictions of the observations with y 
equal to one. Overall, the results for this model are typical. The ambiguity of the overall picture 
suggests the difficulty of constructing a single scalar measure of fit for a binry choice model. 
The comparison between ML1 and ML2 provided by the Cramer or the other measures 
seems appropriate. However, it is unclear how to interpret the 0.10 value for the fit measures. 
It obviously does not reflect a “proportion of explained variation.” Nor, however, does it (or the 
pseudo R2) have any connection to the ability of the model to predict the outcome variable—
the standard predictor obtains a 67.3% success rate. But the naïve predictor, Doctor = 1, will 
predict correctly 2,222/3,377 or 65.8% of the cases, so the full model improves the success 
rate from 65.8% to 67.3%

Maximum  
Likelihood

ML1

Maximum  
Likelihood

ML2

Nonlinear Least  
Squares

NLS

Constant 3.18430 (4.00) 0.85360 2.98328
Age -0.00097 (0.05) 0.00000 0.00294
Education -0.05054 (0.18) 0.00000 -0.03707
Income -0.15076 (0.81) -0.52235 -0.09437
Kids -0.41358 (4.50) -0.57608 -0.42014
Health -0.30957 (14.9) 0.00000 -0.30032
Married 0.17415 (1.71) 0.37995 0.17301
Age * Education 0.00072 (0.47) 0.00000 0.00028

TABLE 17.9  Estimated Parameters for Logit Model for Prob (Doctor=1)  
(Absolute values of z statistics in parentheses for model ML1)
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17.5 SPECIFICATION ANALYSIS

in the linear regression model, we considered two important specification problems: 
the effect of omitted variables and the effect of heteroscedasticity. in the linear 
regression model, y = X1B1 + X2B2 + E, when least squares estimates b1 are computed 
omitting X2,

E[b1] = B1 + [X1
=X1]

-1X1
=X2B2,

unless X1 and X2 are orthogonal or B2 = 0, b1 is biased. if we ignore heteroscedasticity, 
then although the least squares estimator is still unbiased and consistent, it is inefficient 
and the usual estimate of its sampling covariance matrix is inappropriate. yatchew and 
Griliches (1984) have examined these same issues in the setting of the probit and logit 
models. in the context of a binary choice model, they find the following:

1. if x2 is omitted from a model containing x1 and x2, (i.e., B2 ≠ 0) then

plim Bn1 = c1B1 + c2B2,

where c1 and c2 are complicated functions of the unknown parameters. the 
implication is that even if the omitted variable is uncorrelated with the included 
one, the coefficient on the included variable will be inconsistent.

2. if the disturbances in the underlying model, y = 1[(xi
=B + e) 7 0], are 

heteroscedastic, then the maximum likelihood estimators are inconsistent and 

ML1 ML2 NLS

Based on the log likelihood
 Ln L0 -2,169.27 -2,169.27 -2,169.27
 Ln LM -1,991.13 -2,137.06 -1,991.41
 Chi squared[df] 356.28[7] 64.41[3]

 Pseudo R2 0.08212 0.01484 0.0819923

 Adjusted Pseudo R2 0.07889 0.01162 0.0787654

 AIC 3,998.27 4,290.13 3,998.81
 AIC/n 1.18397 1.27040 1.18413
 BIC 4,047.26 4,339.12 4,047.81
 BIC/n 1.19848 1.28491 1.19864
Based on the predicted outcomes

 Cramer R2 0.09840 0.01867 0.09644

 Cox-Snell R2 0.10013 0.01889 0.09998

 Efron R2 0.09736 0.01827 0.09750

 Ben-Akiva – Lerman R2 0.54992 0.54992 0.54954

 Count R2 0.67338 0.65591 0.67516

 Confusion Matrix C289 866 1155
237 1985 2222
526 2851 3377

S C17 1138 1155
24 2198 2222
41 3336 3377

S C285 870 1155
227 1995 2222
512 2865 3377

S

TABLE 17.10 Fit Measures for Estimated Logit Models
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the covariance matrix is inappropriate. this is in contrast to the linear regression 
case, where heteroscedasticity only affects the estimated asympotic variance of the 
estimator.

in both of these cases (and others), the impact of the specification error on estimates of 
partial effects and predictions is less clear, but probably of greater interest.

any of the three methods of hypothesis testing discussed here can be used to analyze 
these two specification problems. the Lagrange multiplier test has the advantage that it 
can be carried out using the estimates from the restricted model, which might bring a 
saving in computational effort for the test for heteroscedasticity.37 to reiterate, the Lagrange 
multiplier statistic is computed as follows. Let the null hypothesis, H0, be a specification of 
the model, and let H1 be the alternative. For example, H0 might specify that only variables 
x1 appear in the model, whereas H1 might specify that x2 appears in the model as well. it 
is assumed that the null model is nested in the alternative. the statistic is

Lm = g0
=V0

-1g0,

where g0 is the vector of derivatives of the log likelihood as specified by H1 but evaluated 
at the maximum likelihood estimator of the parameters assuming that H0 is true, and V0

-1 
is any of the consistent estimators of the asymptotic variance matrix of the maximum 
likelihood estimator under H1, also computed using the maximum likelihood estimators 
based on H0. the statistic has a limiting chi-squared distribution with degrees of freedom 
equal to the number of restrictions.

17.5.1  OMITTED VARIABLES

the hypothesis to be tested is

 H0: y* = x1
=B1 + e,

 H1: y* = x1
=B + x2

=B2 + e,

so the test is of the null hypothesis that B2 = 0. the Lagrange multiplier test would be 
carried out as follows:

1. estimate the model in H0 by maximum likelihood. the restricted coefficient vector 
is [Bn1, 0].

2. Let x be the compound vector, [x1, x2].

the statistic is then computed according to (17-27) or (17-28). For a logit model, for 
example, the test is carried out as follows: (1) Fit the null model by mL; (2) compute 
the fitted probabilities using the null model and the “residuals,” ei = yi - Pi,0 arranged 
in diagonal matrix E; (3) the Lm statistic is 1′EX(X′E2X)-1X′E′1. as usual, this can 
be computed as n times an uncentered R2, here in the regression of a column of ones on 
variables eixi. the likelihood ratio test is equally straightforward. using the estimates 
of the two models, the statistic is simply 2(ln L1 - ln L0). the Wald statistic would be 
based on estimates of the alternative model and is computed as in (17-25).

37the results in this section are based on davidson and macKinnon (1984) and engle (1984). a symposium on the 
subject of specification tests in discrete choice models is Blundell (1987).
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17.5.2  HETEROSCEDASTICITY

We use the standard formulation analyzed by harvey (1976)38 (see section 14.10.3), 
Var[e � z] = [exp(z′G)]2. We will obtain results specifically for the probit model; the logit 
or other models are essentially the same.

the starting point is an extension of the binary choice model,

 y* = x′B + e, y = 1(y* 7 0),

 E[e � x, z] = 0, Var[e � x, z] = [exp(z′G)]2.

there is an ambiguity in the formulation of the model. a nonlinear index function, 
probit model (with no suggestion of heteroscedasticity),

y** =
x′B

exp(z′G)
+ e, y = 1(y** 7 0), e ∼ n[0,1],

leads to the identical log likelihood and the identical estimated parameters. it is not 
possible to distinguish heteroscedasticity from this nonlinearity in the conditional mean 
function.39 unlike the linear regression model, in this binary choice context, the data 
contain no direct (identifying) information about scaling, or variation of the dependent 
variable. (hence, the observational equivalence of the two specifications.) the (identical) 
signs of y* and y** are unaffected by the variance function. more broadly, the binary 
choice model creates an ambiguity in the distinction between heteroscedasticity and 
variation in the mean of the underlying regression.

the presence of heteroscedasticity requires some care in interpreting the coefficients. 
For a variable wk that could be in x or z or both,

 
0 Prob(y = 1 � x, z)

0wk
= bf c x′B

exp(z′G)
d  

1
exp(z′G)

r(bk - (x′B)gk). (17-32)

Only the first (second) term applies if wk appears only in x (z). this implies that the 
simple coefficient may differ greatly from the effect that is of interest in the estimated 
model. this effect is clearly visible in the next example.40

the log likelihood is

 ln L = a
n

i = 1
byi ln F¢ xi

=B

exp(zi
=G)

≤ + (1 - yi) lnJ1 - F¢ xi
=B

exp(zi
=G)

≤ R r . (17-33)

38see Knapp and seaks (1992) for an application. Other formulations are suggested by Fisher and nagin (1981), 
hausman and Wise (1978), horowitz (1993), and Khan (2013).
39see Khan (2013) for extensive discussion of this observational equivalence. manski (1988) notes this as well.
40Wooldridge (2010, pp. 602–603) develops the identification issue in terms of the average structural function 
[Blundell and Powell (2004)]; asF(x) = Ez[Φ(exp(-z′G)x′B)]. under this interpretation, the partial effect is 
0asF(x)/0x = Ez[f(exp(-z′G)x′B)B]. the average structural Function treats z and x differently (even if they share 
variables). this computes the function for a fixed x, averaging over the sample values of z. the empirical estimator 
would be 0ASnF(x)/0x = (1/n)Σn

i = 1f[exp(-zi
=Gn)x′Bn]Bn . the author suggests “the uncomfortable conclusion is that we 

have no convincing way of choosing” between (17-32) and this alternative result. recent applications generally report 
(17-32), notwithstanding this alternative interpretation. One advantage of interpretation (17-32) is that it explicitly 
examines the effect of variation in z on the response probability, particularly in the typical case in which z and x, have 
variables in common.
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to be able to estimate all the parameters, z cannot have a constant term. the derivatives 
are

 
0 ln L

0B
= a

n

i = 1
J fi(yi - Fi)

Fi(1 - Fi)
R  exp(-zi

=G)xi,

  
0 ln L

0G
= a

n

i = 1
J fi(yi - Fi)

Fi(1 - Fi)
R  exp(-zi

=G)zi(-xi
=B). (17-34)

if the model is estimated assuming that G = 0, then we can easily test for homoscedasticity. 
Let gi equal the bracketed function in (17-34), G = diag(gi) and

 wi = J xi

(-xi
=Bn)zi

R , (17-35)

computed at the maximum likelihood estimator, assuming that G = 0. then, the Lm 
statistic is

Lm = i′GW[(W′G)(GW)]-1W′Gi = nR2,

where the regression is of a column of ones on giwi. Wald and likelihood ratio tests of the 
hypothesis that G = 0 are also straightforward based on maximum likelihood estimates 
of the full model.

davidson and macKinnon (1981) carried out a monte carlo study to examine the 
true sizes and power functions of these tests. as might be expected, the test for omitted 
variables is relatively powerful. the test for heteroscedasticity may pick up some other 
form of misspecification, however, including perhaps the simple omission of z from the 
index function, so its power may be problematic. it is perhaps not surprising that the 
same problem arose earlier in our test for heteroscedasticity in the linear regression 
model. the problem in the binary choice context stems partly from the ambiguous 
interpretation of the role of z in the model discussed earlier.

Example 17.15  Specification Test in a Labor Force Participation Model
Using the data described in Example 17.1, we fit a probit model for labor force participation 
based on the following specification [see Wooldridge (2010, p. 580)]:41  

Prob[LFP = 1] = F(Constant, Other Income, Education, Experience, Experience2,
Age, Kids Under 6, Kids 6 to 18).

For these data, P = 428/753 = 0.568393. The restricted (all slopes equal zero, free constant 
term) log likelihood is 325 * ln(325/753) + 428 * ln(428/753) = -514.8732. The unrestricted 
log likelihood for the probit model is -401.3022. The chi-squared statistic is, therefore, 
227.142. The critical value from the chi-squared distribution with seven degrees of freedom 
is 14.07, so the joint hypothesis that the coefficients on Other Income, etc. are all zero is 
rejected.

Consider the alternative hypothesis, that the constant term and the coefficients on 
Other Income, etc. are the same whether the individual resides in a city (CITY = 1) or not 
(CITY = 0), against the alternative that an altogether different equations apply for the two 

41Other income is computed as family income minus the wife’s hours times the wife’s reported wage, divided by 
1,000. this produces several small negative values. in the interest of comparability to the received application, we 
have left these values intact.
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groups of women. To test this hypothesis, we would use a counterpart to the Chow test of 
Section 6.4.1 and Example 6.9. The restricted model in this instance would be based on 
the pooled data set of all 753 observations. The log likelihood for the pooled model—which 
has a constant term and the seven variables listed above—is -401.302. The log likelihoods 
for this model based on the 484 observations with CIT = 1 and the 269 observations with 
CIT = 0 are -255.552 and -142.727, respectively. The log likelihood for the unrestricted 
model with separate coefficient vectors is thus the sum, -398.279. The chi-squared statistic 
for testing the eight restrictions of the pooled model is twice the difference, 6.046. The 95% 
critical value from the chi-squared distribution with 8 degrees of freedom is 15.51, so at this 
significance level, the hypothesis that the constant terms and the other coefficients are all 
the same is not rejected.

Table 17.11 presents estimates of the probit model with a correction for heteroscedasticity 
of the form Var[ei] = [exp(gCITY)]2. The three tests for homoscedasticity give

 LR = 2[-400.641 - (-401.302)] = 1.322,

 LM = 1.362 based on the BHHH estimator, 

 Wald = (-1.13)2 = 1.276.  

The 95% critical value for one restrictions is 3.84 so the three tests are consistent in not 
rejecting the hypothesis that g equals zero.

17.5.3  DISTRIBUTIONAL ASSUMPTIONS

One concern about the models suggested here is that the choice of the particular 
distribution is itself vulnerable to a specification error. For example, the problem arises if 
a probit model is analyzed when a logit model would be appropriate.42 it might seem logical 
to test the hypothesis of the model along with the other specification analyses one might 
do. alternatively, a more robust, less parametric specification might be attractive. the 
substantive difference between probit and logit coefficient estimates in the preceding 
examples (e.g., example 17.3) is misleading. the difference masks the underlying scaling of 

42see, for example, ruud (1986).

Homoscedastic Heteroscedasti 

Estimate (Std. Err.) Partial Effect* Estimate (Std. Err.) Partial Effect*

Constant b1 0.27008 (0.5086) – 0.25140 (0.4548) –
Other Inc. b2 -0.01202 (0.0048) -0.00362 (0.0014) -0.01075 (0.0044) -0.00362 (0.0014)
Education b3 0.13090 (0.0253) 0.39370 (0.0072) 0.11734 (0.0255) 0.03949 (0.0072)
Exper b4 0.12335 (0.0187) 0.02558 (0.0022) 0.11190 (0.0197) 0.02599 (0.0022)

Exper2 b5 -0.00189 (0.0006) -0.00171 (0.0006)

Age b6 -0.05285 (0.0085) -0.01590 (0.0024) -0.04774 (0.0089) -0.01607 (0.0024)
Kids 6 6 b7 -0.86833 (0.1185) -0.26115 (0.0131) -0.77151 (0.1356) -0.25968 (0.0318)
Kids 6–18 b8 0.03600 (0.0438) 0.01083 (0.0319) 0.02800 (0.0390) 0.00943 (0.0130)
City g 0.00000 -0.17446 (0.1541) 0.00843 (0.0075)
ln L -401.302 -400.641

*average partial effects and estimated standard errors include both mean (B) and variance (G) effects.

TABLE 17.11 Estimated Coefficients
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the distributions. the partial effects generated by the models are typically almost identical. 
this is a widely observed result that suggests that concerns about biases in the coefficients 
due to the wrong distribution might be misplaced. the other element of the analysis is the 
predicted probabilities. Once again, the scaling of the coefficients by the different models 
disguises the typical similarity of the predicted probabilities of the different parametric 
models. a broader question concerns the specific distribution compared to a semi- or 
nonparametric alternative. manski’s (1988) maximum score estimator [and horowitz’s 
(1992) smoothed version], Klein and spady’s (1993) semiparametric (kernel function 
based), and Khan’s (2013) heteroscedastic probit model are a few of the less heavily 
parameterized specifications that have been proposed for binary choice models. Frolich 
(2006) presents a comprehensive survey of nonparametric approaches to binary choice 
modeling, with an application to Portuguese female labor supply.

the linear probability model is not offered as a robust alternative specification for 
the choice model. Proponents of the linear probability model argue only that the linear 
regression delivers a reliable approximation to the partial effects of the underlying true 
probability model.43 the robustness aspect is speculative. the approximation does appear 
to mimic the nonlinear results in many cases. in terms of the relevant computations, 
partial effects and predicted probabilities, the various candidates seem to behave similarly. 
an essential ingredient is often the curvature in the tails that allows predicted probabilities 
to mimic the features of unbalanced samples. From this standpoint, the linear model 
would seem to be the less robust specification. (see example 17.5.) it is precisely this 
rigidity of the LPm (as well as the parametric models) that motivates the nonparametric 
approaches such as the local likelihood logit approach advocated by Frolich (2006).

Example 17.16  Distributional Assumptions
Table 17.12 presents estimates of the model in Example 17.36 based on the linear probability 
model and four alternative specifications. Only the estimated partial effects are shown in the 
table. The probit estimates match the authors’ results. The correspondence of the various 
results is consistent with the earlier observations. Generally, the models produce similar 
results. The linear probability model does stand alone for two of the seven results, for the 
market share and productivity variables.

43chung and Goldberger (1984), stoker (1986, 1992), and Powell (1994) (among others) consider general cases 
in which B can be consistently estimated “up to scale” using ordinary least squares. For example, stoker (1986) 
shows that if x is multivariate normally distributed, then the LPm would provide a consistent estimator of the 
slopes of the probability function under very general specifications.

Linear Probit Logit
Complementary 

Log Log Gompertz

Log Sales 0.05198 0.06573 0.06766 0.06457 0.06639
Share 0.09492 0.39812 0.43993 0.33011 0.49826
Imports 0.45284 0.42080 0.41101 0.43734 0.40304
FDI 1.07787 1.05890 1.08753 0.99556 1.12929
Productivity -0.55012 -0.86887 -1.01060 -0.85039 -0.87471
Raw Material -0.09861 -0.10569 -0.09635 -0.10626 -0.10615
Investment 0.07879 0.07045 0.06758 0.07704 0.06356

TABLE 17.12 Estimated Partial Effects in a Model of Innovation

M17_GREE1366_08_SE_C17.indd   767 2/24/17   1:51 PM



768 Part IV  ✦   Cross Sections, Panel Data, and Microeconometrics

17.5.4  CHOICE-BASED SAMPLING

in some studies, the mix of ones and zeros in the observed sample of the dependent 
variable is deliberately skewed in favor of one outcome or the other to achieve a more 
balanced sample than random sampling would produce.44 the sampling is said to be 
choice based. in the studies noted, the dependent variable measured the occurrence of 
loan default, which is a relatively uncommon occurrence. to enrich the sample, 
observations with y = 1 (default) were oversampled. intuition should suggest (correctly) 
that the bias in the sample should be transmitted to the parameter estimates, which will 
be estimated so as to mimic the sample, not the population, which is known to be different. 
manski and Lerman (1977) derived the weighted exogenous sampling maximum 
likelihood (WesmL) estimator for this situation. the estimator requires that the true 
population proportions, v1 and v0, be known. Let p1 and p0 be the sample proportions 
of ones and zeros. then the estimator is obtained by maximizing a weighted log likelihood,

ln L = a
n

i = 1
wi ln F(qixi

=B),

where wi = yi(v1/p1) + (1 - yi)(v0/p0). note that wi takes only two different values. 
the derivatives and the hessian are likewise weighted. a final correction is needed after 
estimation; the appropriate estimator of the asymptotic covariance matrix is the sandwich 
estimator discussed in section 17.3.1, (-H)-1(B)(-H)-1 (with weighted B and H),  
instead of B or H alone. (the weights are not squared in computing B.) WesmL and 
the choice-based sampling estimator are not the free lunch they may appear to be. that 
which the biased sampling does, the weighting undoes. it is common for the end result 
to be very large standard errors, which might be viewed as unfortunate, insofar as the 
purpose of the biased sampling was to balance the data precisely to avoid this problem.

Example 17.17  Credit Scoring
In Example 7.12, we examined the spending patterns of a sample of 10,499 cardholders for 
a major credit card vendor. The sample of cardholders is a subsample of 13,444 applicants 
for the credit card. Applications for credit cards, then (1992) and now, are processed by 
a major nationwide processor, Fair Isaacs, Inc. The algorithm used by the processors is 
proprietary. However, conventional wisdom holds that a few variables are important in the 
process, such as Age, Income, OwnRent (whether the applicant owns hi or her home), Self-
Employed (whether he or she is self-employed), and how long the applicant has lived at his or 
her current address. The number of major and minor derogatory reports (60-day and 30-day 
delinquencies) are also very influential variables in credit scoring. The probit model we will 
use to “model the model” is

 Prob(Cardholder = 1) = Prob(C = 1 � x)

 = Φ(b1 + b2 Age + b3 Income + b4 OwnRent

 + b5 Months Living at Current Address

 + b6 Self@Employed

 + b7 Number of major derogatory reports

+ b8 Number of minor derogatory reports).

44For example, Boyes, hoffman, and Low (1989) and Greene (1992).
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In the data set, 78.1% of the applicants are cardholders. In the population, at that time, 
the true proportion was roughly 23.2%, so the sample is substantially choice based on 
this variable. The sample was deliberately skewed in favor of cardholders for purposes 
of the original study [Greene (1992)]. The weights to be applied for the WESML estimator 
are 0.232/0.781 = 0.297 for the observations with C = 1 and 0.768/0.219 = 3.507 for 
observations with C = 0. Table 17.13 presents the unweighted and weighted estimates for 
this application. The change in the estimates produced by the weighting is quite modest, 
save for the constant term. The results are consistent with the conventional wisdom 
that Income and OwnRent are two important variables in a credit application and self-
employment receives a substantial negative weight. But as might be expected, the single 
most significant influence on cardholder status is major derogatory reports. Because lenders 
are strongly focused on default probability, past evidence of default behavior will be a major 
consideration.

17.6 TREATMENT EFFECTS AND ENDOGENOUS VARIABLES IN BINARY 
CHOICE MODELS

consider the binary choice model with endogenous right-hand side variable, T,

y* = x′B + Tg + e, y = 1(y* 7 0), cov(T, e) ≠ 0.

We examine the two leading cases:

1. T is an endogenous dummy variable that indicates some kind of treatment or 
program participation such as graduating from high school or college, receiving 
some kind of job training, purchasing health insurance, etc.45

2. T is an endogenous continuous variable. Because the model is not linear, 
conventional instrumental variable estimators such as two-stage least squares 
(2sLs) are not appropriate. We consider the alternative estimators based on the 
maximum likelihood estimator.

45discussion appears in angrist (2001) and angrist and Pischke (2009, 2010).

Unweighted Weighted

Variable Estimate Std. Error Estimate Std. Error

Constant 0.31783 0.05094 (6.24) -1.13089 0.04725 (-23.94)
Age 0.00184 0.00154 (1.20) 0.00156 0.00145 (1.07)
Income 0.00095 0.00025 (3.86) 0.00094 0.00024 (3.92)
OwnRent 0.18233 0.03061 (5.96) 0.23967 0.02968 (8.08)
CurrentAddress 0.02237 0.00120 (18.67) 0.02106 0.00109 (19.40)
SelfEmployed -0.43625 0.05585 (-7.81) -0.47650 0.05851 (-8.14)
Major Derogs -0.69912 0.01920 (-36.42) -0.64792 0.02525 (-25.66)
Minor Derogs -0.04126 0.01865 (-2.21) -0.04285 0.01778 (-2.41)

TABLE 17.13 Estimated Card Application Equation (t ratios in parentheses)

M17_GREE1366_08_SE_C17.indd   769 2/24/17   1:51 PM



770 Part IV  ✦   Cross Sections, Panel Data, and Microeconometrics

17.6.1  ENDOGENOUS TREATMENT EFFECT

a structural model in which a treatment effect will be correlated with the unobservables is

 T i* = zi
=A + ui, Ti = 1[T i* 7 0],

 yi* = xi
=B + gTi + ei, yi = 1[yi* 7 0],¢ei

ui
≤ ∼ NJ ¢0

0
≤, ¢1 r

r 1
≤ R .

the correlation between u and e induces the endogeneity of T in the equation for y. We 
are interested in two effects: (1) the causal treatment effect of T on Prob(y = 1 � x, T), 
and (2) the partial effects of x and z on Prob(y = 1 � x, z, T) in the presence of the 
endogenous treatment.

this recursive model is a bivariate probit model (section 17.9.5). the log 
likelihood is constructed from the joint probabilities of the observed outcomes. 
the four possible outcomes and associated probabilities are obtained as the 
marginal probabilities for T times the conditional probabilities for y � T. thus, 
P(y = 1, T = 1) = P(y = 1 � T = 1)P(T = 1). the marginal probability for T = 1 
is just Φ(zi

=A), whereas the conditional probability is the bivariate normal probability 
divided by the marginal, Φ2(xi

=B + g, zi
=A, r)/Φ(zi

=A). the product returns the bivariate 
normal probability. the other three terms in the log likelihood are derived similarly. the 
four terms are

 P(y = 1, T = 1 � x, z) = Φ2(x′B + g, z′A, r),

 P(y = 1, T = 0 � x, z) = Φ2(x′B + g, -z′A, -r),

 P(y = 0, T = 1 � x, z) = Φ2[-(x′B + g), z′A, -r],

 P(y = 0, T = 0 � x, z) = Φ2[-(x′B + g), -  z′A, r).

the log likelihood is then

ln L(B, A, r) = a
n

i = 1
 ln Prob(y = yi, T = Ti � x, z).

estimation is discussed in section 17.9.5. the model looks like a conventional 
simultaneous-equations model; the difference arises from the nonlinear transformation 
of (y*,T*) that produces the observed (y,T). One implication is that whereas for 
identification of a linear model of this form, there would have to be at least one variable 
in z that is not in x, that is not the case here. the model is identified partly through the 
nonlinearity of the functional form. (see the commentary in example 17.18.)

the treatment effect (TE) is derived from the marginal distribution of y,

 te = Prob(y = 1 � x, T = 1) - Prob(y = 1 � x, T = 0)
 = Φ(x′B + g) - Φ(x′B).

the average treatment effect (ATE), will be estimated by averaging the estimates of te 
over the sample observations. the treatment effect on the treated (ATET) would be based 
on the conditional probability, Prob(y = 1 � T = 1),

tet = ΦJ (x′B + g) - r(z′A)21 - r2
R - ΦJ (x′B) - r(z′A)21 - r2

R .
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the atet is computed by averaging this quantity over the sample observations for 
which Ti = 1.46

to compute the average partial effects for the exogenous variables, we will require

      Prob(y = 1 � x, z, T = 0) Prob(T = 0 � z) +
Prob(y = 1 � x, z, T = 1) Prob(T = 1 � z)

            = Φ2(x′B + g, z′A, r) + Φ2(x′B, -z′A, -r

the partial effects for x and z are then

0 Prob(y = 1 � x, z)

0¢x
z
≤ =

0[Φ2(x′B + g, z′A, r) + Φ2(x′B, -z′A, -r)]

0¢x
z
≤ .

expressions for the derivatives appear in section 17.9. this is a fairly intricate calculation. 
it is automated or conveniently computed in contemporary software, however. We can 
interpret 0Prob(y = 1 � x, z)/0x as a direct effect and 0Prob(y = 1 � x, z)/0z as an indirect 
effect on y that is transmitted through T. For variables that appear in both x and z, the 
total effect is the sum of the two. the computations are illustrated in example 17.19 
below.

Example 17.18  An Incentive Program for Quality Medical Care
Scott, Schurer, Jensen, and Sivey (2009) examined an incentive program for Australian general 
practitioners to provide high quality care in diabetes management. The specific outcome of 
interest is ordering HbA1c tests as part of a diabetes consultation. The treatment of interest 
is participation in the incentive program.

A pay-for-performance program, the Practice Incentive Program (PIP) was superimposed 
on the Australian fee for service system in 1999 to encourage higher quality of care in 
chronic diseases including diabetes. Program participation by general practitioners (GPs) 
was voluntary. The quality of care outcome is whether the HbA1c test is administered. 
Analysis is conducted with a unique data set on GP consultations. The authors compare the 
average proportion of HbA1c tests ordered by GPs who have joined the incentive scheme 
with the average proportion of tests ordered by GPs who have not joined, while controlling 
for key sources of unobserved heterogeneity. A key assumption here is that HbA1c tests are 
undersupplied in the absence of the PIP scheme and therefore more frequent HbA1c testing 
is related to higher quality management. The endogenous nature of general practitioners’ 
participation in the PIP is addressed by applying a bivariate probit model, using exclusion 
restrictions to aid identification of the causal parameters.

The GP will join the PIP if the utility from joining is positive. Utility depends on the additional 
income from joining the PIP, from the diabetes sign-on payment and negatively on the costs 
of accreditation and establishing the requisite IT systems. GPs will increase quality of care 
if the utility of doing so is positive, which partly depends on PIP membership. The bivariate 
probit model used is

 Yij* = a1 + B1
=Xij + bPIP PIPij + u1ij

 PIPij* = a2 + B2
 =Xij + P′Iij + u2ij,

where Yij = 1 (GP j ordered an HbA1c test in recorded consultation i),
and PIPij = 1 (Practice in which GPj works has joined the PIP program).

46see Jones (2007).
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The authors calculate the marginal treatment effect of PIP using MEPIP = bPIP f(Bn1
=x).47 

Regarding the specification, they note “[a]lthough the model is formally identified by its non-
linear functional form, as long as the full rank condition of the data matrix is ensured (Heckman, 
1978; Wilde, 2000), we introduce exclusion restrictions to aid identification of the causal 
parameter bPIP (Maddala, 1983); Monfardini and Radice (2008). The row vector Iij captures the 
variables in the PIP participation equation (5) but excluded from the outcome equation (4).”

Marginal effects for PIP status are reported (in Table II) for two treatment groups. For the first 
group, the estimated effect is roughly 0.2. In year 1 of the data set, before the PIP was introduced, 
the average proportion of HbA1c tests conducted was 13%. After the reform was introduced, 
the average diabetes patient therefore faced a probability of 32% of receiving an HbA1c test 
during an average encounter in a practice that has joined the PIP. The result from a univariate  
probit model that treated PIP as exogenous produced a corresponding value of only 0.028.

Example 17.19  Moral Hazard In German Health Care
Riphahn, Wambach, and Million (2003) examined health care utilization in a panel data set 
of German households. The main objective of the study was to consider evidence of moral 
hazard. The authors considered the joint determination of hospital and doctor visits in a 
bivariate count data model. The model assessed whether purchase of Add-on insurance was 
associated with heavier use of the health care system. All German households have some 
form of health insurance. In our data, roughly 89% have the compulsory public form. Some 
households, typically higher income, can opt, instead, for private insurance. The “Add-on” 
insurance, that is available to those who have the compulsory public insurance, provides 
coverage for additional benefits, such as certain prevention programs and additional dental 
coverage. We will construct a small model to suggest the computations of treatment effects 
in a recursive bivariate probit model. The structure for one of the two count variables is

 Hospital* = b1 + b2 Age + b3 Working + b4 Health + g Addon + e,

 Addon* = a1 + a2 Age + a3 Education + a4 Income + a5 Married + a6 Kids + a7 Health+u.

Hospital is constructed as 1(Hospital Visits 7 0) while Add@On = 1(Household has Add-On 
Insurance). Estimation is based, once again, on the 1994 wave of the data.

Estimation results are shown in Table 17.14. We find that the only significant determinant 
of hospital visitation is Health (measured as self-reported Health Satisfaction). The crucial 
parameter is g, the coefficient on Add-On. The value of 0.04131 for APE(Add-On) is the 
estimated average treatment effect. We find, as did Riphahn, that the data do not appear to 
support the hypothesis of moral hazard. The t ratio on Add-On in the regression is only 0.16, far 
from significant. On the other hand, the estimated value, 0.04131, is not trivial. The mean value 
of Hospital is 0.091; 9.1% of this sample had at least one hospital visit in 1994. On average, if 
the subgroup of Add-On policy holders visited the hospital with 0.04 greater probability, this 
represents, using 0.091 as the base, an increase of 44% in the rate. That is actually quite large. 
For comparison purposes, the 2SLS estimates of this model are shown in the last column. (The 
authors of the application in Example 17.6 used 2SLS for estimation of their recursive bivariate 
probit model.) As might be expected, the 2SLS estimates provide a good approximation to the 
average partial effects of the exogenous variables. However, it produces an estimate for the 
causal Add-On effect that is three times as large as the FIML estimate, and has the wrong sign.

47the calculation of MEPIP treats PIP as if it were continuous and differentiates the probability. this approximates 
Φ(Bn1

=x + bPiP) - Φ(Bn1
=x) as suggested earlier. the authors note: “an alternative is to calculate the difference in 

the probabilities of an hba1c test in a consultation in which the practice participates in the PiP, and a practice 
that does not. Our method assumes the treatment indicator to be continuous to be able to use the delta method. 
We compared the two methods and the magnitude of the marginal effect is the same.” (there is, in fact, no 
obstacle to using the delta method for the difference in the probabilities. see equation (17-29).) the authors 
computed the te at the means of the data rather than averaging the te values over the observations.
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17.6.2  ENDOGENOUS CONTINUOUS VARIABLE

if the endogenous variable in the recursive model is continuous, the structure is

 Ti = zi
=A + ui,

 yi* = xi
=B + gTi + ei, yi = 1[yi* 7 0],¢ei

ui
≤ ∼ NJ ¢0

0
≤, ¢ 1 rsu

rsu su
2 ≤ R .

in the model for labor force participation in example 17.15, Family income is endogenous.

17.6.2.a  IV and GMM Estimation 

the instrumental variable estimator described in chapter 8 is based on moments of the 
data, variances, and covariances. in this binary choice setting, we are not using any form 
of least squares to estimate the parameters, so the iV method would appear not to apply. 
Generalized method of moments is a possibility. starting from

E[ei � zi, xi] = 0,
E[Tizi] ≠ 0,

a natural instrumental variable estimator would be based on the moment condition,

EJ(yi* - xi
=B - gTi)¢ xi

zi*
≤ R = 0.

(in this formulation, zi* would contain only the variables in zi not also contained in x.) 
however, yi* is not observed, yi is. the approach that was used in avery et al. (1983), 
Butler and chatterjee (1997), and Bertschek and Lechner (1998) is to assume that the 
instrumental variables are orthogonal to the residual, [y - Φ(xi

=B + gTi)]; that is,

EJ[yi - Φ(xi
=B + gTi)]¢ xi

zi*
≤ R = 0.

Add-On Hospital

Variable Estimate Std. Error t Ratio Estimate Std. Error t Ratio APE 2SLS

Constant -3.64543 0.42225 -8.63 -0.56009 0.18342 -3.05 0.24352
Health 0.00452 0.02552 0.18 -0.14258 0.01412 -10.10 -0.02195 -0.02505
Working 0.00728 0.07223 0.10 0.00112 0.00121
Add-On 0.23389 1.43618 0.16 0.04131 -0.11826
Age 0.00884 0.00568 1.56 0.00210 0.00292 0.72 0.00034* 0.00035
Education 0.07896 0.02030 3.89
Income 0.48428 0.23142 2.09
Married -0.09885 0.13584 -0.73
Kids 0.21025 0.13142 1.60
r -0.01363 0.60432 -0.02
Log likelihood function  -1296.40433
estimation based on N = 3377, K = 13

*average treatment effect. estimated atet is 0.03861

TABLE 17.14 Estimates of Recursive Bivariate Probit Model

M17_GREE1366_08_SE_C17.indd   773 2/24/17   1:51 PM



774 Part IV  ✦   Cross Sections, Panel Data, and Microeconometrics

this form of the moment equation, based on observables, can form the basis of a 
straightforward two-step Gmm estimator. (see chapter 13 for details.)

17.6.2.b  Partial ML Estimation

simple probit estimation based on yi and (xi, Ti) will not consistently estimate (B, g) 
because of the correlation between Ti and ei induced by the correlation between ui 
and ei. the maximum likelihood estimator is based on the full specification of the 
model, including the bivariate normality assumption that underlies the endogeneity 
of T. One possibility is to use the partial reduced form obtained by inserting 
the first equation in the second. this becomes a probit model with probability 
Prob(yi = 1 � xi, zi) = Φ(xi

=B* + zi*
=A*). this will produce a consistent estimator of 

B* = B/(1 + g2su
2 + 2gsur)1/2 and A* = gA/(1 + g2su

2 + 2gsur)1/2 as the coefficients 
on xi and zi, respectively. (the procedure would estimate a mixture of B* and A* for 
any variable that appears in both xi and zi.) newey (1987) suggested a minimum chi-
squared estimator that does estimate all parameters. Linear regression of Ti on zi 
produces estimates of A and su

2, which suggests a third possible estimator, based on a 
two-step mLe. But there is no method of moments estimator of r or g produced by this 
procedure, so this estimator is incomplete.

17.6.2.c  Full Information Maximum Likelihood Estimation

a more direct and actually simpler approach is full information maximum likelihood. 
the log likelihood is built up from the joint density of yi and Ti, which we write as the 
product of the conditional and the marginal densities,

f(yi, Ti) = f(yi � Ti)f(Ti).

to derive the conditional distribution, we use results for the bivariate normal, and write

ei � ui = [(rsu)/su
2]ui + vi,

where vi is normally distributed with Var[vi] = (1 - r2). inserting this in the second 
equation, we have

yi* � Ti = xi
=B + gTi + (r/su)ui + vi.

therefore,

 Prob[yi = 1 � xi, Ti] = ΦJxi
=B + gTi + (r/su)ui21 - r2

R . (17-36)

inserting the expression for ui = (Ti - zi
=A), and using the normal density for the 

marginal distribution of Ti in the first equation, we obtain the log-likelihood function 
for the sample,

ln L = a
n

i = 1
b ln ΦJ(2yi - 1)¢ xi

=B + gTi + (r/su)(Ti - zi
=A)21 - r2

≤ R
 + lnJ 1

su
 f¢Ti - zi

=A

su
≤ R r . (17-37)

some convenience can be obtained by rewriting the log-likelihood function as

ln L = a
n

i = 1
ln Φ[(2yi - 1)(xi

=B
∼ + g∼Ti + t[(Ti - zi

=A)/su]] + a
n

i = 1
lnJ 1

su
 f[(Ti - zi

=A)/su]R ,
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where B∼ = (1/21 - r2)B, g∼ = (1/21 - r2)g and t = (r/21 - r2). the delta method 
can be used to recover the original parameters and appropriate standard errors after 
estimation.48

Partial effects are derived from the first term in (17-37),

 
0Prob(y = 1 � x,T,z)

0£ x
T
z
≥ =

0Φ¢ xi
=B + gTi + (r/su)(Ti - zi

=A)21 - r2
b

0£ x
T
z
≥

 = f¢ xi
=B + gTi + (r/su)(Ti - zi

=A)21 - r2
≤  

121 - r2
£ B

g + r/su

-(r/su)A
≥.

17.6.2.d  Residual Inclusion and Control Functions
a further simplification of the log-likelihood function is obtained by writing

ln L = a
n

i = 1
ln Φ[(2yi - 1)(xi

=B
∼ + g∼Ti + tu∼i] + a

n

i = 1
lnJ 1

su
 f(u∼i) R ,

u∼i = (Ti - zi
=A)/su. this “residual inclusion” form suggests a two-step approach. the 

parameters in the linear regression, A and su, can be consistently estimated by a linear 
regression of T on z. the scaled residual u∼ni = (Ti - zi

=a)/su can now be computed and 
inserted into the log likelihood. note that the second term in the log likelihood involves 
parameters that have already been estimated at the first step, so it can be ignored. the 
second-step log likelihood is, then,

ln L = a
n

i = 1
ln Φ[(2yi - 1)(xi

=B
∼ + g∼wi + tu∼ni)].

this can be maximized using the methods developed in section 17.3. the estimator of 
r can be recovered from r = t/(1 + t2)1/2. estimators of B and g follow, and the delta 
method can be used to construct standard errors. Because this is a two-step estimator, 
the resulting estimator of the asymptotic covariance matrix would be adjusted using the 
murphy and topel (2002) results in section 14.7. Bootstrapping the entire apparatus (i.e., 
both steps—see section 15.4) would be an alternative way to estimate an asymptotic 
covariance matrix. the original (one-step) log likelihood is not very complicated, and 
full information estimation is fairly straightforward. the preceding demonstrates how 
the alternative two-step method would proceed and suggests how the residual inclusion 
method proceeds. the general approach of residual inclusion for nonlinear models with 
endogenous variables is explored in detail by terza, Basu, and rathouz (2008).

17.6.2.e  A Control Function Estimator
in the residual inclusion estimator noted earlier the endogeneity of T in the probit 
model is mitigated by adding the estimated residual to the equation—in the presence 

48recent applications of this estimator have referred to it as instrumental variable probit estimation. the estimator 
is a full information maximum likelihood estimator.
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of the residual, T is no longer correlated with e. We took this approach in estimating a 
linear model in section 8.4.2. Blundell and Powell (2004) label the foregoing the control 
function approach to accommodating the endogeneity. the residual inclusion estimator 
suggested here was proposed by rivers and Vuong (1988). as noted, the estimator is 
fully parametric. they propose an alternative semiparametric approach that retains 
much of the functional form specification, but works around the specific distributional 
assumptions. adapting their model to our earlier notation, their departure point is a 
general specification that produces, once again, a control function,

E[yi � xi, Ti, ui] = F(xi
=B + gTi, ui).

note that (17-36) satisfies the assumption; however, they reach this point without assuming 
either joint or marginal normality. the authors propose a three-step, semiparametric 
approach to estimating the structural parameters. in an application somewhat similar to 
example 17.8, they apply the technique to a labor force participation model for British men 
in which a variable of interest is a dummy variable for education greater than 16 years, the 
endogenous variable in the participation equation, also of interest, is earned income of 
the spouse, and an instrumental variable is a welfare benefit entitlement. their findings 
are rather more substantial than ours; they find that when the endogeneity of other family 
income is accommodated in the equation, the education coefficient increases by 40% and 
remains significant, but the coefficient on other income increases by more than tenfold.

Example 17.20  Labor Supply Model
In Examples 5.2, 17.1, and 17.15, we examined a labor supply model for married women using 
Mroz’s (1987) data on labor supply. The wife’s labor force participation equation suggested 
in Example 17.15 is

 Prob[LFP = 1] = F(Constant, Other Income, Education, Experience, Experience2,

Age, Kids Under 6, Kids 6 to 18).

The Other Income (non-wife’s) would likely be jointly determined with the LFP decision. We 
model this with

 Other Income = a1 + a2 Husband’s Age + a3 Husband’s Education + a4 City

+ a5 Kids Under 6 + a6 Kids 6 to 18 + u.

As before, we use the Mroz (1987) labor supply data described in Example 5.2. Table 17.15 reports 
the naïve single-equation and full information maximum likelihood estimates of the parameters of 
the two equations. The third set of results is the two-step estimator detailed in Section 17.6.2d. 
Standard errors for the maximum likelihood estimators are based on the derivatives of the log-
likelihood function. Standard errors for the two-step estimator are computed using 50 bootstrap 
replications. (Both steps are computed for the bootstrap replications.)

Comparing the two sets of probit estimates, it appears that the (assumed) endogeneity of the 
Other Income is not substantially affecting the estimates. The results are nearly the same. There 
are two simple ways to test the hypothesis that r equals zero. The FIML estimator produces an 
estimated asymptotic standard error with the estimate of r, so a Wald test can be carried out. 
For the preceding results, the Wald statistic would be (0.18777/0.13625)2 = 1.3782 = 1.899. 
The critical value from the chi-squared table for one degree of freedom would be 3.84, so we 
would not reject the hypothesis of exogeneity. The second approach would use the likelihood 
ratio test. Under the null hypothesis of exogeneity, the probit model and the regression 
equation can be estimated independently. The log likelihood for the full model would be the 
sum of the two log likelihoods, which would be -401.30 + (-2,844.103) = -3,245.405. The 
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log likelihood for the combined model is -3,244.556. Twice the difference is 0.849, which is 
also well under the 3.84 critical value, so on this basis as well, we would not reject the null 
hypothesis that r = 0. As would now be expected, the three sets of estimates are nearly the 
same. The estimate of -0.02761 for the coefficient on Other Income implies that a $1,000 
increase reduces the LFP by about 0.028. Because the participation rate is about 0.57, the 
$1,000 increase suggests a reduction in participation of about 4.9%. The mean value of other 
income is roughly $20,000, so the 5% increase in Other Income is associated with a 5% 
decrease in LFP, or an elasticity of about one.

17.6.3  ENDOGENOUS SAMPLING

We have encountered several instances of nonrandom sampling in the binary choice 
setting. in example 17.17, we examined an application in credit scoring in which the 
balance in the sample of responses of the outcome variable, C = 1 for acceptance of 
an application and C = 0 for rejection, is different from the known proportions in the 
population. the sample was skewed in favor of observations with C = 1 to enrich the 
data set. a second type of nonrandom sampling arises in the analysis of nonresponse/
attrition in the GsOeP in example 17.29 below. here, the observed sample is not random 
with respect to individuals’ presence in the sample at different waves of the panel. the 

Probit FIML
2-Step Control 

Function

Variable Estimate Std. Err. Estimate Std. Err. APE Estimate Std. Err.

LFP Equation for Wife

Constant 0.27008 0.50859 0.21277 0.51736 0.21811 0.50719
Education 0.13090 0.02525 0.14571 0.02689 0.05693 0.14816 0.02900
Experience 0.12335 0.01872 0.12299 0.01851 0.04805 0.12521 0.01868

Experience2 -0.00189 0.00060 -0.00192 0.00060 -0.00075 -0.00196 0.00053

Age -0.05285 0.00848 -0.04878 0.00951 -0.01906 -0.04970 0.00914
Kids Under 6 -0.86833 0.11852 -0.83049 0.12684 -0.32447 -0.84568 0.13693
Kids 6–18 0.03600 0.04348 0.04781 0.04214 0.01868 0.04855 0.05240
Non-wife Inc. -0.01202 0.00484 -0.02761 0.01254 -0.01079 -0.02798 0.01500
Residual 0.01795 0.01572

Non-wife Income Equation

Constant -10.6816 4.34481 -10.5492
Hus. Age 0.23009 0.07089 0.22818
Hus. Education 1.35361 0.12978 1.34613
City 3.54202 0.91338 3.62319
Kids Under 6 1.36755 0.67056 1.36403
Kids 6–18 0.67856 0.36160 0.67573
s 10.5708 0.15966 10.61312
r 0.18777 0.13625
ln L -401.302 -3244.556 -2844.103

TABLE 17.15 Estimated Labor Supply Model
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first of these represents selection specifically on an observable outcome—the observed 
dependent variable. We construct a model for the second of these that relies on an 
assumption of selection on a set of certain observables—the variables that enter the 
probability weights. We will now examine a third form of nonrandom sample selection, 
based crucially on the unobservables in the two equations of a bivariate probit model.

We return to the banking application of example 17.17. in that application, we 
examined a binary choice model,

 Prob(Cardholder = 1 � x) = Prob(C = 1 � x)

 = Φ(b1 + b2 Age + b3 Income + b4 OwnRent

 + b5 Months at Current Address

 + b6 Self@Employed

 + b7 Number of Major Derogatory Reports

 + b8 Number of Minor Derogatory Reports).

From the point of view of the lender, cardholder status is not the interesting 
outcome in the credit history, default is. the more interesting equation describes 
Prob(Default = 1 � z, C = 1). the natural approach, then, would be to construct a binary 
choice model for the interesting default variable using the historical data for a sample 
of cardholders. the problem with the approach is that the sample of cardholders is 
not randomly drawn from the full population—applicants are screened with an eye 
specifically toward whether or not they seem likely to default. in this application, and in 
general, there are three economic agents, the credit scorer (e.g., Fair isaacs), the lender, 
and the borrower. each of them has latent characteristics in the equations that determine 
their behavior. it is these latent characteristics that drive, in part, the application/scoring 
process and, ultimately, the consumer behavior.

a model that can accommodate these features is

 S* = x1
=B1 + e1, S = 1(S* 7 0),

 y* = x1
=B2 + e2, y = 1(y* 7 0),¢e1

e2
� x1, x2≤ ∼ NJ ¢0

0
≤,¢1 r

r 1
≤ R ,

(y, x2) observed only when S = 1,

which contains an observation rule, S = 1, and a behavioral outcome, y = 0 or 1. the 
endogeneity of the sampling rule implies that

Prob(y = 1 � S = 1, x2) ≠ Φ(x2
=B).

From properties of the bivariate normal distribution, the appropriate probability is

Prob(y = 1 � S = 1, x1, x2) = ΦJx2
=B2 + rx1

=B121 - r2
R .

if r is not zero, then in using the simple univariate probit model, we are omitting from 
our model any variables that are in x1 but not in x2, and in any case, the estimator is 
inconsistent by a factor (1 - r2)-1/2. to underscore the source of the bias, if r equals 
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zero, the conditional probability returns to the model that would be estimated with the 
selected sample. thus, the bias arises because of the correlation of (i.e., the selection on) 
the unobservables, e1 and e2. this model was employed by Wynand and van Praag (1981) 
in the first application of heckman’s (1979) sample selection model in a nonlinear setting 
to insurance purchases by Boyes, hoffman, and Lowe (1989) in a study of bank lending 
by Greene (1992) to the credit card application begun in example 17.17 and continued 
in example 17.21 and hundreds of applications since.

Given that the forms of the probabilities are known, the appropriate log-likelihood 
function for estimation of B1, B2, and r is easily obtained. the log likelihood must be 
constructed for the joint or the marginal probabilities, not the conditional ones. For the 
selected observations, that is, (y = 0, S = 1) or (y = 1, S = 1), the relevant probability 
is simply

Prob(y = 0 or 1 � S = 1) * Prob(S = 1) = Φ2[(2y - 1)x2
=B2, x1

=B1, (2y - 1)r].

For the observations with S = 0, the probability that enters the likelihood function is 
simply Prob(S = 0 � x1) = Φ(-x1

=B1). estimation is then based on a simpler form of the 
bivariate probit log likelihood that we examined in section 17.6.1. Partial effects and 
post-estimation analysis would follow the analysis for the bivariate probit model. the 
desired partial effects would differ by the application, whether one desires the partial 
effects from the conditional, joint, or marginal probability would vary. the necessary 
results are in section 17.9.3.

Example 17.21  Cardholder Status and Default Behavior
In Example 17.9, we estimated a logit model for cardholder status,

 Prob(Cardholder = 1) = Prob(C = 1 � x)

 = Φ(b1 + b2Age + b3Income + b4OwnRent

 + b5 Current Address + b6 SelfEmployed

  + b7 Major Derogatory Reports

  + b8 Minor Derogatory Reports),

using a sample of 13,444 applications for a credit card. The complication in that example was 
that the sample was choice based. In the data set, 78.1% of the applicants are cardholders. 
In the population, at that time, the true proportion was roughly 23.2%, so the sample is 
substantially choice based on this variable. The sample was deliberately skewed in favor of 
cardholders for purposes of the original study.49 The weights to be applied for the WESML 
estimator are 0.232/0.781 = 0.297 for the observations with C = 1 and 0.768/0.219 = 3.507 
for observations with C = 0. Of the 13,444 applicants in the sample, 10,499 were accepted 
(given the credit cards). The “default rate” in the sample is 996/10,499 or 9.48%. This is 
slightly less than the population rate at the time, 10.3%. For purposes of a less complicated 
numerical example, we will ignore the choice-based sampling nature of the data set for the 
present. An orthodox treatment of both the selection issue and the choice-based sampling 
treatment is left for the exercises [and pursued in Greene (1992).]

We have formulated the cardholder equation so that it probably resembles the policy of 
credit scorers, both then and now. A major derogatory report results when a credit account 
that is being monitored by the credit reporting agency is more than 60 days late in payment. 
A minor derogatory report is generated when an account is 30 days delinquent. Derogatory 

49see Greene (1992).
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reports are a major contributor to credit decisions. Contemporary credit processors such 
as Fair Isaacs place extremely heavy weight on the “credit score,” a single variable that 
summarizes the credit history and credit-carrying capacity of an individual. We did not have 
access to credit scores at the time of this study. The selection equation was given earlier. The 
default equation is a behavioral model. There is no obvious standard for this part of the model. 
We have used three variables, Dependents, the number of dependents in the household, 
Income, and Exp_Income, which equals the ratio of the average credit card expenditure in 
the 12 months after the credit card was issued to average monthly income. Default status is 
measured for the first 12 months after the credit card was issued.

Estimation results are presented in Table 17.16. These are broadly consistent with the earlier 
results—the models with no correlation from Example 17.9 are repeated in Table 17.16. There 
are two tests we can employ for endogeneity of the selection. The estimate of r is 0.41947 
with a standard error of 0.11762. The t ratio for the test that r equals zero is 3.57, by which 
we can reject the hypothesis. Alternatively, the likelihood ratio statistic based on the values 
in Table 17.16 is 2(8,670.78831 - 8,660.90650) = 19.76362. This is larger than the critical 
value of 3.84, so the hypothesis of zero correlation is rejected. The results are as might be 
expected, with one counterintuitive result, that a larger credit burden, expenditure to income 
ratio, appears to be associated with lower default probabilities, though not significantly so.

17.7 PANEL DATA MODELS

Qualitative response models have been a growth industry in econometrics. the recent 
literature, particularly in the area of panel data analysis, has produced a number of 
new techniques. the availability of large, high-quality panel data sets on microeconomic 

Endogenous Sample Model Uncorrelated Equations

Variable/Equation Estimate Std. Error (t) Estimate Std. Error

Cardholder Equation

Constant 0.30516 0.04781 (6.38) 0.31783 0.04790 (6.63)
Age 0.00226 0.00145 (1.56) 0.00184 0.00146 (1.26)
Current Address 0.00091 0.00024 (3.80) 0.00095 0.00024 (3.94)
OwnRent 0.18758 0.03030 (6.19) 0.18233 0.03048 (5.98)
Income 0.02231 0.00093 (23.87) 0.02237 0.00093 (23.95)
SelfEmployed -0.43015 0.05357 (-8.03) -0.43625 0.05413 (-8.06)
Major Derogatory -0.69598 0.01871 (-37.20) -0.69912 0.01839 (-38.01)
Minor Derogatory -0.04717 0.01825 (-2.58) -0.04126 0.01829 (-2.26)

Default Equation
Constant -0.96043 0.04728 (-20.32) -0.81528 0.04104 (-19.86)
Dependents -0.04995 0.01415 (3.53) 0.04993 0.01442 (3.46)
Income -0.01642 0.00122 (-13.41) -0.01837 0.00119 (-15.41)
Expend/Income -0.16918 0.14474 (-1.17) -0.14172 0.14913 (-0.95)
Correlation 0.41947 0.11762 (3.57) 0.00000
Log Likelihood -8,660.90650 -8,670.78831

TABLE 17.16 Estimated Joint Cardholder and Default Probability Models
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behavior has supported an interest in extending the models of chapter 11 to binary 
(and other discrete) choice models. in this section, we will survey a few results from this 
rapidly growing literature.

the structural model for a possibly unbalanced panel of data would be

 yit* = xit
=B + eit, i = 1, c, n, t = 1, c, Ti,

  yit = 1(yit* 7 0).  (17-38)

most of the interesting cases to be analyzed will start from our familiar common effects 
model,

 yit* = xit
=B + vit + ui, i = 1, c, n, t = 1, c, Ti,

  yit = 1 if yit* 7 0, and 0 otherwise,  (17-39)

where, as before (see sections 11.4 and 11.5), ui is the unobserved, individual specific 
heterogeneity. Once again, we distinguish between random and fixed effects models by 
the relationship between ui and xit. the assumption of strict exogeneity, that f(ui � Xi) 
is not dependent on Xi, produces the random effects model. note that this places a 
restriction on the distribution of the heterogeneity. if that distribution is unrestricted, 
so that ui and xit may be correlated, then we have the fixed effects model. as before, the 
distinction does not relate to any intrinsic characteristic of the effect itself.

as we shall see shortly, this modeling framework is fraught with difficulties and 
unconventional estimation problems. among them are the following: estimation of the 
random effects model requires very strong assumptions about the heterogeneity; the 
fixed effects model relaxes these assumptions, but the natural estimator in this case 
encounters an incidental parameters problem that renders the maximum likelihood 
estimator inconsistent even when the model is correctly specified.

17.7.1  THE POOLED ESTIMATOR

to begin, it is useful to consider the pooled estimator that results if we simply ignore 
the heterogeneity, ui, in (17-39) and fit the model as if the cross-section specification of 
section 17.2.2 applies.50 if the fixed effects model is appropriate, then results for omitted 
variables, including the yatchew and Griliches (1984) result, apply. the pooled mLe 
that ignores fixed effects will be inconsistent—possibly wildly so. (Note: Because the 
estimator is mL, not least squares, converting the data to deviations from group means 
is not a solution—converting the binary dependent variable to deviations will produce 
a new variable with unknown properties.)

the random effects case is simpler. From (17-39), the marginal probability implied 
by the model is

 Prob(yit = 1 � xit) = Prob(vit + ui 7 -xit
=B)

 = F[xit
=B/(1 + su

2)1/2]
 = F(xit

=D).

50We could begin the analysis by establishing the assumptions within which we can estimate the parameters 
of interest (B) by treating the panel as a long cross section. the point of the exercise, however, is that those 
assumptions are unlikely to be met in any realistic application.
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the implication is that based on the marginal distributions, we can consistently 
estimate D (but not B or su separately) by pooled mLe.51 this would be a pseudo 
mLe because the log-likelihood function is not the true log likelihood for the full 
set of observed data, but it is the correct product of the marginal distributions for 
yit � xit. (this would be the binary choice case counterpart to consistent estimation of 
B in a linear random effects model by pooled ordinary least squares.) the implication, 
which is absent in the linear case, is that ignoring the random effects in a pooled 
model produces an attenuated (inconsistent—downward biased) estimate of B; the 
scale factor that produces D is 1/(1 + su

2)1/2, which is between zero and one. the 
implication for the partial effects is less clear. in the model specification, the partial 
effect is

PE(xit, ui) = 0Prob[yit = 1 � xit, ui]/0xit = B * f(xit
=B + ui),

which is not computable. the useful result would be

Eu[PE(xit, ui)] = B Eu[f(xit
=B + ui)].

Wooldridge (2010) shows that the end result, assuming normality of both vit and ui is 
Eu[PE(xit, ui)] = Df(xit

=D). thus far, surprisingly, it would seem that simply pooling the 
data and using the simple mLe works. the estimated standard errors will be incorrect, so 
a correction such as the cluster estimator shown in section 14.8.2 would be appropriate. 
three considerations suggest that one might want to proceed to the full mLe in spite of 
these results: (1) the pooled estimator will be inefficient compared to the full mLe; (2) 
the pooled estimator does not produce an estimator of su that might be of interest in its 
own right; and (3) the FimL estimator is available in contemporary software and is no 
more difficult to estimate than the pooled estimator. note that the pooled estimator is 
not justified (over the FimL approach) on robustness considerations because the same 
normality and random effects assumptions that are needed to obtain the FimL estimator 
will be needed to obtain the preceding results for the pooled estimator.

17.7.2  RANDOM EFFECTS

a specification that has the same structure as the random effects model of section 11.5 
has been implemented by Butler and moffitt (1982). We will sketch the derivation to 
suggest how random effects can be handled in discrete and limited dependent variable 
models such as this one. Full details on estimation and inference may be found in Butler 
and moffitt (1982) and Greene (1995a). We will then examine some extensions of the 
Butler and moffitt model.

the random effects model specifies

eit = vit + ui,

where vit and ui are independent random variables with

 E[vit � X] = 0; cov[vit, vjs, � X] = Var[vit � X] = 1, if i = j and t = s; 0 otherwise,

E[ui � X] = 0; cov[ui, uj � X] = Var[ui � X] = su
2, if i = j; 0 otherwise,

cov[vit, uj � X] = 0 for all i, t, j,

51this result is explored at length in Wooldridge (2010).
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and X indicates all the exogenous data in the sample, xit for all i and t.52 then,

E[eit � X] = 0,

Var[eit � X] = sv
2 + su

2 = 1 + su
2,

and

corr[eit, eis � X] = r =
su

2

1 + su
2 .

the new free parameter is su
2 = r/(1 - r).

recall that in the cross-section case, the marginal probability associated with an 
observation is

P(yi � xi) = L
Ui

Li

f(ei)dei, (Li, Ui) = (- ∞ , -xi
=B) if yi = 0 and (-xi

=B, + ∞) if yi = 1.

this simplifies to Φ[(2yi - 1)xi
=B] for the normal distribution and Λ[(2yi - 1)xi

=B] 
for the logit model. in the fully general case with an unrestricted covariance matrix, 
the contribution of group i to the likelihood would be the joint probability for all Ti 
observations,

 Li = P(yi1, c, yiTi
� X) = L

UiTi

LiTi

gL
Ui1

Li1

f(ei1, ei2, c, eiTi
)dei1dei2 cdeiTi

. (17-40)

the integration of the joint density, as it stands, is impractical in most cases. the special 
nature of the random effects model allows a simplification, however. We can obtain the 
joint density of the vit’s by integrating ui out of the joint density of (ei1, c, eiTi

, ui), 
which is

f(ei1, c, eiTi
, ui) = f(ei1, c, eiTi

� ui)f(ui).

so,

f(ei1, ei2, c, eiTi
) = L

+∞

-∞
f(ei1, ei2, c, eiTi

� ui)f(ui) dui.

the advantage of this form is that conditioned on ui, the eit’s are independent, so

f(ei1, ei2, c, eiTi
) = L

+∞

-∞
q
Ti

t = 1
f(eit � ui)f(ui) dui.

inserting this result in (17-40) produces

Li = P(yi1, c, yiTi
� X) = L

UiTi

LiTi

gL
Ui1

Li1

q
Ti

t = 1
f(eit � ui)f(ui) dui dei1 dei2 cdeiTi

.

this may not look like much simplification, but in fact, it is. Because the ranges of 
integration are independent, we may change the order of integration:

Li = P(yi1, c, yiTi
� X) = L

+∞

-∞
JLUiTi

LiTi

gL
Ui1

Li1

q
Ti

t = 1
f(eit � ui) dei1 dei2 cdeiTi

R f(ui) dui.

52see Wooldridge (2010) for discussion of this strict exogeneity assumption.
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conditioned on the common ui, the e’s are independent, so the term in square brackets 
is just the product of the individual probabilities. We can write this as

 Li = P(yi1, c, yiTi
� X) = L

+∞

-∞
JqTi

t = 1
¢ LUit

Lit

f(eit � ui)deit≤ R f(ui) dui. (17-41)

now, consider the individual densities in the product. conditioned on ui, these are the 
now-familiar probabilities for the individual observations, computed now at xit

=B + ui. 
this produces a general form for random effects for the binary choice model. collecting 
all the terms, we have reduced it to

 Li = P(yi1, c, yiTi
� X) = L

+∞

-∞
JqTi

t = 1
 Prob(Yit = yit � xit

=B + ui) R  f(ui) dui. (17-42)

it remains to specify the distributions, but the important result thus far is that the 
entire computation requires only one-dimensional integration. the inner probabilities 
may be any of the models we have considered so far, such as probit, logit, Gumbel, 
and so on. the intricate part that remains is how to do the outer integration. Butler 
and Moffitt’s quadrature method assuming that ui is normally distributed is detailed in 
section 14.14.4.

a number of authors have found the Butler and moffitt formulation to be a 
satisfactory compromise between a fully unrestricted model and the cross-sectional variant 
that ignores the correlation altogether. an application that includes both group and time 
effects is tauchen, Witte, and Griesinger’s (1994) study of arrests and criminal behavior. 
the Butler and moffitt approach has been criticized for the restriction of equal correlation 
across periods. But it does have a compelling virtue that the model can be efficiently 
estimated even with fairly large Ti, using conventional computational methods.53

a remaining problem with the Butler and moffitt specification is its assumption of 
normality. in general, other distributions are problematic because of the difficulty of 
finding either a closed form for the integral or a satisfactory method of approximating 
the integral. an alternative approach that allows some flexibility is the method of 
maximum simulated likelihood (msL), which was discussed in section 15.6. the 
transformed likelihood we derived in (17-42) is an expectation,

 Li = L
+∞

-∞
JqTi

t = 1
 Prob(Yit = yit � xit

=B + ui) R  f(ui) dui

 = Eui
JqTi

t = 1
Prob(Yit = yit � xit

=B + ui) R .

this expectation can be approximated by simulation rather than quadrature. First, let u 
now denote the scale parameter in the distribution of ui. this would be su for a normal 
distribution, for example, or some other scaling for the logistic or uniform distribution. 
then, write the term in the likelihood function as

Li = Eui
 JqTi

t = 1
F(yit, xit

=B + uui) R = Eu[h(ui)].

note that ui is free of any unknown parameters. For example, for normally distributed u, by 
this transformation, u is su and now, u ∼ N[0, 1]. the function is smooth, continuous, and 

53see Greene (2007b).
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continuously differentiable. if this expectation is finite, then the conditions of the law of large 
numbers should apply, which would mean that for a sample of observations ui1, c, uiR,

plim 
1
R a

R

r = 1
h(uir) = Eu[h(ui)].

this suggests, based on the results in chapter 15, an alternative method of maximizing 
the log likelihood for the random effects model. a sample of person-specific draws from 
the population ui can be generated with a random number generator. For the Butler 
and moffitt model with normally distributed ui, the simulated log-likelihood function is

 ln LSimulated = a
n

i = 1
lnb 1

R a
R

r = 1
JqTi

t = 1
F[(2yit - 1)(xit

=B + suuir)] R r . (17-43)

this function is maximized with respect to B and su. note that in the preceding, as in 
the quadrature approximated log likelihood, the model can be based on a probit, logit, 
or any other functional form desired.

For testing the hypothesis of the restricted, pooled model, a Lagrange multiplier 
approach that does not require estimation of the full random effects model will be 
attractive. Greene and mcKenzie (2015) derived an Lm test specifically for the random 
effects model. Let lit equal the derivative with respect to the constant term under H0, 
defined in (17-20), and let tit = -(qitxit

=B)lit - lit
 2. then,

gi = D a
Ti

t = 1
litxit

1
2

 ¢ aTi

t = 1
tit≤ +

1
2

 ¢ aTi

t = 1
litb

2 T .

Finally, gi′ is the ith row of the n * (K + 1) matrix G. the Lm statistic is 
Lm = i′G(G′G)-1G′i = nR2 in the regression of a column of ones on gi. the first K 
elements of i′G equal zero as they are the score of the log likelihood under H0. therefore, 
the Lm statistic is the square of the (K + 1) element of i′G times the last diagonal 
element of the matrix (G′G)-1. Wooldridge (2010) proposes an omnibus test of the null 
of the pooled model against the more general model that contains lagged values of xit 
and/or yit. the two steps of the test are: (1) Pooled probit estimation of the null model; and 
(2) Pooled probit estimation of the augmented model Prob(yit = 1) = Φ(xit

=B + gui,t - 1) 
based on observations t = 2, c, Ti where uit = (yit - xit

=B). the test is a simple Wald, 
Lm, or Lr test of the hypothesis that g equals zero.

We have examined two approaches to estimation of a probit model with random 
effects. Gmm estimation is a third possibility. avery, hansen, and hotz (1983), Bertschek 
and Lechner (1998), and inkmann (2000) examine this approach; the latter two offer 
some comparison with the quadrature and simulation-based estimators considered here. 
(Our application in example 17.36 will use the Bertschek and Lechner data.)

17.7.3  FIXED EFFECTS

the fixed effects model is

  yit* = aidit + xit
=B + eit, i = 1, c, n, t = 1, c, Ti,

  yit = 1(yit* 7 0), (17-44)
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where dit is a dummy variable that takes the value one for individual i and zero otherwise. 
For convenience, we have redefined xit to be the nonconstant variables in the model. the 
parameters to be estimated are the K elements of B and the n individual constant terms. 
Before we consider the several virtues and shortcomings of this model, we consider 
the practical aspects of estimation of what are possibly a huge number of parameters; 
(n + K); n is not limited here, and could be in the thousands in a typical application. 
the log-likelihood function for the fixed effects model is

 ln L = a
n

i = 1
a
Ti

t = 1
ln P(yit �ai + xit

=B), (17-45)

where P(.) is the probability of the observed outcome, for example, Φ[qit(ai + xit
=B)] 

for the probit model or Λ[qit(ai + xit
=B)] for the logit model, where qit = 2yit - 1. What 

follows can be extended to any index function model, but for the present, we will confine 
our attention to symmetric distributions such as the normal and logistic, so that the 
probability can be conveniently written as Prob(Yit = yit � xit) = P[qit(ai + xit

=B)]. it will 
be convenient to let zit = ai + xit

=B so (Yit = yit � xit) = P(qitzit).
in our previous application of this model, in the linear regression case, we found that 

estimation of the parameters was simplified by a transformation of the data to deviations 
from group means, which eliminated the person-specific constants from the estimator. (see 
section 11.4.1.) save for the special case discussed later, that will not be possible here, so 
that if one desires to estimate the parameters of this model, it will be necessary actually 
to compute the possibly huge number of constant terms at the same time. this has been 
widely viewed as a practical obstacle to estimation of this model because of the need to 
invert a potentially large second derivatives matrix, but this is a misconception.54 the 
method for estimation of nonlinear fixed effects models such as the probit and logit 
models is detailed in section 14.9.6.d.55

the problems with the fixed effects estimator are statistical, not practical. the 
estimator relies on Ti increasing for the constant terms to be consistent—in essence, 
each ai is estimated with Ti observations. But in this setting, not only is Ti fixed, it is 
likely to be quite small. as such, the estimators of the constant terms are not consistent 
(not because they converge to something other than what they are trying to estimate, 
but because they do not converge at all). the estimator of B is a function of the 
estimators of a, which means that the mLe of B is not consistent either. this is the 
incidental parameters problem. [see neyman and scott (1948) and Lancaster (2000).] 
how serious this bias is remains a question in the literature. two pieces of received 
wisdom are hsiao’s (1986) results for a binary logit model [with additional results in 
abrevaya (1997)] and heckman and macurdy’s (1980) results for the probit model. 
hsiao found that for Ti = 2, the bias in the mLe of B is 100%, which is extremely 
pessimistic. heckman and macurdy found in a monte carlo study that in samples of 
n = 100 and T = 8, the bias appeared to be on the order of 10%, which is substantive, 
but certainly less severe than hsiao’s results suggest. no other theoretical results have 
been shown for other models, although in very few cases, it can be shown that there is 
no incidental parameters problem. (the Poisson model mentioned in section 14.9.6.d 

54see, for example, maddala (1987), p. 317.
55Fernandez-Val (2009) reports using that method to fit a probit model for 500,000 groups.
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is one of these special cases.) the available mix of theoretical results and monte carlo 
evidence suggests that for binary choice estimation of static models, plim BnFE = S(T)B 
where S(2) = 2, S(T + 1) 6 S(T) and limt -7 ∞ S(T) = 1.56 the issue is much less clear 
for dynamic models—there is little small T wisdom, though the large T result appears 
to apply as well.

the fixed effects approach does have some appeal in that it does not require an 
assumption of orthogonality of the independent variables and the heterogeneity. an 
ongoing pursuit in the literature is concerned with the severity of the tradeoff of this 
virtue against the incidental parameters problem. some commentary on this issue 
appears in arellano (2001). results of our own investigation appear in section 15.5.2 
and Greene (2004).

17.7.3.a  A Conditional Fixed Effects Estimator

Why does the incidental parameters problem arise here and not in the linear regression 
model?57 recall that estimation in the regression model was based on the deviations 
from group means, not the original data as it is here. the result we exploited there was 
that although f(yit � Xi) is a function of ai, f(yit � Xi, yi) is not a function of ai, and we used 
the latter in estimation of B. in that setting, yi is a minimal sufficient statistic for ai. 
sufficient statistics are available for a few distributions that we will examine, but not for 
the probit model. they are available for the logit model, as we now examine.

a fixed effects binary logit model is

Prob(yit = 1 � xit) =
eai + xit

=B

1 + eai + xit
=B

.

the unconditional likelihood for the nT independent observations is

L = q
i
q

t
(Fit)

yit (1 - Fit)
1 - yit.

chamberlain (1980) [following rasch (1960) and andersen (1970)] observed that the 
conditional likelihood function,

Lc = q
n

i = 1
Prob¢Yi1 = yi1, Yi2 = yi2, c, YiTi

= yiTi
2 aTi

t = 1
yit≤,

is free of the incidental parameters, ai. the joint likelihood for each set of Ti observations 
conditioned on the number of ones in the set is

 Prob¢Yi1 = yi1, Yi2 = yi2, c, YiTi
= yiTi

2 aTi

t = 1
yit, xi≤

  =
exp¢ a Ti

t = 1yitxit
=b≤

a Σtdit = Si
exp¢ a Ti

t = 1ditxit
=b≤ . (17-46)

56For example, hahn and newey (2002), Fernandez-Val (2009), Greene (2004), Katz (2001), han (2002) and 
others.
57the incidental parameters problem does show up in mL estimation of the Fe linear model, where neyman and scott 
(1948) discovered it, in estimation of se

2. the mLe of se
2 is e′/e/nT, which converges to [(T - 1)/T]se

2 6 se
2.
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the function in the denominator is summed over the set of all (Si

Ti) different sequences 
of Ti zeros and ones that have the same sum as Si = a Ti

t = 1yit.58

consider the example of Ti = 2. the unconditional likelihood is

L = q
i

 Prob(Yi1 = yi1) Prob(Yi2 = yi2).

For each pair of observations, we have these possibilities:

1. yi1 = 0 and yi2 = 0. Prob(0, 0 � sum = 0) = 1.
2. yi1 = 1 and yi2 = 1. Prob(1, 1 � sum = 2) = 1.

the ith term in Lc for either of these is just one, so they contribute nothing to the 
conditional likelihood function.59 When we take logs, these terms (and these observations) 
will drop out. But suppose that yi1 = 0 and yi2 = 1. then

Prob(0, 1 � sum = 1) =
Prob(0, 1 and sum = 1)

Prob(sum = 1)
=

Prob(0, 1)

Prob(0, 1) + Prob(1, 0)
.

therefore, for this pair of observations, the conditional probability is

1

1 + eai + xi1
= B

 
eai + xi2

= B

1 + eai + xi2
= B

1

1 + eai + xi1
= B

 
eai + xi2

= B

1 + eai + xi2
= B

+
eai + xi1

= B

1 + eai + xi1
= B

 
1

1 + eai + xi2
= B

=
exi2

= B

exi1
= B + exi2

= B
.

By conditioning on the sum of the two observations, we have removed the heterogeneity. 
therefore, we can construct the conditional likelihood function as the product of these 
terms for the pairs of observations for which the two observations are (0, 1). Pairs of 
observations with (1, 0) are included analogously. the product of the terms such as the 
preceding, for those observation sets for which the sum is not zero or Ti, constitutes the 
conditional likelihood. maximization of the resulting function is straightforward and 
may be done by conventional methods.

as in the linear regression model, it is of some interest to test whether there is 
indeed heterogeneity. With homogeneity (ai = a), there is no unusual problem, and the 
model can be estimated, as usual, as a logit model. it is not possible to test the hypothesis 
using the likelihood ratio test, however, because the two likelihoods are not comparable. 
(the conditional likelihood is based on a restricted data set.) none of the usual tests of 
restrictions can be used because the individual effects are never actually estimated.60 
hausman’s (1978) specification test is a natural one to use here, however. under the null 
hypothesis of homogeneity, both chamberlain’s conditional maximum likelihood 

58the enumeration of all these computations stands to be quite a burden—see arellano (2000, p. 47) or Baltagi 
(2005, p. 235). in fact, using a recursion suggested by Krailo and Pike (1984), the computation even with Ti up to 
100 is routine.
59in the probit model when we encounter this situation, the individual constant term cannot be estimated and the group 
is removed from the sample. the same effect is at work here.
60this produces a difficulty for this estimator that is shared by the semiparametric estimators discussed in the next 
section. Because the fixed effects are not estimated, it is not possible to compute probabilities or marginal effects with 
these estimated coefficients, and it is a bit ambiguous what one can do with the results of the computations. the brute 
force estimator that actually computes the individual effects might be preferable.
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estimator (cmLe) and the usual maximum likelihood estimator are consistent, but 
chamberlain’s is inefficient. (it fails to use the information that ai = a, and it may not 
use all the data.) under the alternative hypothesis, the unconditional maximum 
likelihood estimator is inconsistent,61 whereas chamberlain’s estimator is consistent and 
efficient. the hausman test can be based on the chi-squared statistic,

 x2 = (BncmL - BnmL)′(Var[cmL] - Var[mL])-1(BncmL - BnmL). (17-47)

the estimated covariance matrices are those computed for the two maximum likelihood 
estimators. For the unconditional maximum likelihood estimator, the row and column 
corresponding to the constant term are dropped. a large value will cast doubt on the 
hypothesis of homogeneity. (there are K degrees of freedom for the test.) it is possible 
that the covariance matrix for the maximum likelihood estimator will be larger than that 
for the conditional maximum likelihood estimator. if so, then the difference matrix in 
brackets is assumed to be a zero matrix, and the chi-squared statistic is therefore zero.

Example 17.22  Binary Choice Models for Panel Data
In Example 17.6, we fit a pooled binary Iogit model y = 1(DocVis 7 0) using the German 
health care utilization data examined in appendix Table F7.1. The model is

 Prob(DocVisit 7 0) = Λ(b1 + b2 Ageit + b3 Incomeit + b4 Kidsit

  + b5 Educationit + b6 Marriedit).

No account of the panel nature of the data set was taken in that exercise. The sample contains 
a total of 27,326 observations on 7,293 families with Ti ranging from 1 to 7. Table 17.17 lists 
estimates of parameter estimates and estimated standard errors for probit and Iogit random 
and fixed effects models. There is a surprising amount of variation across the estimators. 
The coefficients are in bold to facilitate reading the table. It is generally difficult to compare 
across the estimators. The three estimators would be expected to produce very different 
estimates in any of the three specifications—recall, for example, the pooled estimator is 
inconsistent in either the fixed or random effects cases. The Iogit results include two fixed 
effects estimators. The line marked “U” is the unconditional (inconsistent) estimator. The one 
marked “C” is Chamberlain’s consistent estimator. Note for all three fixed effects estimator 
it is necessary to drop from the sample any groups that have DocVisit equal to zero or one 
for every period. There were 3,046 such groups, which is about 42% of the sample. We also 
computed the probit random effects model in two ways, first by using the Butler and 
Moffitt method, then by using maximum simulated likelihood estimation. In this case, the 
estimators are very similar, as might be expected. The estimated correlation coefficient, r, 
is computed as su

2 /(se
2 + su

2). For the probit model, se
2 = 1. The MSL estimator computes 

su = 0.9088376, from which we obtained r. The estimated partial effects for the models 
are shown in Table 17.18. The average of the fixed effects constant terms is used to obtain 
a constant term for the unconditional fixed effects case. No estimator is available for the 
conditional fixed effects case. Once again there is a considerable amount of variation 
across the different estimators. On average, the fixed effects models tend to produce 
much larger values than the pooled or random effects models.

Example 17.23  Fixed Effects Logit Model: Magazine Prices Revisited
The fixed effects model does have some appeal, but the incidental parameters problem is 
a significant shortcoming of the unconditional probit and logit estimators. The conditional 

61hsiao (2003) derives the result explicitly for some particular cases.

M17_GREE1366_08_SE_C17.indd   789 2/24/17   1:52 PM



790 Part IV  ✦   Cross Sections, Panel Data, and Microeconometrics

V
ar

ia
bl

e

M
od

el
E

st
im

at
e

ln
 L

C
on

st
an

t
A

ge
In

co
m

e
K

id
s

E
du

ca
ti

on
M

ar
ri

ed

L
og

it
B

0.
25

11
2

0.
02

07
1

-
0.

18
63

0
-

0.
22

94
7

-
0.

04
55

7
0.

08
53

0
P

oo
le

d
st

. e
rr

.
-

17
67

3.
09

0.
09

11
4

0.
00

12
9

0.
07

50
9

0.
02

95
4

0.
00

56
5

0.
03

32
8

r
ob

.s
e

a
0.

12
82

7
0.

00
17

4
0.

09
16

0
0.

03
83

1
0.

00
80

8
0.

04
53

1

L
og

it 
R

.E
.

B
-

16
27

7.
04

0.
06

44
7

0.
03

41
6

0.
00

23
7

-
0.

26
12

7
-

0.
05

78
6

0.
02

70
7

r
=

0.
41

50
3

st
. e

rr
.

0.
16

39
1

0.
00

22
5

0.
11

29
9

0.
04

58
9

0.
01

07
1

0.
05

32
8

L
og

it
B

-
94

52
.5

5
0.

10
46

9
-

0.
05

71
2

-
0.

08
82

8
-

0.
11

67
3

-
0.

05
76

1

F.
E

.(
U

)b
st

. e
rr

.
0.

00
72

6
0.

17
84

4
0.

07
44

7
0.

06
88

0
0.

10
61

9

L
og

it
B

-
62

99
.0

2
0.

08
47

1
-

0.
04

73
2

-
0.

07
76

7
-

0.
09

08
4

-
0.

05
22

9
F.

E
.(

C
)c

st
. e

rr
.

0.
00

65
0

0.
15

89
1

0.
06

22
8

0.
05

66
8

0.
09

30
4

P
ro

bi
t

B
-

17
67

0.
93

0.
15

50
1

0.
01

28
3

-
0.

11
66

6
-

0.
14

11
8

-
0.

02
81

1
0.

05
22

6
P

oo
le

d
st

. e
rr

.
0.

05
65

2
0.

00
07

9
0.

04
63

5
0.

01
82

2
0.

00
35

0
0.

02
04

6
r

ob
.s

e
a

0.
07

95
9

0.
00

10
7

0.
05

64
7

0.
02

36
1

0.
00

50
1

0.
02

79
0

P
ro

bi
t:R

E
d

B
-

16
27

3.
96

0.
03

41
0

0.
02

01
4

-
0.

00
26

7
-

0.
15

37
7

-
0.

03
37

1
0.

01
62

9
r

=
0.

44
78

8e
st

. e
rr

.
0.

09
63

5
0.

00
13

2
0.

06
67

0
0.

02
70

4
0.

00
62

9
0.

03
13

5

P
ro

bi
t:R

E
f

B
-

16
27

4.
06

0.
03

44
7

0.
02

01
3

-
0.

00
26

1
-

0.
15

35
9

-
0.

03
37

9
0.

01
74

9
r

=
0.

44
76

8
st

. e
rr

.
0.

06
33

7
0.

00
09

0
0.

05
21

2
0.

02
03

0
0.

00
39

4
0.

02
28

0
P

ro
bi

t
B

-
94

53
.4

7
0.

06
24

9
-

0.
03

15
5

-
0.

04
81

8
-

0.
07

22
2

-
0.

03
29

8
F.

E
.(

U
)

st
. e

rr
.

0.
00

43
2

0.
10

74
9

0.
04

45
7

0.
04

07
4

0.
06

36
4

a r
ob

us
t, 

“c
lu

st
er

” 
co

rr
ec

te
d 

st
an

da
rd

 e
rr

or
.

b u
nc

on
di

ti
on

al
 fi

xe
d 

ef
fe

ct
s 

es
ti

m
at

or
.

c c
on

di
ti

on
al

 fi
xe

d 
ef

fe
ct

s 
es

ti
m

at
or

.
d B

ut
le

r 
an

d 
m

of
fi

tt
 e

st
im

at
or

.
e P

ro
bi

t L
m

 s
ta

ti
st

ic
=

10
11

.4
3.

f m
ax

im
um

 s
im

ul
at

ed
 li

ke
lih

oo
d 

es
ti

m
at

or
.

TA
B

LE
 1

7.
17

 
E

st
im

at
ed

 P
ar

am
et

er
s 

fo
r 

P
an

el
 D

at
a 

B
in

ar
y 

C
ho

ic
e 

M
od

el
s

M17_GREE1366_08_SE_C17.indd   790 2/24/17   1:52 PM



 ChaPter 17  ✦  Binary Outcomes and Discrete Choices 791

MLE for the fixed effects logit model is a fairly common approach. A widely cited application 
of the model is Cecchetti’s (1986) analysis of changes in newsstand prices of magazines. 
Cecchetti’s model was

Prob(Price change in year t of magazine i) = Λ(aj + xit
=B),

where the variables in xit are: (1) time since last price change, (2) inflation since last change, 
(3) previous fixed price change, (4) current inflation, (5) industry sales growth, and (6) sales 
volatility. The fixed effect in the model is indexed “j” rather than “i” as it is defined as a three-
year interval for magazine i. Thus, a magazine that had been on the newstands for nine years 
would have three constants, not just one. In addition to estimating several specifications of 
the price change model, Cecchetti used the Hausman test in (17-47) to test for the existence 
of the common effects. Some of Cecchetti’s results appear in Table 17.19.

Willis (2006) argued that Cecchetti’s estimates were inconsistent and the Hausman test is 
invalid because right-hand-side variables (1), (2), and (6) are all functions of lagged dependent 
variables. This state dependence invalidates the use of the sum of the observations for 
the group as a sufficient statistic in the Chamberlain estimator and the Hausman tests. He 
proposes, instead, a method suggested by Heckman and Singer (1984b) to incorporate 
the unobserved heterogeneity in the unconditional likelihood function. The Heckman and 
Singer model can be formulated as a latent class model (see Section 14.15.7) in which the 
classes are defined by different constant terms—the remaining parameters in the model are 
constrained to be equal across classes. Willis fit the Heckman and Singer model with two 
classes to a restricted version of Cecchetti’s model using variables (1), (2), and (5). The results 
in Table 17.19 show some of the results from Willis’s Table I. (Willis reports that he could 
not reproduce Cecchetti’s results—the ones in Cecchetti’s second column would be the 
counterparts—because of some missing values. In fact, Willis’s estimates are quite far from 
Cecchetti’s results, so it will be difficult to compare them. Both are reported here.)

The two mass points reported by Willis are shown in Table 17.19. He reported that these 
two values (-1.94 and -29.15) correspond to class probabilities of 0.88 and 0.12, though it 
is difficult to make the translation based on the reported values. He does note that the change 
in the log likelihood in going from one mass point (pooled logit model) to two is marginal, only 
from -500.45 to -499.65. There is another anomaly in the results that is consistent with this 

Model Age Income Kids Education Married

Logit, Pa 0.00472 -0.04238 -0.05272 -0.01037 0.01951
Logit: RE,Qb 0.00705 0.00049 -0.05461 -0.01193 0.00560
Logit: F,Uc 0.02570 -0.01402 -0.02167 -0.02865 -0.01404
Logit: F,Cd — — — — —
Probit, Pa 0.00475 -0.04315 -0.05267 -0.01040 0.01942
Probit RE.Qb 0.00550 -0.00073 -0.04226 -0.00920 0.00445
Probit:RE,Se 0.00694 -0.00090 -0.05362 -0.01166 0.00605
Probit: F,Uc 0.01312 -0.00662 -0.01012 -0.01516 -0.00688

aPooled estimator.
bButler and moffitt estimator.
cunconditional fixed effects estimator.
dconditional fixed effects estimator. Partial effects not computed.
emaximum simulated likelihood estimator.

TABLE 17.18 Estimated Partial Effects for Panel Data Binary Choice Models
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finding. The reported standard error for the second mass point is 1.1 * 1011, or essentially 
+ ∞ . The finding is consistent with overfitting the latent class model. The results suggest that 
the better model is a one-class (pooled) model.

17.7.3.b  Mundlak’s Approach, Variable Addition, and Bias Reduction

thus far, both the fixed effects (Fe) and the random effects (re) specifications present 
problems for modeling binary choice with panel data. the mLe of the Fe model is 
inconsistent even when the model is properly specified—this is the incidental parameters 
problem. (and, like the linear model, the Fe probit and logit models do not allow 
time-invariant regressors.) the random effects specification requires a strong, often 
unreasonable assumption that the effects and the regressors are uncorrelated. Of the 
two, the Fe model is the more appealing, though with modern longitudinal data sets 
with many demographics, the problem of time-invariant variables would seem to be 
compelling. this would seem to recommend the conditional estimator in section 17.4.4, 
save for yet another complication. With no estimates of the constant terms, neither 
probabilities nor partial effects can be computed with the results. We are left making 
inferences about ratios of coefficients. two approaches have been suggested for finding 
a middle ground: mundlak’s (1978) approach that involves projecting the effects on the 
group means of the time-varying variables and recent developments such as Fernandez-
Val’s (2009) approach that involves correcting the bias in the Fe mLe.

the mundlak (1978) approach62 augments (17-44) as follows:

 yit* = ai + xit
=B + eit

 Prob(yit = 1 � xit) = F(ai + xit
=B)

 ai = a + xi
=D + ui,

where we have used xi generically for the group means of the time-varying variables in 
xit. the reduced form of the model is

Prob(yit = 1 � Xi) = F(a + xi
=D + xit

=B + ui).

(Wooldridge and chamberlain also suggest using all years of xit rather than the group 
means. this raises a problem in unbalanced panels, however. We will ignore this 
possibility.) the projection of ai on xi produces a random effects formulation. as in the 

62see also chamberlain (1984) and Wooldridge (2010).

Pooled
Unconditional

FE
Conditional
FE Cecchetti

Conditional
FE Willis

Heckman and 
Singer

b1 -1.10 (0.03) -0.07 (0.03) 1.12 (3.66) 1.02 (0.28) -0.09 (0.04)
b2 6.93 (1.12) 8.83 (1.25) 11.57 (1.68) 19.20 (7.51) 8.23 (1.53)
b5 -0.36 (0.98) -1.14 (1.06) 5.85 (1.76) 7.60 (3.46) -0.13 (1.14)
constant 1 -1.90 (0.14) -1.94 (0.20)
constant 2 -29.15 (1.1e11)
ln L -500.45 -473.18 -82.91 -83.72 -499.65
sample size 1026 1026 543 1026

TABLE 17.19 Models for Magazine Price Changes (Standard errors in parentheses)
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linear model (see sections 11.5.6 and 11.5.7), it also suggests a means of testing for fixed 
versus random effects. Because D = 0 produces the pure random effects model, a joint 
Wald test of the null hypothesis that D equals zero can be used.

Example 17.24  Panel Data Random Effects Estimators
Example 17.22 presents several panel data estimators for the probit and logit models. Pooled, 
random effects, and fixed effects estimates are given for the probit model

 Prob(DocVisit 7 0) = Φ(b1 + b2 Ageit + b3 Incomeit + b4 Kidsit

+ b5 Educationit + b6 Marriedit).

We continue that analysis here by considering Mundlak’s approach to the common effects 
model. Table 17.20 presents the random effects model from earlier, and the augmented 
estimator that contains the group means of the variables, all of which are time varying. 
The addition of the group means to the regression brings large changes to the estimates 
of the parameters, which might suggest the appropriateness of the fixed effects model. A 
formal test is carried by computing a Wald statistic for the null hypothesis that the last five 
coefficients in the augmented model equal zero. The chi-squared statistic equals 113.35 
with 5 degrees of freedom. The critical value from the chi-squared table for 95% significance 
is 11.07, so the hypothesis that D equals zero, that is, the hypothesis of the random effects 
model (restrictions), is rejected. The two log likelihoods are -16,273.96 for the REM and 
-16,222/04 for the augmented REM. The LR statistic would be twice the difference, or 103.4. 
This produces the same conclusion. The FEM appears to be the preferred model.

a series of recent studies has sought to maintain the fixed effects specification 
while correcting the bias due to the incidental parameters problem. there are two broad 
approaches. hahn and Kuersteiner (2004), hahn and newey (2005), and Fernandez-Val 
(2009) have developed an approximate, “large T” result for plim(BnFE,MLE - B) that 
produces a direct correction to the estimator, itself. Fernandez-Val (2009) develops 
corrections for the estimated constant terms as well. arellano and hahn (2006, 2007) 
propose a modification of the log-likelihood function with, in turn, different first-order 
estimation equations, that produces an approximately unbiased estimator of B. in a 
similar fashion to the second of these approaches, carro (2007) modifies the first-order 
conditions (estimating equations) from the original log-likelihood function, once again 
to produce an approximately unbiased estimator of B. [in general, given the overall 
approach of using a large T approximation, the payoff to these estimators is to reduce the 
bias of the Fe, mLe from O(1/T) to O(1/T 2), which is a considerable reduction.] these 
estimators are not yet in widespread use. the received evidence suggests that in the 

Basic Random Effects Mundlak Formulation

Estimate Std. Error Estimate Std. Error Mean Std. Error

Constant 0.03410 (0.09635) 0.37496 (0.10501)
Age 0.02014 (0.00132) 0.05032 (0.00357) -0.03656 (0.00384)
Income -0.00267 (0.06770) -0.02863 (0.09325) -0.35365 (0.13991)
Kids -0.15377 (0.02704) -0.04195 (0.03752) -0.22516 (0.05499)
Education -0.03371 (0.00629) -0.05450 (0.03307) 0.02391 (0.03374)
Married 0.01629 (0.03135) -0.02661 (0.05180) 0.14689 (0.06606)

TABLE 17.20 Estimated Random Effects Models
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794 Part IV  ✦   Cross Sections, Panel Data, and Microeconometrics

simple case we are considering here, the incidental parameters problem is a secondary 
concern when T reaches say 10 or so. For some modern public use data sets, such as the 
BhPs or GsOeP which are well beyond their 15th wave, the incidental parameters 
problem may not be too severe. however, most of the studies mentioned above are 
concerned with dynamic models (see section 17.7.4), where the problem is possibly more 
severe than in the static case. research in this area is ongoing.

17.7.4  DYNAMIC BINARY CHOICE MODELS

a random or fixed effects model that explicitly allows for lagged effects would be

yit = 1(xit
=B + ai + gyi,t - 1 + eit 7 0).

Lagged effects, or persistence, in a binary choice setting can arise from three sources, 
serial correlation in eit, the heterogeneity, ai, or true state dependence through the term 
gyi,t - 1. chiappori (1998) and arellano (2001) suggest an application to the French 
automobile insurance market in which the incentives built into the pricing system are 
such that having an accident in one period should lower the probability of having one 
in the next (state dependence), but some drivers remain more likely to have accidents 
than others in every period, which would reflect the heterogeneity instead. state 
dependence is likely to be particularly important in the typical panel, which has only a 
few observations for each individual. heckman (1981a) examined this issue at length. 
among his findings were that the somewhat muted small sample bias in fixed effects 
models with T = 8 was made much worse when there was state dependence. a related 
problem is that with a relatively short panel, the initial conditions, yi0, have a crucial 
impact on the entire path of outcomes. modeling dynamic effects and initial conditions 
in binary choice models is more complex than in the linear model, and by comparison, 
there are relatively fewer firm results in the applied literature.63

the correlation between ai and yi,t - 1 in the dynamic binary choice model makes 
yi,t - 1 endogenous. thus, the estimators we have examined so far will not be consistent. 
two familiar alternative approaches that have appeared in recent applications are due 
to heckman (1981) and Wooldridge (2005), both of which build on the random effects 
specification. heckman’s approach provides a separate equation for the initial condition,

 Prob(yi1 = 1 � xi1, zi, ai) = Φ(xi1
= D + zi

=T + uai)
 Prob(yit = 1 � xit, yi,t - 1, ai) = Φ(xit

=B + gyi,t - 1 + ai), t = 2, c, Ti,

where zi is a set of instruments observed at the first period that are not contained in xit. 
the conditional log likelihood is

 ln L �A = a
n

i = 1
 lnbΦ[(2yi1 - 1)(xi1

= D + zi
=T + uai)]q

Ti

t = 2
Φ[(2yit - 1)(xi1

= B + gyi,t - 1 + ai)] r
 = a

n

i = 1
 ln Li �ai.

63a survey of some of these results is given by hsiao (2003). most of hsiao (2003) is devoted to the linear 
regression model. a number of studies specifically focused on discrete choice models and panel data have 
appeared recently, including Beck, epstein, Jackman, and O’halloran (2001), arellano (2001), and Greene (2001). 
Vella and Verbeek (1998) provide an application to the joint determination of wages and union membership. 
Other important references are aguirregabiria and mira (2010), carro (2007), and Fernandez-Val (2009). stewart 
(2006) and arulampalam and stewart (2007) provide several results for practitioners.
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We now adopt the random effects approach and further assume that ai is normally 
distributed with mean zero and variance sa

2. the random effects log-likelihood function 
can be maximized with respect to (D, T, u, B, g, sa) using either the Butler and moffitt 
quadrature method or the maximum simulated likelihood method described in section 
17.4.2. stewart and arulampalam (2007) suggest a useful shortcut for formulating the 
heckman model. Let Dit = 1 and g = u - 1 in period 1 and 0 in every other  period, 
Cit = 1 - Dit. then, the two parts may be combined in

ln L �A = a
n

i = 1
lnq

Ti

t = 1
{Φ[(2yit - 1)8Cit(xi1

= B + gyi,t - 1) + Dit(xit
=D + zi

=T) + (1 + lDit)ai9 ]}.

in this form, the model can be viewed as a random parameters (random constant term) 
model in which there is heteroscedasticity in the random part of the constant term.

Wooldridge’s approach builds on the mundlak device of the previous section. 
starting from the same point, he suggests a model for the random effect conditioned on 
the initial value. thus,

ai � yi1, zi ∼ N[a0 + hyi1 + zi
=T, sa

2].

assembling the parts, Wooldridge’s model is a bit simpler than heckman’s,

Prob(Yit = yit � xit, yi1, ui)
 = Φ[(2yit - 1)(a0 + xit

=B + gyi,t - 1 + hyi1 + zi
=T + ui)], t = 2, c, Ti.

the source of the instruments zi is unclear. Wooldridge (2005) simplifies the model a 
bit by using, instead, a mundlak approach, using the group means of the time-varying 
variables as z. the resulting random effects formulation is

 Prob(Yit = yit � xit, yi1, yi,t - 1,ui)
 = Φ[(2yit - 1)(a0 + xit

=B + gyi,t - 1 + hyi1 + xi
=T + ui)], t = 2, c, Ti.

much of the contemporary literature has focused on methods of avoiding the strong 
parametric assumptions of the probit and logit models. manski (1987) and honore and 
Kyriazidou (2000) show that manski’s (1986) maximum score estimator can be applied to 
the differences of unequal pairs of observations in a two-period panel with fixed effects. 
however, the limitations of the maximum score estimator have motivated research on 
other approaches. an extension of lagged effects to a parametric model is chamberlain 
(1985), Jones and Landwehr (1988), and magnac (1997), who added state dependence to 
chamberlain’s fixed effects logit estimator. unfortunately, once the identification issues 
are settled, the model is only operational if there are no other exogenous variables in 
it, which limits its usefulness for practical application. Lewbel (2000) has extended his 
fixed effects estimator to dynamic models as well.

dong and Lewbel (2010) have extended Lewbel’s special regressor method to 
dynamic binary choice models and have devised an estimator based on an iV linear 
regression. honore and Kyriazidou (2000) have combined the logic of the conditional 
logit model and manski’s maximum score estimator. they specify

 Prob(yi0 = 1 � xi, ai) = p0(xi, ai) where xi = (xi1, xi2, c, xiT),
Prob(yit = 1 � xi, ai, yi0, yi1, c, yi,t - 1) = F(xit

=B + ai + gyi,t - 1) t = 1, c, T.

the analysis assumes a single regressor and focuses on the case of T = 3. the resulting 
estimator resembles chamberlain’s but relies on observations for which xit = xi,t - 1, 
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which rules out direct time effects as well as, for practical purposes, any continuous 
variable. the restriction to a single regressor limits the generality of the technique as 
well. the need for observations with equal values of xit is a considerable restriction, and 
the authors propose a kernel density estimator for the difference, xit - xi,t - 1, instead 
which does relax that restriction a bit. the end result is an estimator that converges (they 
conjecture) but to a nonnormal distribution and at a rate slower than n-1/3.

semiparametric estimators for dynamic models at this point in the development are 
still primarily of theoretical interest. models that extend the parametric formulations to 
include state dependence have a much longer history, including heckman (1978, 1981a, 
1981b), heckman and macurdy (1980), Jakubson (1988), Keane (1993), and Beck et al. 
(2001) to name a few.64 in general, even without heterogeneity, dynamic models 
ultimately involve modeling the joint outcome (yi0, c, yiT), which necessitates some 
treatment involving multivariate integration. example 17.14 describes an application. 
stewart (2006) provides another.

Example 17.25  A Dynamic Model for Labor Force Participation and Disability
Gannon (2005) modeled the relationship between labor force participation and disability in 
Ireland with a panel data set, The Living in Ireland Survey 1995–2000. The sample begins in 1995 
with 7,254 individuals, but with attrition, shrinks to 3,670 in 2000. The dynamic probit model is

yit
 * = b0 + b1yi,t - 1 + b2Dit + b3Di,t - 1 + b4zit + ai + eit, yit = 1(yit

 * 7 0),

where yit is the labor force participation indicator and Dit is an indicator of disability. The 
related covariates are gathered in zit. The lagged value of Dit helps distinguish longer-term 
disabilities from those recently acquired. Unobserved time-invariant individual effects are 
captured by the common effect, ai. The lagged dependent variable helps distinguish between 
the impact of the individual effect and the inertia of past participation. Variables in zit include 
age, residence region, education, marital status, children, and unearned income.

The starting point of the analysis is a pooled probit model without the common effect (with 
standard errors corrected for the clustering at the individual level). The pooled model leaves 
two interesting questions:

1. Do the control variables adequately account for the unobserved characteristics?
2. Does past disability affect participation directly as in the model, or through some different 

channel that affects past participation?

The author adopts Wooldridge’s (2005) (Mundlak) form of the random effects model we 
examined in Section 17.7.3.b and Example 17.24 to deal with the unobserved heterogeneity 
and the initial conditions problem. Thus, the initial value of yit and the group means of time-
varying variables are added to the random effects model,

yit
 * = b1yi,t - 1 + b2Dit + b3Di,t - 1 + b4zit + a0 + a1yi0 + A2

=xi + ai + eit, yit = 1(yit
 * 7 0).

The resulting model is now estimated using the Butler and Moffitt method for random effects.

Example 17.26  An Intertemporal Labor Force Participation Equation
Hyslop (1999) presents a model of the labor force participation of married women. The focus 
of the study is the high degree of persistence in the participation decision. Data used in the 

64Beck et al. (2001) is a bit different from the others mentioned in that in their study of “state failure,” they 
observe a large sample of countries (147) over a fairly large number of years, 40. as such, they are able to 
formulate their models in a way that makes the asymptotics with respect to T appropriate. they can analyze 
the data essentially in a time-series framework. sepanski (2000) is another application that combines state 
dependence and the random coefficient specification of akin, Guilkey, and sickles (1979).
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study were the years 1979–1985 of the Panel Study of Income Dynamics. A sample of 1,812 
continuously married couples was studied. Exogenous variables that appeared in the model 
were measures of permanent and transitory income and fertility captured in yearly counts 
of the number of children from 0 to 2, 3 to 5, and 6 to 17 years old. Hyslop’s formulation, in 
general terms, is

(initial condition) yi0 = 1(xi0
= B0 + vi0 7 0),

(dynamic model) yit = 1(xit
=B + gyi,t - 1 + ai + vit 7 0)

(heterogeneity correlated with participation) ai = zi
=D + hi,

(stochastic specification)

hi � Xi ∼ N[0, sh
2],

vi0 � X ∼ N[0, s0
2],

wit � Xi ∼ N[0, sw
2 ],

vit = rvi,t - 1 + wit, sh
2 + sw

2 = 1,
Corr[vi0, vit] = rt, t = 1, c, T - 1.

The presence of the autocorrelation and state dependence in the model invalidate the simple 
maximum likelihood procedures we examined earlier. The appropriate likelihood function is 
constructed by formulating the probabilities as

Prob(yi0, yi1, c) = Prob(yi0) * Prob(yi1 � yi0) * g * Prob(yiT � yi,T - 1).

This still involves a T = 7 order normal integration, which is approximated in the study using 
a simulator similar to the GHK simulator discussed in 15.6.2.b. Among Hyslop’s results are a 
comparison of the model fit by the simulator for the multivariate normal probabilities with the 
same model fit using the maximum simulated likelihood technique described in Section 15.6.

17.7.5  A SEMIPARAMETRIC MODEL FOR INDIVIDUAL HETEROGENEITY

the panel data analysis considered thus far has focused on modeling heterogeneity 
with the fixed and random effects specifications. Both assume that the heterogeneity is 
continuously distributed among individuals. the random effects model is fully parametric, 
requiring a full specification of the likelihood for estimation. the fixed effects model is 
essentially semiparametric. it requires no specific distributional assumption; however, it 
does require that the realizations of the latent heterogeneity be treated as parameters, 
either estimated in the unconditional fixed effects estimator or conditioned out of the 
likelihood function when possible. as noted in example 17.23, heckman and singer’s 
(1984b) model provides a less stringent specification based on a discrete distribution of 
the latent heterogeneity. a straightforward method of implementing their model is to 
cast it as a latent class model in which the classes are distinguished by different constant 
terms and the associated probabilities. the class probabilities are treated as parameters 
to be estimated with the model parameters.

Example 17.27  Semiparametric Models of Heterogeneity
We have extended the random effects and fixed effects logit models in Example 17.22 by 
fitting the Heckman and Singer (1984b) model. Table 17.21 shows the specification search 
and the results under different specifications. The first column of results shows the estimated 
fixed effects model from Example 17.22. The conditional estimates are shown in parentheses. 
Of the 7,293 groups in the sample, 3,056 are not used in estimation of the fixed effects models 
because the sum of Doctorit is either 0 or Ti for the group. The mean and standard deviation 
of the estimated underlying heterogeneity distribution are computed using the estimates of 
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ai for the remaining 4,237 groups. The remaining five columns in the table show the results 
for different numbers of latent classes in the Heckman and Singer model. The listed constant 
terms are the “mass points” of the underlying distributions. The associated class probabilities 
are shown in parentheses under them. The mean and standard deviation are derived from the 
2-to-5 point discrete distributions shown. It is noteworthy that the mean of the distribution 
is relatively stable, but the standard deviation rises monotonically. The search for the best 
model would be based on the AIC. As noted in Section 14.15.5, using a likelihood ratio test 
in this context is dubious, as the number of degrees of freedom is ambiguous. Based on the 
AIC, the four-class model is the preferred specification.

17.7.6  MODELING PARAMETER HETEROGENEITY

in section 11.10, we examined specifications that extend the underlying heterogeneity 
to all the parameters of the model. We have considered two approaches. the random 
parameters or mixed models discussed in chapter 15 allow parameters to be distributed 
continuously across individuals. the latent class model  in section 14.15 specifies a 
discrete distribution instead. (the heckman and singer model in the previous section 

Number of Classes

Fixed Effect 1 2 3 4 5

b1 0.10475 0.02071 0.03033 0.03368 0.03408 0.03416
(0.08476)

b2 -0.06097 -0.18592 0.02555 -0.00580 -0.00635 -0.01363
(-0.05038)

b3 -0.08841 -0.22947 -0.24708 -0.26388 -0.26590 -0.26626
(-0.07776)

b4 -0.11671 -0.04559 -0.05092 -0.05802 -0.05975 -0.05918
(-0.09082)

b5 -0.05732 0.08529 0.04297 0.03794 0.02923 0.03070
(-0.52072)

a1 -2.62334 0.25111 0.91764 1.71669 1.94536 2.76670
(1.00000) (0.62681) (0.34838) (0.29309) (0.11633)

a2 -1.47800 -2.23491 -1.76371 1.18323
(0.37319) (0.18412) (0.21714) (0.26468)

a3 -0.28133 -0.03674 -1.96750
(0.46749) (0.46341) (0.19573)

a4 -4.03970 -0.25588
(0.02636) (0.40930)

a5 -6.48191
(0.01396)

Mean -2.62334 0.25111 0.02361 0.05506 0.06369 0.05471
Std. Dev. 3.13415 0.00000 1.15866 1.40723 1.48707 1.62143
ln L -9458.638 -17673.10 -16353.14 -16278.56 -16276.07 -16275.85

(-6299.02)
AIC/N 1.00349 1.29394 1.19748 1.19217 1.19213 1.19226

TABLE 17.21 Estimated Heterogeneity Models
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applies this method to the constant term.) most of the focus to this point, save for 
example 14.17, has been on linear models.

the random effects model can be cast as a model with a random constant term,

 yit* = ai + xit
=B + eit, i = 1, c, n, t = 1, c, Ti,

 yit = 1(yit* 7 0),

where ai = a + suui. this is simply a reinterpretation of the model we just analyzed. We 
might, however, now extend this formulation to the full parameter vector. the resulting 
structure is

 yit* = xit
=Bi + eit, i = 1, c, n, t = 1, c, Ti,

 yit = 1(yit* 7 0),

where Bi = B + �ui and � is a nonnegative definite diagonal matrix—some of its 
diagonal elements could be zero for nonrandom parameters. the method of estimation 
is maximum simulated likelihood. the simulated log likelihood is now

ln LSimulated = a
n

i = 1
lnb 1

R a
R

r = 1
JqTi

t = 1
F[qit(xit

= (B + �uir))] R r .

the simulation now involves R draws from the multivariate distribution of u. Because the 
draws are uncorrelated—� is diagonal—this is essentially the same estimation problem as 
the random effects model considered previously. this model is estimated in example 17.28.  
example 17.28 also presents a similar model that assumes that the distribution of Bi is 
discrete rather than continuous.

Example 17.28  Parameter Heterogeneity in a Binary Choice Model
We have extended the logit model for doctor visits from Example 17.14 to allow the parameters 
to vary randomly across individuals. The random parameters logit model is

Prob (Doctorit = 1) = Λ(b1i + b2i Ageit + b3i Incomeit + b4i Kidsit + b5i Educit + b6i Marriedit),

where the two models for the parameter variation we have employed are:

 Continuous:   bki = bk + skuki, uki ∼ N[0, 1], k = 1, c, 6, Cov[uki, umi] = 0,

 Discrete: bki = bk
1 with probability p1,

 bk
2 with probability p2,

 bk
3 with probability p3.

We have chosen a three-class latent class model for the illustration. In an application, one 
might undertake a systematic search, such as in Example 17.27 to find a preferred 
specification. Table 17.22 presents the fixed parameter (pooled) logit model and the two 
random parameters versions. (There are infinite variations on these specifications that one 
might explore—see Chapter 15 for discussion— we have shown only the simplest to illustrate 
the models.65)

Figure 17.5 shows the implied distribution for the coefficient on age. For the continuous 
distribution, we have simply plotted the normal density. For the discrete distribution, we first 

65nonreplicability is an ongoing challenge in empirical work in economics. (see, for instance, example 17.14.) 
the problem is particularly acute in analyses that involve simulation such as monte carlo studies and random 
parameter models. in the interest of replicability, we note that the random parameter estimates in table 17.22 were 
computed with nLOGit [econometric software (2007)] and are based on 50 halton draws. We used the first six 
sequences (prime numbers 2, 3, 5, 7, 11, 13) and discarded the first 10 draws in each sequence.
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obtained the mean (0.0358) and standard deviation (0.0107). Notice that the distribution 
is tighter than the estimated continuous normal (mean, 0.026; standard deviation, 0.0253). 
To suggest the variation of the parameter (purely for purpose of the display, because the 
distribution is discrete), we placed the mass of the center interval, 0.461, between the 
midpoints of the intervals between the center mass point and the two extremes. With a width 

Pooled Random Parameters Latent Class

Variable Estimate: B Estimate: B Estimate: S Estimate: B Estimate: B Estimate: B

Constant 0.25111 -0.03496 0.81651 0.96605 -0.18579 -1.52595
(0.09114) (0.07553) (0.01654) (0.43757) (0.23907) (0.43498)

Age 0.02071 0.02631 0.02533 0.04906 0.03225 0.01998
(0.00129) (0.00110) (0.00042) (0.00695) (0.00315) (0.00626)

Income -0.18592 -0.00436 0.10737 -0.27917 -0.06863 0.45487
(0.07506) (0.06245) (0.03828) (0.37149) (0.16748) (0.31153)

Kids -0.22947 -0.17461 0.55520 -0.28385 -0.28336 -0.11708
(0.02954) (0.02452) (0.02387) (0.14279) (0.06640) (0.12363)

Education -0.04559 -0.04051 0.03792 -0.02530 -0.05734 -0.09385
(0.00565) (0.00475) (0.00134) (0.02777) (0.01247) (0.02797)

Married 0.08529 0.01462 0.07070 -0.10875 0.02533 0.23571
(0.03329) (0.027417) (0.01736) (0.17228) (0.07593) (0.14369)

Class 1.00000 1.00000 0.34833 0.46181 0.18986
Prob. (0.00000) (0.00000) (0.03850) (0.02806) (0.02234)
ln L -17673.10 -16271.72 -16265.59
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0.000
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FIGURE 17.5  Distribution of AGE Coefficient.

TABLE 17.22 Estimated Heterogeneous Parameter Models
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of 0.0145 the density is 0.461/0.0145 = 31.8. We used the same interval widths for the outer 
segments. This range of variation covers about five standard deviations of the distribution.

17.7.7  NONRESPONSE, ATTRITION, AND INVERSE PROBABILITY WEIGHTING

missing observations is a common problem in the analysis of panel data. nicoletti and 
Peracchi (2005) suggest several reasons that, for example, panels become unbalanced:

●● demographic events such as death;
●● movement out of the scope of the survey, such as institutionalization or emigration;
●● refusal to respond at subsequent waves;
●● absence of the person at the address;
●● Other types of noncontact.

the GsOeP that we [from riphahn, Wambach, and million (2003)] have used in many 
examples in this text is one such data set. Jones, Koolman, and rice (2006) (JKr) list several 
other applications, including the British household Panel survey (BhPs), the european 
community household Panel (echP), and the Panel study of income dynamics (Psid).

if observations are missing completely at random (mcar, see section 4.7.4) then the 
problem of nonresponse can be ignored, though for estimation of dynamic models, either 
the analysis will have to be restricted to observations with uninterrupted sequences of 
observations, or some very strong assumptions and interpolation methods will have to 
be employed to fill the gaps. (see section 4.7.4 for discussion of the terminology and 
issues in handling missing data.) the problem for estimation arises when observations 
are missing for reasons that are related to the outcome variable of interest. Nonresponse 
bias and a related problem, attrition bias (individuals leave permanently during the 
study), result when conventional estimators, such as least squares or the probit maximum 
likelihood estimator being used here are applied to samples in which observations are 
present or absent from the sample for reasons related to the outcome variable. it is a 
form of sample selection bias that we will examine further in chapter 19.

Verbeek and nijman (1992) have suggested a test for endogeneity of the sample 
response pattern. (We will adopt JKr’s notation and terminology for this.) Let h denote 
the outcome of interest and x denote the relevant set of covariates. Let R denote the 
pattern of response. if nonresponse is (completely) random, then E[h � x, R] = E[h � x]. 
this suggests a variable addition test (neglecting other panel data effects); a pooled 
model that contains R in addition to x can provide the means for a simple test of 
endogeneity. JKr (and Verbeek and nijman) suggest using the number of waves at 
which the individual is present as the measure of R. thus, adding R to the pooled model, 
we can use a simple t test for the hypothesis.

devising an estimator given that (non)response is nonignorable requires a more 
detailed understanding of the process generating the response pattern. the crucial issue 
is whether the sample selection is based on unobservables or on observables. Selection 
on unobservables results when, after conditioning on the relevant variables, x, and 
other information, z, the sampling mechanism is still nonrandom with respect to the 
disturbances in the models. selection on unobservables is at the heart of the sample 
selectivity methodology pioneered by heckman (1979) that we will study in chapter 19. 
(some applications of the role of unobservables in biased estimation are discussed in 
chapter 8, where we examine sources of endogeneity in regression models.) if selection 
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is on observables and then conditioned on an appropriate specification involving the 
observable information, (x,z), a consistent estimator of the model parameters will be 
available by purging the estimator of the endogeneity of the sampling mechanism.

JKr adopt an inverse probability weighted (IPW) estimator devised by robins, 
rotnitsky, and Zhao (1995), Fitzgerald, Gottshalk, and moffitt (1998), moffitt, Fitzgerald, 
and Gottshalk (1999), and Wooldridge (2002). the estimator is based on the general 
mcar assumption that P(R = 1 � h, x, z) = P(R = 1 � x, z). that is, the observable 
covariates convey all the information that determines the response pattern—the 
probability of nonresponse does not vary systematically with the outcome variable once 
the exogenous information is accounted for. implementing this idea in an estimator 
would require that x and z be observable when R = 0, that is, the exogenous data be 
available for the nonresponders. this will typically not be the case; in an unbalanced 
panel, the entire observation is missing. Wooldridge (2002) proposed a somewhat 
stronger assumption that makes estimation feasible: P(R = 1 � h, x, z) = P(R = 1 � z) 
where z is a set of covariates available at wave 1 (entry to the study). to compute 
Wooldridge’s iPW estimator, we will begin with the sample of all individuals who are 
present at wave 1 of the study. (in our example 17.17, based on the GsOeP data, not 
all individuals are present at the first wave.) at wave 1, (xi1, zi1) are observed for all 
individuals to be studied; zi1 contains information on observables that are not included 
in the outcome equation and that predict the response pattern at subsequent waves, 
including the response variable at the first wave. at wave 1, then, P(Ri1 = 1 � xi1, zi1) = 1. 
Wooldridge suggests using a probit model for P(Rit = 1 � xi1, zi1), t = 2, c, T for the 
remaining waves to obtain predicted probabilities of response, pn it. the iPW estimator 
then maximizes the weighted log likelihood,

ln LIPW = a
n

i = 1
a
T

t = 1

Rit

pn it
 ln Lit.

inference based on the weighted log-likelihood function can proceed as in section 17.3. 
a  remaining detail concerns whether the use of the predicted probabilities in the 
weighted log-likelihood function makes it necessary to correct the standard errors for 
two-step estimation. the case here is not an application of the two-step estimators we 
considered in section 14.7, because the first step is not used to produce an estimated 
parameter vector in the second. Wooldridge (2002) shows that the standard errors 
computed without the adjustment are “conservative” in that they are larger than they 
would be with the adjustment.

Example 17.29  Nonresponse in the GSOEP Sample
Of the 7,293 individuals in the GSOEP data that we have used in several earlier examples, 
3,874 were present at wave 1 (1984) of the sample. The pattern of the number of waves present 
by these 3,874 is shown in Figure 17.6. The waves are 1984–1988, 1991, and 1994. A dynamic 
model would be based on the 1,600 of those present at wave 1 who were also present for the 
next four waves. There is a substantial amount of nonresponse in these data. Not all individuals 
exit the sample with the first nonresponse, however, so the resulting panel remains unbalanced. 
The impression suggested by Figure 17.6 could be a bit misleading—the nonresponse pattern 
is quite different from simple attrition. For example, 364 of the 3,874 individuals who responded 
at wave 1 did not respond at wave 2 but returned to the sample at wave 3.

To employ the Verbeek and Nijman test, we used the entire sample of 27,326 household 
years of data. The pooled probit model for DocVis 7 0 produced the results at the left in 
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Table 17.23. A t (Wald) test of the hypothesis that the coefficient on number of waves present 
is zero is strongly rejected, so we proceed to the inverse probability weighted estimator. For 
computing the inverse probability weights, we used the following specification:

 xi1 = constant, age, income, educ, kids, married

 zi1 = female, handicapped dummy, percentage handicapped,

university, working, blue collar, white collar, public servant, yi1

 yi1 = DoctorVisits 7 0 in period 1.

This first-year data vector is used as the observed explanatory variables in probit models 
for waves 2 to 7 for the 3,874 individuals who were present at wave 1. There are 3,874 
observations for each of these probit models, because all were observed at wave, 1. Fitted 
probabilities for Rit are computed for waves 2 to 7, while Ri1 = 1. The sample means of these 
probabilities, which equals the proportion of the 3,874 who responded at each wave, are 
1.000, 0.730, 0.672, 0.626, 0.682, 0.568, and 0.386, respectively. Table 17.23 presents the 
estimated models for several specifications In each case, it appears that the weighting brings 
some moderate changes in the parameters and, uniformly, reductions in the standard errors.

TABLE 17.23 Inverse Probability Weighted Estimators

Pooled Model Random 
Effects–Mundlak

Fixed Effects

Variable Endog. Test Unwtd. IPW Unwtd. IPW Unwtd. IPW

Constant 0.26411 0.03369 -0.02373 0.09838 0.13237
(0.05893) (0.07684) (0.06385) (0.16081) (0.17019)

Age 0.01369 0.01667 0.01831 0.05141 0.05656 0.06210 0.06841
(0.00080) (0.00107) (0.00088) (0.00422) (0.00388) (0.00506) (0.00465)

Income -0.12446 -0.17097 -0.22263  0.05794 0.01699 0.07880 0.03603
(0.04636) (0.05981) (0.04801) (0.11256) (0.10580) (0.12891) (0.12193)

Education -0.02925 -0.03614 -0.03513 -0.06456 -0.07058 -0.07752 -0.08574
(0.00351) (0.00449) (0.00365) (0.06104) (0.05792) (0.06582) (0.06149)

Kids -0.13130 -0.13077 -0.13277 -0.04961 -0.03427 -0.05776 -0.03546
(0.01828) (0.02303) (0.01950) (0.04500) (0.04356) (0.05296) (0.05166)

Married 0.06759 0.06237 0.07015 -0.06582 -0.09235 -0.07939 -0.11283
(0.02060) (0.02616) (0.02097) (0.06596) (0.06330) (0.08146) (0.07838)

Mean Age -0.03056 -0.03401
(0.00479) (0.00455)

Mean Income -0.66388 -0.78077
(0.18646) (0.18866)

Mean 0.02656 0.02899
Education (0.06160) (0.05848)
Mean Kids -0.17524 -0.20615

(0.07266) (0.07464)
Mean Married 0.22346 0.25763

(0.08719) (0.08433)
Number of 
Waves

-0.02977
(0.00450)

r 0.46538 0.48616
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17.9 SPATIAL BINARY CHOICE MODELS

section 11.7 presented a model of spatial interaction among sample observations. in an 
application, Bell and Bockstael (2000) constructed a spatial hedonic regression model 
of house prices that were influenced by attributes and by neighborhood effects. We 
considered two frameworks for the regression model: spatial autoregression (sar),

yi = xi
=B + rΣj = 1

n wijyj + ei, or, for all n observations, y = XB + rWy + E,

and spatial autocorrelation (sac),

yi = xi
=B + ei where ei = rΣj = 1

n wijej + ui, or y = XB + E, E = rWE + u.

Both cases produce a generalized regression model with full n * n covariance matrix 
when y is a continuous random variable. the model frameworks turn on the crucial 
spatial correlation parameter, r, and the specification of the contiguity matrix, W, which 
defines the form of the spatial correlation. in Bell and Bockstael’s application, in the 
sample of 1,000 home sales, the elements of W (in one of several specifications) are

Wij =
1(home i and j are 6 600 meters apart)

distance between homes i and j
; Wii = 0.

(the rows of W are standardized.) conditioned on the value of r, this produces a 
generalized regression model that is estimated by Gmm or maximum likelihood.

We are interested in extending the idea of spatial interaction to a binary outcome.66 
some received examples are:

●● Garrett, Wagner, and Wheelock (2005) examined banks’ choices of branch banking;
●● mcmillen (1992) examined factors associated with high (or low) crime rates in 

neighborhoods of columbus, Ohio;

FIGURE 17.6  Number of Waves Responded for Those Present at Wave 1.
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66smirnov (2010) provides a survey of applications of spatial models to nonlinear regression settings.
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●● Pinske and slade (2006) examined operation decisions (open/closed) for a panel 
of copper mines;

●● Flores-Lagunes and schnier (2012) extended heckman’s (1979) two-step estimator 
to include spatial effects in both the selection (probit) and regression steps. they 
apply the method to a sample of 320 observations on trawl fishing in which only 207 
are fully reported (selected).

●● Klier and mcmillen (2008) analyzed county-wide data on auto supply plant location 
decisions in the u.s. midwest. an industry that serviced the auto manufacturing 
centered around detroit was earlier oriented west-east from chicago to new york. 
during the mid-20th century, entry took place along an axis running from south to 
north (along with an historic internal migration in the u.s. that accompanied the 
decline of the coal industry). Klier and mcmillen examined data on counties and 
whether an auto supplier was located in the county, a binary outcome.

the model framework is a binary choice model,

yi* = xi
=B + ei, yi = 1(yi* 7 0).

the distribution for most applications will be the normal or logistic leading to a probit 
or logit model. a model of spatial autoregression would be

yi* = xi
=B + rΣj = 1

n wijyj* + ei, yi = 1(yi* 7 0).

Based on a random utility interpretation, it would be difficult to motivate spatial 
interaction based on the latent utilities.67 the spatial autoregression model based on the 
observed outcomes instead would be

yi* = xi
=B + rΣj = 1

n wijyj* + ei, yi = 1(yi* 7 0).

this might seem more reasonable; however, this model is incoherent—it is not possible 
to insure that Prob(yi = 1 � xi) lies between zero and one. a spatial error model used in 
several applications is

yi* = xi
=B + ei; ei = rΣj = 1

n wijej + ui, ui ∼ n[0, 1], yi = 1(yi* 7 0).

Pinske and slade (1998, 2006) and mcmillen (1992) use this framework to construct a 
Gmm estimator based on the generalized residuals, li, defined in (17-20). solving for 
the reduced form,

E = (I - rW)-1u.

the full covariance matrix for the n observations would be

Var[E] = su
 2[(I - rW)=(I - rW)]-1 = su

 2D(r).

(note that su
 2 = 1.) then,

yi* = xi
=B + Σj = 1

n Dij(r)uj, yi = 1(yi* 7 0).

67But Klier and mcmillen (2008, p. 462) note, “the assumption that the latent variable depends on spatially 
lagged values of the latent variable may be disputable in some settings. in our example, we are assuming that 
the propensity to locate a new supplier plant in a county depends on the propensity to locate plants in nearby 
counties, and it does not depend simply on whether new plants have located nearby. the assumption is reasonable 
in this context because of the forward-looking nature of plant location decisions.”
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the marginal probability is

Prob(yi = 1 � xi) = Prob(xi
=B + Σj = 1

n Dij(r)uj 7 0)

= F¢ xi
=B

Σj = 1
n [Dij(r)]2 ≤ = F[xi*(D, r)=].

this corresponds to the heteroscedastic probit model in section 17.5.2. (the difference 
here is that the observations are all correlated.) We have seen two Gmm approaches to 
estimation. consistent with Bertschuk and Lechner’s (1998) approach based on simple 
regression residuals, the Gmm estimator would use E{zi * [yi - Φ(xi*(D, r)=B)]} = 0, 
where zi is the set of instrumental variables. mcmillen (1992) and Pinske and slade 
(2006) use the generalized residuals, here li*(D, r), defined in (17-20), instead,

EJzi * b (yi - Φ[xi*(D, r)=B])f[xi*(D, r)=B]

Φ[xi*(D, r)=B](1 - Φ[xi*(D, r)=B])
r R = E[zi * l(xi*(D, r)=B)] = 0.

Pinske and slade (2006) used a probit model while Klier and mcmillen proposed a logit 
model. the estimation method is largely the same in both cases.

the preceding estimators use an approximation based on the marginal probability 
to form a feasible Gmm estimator. case (1992) suggests that if the contiguity pattern 
were compressed so that the data set consists of a finite number of neighborhoods, each 
with a small enough number of members, then the model could be handled directly by 
maximum likelihood. it would resemble a panel probit model in this case. Klier and 
mcmillen used this approach to simplify their estimation procedure. Wang, iglesias, and 
Wooldridge (2013) proposed a similar approach to an unrestricted model based on the 
principle of a partial likelihood. By using a spatial moving average for E, they show how 
to use pairs of observations to formulate a bivariate heteroscedastic probit model that 
identifies the spatial parameters.

Example 17.30  A Spatial Logit Model for Auto Supplier Locations
Klier and McMillen (2008) specified a binary logit model with spatial error correlation to model 
whether a county experienced a new auto supply location in 1991—2003. The data consist of 
3,107 county observations. The weighting matrix is initially specified as 1/ni where ni = the 
number of counties that are contiguous to county i—share a common border. To speed up 
computation, the weighting matrix is further reduced so that counties are only contiguous if 
they are in the same census region. This produces a block diagonal W that greatly simplifies 
the estimation. Figure 17.7 [Based on Figure 2 from Klier and McMillen (2008)] illustrates clusters 
of U.S. counties that experienced entry of new auto suppliers. The east-west oriented line 
shows the existing focus of the industry. The north-south line (roughly oriented with historical 
U.S. Route 23) shows the focus of new plants in the years studied. Results for the spatial 
correlation model are compared to a pooled logit model. The estimated spatial autocorrelation 
coefficient, r, is moderately large (0.425 with a standard error of 0.180), however, the results 
are similar for the two specifications. For example, one of the central results, the coefficient on 
Proportion Manufacturing Employment, is 6.877 (1.039) in the pooled model and 5.307 (1.224) 
in the spatial model. The magnitudes of the coefficients are difficult to interpret and partial 
effects were not computed.68 The signs are generally consistent with expectations.

68Wooldridge (2010) and Wang, iglesias, and Wooldridge (2013) recommend analyzing average structural 
Functions (asFs) for the heteroscedastic probit (logit) model considered here. since the weighting matrix, W, 
does not involve any exogenous variables, the derivatives of the asFs will be identical to the average partial 
effects. (see footnote 40 in section 17.5.2.)
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17.9 THE BIVARIATE PROBIT MODEL

in chapter 10, we analyzed a number of different multiple-equation extensions of the linear 
and generalized regression model. a natural extension of the probit model would be to allow 
more than one equation, with correlated disturbances, in the same form as the seemingly 
unrelated regressions model. the general specification for a two-equation model would be

 y1* = x1
=B1 + e1, y1 = 1(y1* 7 0),

 y2* = x2
=B2 + e2, y2 = 1(y2* 7 0),

 ¢e1

e2
� x1, x2≤ ∼ NJ ¢0

0
≤, ¢1 r

r 1
≤ R .

 (17-48)

this bivariate probit model is interesting in its own right for modeling the joint 
determination of two variables, such as doctor and hospital visits in the next example. it 
also provides the framework for modeling in two common applications. in many cases, 
a treatment effect, or endogenous influence, takes place in a binary choice context. the 
bivariate probit model provides a specification for analyzing a case in which a probit 
model contains an endogenous binary variable in one of the equations. in section 17.6.1 
(examples 17.18 and 17.19), we extended (17-48) to

FIGURE 17.7  Counties with New Plants.
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 T * = x1
=B1 + e1,  T = 1(T * 7 0),

 y* = x2
=B2 + gT + e2, y = 1(y* 7 0),

 ¢e1

e2
� x1, x2≤ ∼ NJ ¢0

0
≤, ¢1 r

r 1
≤ R . 

(17-49)

this model extends the case in section 17.6.2, where T* rather than T appears on the 
right-hand side of the second equation. in example 17.35, T denotes whether a liberal 
arts college supports a women’s studies program on the campus while y is a binary 
indicator of whether the economics department provides a gender economics course. 
a second common application, in which the first equation is an endogenous sampling 
rule, is another variant of the bivariate probit model:

 S* = x1
=B1 + e1, S = 1 if S* 7 0, 0 otherwise, 

 y* = x2
=B2 + e2, y = 1 if y* 7 0, 0 otherwise, 

 ¢e1

e2
� x1, x2≤ ∼ NJ ¢0

0
≤, ¢1 r

r 1
≤ R , 

 (y, x2) observed only when S = 1. 

(17-50)

in example 17.21, we studied an application in which S is the result of a credit card 
application (or any sort of loan application) while y2 is a binary indicator for whether the 
borrower defaults on the credit account (loan). this is a form of endogenous sampling (in 
this instance, sampling on unobservables) that has some commonality with the attrition 
problem that we encountered in section 17.7.7.

in section 17.10, we will extend (17-48) to more than two equations. this will allow 
direct treatment of multiple binary outcomes. it will also allow a more general panel data 
model for T periods than is provided by the random effects specification.

17.9.1  MAXIMUM LIKELIHOOD ESTIMATION

the bivariate normal cdf is

Prob(X1 6 x1, X2 6 x2) = L
x2

-∞ L
x1

-∞
f2(z1, z2, r)dz1dz2,

which we denote Φ2(x1, x2, r). the density is69

f2(x1, x2, r) =
e-(1/2)(x2

1 + x2
2 - 2rx1x2)/(1 - r2)

2p(1 - r2)1/2 .

to construct the log likelihood, let qi1 = 2yi1 - 1 and qi2 = 2yi2 - 1. thus, qij = 1 if 
yij = 1 and -1 if yij = 0 for j = 1 and 2. now let

zij = xij
=Bj and wij = qijzij, j = 1, 2,

and
ri* = qi1qi2r.

69see section B.9.
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note the notational convention. the subscript 2 is used to indicate the bivariate normal 
distribution in the density f2 and cdf Φ2. in all other cases, the subscript 2 indicates the 
variables in the second equation. as before, f(.) and Φ(.) without subscripts denote the 
univariate standard normal density and cdf.

the probabilities that enter the likelihood function are

Prob(Y1 = yi1, Y2 = yi2 � x1, x2) = Φ2(wi1, wi2, ri*),

which accounts for all the necessary sign changes needed to compute probabilities for 
y’s equal to zero and one. thus,70

ln L = a
n

i = 1
ln Φ2(wi1, wi2, ri*).

the derivatives of the log likelihood then reduce to

 
0 ln L

0Bj
= a

n

i = 1
¢qijgij

Φ2
≤xij, j = 1, 2,

 
0 ln L

0r
= a

n

i = 1

qi1qi2f2

Φ2
, 

(17-51)

where

 gi1 = f(wi1)ΦJwi2 - ri*wi121 - ri*
2

R  (17-52)

and the subscripts 1 and 2 in gi1 are reversed to obtain gi2. Before considering the 
hessian, it is useful to note what becomes of the preceding if r = 0. For 0 ln L/0B1, if 
r = ri* = 0, then gi1 reduces to f(wi1)Φ(wi2), f2 is f(wi1)f(wi2), and Φ2 is Φ(wi1)Φ(wi2). 
inserting these results in (17-51) with qi1 and qi2 produces (17-20). Because both functions 
in 0 ln L/0r factor into the product of the univariate functions, 0 ln L/0r reduces to 

a n
i = 1li1li2, where lij, j = 1, 2, is defined in (17-20). (this result will reappear in the 

Lm statistic shown later.)
the maximum likelihood estimates are obtained by simultaneously setting the three 

derivatives to zero. the second derivatives are relatively straightforward but tedious. 
some simplifications are useful. Let

di =
121 - ri*

2
,

vi1 = di(wi2 - ri*wi1), so gi1 = f(wi1)Φ(vi1),
vi2 = di(wi1 - ri*wi2), so gi2 = f(wi2)Φ(vi2).

By multiplying it out, you can show that

dif(wi1)f(vi1) = dif(wi2)f(vi2) = f2.

70to avoid further ambiguity, and for convenience, the observation subscript will be omitted from 
Φ2 = Φ2(wi1, wi2, ri*) and from f2 = f2(wi1, wi2, ri*).
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then

 
02 ln L
0B10B1

= = a
n

i = 1
xi1xi1

= J -wi1gi1

Φ2
-

ri*f2

Φ2
-

gi1
2

Φ2
2 R ,

 
02 ln L
0B10B2

= = a
n

i = 1
qi1qi2xi1xi2

= Jf2

Φ2
-

gi1gi2

Φ2
2 R ,

 
02 ln L
0B10r

= a
n

i = 1
qi2xi1 

f2

Φ2
 Jri*divi1 - wi1 -

gi1

Φ2
R ,

 
02 ln L

0r2 = a
n

i = 1

f2

Φ2
 Jdi

2ri*(1 - wi
=Ri

-1wi) + di
2wi1wi2 -

f2

Φ2
R , (17-53)

where wi
=Ri

-1wi = di
2(wi1

2 + wi2
2 - 2ri*wi1wi2). (For B2, change the subscripts in 

02 ln L/0B10B1
=  and 02 ln L/0B10r accordingly.) the complexity of the second derivatives 

for this model makes it an excellent candidate for the Berndt et al. estimator of the 
variance matrix of the maximum likelihood estimator.

Example 17.31  Tetrachoric Correlation
Returning once again to the health care application of Example 17.6 and several others, we 
now consider a second binary variable,

Hospitalit = 1(HospVisit 7 0).

Our previous analyses have focused on

Doctorit = 1(DocVisit 7 0).

A simple bivariate frequency count for these two variables is:

Hospital

Doctor 0 1 Total

0 9,715 420 10,135
1 15,216 1,975 17,191
total 24,931 2,395 27,326

Looking at the very large value in the lower-left cell, one might surmise that these two binary 
variables (and the underlying phenomena that they represent) are negatively correlated. The 
usual Pearson product moment correlation would be inappropriate as a measure of this 
correlation because it is used for continuous variables. Consider, instead, a bivariate probit 
model,

 Hit* = m1 + e1,it, Hospitalit = 1(Hit* 7 0),

 Dit* = m2 + e2,it, Doctorit = 1(Dit* 7 0),

where (e1, e2) have a bivariate normal distribution with means (0, 0), variances (1, 1), and 
correlation r. This is the model in (17-48) without independent variables. In this representation, 
the tetrachoric correlation, which is a correlation measure for a pair of binary variables, is 
precisely the r in this model—it is the correlation that would be measured between the 
underlying continuous variables if they could be observed. This suggests an interpretation of 
the correlation coefficient in a bivariate probit model—as the conditional tetrachoric correlation. 
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It also suggests a method of easily estimating the tetrachoric correlation coefficient using a 
program that is built into nearly all commercial software packages.

Applied to the hospital/doctor data defined earlier, we obtained an estimate of r of 
0.31106, with an estimated asymptotic standard error of 0.01357. Apparently, our earlier 
intuition was incorrect.

17.9.2  TESTING FOR ZERO CORRELATION

the Lagrange multiplier statistic is a convenient device for testing for the absence of 
correlation in this model. under the null hypothesis that r equals zero, the model consists 
of independent probit equations, which can be estimated separately. moreover, in the 
multivariate model, all the bivariate (or multivariate) densities and probabilities factor 
into the products of the marginals if the correlations are zero, which makes construction 
of the test statistic a simple matter of manipulating the results of the independent probits. 
the Lagrange multiplier statistic for testing H0: r = 0 in a bivariate probit model is71

Lm =
Ja n

i = 1qi1qi2 
f(wi1)f(wi2)

Φ(wi1)Φ(wi2)
R 2

a n
i = 1

[f(wi1)f(wi2)]2

Φ(wi1)Φ(-wi1)Φ(wi2)Φ(-wi2)

.

as usual, the advantage of the Lm statistic is that it obviates computing the bivariate 
probit model. But the full unrestricted model is now fairly common in commercial 
software, so that advantage is minor. the likelihood ratio or Wald test can be used with 
equal ease. to carry out the likelihood ratio test, we note first that if r equals zero, then 
the bivariate probit model becomes two independent univariate probits models. the log 
likelihood in that case would simply be the sum of the two separate log likelihoods. the 
test statistic would be

lLr = 2[ln LBiVariate - (ln L1 + ln L2)].

this would converge to a chi-squared variable with one degree of freedom. the Wald 
test is carried out by referring

lWaLd = crnMLE/2est.asy.Var[rnMLE d
2

to the chi-squared distribution with one degree of freedom. For 95% significance, the 
critical value is 3.84 (or one can refer the positive square root to the standard normal 
critical value of 1.96). example 17.32 demonstrates.

17.9.3  PARTIAL EFFECTS

there are several partial effects one might want to evaluate in a bivariate probit model.72 
a natural first step would be the derivatives of Prob[y1 = 1, y2 = 1 � x1, x2]. these can 
be deduced from (17-51) by multiplying by Φ2, removing the sign carrier, qij, and 
differentiating with respect to xj rather than Bj. the result is

71this is derived in Kiefer (1982).
72see Greene (1996b) and christofides et al. (1997, 2000).
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0Φ2(x1
=B1, x2

=B2, r)

0x1
= f(x1

=B1)Φ¢ x2
=B2 - rx1

=B121 - r2
≤B1.

note, however, the bivariate probability, albeit possibly of interest in its own right, is not 
a conditional mean function. as such, the preceding does not correspond to a regression 
coefficient or a slope of a conditional expectation.

For convenience in evaluating the conditional mean and its partial effects, we will 
define a vector x = x1 h  x2 and let x1

=B1 = x′G1. thus, G1 contains all the nonzero 
elements of B1 and possibly some zeros in the positions of variables in x that appear 
only in the other equation; G2 is defined likewise. the bivariate probability is

Prob[y1 = 1, y2 = 1 � x] = Φ2[x′G1, x′G2, r].

signs are changed appropriately if the probability of the zero outcome is desired in 
either case. (see 17-48.) the partial effects of changes in x on this probability are given by

0Φ2

0x
= g1G1 + g2G2,

where g1 and g2 are defined in (17-52). the familiar univariate cases will arise if 
r = 0, and effects specific to one equation or the other will be produced by zeros 
in the corresponding position in one or the other parameter vector. there are also 
some probabilities to consider. the marginal probabilities are given by the univariate 
probabilities,

Prob[yj = 1 � x] = Φ(x′Gj), j = 1, 2,

so the analysis of (17-11) and (17-12) applies. One pair of probabilities that might be of 
interest are

 Prob[y1 = 1 � y2 = 1, x] =
Prob[y1 = 1, y2 = 1 � x]

Prob[y2 = 1 � x]

 =
Φ2(x′G1, x′G2, r)

Φ(x′g2)

and similarly for Prob[y2 = 1 � y1 = 1, x]. the partial effects for this function are given by

0Prob[y1 = 1 � y2 = 1, x]

0x
= ¢ 1

Φ(x′G2)
≤ Jg1G1 + ¢g2 - Φ2 

f(x′G2)

Φ(x′G2)
≤G2 R .

Finally, one might construct the probability function,

Prob(y1 = 1 � y2, x) =
Φ2[x′G1, (2y2 - 1)x′G2, (2y2 - 1)r]

Φ[(2y2 - 1)x′G2]
.

the derivatives of this function are the same as those presented earlier, with sign changes 
in several places if y2 = 0 is the argument.
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Example 17.32  Bivariate Probit Model for Health Care Utilization
We have extended the bivariate probit model of the previous example by specifying a set of 
independent variables,

xi = Constant, Femalei, Ageit, Incomeit, Kidsit, Educationit, Marriedit.

We have specified that the same exogenous variables appear in both equations. (There is no 
requirement that different variables appear in the equations, nor that a variable be excluded 
from each equation.) The correct analogy here is to the seemingly unrelated regressions 
model, not to the linear simultaneous-equations model. Unlike the SUR model of Chapter 10, 
it is not the case here that having the same variables in the two equations implies that the 
model can be fit equation by equation, one equation at a time. That result only applies to the 
estimation of sets of linear regression equations.

Table 17.24 contains the estimates of the parameters of the univariate and bivariate probit 
models. The tests of the null hypothesis of zero correlation strongly reject the hypothesis 
that r equals zero. The t statistic for r based on the full model is 0.2981/0.0139 = 21.446, 
which is much larger than the critical value of 1.96. For the likelihood ratio test, we compute

lLR = 2{-25,285.07 - [-17,422.72 + (-8,073.604)]} = 422.508.

Once again, the hypothesis is rejected. (The Wald statistic is 21.4462 = 459.957.) The LM 
statistic is 383.953. The coefficient estimates agree with expectations. The income coefficient 
is statistically significant in the doctor equation, but not in the hospital equation, suggesting, 
perhaps, that physican visits are at least to some extent discretionary while hospital visits 
occur on an emergency basis that would be much less tied to income. The table also 
contains the decomposition of the partial effects for Prob[y1 = 1 � y2 = 1]. The direct effect 
is [g1/Φ(x′G2)]G1 in the definition given earlier. The mean estimate of Prob[y1 = 1 � y2 = 1] 
is 0.821285. In the table in Example 17.31, this would correspond to the raw proportion 
P(D = 1, H = 1)/P(H = 1) = (1,975/27,326)/(2,395/27,326) = 0.8246.

Doctor Hospital

Model Estimates Partial Effects Model Estimates

Variable Univariate Bivariate Direct Indirect Total Univariate Bivariate

Constant -0.1243 -0.1243 -1.3328 -1.3385
(0.05815) (0.05814) (0.08320) (0.07957)

Female 0.3559 0.3551 0.09650 -0.00724 0.08926 0.1023 0.1050
(0.01602) (0.01604) (0.00500) (0.00152) (0.00513) (0.02195) (0.02174)

Age 0.01189 0.01188 0.00323 0.00032 0.00291 0.00461 0.00461
(0.00080) (0.00080) (0.00023) (0.00007) (0.00024) (0.00108) (0.00106)

Income -0.1324 -0.1337 -0.03632 -0.00306 -0.03939 0.03739 0.04441
(0.04655) (0.04628) (0.01260) (0.00411) 0.01254) (0.06329) (0.05946)

Kids -0.1521 -0.1523 -0.04140 0.00105 -0.04036 -0.01714 -0.01517
(0.01833) (0.01825) (0.00505) (0.00177) (0.00517) (0.02562) (0.02570)

Education -0.01497 -0.01484 -0.00403 0.00151 -0.00252 -0.02196 -0.02191
(0.00358) (0.00358) (0.00010) (0.00035) (0.00100) (0.00522) (0.00511)

Married 0.07352 0.07351 0.01998 0.00330 0.02328 -0.04824 -0.04789
(0.02064) (0.02063) 0.00563) (0.00192) (0.00574) (0.02788) (0.02777)

ln L -17422.72 -25285.07 -8073.604 -25285.07

aestimated correlation coefficient = 0.2981 (0.0139).

TABLE 17.24 Estimated Bivariate Probit Modela
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17.9.4  A PANEL DATA MODEL FOR BIVARIATE BINARY RESPONSE

extending multiple equation models to accommodate unobserved common effects in 
panel data settings is straightforward in theory, but complicated in practice. For the 
bivariate probit case, for example, the natural extension of (17-48) would be

y1,it* = x1,it
= B1 + e1,it + a1,i y1,it = 1 if y1,it* 7 0, 0 otherwise,

y2,it* = x2,it
= B2 + e2,it + a2,i y2,it = 1 if y2,it* 7 0, 0 otherwise,

 ¢e1

e2
� x1, x2≤ ∼ NJ ¢0

0
≤, ¢1 r

r 1
≤ R ..

the complication will be in how to treat (a1, a2). a fixed effects treatment will require 
estimation of two full sets of dummy variable coefficients, will likely encounter the 
incidental parameters problem in double measure, and will be complicated in practical 
terms. as in all earlier cases, the fixed effects case also preempts any specification 
involving time-invariant variables. it is also unclear in a fixed effects model how any 
correlation between a1 and a2 would be handled. it should be noted that strictly from 
a consistency standpoint, these considerations are moot. the two equations can be 
estimated separately, only with some loss of efficiency. the analogous situation would 
be the seemingly unrelated regressions model in chapter 10. a random effects treatment 
(perhaps accommodated with mundlak’s approach of adding the group means to the 
equations as in section 17.7.3.b) offers greater promise. if (a1, a2) = (u1, u2) are normally 
distributed random effects, with¢u1,i

u2,i
� X1,i, X2,i≤ ∼ NJ ¢0

0
≤, ¢ s1

2 rs1s2

rs1s2 s2
2 ≤ R ,

then the unconditional log likelihood for the bivariate probit model,

ln L = a
n

i = 1
lnLu1, u2

q
Ti

t = 1
Φ2[(w1,it � u1,i), (w2,it � u2,i), rit*] f(u1,i, u2,i), du1,i du2,i,

can be maximized using simulation or quadrature as we have done in previous applications. 
a possible variation on this specification would specify that the same common effect enter 
both equations. in that instance, the integration would only be over a single dimension. 
in this case, there would only be a single new parameter to estimate, s2, the variance of 
the common random effect while r would equal one. a refinement on this form of the 
model would allow the scaling to be different in the two equations by placing ui in the first 
equation and uui in the second. this would introduce the additional scaling parameter, 
but r would still equal one. this is the formulation of a common random effect used in 
heckman’s formulation of the dynamic panel probit model in section 17.7.4.

Example 17.33   Bivariate Random Effects Model for Doctor and Hospital 
Visits

We will extend the pooled bivariate probit model presented in Example 17.32 by allowing 
a general random effects formulation, with free correlation between the time-varying 
components, (e1, e2), and between the time-invariant effects, (u1, u2). We used simulation 
to fit the model. Table 17.25 presents the pooled and random effects estimates. The 
log-likelihood functions for the pooled and random effects models are -25,285.07 and 
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-23,769.67, respectively. Two times the difference is 3,030.76. This would be a chi squared 
with three degrees of freedom (for the three free elements in the covariance matrix of u1 and 
u2). The 95% critical value is 7.81, so the pooling hypothesis would be rejected. The change 
in the correlation coefficient from 0.2981 to 0.1501 suggests that we have decomposed the 
disturbance in the model into a time-varying part and a time-invariant part. The latter seems 
to be the smaller of the two. Although the time-invariant elements are more highly correlated, 
their variances are only 0.22332 = 0.0499 and 0.63382 = 0.4017 compared to 1.0 for both 
e1 and e2.

17.9.5  A RECURSIVE BIVARIATE PROBIT MODEL

section 17.6.2 examines a case in which there is an endogenous continuous variable in a 
binary choice (probit) model. the model is

 T = xT
= BT + eT,

 y* = xy
=By + gT + ey, y = 1(y* 7 0),

 ¢eT

ey
� xT, xy≤ ∼ NJ ¢0

0
≤, ¢s2 rs

rs 1
≤ R .

the application examined there involved a labor force participation model that was 
conditioned on an endogenous variable, the non-wife part of family income. in many 
cases, the endogenous variable in the equation is also binary. in the application we will 
examine below, the presence of a gender economics course in the economics curriculum 

Doctor Hospital

Pooled Random Effects Pooled Random Effects

Constant -0.1243 -0.2976 -1.3385 -1.5855
(0.0581) (0.0965) (0.0796) (0.1085)

Female 0.3551 0.4548 0.1050 0.1280
(0.0160) (0.0286) (0.0217) (0.0295)

Age 0.0119 0.0199 0.0046 0.0050
(0.0008) (0.0013) (0.0011) (0.0014)

Income -0.1337 -0.0106 0.0444 0.1336
(0.0463) (0.0640) (0.0595) (0.0773)

Kids -0.1523 -0.1544 -0.0152 0.0216
(0.0183) (0.0269) (0.0257) (0.0321)

Education -0.0148 -0.0257 -0.0219 -0.0244
(0.0036) (0.0061) (0.0051) (0.0068)

Married 0.0735 0.0288 -0.0479 -0.1050
(0.0206) (0.0317) (0.0278) (0.0355)

Corr(e1, e2) 0.2981 0.1501 0.2981 0.1501
Corr(u1, u2) 0.0000 0.5382 0.0000 0.5382
Std. Dev. u 0.0000 0.2233 0.0000 0.6338
Std. Dev. e 1.0000 1.0000 1.0000 1.0000

TABLE 17.25 Estimated Random Effects Bivariate Probit Model
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at liberal arts colleges is conditioned on whether or not there is a women’s studies 
program on the campus. the model in this case becomes

 T * = xT
= BT + eT,  T = 1(T * 7 0),

 y* = xy
=By + gT + ey,  y = 1(y* 7 0),

 ¢eT

ey
� xT, xy≤ ∼ NJ ¢0

0
≤, ¢1 r

r 1
≤ R .

this model is qualitatively different from the bivariate probit model in (17-48); the first 
dependent variable, T, appears on the right-hand side of the second equation.73 this 
model is a recursive, simultaneous-equations model. surprisingly, the endogenous nature 
of one of the variables on the right-hand side of the second equation does not need 
special consideration in formulating the log likelihood.74 We can establish this fact with 
the following (admittedly trivial) argument: the term that enters the log likelihood is 
P(y = 1, T = 1) = P(y = 1 � T = 1)P(T = 1). Given the model as stated, the marginal 
probability for T = 1 is just Φ(xT

= BT), whereas the conditional probability is 
Φ2( g)/Φ(xT

= BT). the product returns the bivariate normal probability we had earlier. 
the other three terms in the log likelihood are derived similarly, which produces:

 P(y = 1, T = 1) = Φ(xy
=By + g, xT

= BT, r),

 P(y = 1, T = 0) = Φ(xy
=By, -xT

= BT, -r),

 P(y = 0, T = 1) = Φ[-(xy
=By + g), xT

= BT, -r],

 P(y = 0, T = 0) = Φ(-xy
=By, -xT

= BT, r).

these terms are exactly those of (17-48) that we obtain just by carrying T in the 
second equation with no special attention to its endogenous nature. We can ignore the 
simultaneity in this model and we cannot in the linear regression model. in this instance, 
we are maximizing the full log likelihood, whereas in the linear regression case, we are 
manipulating certain sample moments that do not converge to the necessary population 
parameters in the presence of simultaneity. the log likelihood for this model is

ln L = a
n

i = 1
 ln Φ[qy,i(xyi

= By + gTi), qT,i(xT,i
= BT), qy,iqt,ir],

where qy,i = (2yi - 1) and qT,i = 2(Ti - 1).75

73eisenberg and rowe (2006) is another application of this model. in their study, they analyzed the joint 
(recursive) effect of T = veteran status on y, smoking behavior. the estimator they used was two-stage least 
squares and Gmm. evans and schwab (1995), examined below, fit their model by mLe and by 2sLs for 
comparison.
74the model appears in maddala (1983, p. 123).
75if one were armed with only a univariate probit estimator, it might be tempting to mimic 2sLs to estimate this model 
using a two-step procedure: (1) estimate BT by a probit regression of T on xT, then (2) estimate (By, g) by probit 
regression of y on [xy, Φ(xT′BnT)]. this would be an example of a forbidden regression. [see Wooldridge (2010, pp. 267, 
594).] the first step works, but the second does not produce consistent estimators of the parameters of interest. the 
estimating equation at the second is improper—the conditional probability is conditioned on T, not on the probability 
that T equals one. the temptation should be easy to resist; the recursive bivariate probit model is a built-in procedure 
in contemporary software.
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Example 17.34   The Impact of Catholic School Attendance on High 
School Performance

Evans and Schwab (1995) considered the effect of Catholic school attendance on two success 
measures, graduation from high school and entrance to college. Their model is

 C* = x′BC + eC,    C = 1(C* 7 0),

 G* = x′BG + dR + gC + eG, G = 1(G* 7 0),

 ¢eC

eG
� xC, xG≤ ∼ NJ ¢0

0
≤, ¢1 r

r 1
≤ R .

The binary variables are C = 1(Attended Catholic School) and G = 1(Graduated from high 
school). In a second specification of the model, G = 1(Entered a four-year college after 
graduation). Covariates included race, gender, family income, parents’ education, family structure, 
religiosity, and a tenth-grade test score. The parameters of the model are all identified (estimable) 
whether or not there are variables in the G equation that are not in the C equation (i.e., whether or 
not there are exclusion restrictions) by dint of the nonlinearity of the structure. However, mindful of 
the dubiousness of a model that is identified only by the nonlinearity, the authors included R = 1
(Student is Catholic) in the equation, to aid identification. That would seem important here, as of 
more than 30 variables in the equations, only two, the test score and a “% Catholic in County of 
Residence,” were not also dummy variables. (Income was categorized.)

Example 17.35  Gender Economics Courses at Liberal Arts Colleges
Burnett (1997) proposed the following bivariate probit model for the presence of a gender 
economics course in the curriculum of a liberal arts college:

Prob[G = 1, W = 1 � xG, xW] = Φ2(xG
= BG + gW, xW

= bW, r).

The dependent variables in the model are

 G = presence of a gender economics course
 W = presence of a women’s studies program on the campus.

The independent variables in the model are

 z1 = constant term,
 z2 = academic reputation of the college, coded 1(best), 2, . . . to 141,
 z3 = size of the full-time economics faculty, a count,
 z4 = percentage of the economics faculty that are women, proportion (0 to 1),
 z5 = religious affiliation of the college, 0 = no, 1 = yes,
 z6 = percentage of the college faculty that are women, proportion (0 to 1),
 z7 - z10 = regional dummy variables, South, Midwest, Northeast, West.

The regressor vectors are

 xG = z1, z2, z3, z4, z5 (gender economics course equation),

 xW = z2, z5, z6, z7 - z10 (women’s studies program equation).

Maximum likelihood estimates of the parameters of Burnett’s model were computed by 
Greene (1998) using her sample of 132 liberal arts colleges; 31 of the schools offer gender 
economics, 58 have women’s studies programs, and 29 have both. (See Appendix Table 
F17.1.) The estimated parameters are given in Table 17.26. Both bivariate probit and 
single-equation estimates are given. The estimate of r is only 0.1359, with a standard 
error of 1.2359. The Wald statistic for the test of the hypothesis that r equals zero is 
(0.1359/1.2539)2 = 0.011753. For a single restriction, the critical value from the chi-squared 
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table is 3.84, so the hypothesis cannot be rejected. The likelihood ratio statistic for the same 
hypothesis is 2[-85.6317 - (-85.6458)] = 0.0282, which leads to the same conclusion. 
The Lagrange multiplier statistic is 0.003807, which is consistent. This result might seem 
counterintuitive, given the setting. Surely gender economics and women’s studies are highly 
correlated, but this finding does not contradict that proposition. The correlation coefficient 
measures the correlation between the disturbances in the equations, the omitted factors. 
That is, r measures (roughly) the correlation between the outcomes after the influence of 
the included factors is accounted for. Thus, the value 0.1359 measures the effect after the 
influence of women’s studies is already accounted for. As discussed in the next paragraph, 
the proposition turns out to be right. The single most important determinant (at least within 
this model) of whether a gender economics course will be offered is indeed whether the 
college offers a women’s studies program.

The partial effects in this model are fairly involved, and as before, we can consider several 
different types. Consider, for example, z2, academic reputation. There is a direct effect 
produced by its presence in the gender economics course equation. But there is also an 
indirect effect. Academic reputation enters the women’s studies equation and, therefore, 
influences the probability that W equals one. Because W appears in the gender economics 
course equation, this effect is transmitted back to G. The total effect of academic reputation 
and, likewise, religious affiliation is the sum of these two parts. Consider first the gender 
economics variable, G. The conditional probability is

 Prob[G = 1 � xG, xW] = Prob[G = 1 � W = 1, xG, xW]Prob[W = 1]
 + Prob[G = 1 � W = 0, xG, xW] Prob[W = 0]

 = Φ2(xG
= BG + g, xwBw, r) + Φ2(xG

= BG, -xW
= BW, -r).

Single Equation Bivariate Probit

Variable Coefficient Std. Err. Coefficient Std. Err.

Gender Economics Equation
Constant -1.4176 (0.8768) -1.1911 (2.2155)
AcRep -0.0114 (0.0036) -0.0123 (0.0079)
WomStud 1.1095 (0.4699) 0.8835 (2.2603)
EconFac 0.0673 (0.0569) 0.0677 (0.0695)
PctWEcon 2.5391 (0.8997) 2.5636 (1.0144)
Relig -0.3482 (0.4212) -0.3741 (0.5264)
Women’s Studies Equation
AcRep -0.0196 (0.0042) -0.0194 (0.0057)
PctWFac 1.9429 (0.9001) 1.8914 (0.8714)
Relig -0.4494 (0.3072) -0.4584 (0.3403)
South 1.3597 (0.5948) 1.3471 (0.6897)
West 2.3386 (0.6449) 2.3376 (0.8611)
North 1.8867 (0.5927) 1.9009 (0.8495)
Midwest 1.8248 (0.6595) 1.8070 (0.8952)
r 0.0000 (0.0000) 0.1359 (1.2539)
ln L -85.6458 -85.6317

TABLE 17.26  Estimates of a Recursive Simultaneous Bivariate Probit Model 
(estimated standard errors in parentheses)
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Derivatives can be computed using our earlier results. We are also interested in the effect 
of religious affiliation. Because this variable is binary, simply differentiating the probability 
function may not produce an accurate result. Instead, we would compute the probability with 
this variable set to one and then zero, and take the difference. Finally, what is the effect of the 
presence of a women’s studies program on the probability that the college will offer a gender 
economics course? To compute this effect, we would first compute the average treatment 
effect (see Section 17.6.1) by averaging

TE = Φ(xG′BG + g) - Φ(xG′BG)

over the full sample of schools. The average treatment effect for the schools that actually do 
have a women’s studies program would be

TET = ΦJ (xG
= BG + g) - r(xW

= BW)21 - r2
R - ΦJ (xG

= BG) - r(xW
= BW)21 - r2

R
and averaging over the schools that have a women’s studies program (W = 1).

Table 17.27 presents the estimates of the partial effects and some descriptive statistics 
for the data. Numerically, the strongest effect appears to be exerted by the representation 
of women on the faculty; its coefficient of 0.3602 is by far the largest. However, this variable 
cannot change by a full unit because it is a proportion. An increase of 1% in the presence of 
women on the economics faculty raises the probability by only 0.0036, which is comparable 
in scale to the effect of academic reputation. The effect of women on the faculty is likewise 
fairly small, only 0.000508 per 1% change. As might have been expected, the single most 
important influence is the presence of a women’s studies program. The estimated average 
treatment effect is 0.1452 (0.3891). The average treatment effect on the schools that have 
women’s studies programs (ATET) is 0.2293 (0.5165). Of course, the raw data would have 
anticipated this result. Of the 31 schools that offer a gender economics course, 29 also 
have a women’s studies program and only two do not. Note finally that the effect of religious 
affiliation (whatever it is) is mostly direct.

17.10 A MULTIVARIATE PROBIT MODEL

in principle, a multivariate probit model would simply extend (17-48) to more than 
two outcome variables just by adding equations. the resulting equation system, again 
analogous to the seemingly unrelated regressions model, would be

Direct Indirect Total (Type of Variable, Mean)

AcRep -0.0017 -0.0005 -0.0022 (continuous, 119.242)
PctWEcon 0.3602 0.3602 (continuous, 0.24787)
EconFac 0.0095 0.0095 (continuous, 6.74242)
Relig -0.0716a (Binary, 0.57576)
PctWFac 0.0508 0.0508 (continuous, 0.35772)

adirect and indirect effects for binary variables are the same.

TABLE 17.27 Partial Effects in Gender Economics Model
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ym* = xm
= Bm + em, ym = 1(ym* 7 0), m = 1, c, M,

E[em � x1, c, xM] = 0,

Var[em � x1, c, xM] = 1,

cov[ej, em � x1, c, xM] = rjm,

(e1, c, eM) ∼ nM[0, R].

the joint probabilities of the observed events, [yi1, yi2 c, yiM � xi1, xi2, c, xiM],
i = 1, c, n that form the basis for the log-likelihood function are the M-variate 
normal probabilities,

Li = ΦM(qi1xi1
= b1, c, qiMxiM

= bM, R*),

where

 qim = 2yim - 1,
 Rjm* = qijqimrjm.

the practical obstacle to this extension is the evaluation of the M-variate normal 
integrals and their derivatives. simulation-based integration using the GhK simulator 
or simulated likelihood methods (see chapter 15) allow for estimation of relatively large 
models. We consider an application in example 17.36.76

the multivariate probit model in another form presents a useful extension of the 
random effects probit model for panel data (section 17.7.2). if the parameter vectors in 
all equations are constrained to be equal, we obtain what Bertschek and Lechner (1998) 
call the “panel probit model”,

 yit* = xit
=B + eit, yit = 1(yit* 7 0), i = 1, c, n, t = 1, c, T,

 (ei1, c, eiT) ∼ n[0, R].

the Butler and moffitt (1982) approach for this model (see section 17.4.2) has proved 
useful in many applications. But the underlying assumption that cov[eit, eis] = r is a 
substantive restriction. By treating this structure as a multivariate probit model with the 
restriction that the coefficient vector be the same in every period, one can obtain a model 
with free correlations across periods.77 hyslop (1999), Bertschek and Lechner (1998), 
Greene (2004 and example 17.26), and cappellari and Jenkins (2006) are applications.

Example 17.36  A Multivariate Probit Model for Product Innovations
Bertschek and Lechner applied the panel probit model to an analysis of the innovation activity 
of 1,270 German firms observed in five years, 1984–1988, in response to imports and foreign 
direct investment.78 The probit model to be estimated is based on the latent regression

76studies that propose improved methods of simulating probabilities include Pakes and Pollard (1989) and especially 
Börsch-supan and hajivassiliou (1993), Geweke (1989), and Keane (1994). a symposium in the november 1994 issue 
of Review of Economics and Statistics presents discussion of numerous issues in specification and estimation of models 
based on simulation of probabilities. applications that employ simulation techniques for evaluation of multivariate 
normal integrals are now fairly numerous. see, for example, hyslop (1999) (example 17.26), which applies the 
technique to a panel data application with T = 7. example 17.23 develops a five-variate application.
77By assuming the coefficient vectors are the same in all periods, we actually obviate the normalization that the 
diagonal elements of r are all equal to one as well. the restriction identifies T - 1 relative variances rtt = st

2/sT
2 . this 

aspect is examined in Greene (2004).
78see Bertschek (1995).
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yit* = b1 + a
8

k = 2
xk,itbk + eit, yit = 1(yit* 7 0), i = 1, c, 1,270, t = 1984, c, 1988,

where

 yit = 1 if a product innovation was realized by firm i in year t, 0 otherwise,
 x2,it = Log of industry sales in DM,

 x3,it = Import share = ratio of industry imports to (industry sales plus imports),
 x4,it =  Relative firm size = ratio of employment in business unit to employment in the 

industry (times 30),
 x5,it =  FDI share = ratio of industry foreign direct investment to, (industry sales plus 

imports),
 x6,it = Productivity = ratio of industry value added to industry employment,
 x7,it = Raw materials sector = 1 if the firm is in this sector,
 x8,it = Investment goods sector = 1 if the firm is in this sector.

The coefficients on import share (b3) and FDI share (b5) were of particular interest. The 
objectives of the study were the empirical investigation of innovation and the methodological 
development of an estimator that could obviate computing the five-variate normal probabilities 
necessary for a full maximum likelihood estimation of the model.

Table 17.28 presents the single-equation, pooled probit model estimates.79 Given the 
structure of the model, the parameter vector could be estimated consistently with any single 
period’s data. Hence, pooling the observations, which produces a mixture of the estimators, 
will also be consistent. Given the panel data nature of the data set, however, the conventional 
standard errors from the pooled estimator are dubious. Because the marginal distribution will 
produce a consistent estimator of the parameter vector, this is a case in which the cluster 
estimator (see Section 14.8.2) provides an appropriate asymptotic covariance matrix. Note 

79We are grateful to the authors of this study who have generously loaned us their data for our continued analysis. 
the data are proprietary and cannot be made publicly available, unlike the other data sets used in our examples.

Estimated Standard Errors Partial Effects

Variable Estimatea SE(1)b SE(2)c SE(3)d SE(4)e Partial Std. Err. t ratio

Constant -1.960 0.239 0.377 0.230 0.373 –– –– ––
ln Sales 0.177 0.0250 0.0375 0.0222 0.0358 0.0683f 0.0138 4.96
Rel Size 1.072 0.206 0.306 0.142 0.269 0.413f 0.103 4.01
Imports 1.134 0.153 0.246 0.151 0.243 0.437f 0.0938 4.66
FDI 2.853 0.467 0.679 0.402 0.642 1.099f 0.247 4.44
Prod. -2.341 1.114 1.300 0.715 1.115 -0.902f 0.429 -2.10
Raw Mtl -0.279 0.0966 0.133 0.0807 0.126 -0.110g 0.0503 -2.18
Inv Good 0.188 0.0404 0.0630 0.0392 0.0628 0.0723g 0.0241 3.00

arecomputed. Only two digits were reported in the earlier paper.
bObtained from results in Bertschek and Lechner, table 9.
cBased on the avery et al. (1983) Gmm estimator.
dsquare roots of the diagonals of the negative inverse of the hessian.
eBased on the cluster estimator.
fcoefficient scaled by the density evaluated at the sample means.
gcomputed as the difference in the fitted probability with the dummy variable equal to one, then zero.

TABLE 17.28 Estimated Pooled Probit Model
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that the standard errors in column SE(4) of the table are considerably higher than the 
uncorrected ones in columns 1 and 3.

The pooled estimator is consistent, so the further development of the estimator is a matter 
of (1) obtaining a more efficient estimator of B and (2) computing estimates of the cross-period 
correlation coefficients. The FIML estimates of the model can be computed using the GHK 
simulator. The FIML estimates and the random effects model using the Butler and Moffitt 
(1982) quadrature method are reported in Table 17.29. The correlations reported are based on 
the FIML estimates. Also noteworthy in Table 17.30 is the divergence of the random effects 
estimates from the FIML estimates. The log-likelihood function is -3,535.55 for the random 
effects model and -3,522.85 for the unrestricted model. The chi-squared statistic for the nine 
restrictions of the equicorrelation model is 25.4. The critical value from the chi-squared table 
for nine degrees of freedom is 16.9 for 95% and 21.7 for 99% significance, so the hypothesis 
of the random effects model would be rejected in favor of the more general panel probit model.

17.11 SUMMARY AND CONCLUSIONS

this chapter has surveyed a large range of techniques for modeling binary choice variables. 
the model for choice between two alternatives provides the framework for a large 
proportion of the analysis of microeconomic data. thus, we have given a very large amount 

Full Maximum Likelihood Random Effects
Coefficients Using GHK Simulator R = 0.578 (0.0189)

Constant -1.797** (0.341) -2.839 (0.534)
ln Sales 0.154** (0.0334) 0.245 (0.052)
Relative size 0.953** (0.160) 1.522 (0.259)
Imports 1.155** (0.228) 1.779 (0.360)
FDI 2.426** (0.573) 3.652 (0.870)
Productivity -1.578  (1.216) -2.307 (1.911)
Raw material -0.292** (0.130) -0.477 (0.202)
Investment goods 0.224** (0.0605 0.331 (0.095)
log likelihood -3,522.85 -3,535.55

Estimated Correlations

1984, 1985 0.460** (0.0301)
1984, 1986 0.599** (0.0323)
1985, 1986 0.643** (0.0308)
1984, 1987 0.540** (0.0308)
1985, 1987 0.546** (0.0348)
1986, 1987 0.610** (0.0322)
1984, 1988 0.483** (0.0364)
1985, 1988 0.446** (0.0380)
1986, 1988 0.524** (0.0355)
1987, 1988 0.605** (0.0325)

*indicates significant at 95% level,
**indicates significant at 99% level based on a two-tailed test.

TABLE 17.29  Estimated Constrained Multivariate Probit Model (Estimated standard errors in 
parentheses)
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of space to this model in its own right. in addition, many issues in model specification and 
estimation that appear in more elaborate settings, such as those we will examine in the next 
chapter, can be formulated as extensions of the binary choice model of this chapter. Binary 
choice modeling provides a convenient point to study endogeneity in a nonlinear model, 
issues of nonresponse in panel data sets, and general problems of estimation and inference 
with longitudinal data. the binary probit model in particular has provided the laboratory 
case for theoretical econometricians such as those who have developed methods of bias 
reduction for the fixed effects estimator in dynamic nonlinear models.

We began the analysis with the fundamental parametric probit and logit models for 
binary choice. estimation and inference issues such as the computation of appropriate 
covariance matrices for estimators and partial effects are considered here. We then 
examined familiar issues in modeling, including goodness of fit and specification 
issues such as the distributional assumption, heteroscedasticity, and missing variables. 
as in other modeling settings, endogeneity of some right-hand variables presents a 
substantial complication in the estimation and use of nonlinear models such as the 
probit model. We examined models with endogenous right-hand-side variables, and 
in two applications, problems of endogenous sampling. the analysis of binary choice 
with panel data provides a setting to examine a large range of issues that reappear 
in other applications. We reconsidered the familiar pooled, fixed, and random effects 
estimator estimators, and found that much of the wisdom obtained in the linear case 
does not carry over to the nonlinear case. the incidental parameters problem, in 
particular, motivates a considerable amount of effort to reconstruct the estimators 
of binary choice models. Finally, we considered some multivariate extensions of the 
probit model. as before, the models are useful in their own right. Once again, they also 
provide a convenient setting in which to examine broader issues, such as more detailed 
models of endogeneity nonrandom sampling, and computation requiring simulation.

chapter 18 will continue the analysis of discrete choice models with three 
frameworks: unordered multinomial choice, ordered choice, and models for count data. 
most of the estimation and specification issues we have examined in this chapter will 
reappear in these settings.

Key Terms and Concepts

•	attributes
•	average partial effect
•	Binary choice model
•	Bivariate probit
•	Butler and moffitt method
•	characteristics
•	choice-based sampling
•	complementary log log 

model
•	conditional likelihood 

function
•	control function
•	event count
•	Fixed effects model
•	Generalized residual
•	Gumbel model

•	incidental parameters 
problem

•	index function model
•	initial conditions
•	interaction effect
•	inverse probability 

weighted (iPW)
•	Latent regression
•	Linear probability model 

(LPm)
•	Logit
•	marginal effects
•	maximum simulated 

likelihood (msL)
•	method of scoring
•	microeconometrics

•	minimal sufficient statistic
•	multinomial choice
•	multivariate probit model
•	nonresponse bias
•	Ordered choice model
•	Persistence
•	Quadrature
•	Qualitative response (Qr)
•	random effects model
•	recursive model
•	selection on unobservables
•	state dependence
•	tetrachoric correlation
•	unbalanced sample
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Exercises

1. a binomial probability model is to be based on the following index function model:

 y* = a + Bd + e,

 y = 1, if y* 7 0,

 y = 0 otherwise.

the only regressor, d, is a dummy variable. the data consist of 100 observations 
that have the following:

y
0 1

d
0 24 28
1 32 16

Obtain the maximum likelihood estimators of a and b, and estimate the asymptotic 
standard errors of your estimates. test the hypothesis that b equals zero by using a 
Wald test (asymptotic t test) and a likelihood ratio test. use the probit model and 
then repeat, using the logit model. do your results change? (Hint: Formulate the 
log likelihood in terms of a and d = a + b.)

2. suppose that a linear probability model is to be fit to a set of observations on a 
dependent variable y that takes values zero and one, and a single regressor x that 
varies continuously across observations. Obtain the exact expressions for the least 
squares slope in the regression in terms of the mean(s) and variance of x, and 
interpret the result.

3. Given the data set

y 1 0 0 1 1 0 0 1 1 1

x 9 2 5 4 6 7 3 5 2 6

estimate a probit model and test the hypothesis that x is not influential in 
determining the probability that y equals one.

4. construct the Lagrange multiplier statistic for testing the hypothesis that all the 
slopes (but not the constant term) equal zero in the binomial logit model. Prove 
that the Lagrange multiplier statistic is nR2 in the regression of (yi - p) on the x s, 
where p is the sample proportion of 1s.

5. the following hypothetical data give the participation rates in a particular type of 
recycling program and the number of trucks purchased for collection by 10 towns 
in a small mid-atlantic state:

town 1 2 3 4 5 6 7 8 9 10

trucks 160 250 170 365 210 206 203 305 270 340
Participation% 11 74 8 87 62 83 48 84 71 79

the town of eleven is contemplating initiating a recycling program but wishes to 
achieve a 95% rate of participation. using a probit model for your analysis,

,
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a. how many trucks would the town expect to have to purchase to achieve its goal? 
(Hint : you can form the log likelihood by replacing yi with the participation rate 
(for example, 0.11 for observation 1) and (1 - yi) with (1 -  the rate), in (17-16).

b. if trucks cost $20,000 each, then is a goal of 90% reachable within a budget of 
$6.5 million? (that is, should they expect to reach the goal?)

c. according to your model, what is the marginal value of the 301st truck in terms 
of the increase in the percentage participation?

6. a data set consists of n = n1 + n2 + n3 observations on y and x. For the first n1 
observations, y = 1 and x = 1. For the next n2 observations, y = 0 and x = 1. For 
the last n3 observations, y = 0 and x = 0. Prove that neither (17-18) nor (17-20) 
has a solution.

7. Prove (17-26).
8. in the panel data models estimated in section 17.7, neither the logit nor the probit 

model provides a framework for applying a hausman test to determine whether 
fixed or random effects is preferred. explain. (Hint : unlike our application in the 
linear model, the incidental parameters problem persists here.)

Application

1. appendix table F17.2 provides Fair’s (1978) Redbook survey on extramarital affairs. 
the data are described in application 1 at the end of chapter 18 and in appendix F. 
the variables in the data set are as follows:

id = an identification number,
C = constant, value = 1,

yrb = a constructed measure of time spent in extramarital affairs,
v1 = a rating of the marriage, coded 1 to 4,
v2 = age, in years, aggregated,
v3 = number of years married,
v4 = number of children, top coded at 5,
v5 = religiosity, 1 to 4, 1 = not, 4 = very,
v6 = education, coded 9, 12, 14, 16, 17, 20,
v7 = occupation,
v8 = husband’s occupation,

and three other variables that are not used. the sample contains a survey of 6,366 
married women, conducted by Redbook magazine. For this exercise, we will analyze, 
first, the binary variable,

A = 1 if yrb 7 0, 0 otherwise.

the regressors of interest are v1 to v8; however, not all of them necessarily belong 
in your model. use these data to build a binary choice model for A. report all 
computed results for the model. compute the partial effects for the variables you 
choose. compare the results you obtain for a probit model to those for a logit 
model. are there any substantial differences in the results for the two models?
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18

MultinoMial ChoiCes 
and event Counts

§
18.1 INTRODUCTION

Chapter 17 presented most of the econometric issues that arise in analyzing discrete 
dependent variables, including specification, estimation, inference, and a variety of 
variations on the basic model. all of these were developed in the context of a model of 
binary choice, the choice between two alternatives. this chapter will use those results in 
extending the choice model to three specific settings:

Multinomial Choice: the individual chooses from more than two choices, once again, 
making the choice that provides the greatest utility. applications include the choices 
of political candidates, how to commute to work, which energy supplier to use, what 
health care plan to choose, where to live, or what brand of car, appliance, or food 
product to buy.

Ordered Choice: the individual reveals the strength of his or her preferences with 
respect to a single outcome. Familiar cases involve survey questions about strength of 
feelings regarding a particular commodity such as a movie, a book, or a consumer product, 
or self-assessments of social outcomes such as health in general or self-assessed well-
being. although preferences will probably vary continuously in the space of individual 
utility, the expression of those preferences for purposes of analyses is given in a discrete 
outcome on a scale with a limited number of choices, such as the typical five-point scale 
used in marketing surveys.

Event Counts: the observed outcome is a count of the number of occurrences. in many 
cases, this is similar to the preceding settings in that the “dependent variable” measures 
an individual choice, such as the number of visits to the physician or the hospital, the 
number of derogatory reports in one’s credit history, or the number of visits to a particular 
recreation site. in other cases, the event count might be the outcome of some less focused 
natural process, such as prevalence of a disease in a population or the number of defects 
per unit of time in a production process, the number of traffic accidents that occur at a 
particular location per month, the number of customers that arrive at a service point per 
unit of time, or the number of messages that arrive at a switch per unit of time over the 
course of a day. in this setting, we will be doing a more familiar sort of regression modeling.

Most of the methodological underpinnings needed to analyze these cases were presented 
in Chapter 17. in this chapter, we will be able to develop variations on these basic model 
types that accommodate different choice situations. as in Chapter 17, we are focused on 
discrete outcomes, so the analysis is framed in terms of models of the probabilities attached 
to those outcomes.
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18.2 MODELS FOR UNORDERED MULTIPLE CHOICES

some studies of multiple-choice settings include the following:

1. hensher (1986, 1991), McFadden (1974), and many others have analyzed the travel 
mode of urban commuters. hensher and Greene (2007b) analyze commuting 
between sydney and Melbourne by a sample of individuals who choose from air, 
train, bus, and car as the mode of travel.

2. schmidt and strauss (1975a, b) and Boskin (1974) have analyzed occupational 
choice among multiple alternatives.

3. Rossi and allenby (1999, 2003) studied consumer brand choices in a repeated choice 
(panel data) model.

4. train (2009) studied the choice of electricity supplier by a sample of California 
electricity customers.

5. Michelsen and Madlener (2012) studied homeowners’ choice of type of heating 
appliance to install in a new home.

6. hensher, Rose, and Greene (2015) analyzed choices of automobile models by a 
sample of consumers offered a hypothetical menu of features.

7. lagarde (2013) examined the choice of different sets of guidelines for preventing 
malaria by a sample of individuals in Ghana.

in each of these cases, there is a single decision based on two or more alternatives. in 
this and the next section, we will encounter two broad types of multinomial choice sets, 
unordered choices and ordered choices. all of the choice sets listed above are unordered. 
in contrast, a bond rating or a preference scale is, by design, a ranking; that is its purpose. 
Quite different techniques are used for the two types of models. We will examine models 
for ordered choices in section 18.3. this section will examine models for unordered 
choice sets. General references on the topics discussed here include hensher, louviere, 
and swait (2000), train (2009), and hensher, Rose, and Greene (2015).

18.2.1  RANDOM UTILITY BASIS OF THE MULTINOMIAL LOGIT MODEL

unordered choice models can be motivated by a random utility model. For the ith 
consumer faced with J choices, suppose that the utility of choice j is

Uij = zij
=U + eij.

if the consumer makes choice j in particular, then we assume that Uij is the maximum 
among the J utilities. hence, the statistical model is driven by the probability that choice 
j is made, which is

Prob(Uij 7 Uik)  for all other k ≠ j.

the model is made operational by a particular choice of distribution for the disturbances. 
as in the binary choice case, two models are usually considered: logit and probit. 
Because of the need to evaluate multiple integrals of the normal distribution, the probit 
model has found rather limited use in this setting. the logit model, in contrast, has been 
widely used in many fields, including economics, market research, politics, finance, and 
transportation engineering. let Yi be a random variable that indicates the choice made. 
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828 PART IV  ✦   Cross Sections, Panel Data, and Microeconometrics

McFadden (1974a) has shown that if (and only if) the J disturbances are independent 
and identically distributed with Gumbel (type 1 extreme value) distributions,

 F(eij) = exp(-exp(-eij)), (18-1)

then

 Prob(Yi = j) =
exp(zij

=U)

a J
j = 1exp(zij

=U)
, (18-2)

which leads to what is called the conditional logit model. (lt is often labeled the 
multinomial logit model, but this wording conflicts with the usual name for the model 
discussed in the next section, which differs slightly. although the distinction turns out 
to be purely artificial, we will maintain it for the present.)

utility depends on zij, which includes aspects specific to the individual as well as to 
the choices. it is useful to distinguish them. let zij = [xij, wi] and partition U conformably 
into [B′, A′]′. then xij varies across the choices and possibly across the individuals as 
well. the components of xij are called the attributes of the choices. But wi contains 
the characteristics of the individual and is, therefore, the same for all choices. if we 
incorporate this fact in the model, then (18-2) becomes

 Prob(Yi = j) =
exp(xij

=B + wi
=A)

a J
j = 1exp(xij

=B + wi
=A)

=
exp(xij

=B) exp(wi
=A)Ja J

j = 1exp(xij
=B) R  exp(wi

=A)

. (18-3)

terms that do not vary across alternatives—that is, those specific to the individual—fall 
out of the probability. this is as expected in a model that compares the utilities of the 
alternatives.

Consider a model of shopping center choice by individuals in various cities that 
depends on the number of stores at the mall, Sij, the distance from the central business 
district, Dij, and the shoppers’ incomes, Ii, the utilities for three choices would be

Ui1 = Di1b1 + Si1b2 + a + gIi + ei1;

Ui2 = Di2b1 + Si2b2 + a + gIi + ei2;

Ui3 = Di3b1 + Si3b2 + a + gIi + ei3.

the choice of alternative 1, for example, reveals that

Ui1 - Ui2 = (Di1 - Di2)b1 + (Si1 - Si2)b2 + (ei1 - ei2) 7 0 and

Ui1 - Ui3 = (Di1 - Di3)b1 + (Si1 - Si3)b2 + (ei1 - ei3) 7 0.

the constant term and Income have fallen out of the comparison. the result follows 
from the fact that the random utility model is ultimately based on comparisons of 
pairs of alternatives, not the alternatives themselves. evidently, if the model is to allow 
individual specific effects, then it must be modified. one method is to create a set of 
dummy variables (alternative specific constants), Aj, for the choices and multiply each 
of them by the common w. We then allow the coefficients on these choice invariant 
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characteristics to vary across the choices instead of the characteristics. analogously to 
the linear model, a complete set of interaction terms creates a singularity, so one of them 
must be dropped. For this example, the matrix of attributes and characteristics would be

Zi = CSi1 Di1 1 0 Ii 0
Si2 Di2 0 1 0 Ii

Si3 Di3 0 0 0 0
S .

the probabilities for this model would be

Prob(Yi = j � Zi) =

exp¢Storesij b1 + Distanceij b2 +
Ajaj + Aj Incomei gj

≤
a 3

j = 1exp¢Storesij b1 + Distanceij b2 +
Ajaj + Aj Incomeigj

≤ , a3 = g3 = 0.

18.2.2  THE MULTINOMIAL LOGIT MODEL

to set up the model that applies when data are individual specific, it will help to 
consider an example. schmidt and strauss (1975a, b) estimated a model of occupational 
choice based on a sample of 1,000 observations drawn from the Public use sample for 
three years: l960, 1967, and 1970. For each sample, the data for each individual in the 
sample consist of the following:

1. Occupation: 0 = menial, 1 = blue collar, 2 = craft, 3 = white collar, 4 = profes-
sional. (note the slightly different numbering convention, starting at zero, which is 
standard.)

2. Characteristics: constant, education, experience, race, sex.

the multinomial logit model1 for occupational choice is

 Prob(Yi = j � wi) =
exp(wi

=Aj)

a 4
j = 0exp(wi

=Aj)
, j = 0, 1, c, 4. (18-4)

(the binomial logit model in section 17.3 is conveniently produced as the special case 
of J = 1.) the estimated equations provide a set of probabilities for the J + 1 choices 
for a decision maker with characteristics wi. Before proceeding, we must remove 
an indeterminacy in the model. if we define Aj

* = Aj + q for any nonzero vector q, then 
recomputing the probabilities in (18-4) using Aj

* instead of Aj produces the identical set 
of probabilities because all the terms involving q drop out. a convenient normalization 
that solves the problem is A0 = 0. (this arises because the probabilities sum to one, so 
only J parameter vectors are needed to determine the J + 1 probabilities.) therefore, 
the probabilities are

 Prob(Yi = j � wi) = Pij =
exp(wi

=Aj)

1 + a J
k = 1exp(wi

=Ak)
, j = 0, 1, c, J. (18-5)

1nerlove and Press (1973) is a pioneering study in this literature, also about labor market choices.
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the form of the binary choice model examined in section 17.2 results if J = 1. the model 
implies that we can compute J log-odds,

lnJ Pij

Pik
R = wi

=(Aj - Ak) = wi
=Aj if k = 0.

From the point of view of estimation, it is useful that the odds ratio, Pij/Pik, does not 
depend on the other choices, which follows from the independence and identical 
distributions of the random terms in the original model. From a behavioral viewpoint, this 
fact turns out not to be very attractive. We shall return to this problem in section 18.2.4.

the log likelihood can be derived by defining, for each individual, dij = 1 if 
alternative j is chosen by individual i, and 0 if not, for the J + 1 possible outcomes. 
then, for each i, one and only one of the dij’s is 1. the log likelihood is a generalization 
of that for the binomial probit or logit model,

ln L = a
n

i = 1
a

J

j = 0
dij ln Prob(Yi = j � wi).

the derivatives have the characteristically simple form

0 ln L
0Aj

= a
n

i =
(dij - Pij)wi for j = 1, c, J.

the exact second derivatives matrix has J2 K * K blocks,2

02 ln L
0Aj 0Al

= = - a
n

i = 1
Pij[1(j = l) - Pil]wiwi

=,

where 1(j = l) equals 1 if j equals l and 0 if not. Because the hessian does not involve 
dij, these are the expected values, and newton’s method is equivalent to the method of 
scoring. it is worth noting that the number of parameters in this model proliferates with 
the number of choices, which is inconvenient because the typical cross section sometimes 
involves a fairly large number of characteristics.

the coefficients in this model are difficult to interpret. it is tempting to associate Aj 
with the jth outcome, but that would be misleading. note that all of the Aj’s appear in 
the denominator of Pij. By differentiating (18-5), we find that the partial effects of the 
characteristics on the probabilities are

 Dij =
0Pij

0wi
= PijJAj - a

J

k = 0
Pik Ak R = Pij[Aj - A]. (18-6)

therefore, every subvector of A enters every partial effect, both through the probabilities 
and through the weighted average that appears in Dij. these values can be computed 
from the parameter estimates. although the usual focus is on the coefficient estimates, 
equation (18-6) suggests that there is at least some potential for confusion. note, 
for example, that for any particular wik, 0Pij/0wik need not have the same sign as ajk. 

2if the data were in the form of proportions, such as market shares, then the appropriate log likelihood and 
derivatives are ΣiΣjni ln pij and ΣiΣjni(pij - Pij)wi, respectively. the terms in the hessian are multiplied by ni.
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standard errors can be estimated using the delta method. (see section 4.6.) For purposes 
of the computation, let A = [0, A1

= , A2
= , c, AJ

=]′. We include the fixed 0 vector for 
outcome 0 because although A0 = 0, Di0 = -Pi0A, which is not 0. note as well that 
asy.Cov[An0, An j] = 0 for j = 1, c, J. then

 asy.var[Dnij] = a
J

l = 0
 a

J

m = 0
¢ 0Dij

0Al
= ≤ asy.Cov[An l

=, An m
= ]¢ 0Dij

=

0Am
≤,

 
0Dij

0Al
= = [1(j = l) - Pil][PijI + Dijwi

=] - Pij[Dilwi
=].

Finding adequate fit measures in this setting presents the same difficulties as in the 
binomial models. as before, it is useful to report the log likelihood. if the model contains 
no covariates and no constant terms, then the log likelihood will be

ln Lc = a
J

j = 0
nj lna 1

J + 1
b ,

where nj is the number of individuals who choose outcome j. if the characteristic vector 
includes only a constant term, then the restricted log likelihood is

ln L0 = a
J

j = 0
nj ln¢nj

n
≤ = a

J

j = 0
nj ln pj,

where pj is the sample proportion of observations that make choice j. a useful table will 
give a listing of hits and misses of the prediction rule “predict Yi = j if Pn ij is the maximum 
of the predicted probabilities.”3

Example 18.1  Hollingshead Scale of Occupations
Fair’s (1977) study of extramarital affairs is based on a cross section of 601 responses to a 
survey by Psychology Today. One of the covariates is a category of occupations on a seven-
point scale, the Hollingshead (1975) scale.4 The Hollingshead scale is intended to be a 
measure on a prestige scale, a fact which we’ll ignore (or disagree with) for the present. The 
seven levels on the scale are, broadly,

1. Higher executives,
2. Managers and proprietors of medium-sized businesses,
3. Administrative personnel and owners of small businesses,
4. Clerical and sales workers and technicians,
5. Skilled manual employees,
6. Machine operators and semiskilled employees,
7. Unskilled employees.

Among the other variables in the data set are Age, Sex, and Education. The data are 
given in Appendix Table F18.1. Table 18.1 lists estimates of a multinomial logit model. (We 
emphasize that the data are a self-selected sample of Psychology Today readers in 1976, so 
it is unclear what contemporary population would be represented. The following serves as 
an uncluttered numerical example that readers could reproduce. Note, as well, that at least 

3it is common for this rule to predict all observations with the same value in an unbalanced sample or a model 
with little explanatory power. this is not a contradiction of an estimated model with many significant coefficients 
because the coefficients are not estimated so as to maximize the number of correct predictions.
4see, also Bornstein and Bradley (2003).
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by some viewpoint, the outcome for this experiment is ordered so the model in Section 18.3 
might be more appropriate.) The log likelihood for the model is -770.28141 while that for 
the model with only the constant terms is -982.20533. The likelihood ratio statistic for the 
hypothesis that all 18 coefficients of the model are zero is 423.85, which is far larger than the 
critical value of 28.87. In the estimated parameters, it appears that only gender is consistently 
statistically significant. However, it is unclear how to interpret the fact that Education is 
significant in some of the parameter vectors and not others. The partial effects give a similarly 
unclear picture, though in this case, the effect can be associated with a particular outcome. 
However, we note that the implication of a test of significance of a partial effect in this 
model is itself ambiguous. For example, Education is not significant in the partial effect for 
outcome 6, though the coefficient on Education in A6 is. This is an aspect of modeling with 
multinomial choice models that calls for careful interpretation by the model builder. Note 
that the rows of partial effects sum to zero. The interpretation of this result is that when a 
characteristic such as age changes, the probabilities change in turn. But they sum to one 
before and after the change.

Example 18.2  Home Heating Systems
Michelsen and Madlener (2012) studied the preferences of homeowners for adoption of 
innovative residential heating systems. The analysis was based on a survey of 2,240 German 
homeowners who installed one of four types of new heating systems: GAS@ST = gas@fired 
condensing boiler with solar thermal support, OIL@ST = oil@fired condensing boiler with 
solar thermal support, HEAT@P = heat pump, and PELLET = wood pellet-fired boiler. 
Variables in the model included sociodemographics such as age, income and gender; home 
characteristics such as size, age, and previous type of heating system; location and some 
specific characteristics, including preference for energy savings (on a five-point scale), 
preference for more independence from fossil fuels and, also on a five-point scale, preference 
for environmental protection. The authors reported only the average partial effects for the 
many variables (not the estimated coefficients). Two, in particular, were the survey data on 

A0 A1 A2 A3 A4 A5 A6

Parameters

Constant 0.0 3.1506 2.0156 -1.9849 -6.6539 -15.0779 -12.8919
(1.14) (1.28) (-1.38) (-5.49) (-9.18) (-4.61)

Age 0.0 -0.0244 -0.0361 -0.0123 0.0038 0.0225 0.0588
(-0.73) (-1.64) (-0.63) (0.25) (1.22) (1.92)

Sex 0.0 6.2361 4.6294 4.9976 4.0586 5.2086 5.8457
(5.08) (4.39) (4.82) (3.98) (5.02) (4.57)

Education 0.0 -0.4391 -0.1661 0.0684 0.4288 0.8149 0.4506
(-2.62) (-1.75) (0.79) (5.92) (8.56) (2.92)

Partial Effects

Age -0.0001 -0.0002 -0.0028 -0.0022 0.0006 0.0036 0.0011
(- .19) (-0.92) (-2.23) (-1.15) (0.23) (1.89) (1.90)

Sex -0.2149 0.0164 0.0233 0.1041 -0.1264 0.1667 0.0308
(-4.24) (1.98) (1.00) (2.87) (-2.15) (4.20) (2.35)

Education -0.0187 -0.0069 -0.0387 -0.0460 0.0278 0.0810 0.0015
(-2.22) (-2.31) (-6.29) (-5.1) (2.12) (8.61) (0.56)

TABLE 18.1 Estimated Multinomial Logit Model for Occupation (t ratios in parentheses)
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environmental protection and energy independence. They reported the following average 
partial effects for these two variables:

GAS-ST OIL-ST HEAT-P PELLET

environment 0.002 -0.003 -0.022 0.024
independence -0.150 -0.043 0.100 0.093

The precise meaning of the changes in the two variables are unclear, as they are five-point 
scales treated as if they were continuous. Nonetheless, the substitution of technologies away 
from fossil fuels is suggested in the results. The desire to reduce CO2 emissions is less 
obvious in the environmental protection results.5

18.2.3  THE CONDITIONAL LOGIT MODEL

When the data consist of choice-specific attributes instead of individual-specific 
characteristics, the natural model formulation would be

 Prob(Yi = j � xi1, xi2, c, xiJ) = Prob(Yi = j � Xi) = Pij =
exp(xij

=B)

a J
j = 1exp(xij

=B)
. (18-7)

here, in accordance with the convention in the literature, we let j = 1, 2, c, J for a 
total of J alternatives. the model is otherwise essentially the same as the multinomial 
logit. even more care will be required in interpreting the parameters, however. once 
again, an example will help focus ideas.

in this model, the coefficients are not directly tied to the marginal effects. the 
marginal effects for continuous variables can be obtained by differentiating (18-7) with 
respect to a particular xm to obtain

0Pij

0xim
= [Pij(1(j = m) - Pim)]B, m = 1, c, J.

it is clear that through its presence in Pij and Pim, every attribute set xm affects all the 
probabilities. hensher (1991) suggests that one might prefer to report elasticities of the 
probabilities. the effect of attribute k of choice m on Pij would be

0 ln Pij

0 ln xmk
=

xmk

Pij
 

0Pij

0xmk
= xmk[1(j = m) - Pim]bk.

Because there is no ambiguity about the scale of the probability itself, whether one 
should report the derivatives or the elasticities is largely a matter of taste. there is a 
striking result in the elasticity; 0 ln Pij/0 ln xmk is not a function of Pij. this is a strong 
implication of the particular functional form assumed at the outset. it implies the rather 
peculiar substitution pattern that can be seen in the top panel of table 18.8, below. We 
will explore this result in section 18.2.4. Much of the research on multinomial choice 
modeling over the past several decades has focused on more general forms (including 
several that we will examine here) that provide more realistic behavioral results. some 
applications are developed in example 18.3.

5the results were extracted from their table 6, p. 1279.
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estimation of the conditional logit model is simplest by newton’s method or the 
method of scoring. the log likelihood is the same as for the multinomial logit model. 
once again, we define dij = 1 if Yi = j and 0 otherwise. then

ln L = a
n

i = 1
a

J

j = 1
dij ln Prob(Yi = j).

Market share and frequency data are common in this setting. if the data are in this form, 
then the only change needed is, once again, to define dij as the proportion or frequency.

Because of the simple form of ln L, the gradient and hessian also have particularly 
convenient forms: let xi = a J

j = 1Pijxij. then,

 
0 ln L

0B
= a

n

i = 1
a

J

j = 1
dij(xij - xi),

 
02 ln L
0B0B′

= - a
n

i = 1
a

J

j = 1
Pij(xij - xi)(xij - xi)′. 

(18-8)

the usual problems of fit measures appear here. the log-likelihood ratio and tabulation 
of actual versus predicted choices will be useful. there are two possible constrained log 
likelihoods. the model cannot contain a constant term, so the constraint B = 0 renders 
all probabilities equal to 1/J. the constrained log likelihood for this constraint is then 
Lc = -n ln J. of course, it is unlikely that this hypothesis would fail to be rejected. 
alternatively, we could fit the model with only the J - 1 choice-specific constants, 
which makes the constrained log likelihood the same as in the multinomial logit model, 
ln L0

* = a jnj ln pj, where, as before, nj is the number of individuals who choose 
alternative j.

We have maintained a distinction between the multinomial logit model based on 
characteristics of the individual and the conditional logit model based on the attributes 
of the choices). the distinction is completely artificial. applications of multinomial 
choice modeling usually mix the two forms—our example below related to travel mode 
choice includes attributes of the modes as well as household income. the general form 
of the multinomial logit model that appears in applications, based on (18-3), would be

Prob(Yi = j) =
exp(xij

=B + wi
=Aj)

a J
m = 1exp(xim

= B + wi
=Am)

.

18.2.4  THE INDEPENDENCE FROM IRRELEVANT ALTERNATIVES ASSUMPTION

We noted earlier that the odds ratios in the multinomial logit or conditional logit models 
are independent of the other alternatives. this property is convenient for estimation, 
but it is not a particularly appealing restriction to place on consumer behavior. an 
additional consequence, also unattractive, is the peculiar pattern of substitution 
elasticities that is implied by the multinomial logit form. the property of the logit 
model whereby Pij/Pim is independent of the remaining probabilities, and 0 lnPij/0lnxim 
is not a function of Pij, is called the independence from irrelevant alternatives (IIA).
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the independence assumption follows from the initial assumption that the random 
components of the utility functions are independent and homoscedastic. later we will 
discuss several models that have been developed to relax this assumption. Before doing 
so, we consider a test that has been developed for testing the validity of the assumption. 
the unconditional probability of choice j in the Mnl model is

Prob(Yi = j) =
exp(xij

=B)

a J
m = 1exp(xim

= Bm)
.

Consider the probability of choice j in a reduced choice set, say in alternatives 1 to J - 1. 
this would be

 
Prob[Y = j and j ∈ (1, c, J - 1)]

Prob(j ∈ (1, c, J - 1))
=

exp(xij
=B)

a J
m = 1exp(xim

= Bm)
n a J - 1

j = 1exp(xij
=B)

a J
m = 1exp(xim

= Bm)

 =
exp(xij

=B)

a J - 1
m = 1exp(xim

= Bm)
.

this is the same model, with the denominator summed from 1 to J - 1, instead. the 
Mnl model survives the restriction of the choice set—that is, the parameters of the 
model would be the same. hausman and McFadden (1984) suggest that if a subset 
of the choice set truly is irrelevant, then omitting it from the model altogether will 
not change parameter estimates systematically. exclusion of these choices (and the 
observations that choose them) will be inefficient but will not lead to inconsistency. But 
if the remaining odds ratios are not truly independent from these alternatives, then the 
parameter estimators obtained when these choices are excluded will be inconsistent. 
this observation is the usual basis for hausman’s specification test. the statistic is

x2 = (Bns - Bnf)′[Vns - Vnf]
-1(Bns - Bnf),

where s indicates the estimators based on the restricted subset, f indicates the estimator 
based on the full set of choices, and Vns and Vnf  are the respective estimates of the 
asymptotic covariance matrices. the statistic has a limiting chi-squared distribution with 
K degrees of freedom. We will examine an application in example 18.3.

18.2.5  ALTERNATIVE CHOICE MODELS

the multinomial logit form imposes some unattractive restrictions on the pattern of 
behavior in the choice process. a large variety of alternative models in a long thread of 
research have been developed that relax the restrictions of the Mnl model.6 two 
specific restrictions are the homoscedasticity across choices and individuals of the utility 
functions and the lack of correlation across the choices. We consider three alternatives 
to the Mnl model. note it is not simply the distribution at work. Changing the model 
to a multinomial probit model based on the normal distribution, but still independent 
and homoscedastic, does not solve the problem.

6one of the earliest contributions to this literature is Gaudry and dagenais’s (1979) “doGit” model that 
“[d]odges the researcher’s dilemma of choosing a priori between a format which commits to iia restrictions and 
one which excludes them ….” (p. 105.) the doGit functional form is Pj = (Vj + ljΣmVm)/[(1 + Σmlm)ΣmVm], 
where Vj = exp(xij

=B) and lj Ú 0.
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18.2.5.a  Heteroscedastic Extreme Value Model 
the variance of eij in (18-1) is equal to p2/6. the heteroscedastic extreme value (hev) 
specification developed by Bhat (1995) allows a separate variance,

 sj
2 = p2/(6uj

2), (18-9)

for each eij in (18-1). one of the u’s must be normalized to 1.0 because we can only 
compare ratios of variances. We can allow heterogeneity across individuals as well as 
across choices by specifying

 uij = uj * exp(F′hi). (18-10)

[see salisbury and Feinberg (2010) and louviere and swait (2010) for applications of 
this type of hev model.] the heteroscedasticity alone interrupts the iia assumption.

18.2.5.b  Multinomial Probit Model 
a natural alternative model that relaxes the independence restrictions built into the 
multinomial logit (Mnl) model is the multinomial probit model (MNP). the structural 
equations of the MnP model are

Uij = xij
=B + eij, j = 1, c, J,[ei1, ei2, c, eiJ] ∼ N[0, �].

the term in the log likelihood that corresponds to the choice of alternative q is

Prob[choiceiq] = Prob[Uiq 7 Uij, j = 1, c, J, j ≠ q].

the probability for this occurrence is

Prob[choiceiq] = Prob[ei1 - eiq 6 (xiq - xi1)′B, c, eiJ - eiq 6 (xiq - xiJ)′B]

for the J - 1 other choices, which is a cumulative probability from a (J - 1)@variate 
normal distribution. Because we are only making comparisons, one of the variances 
in this J - 1 variate structure—that is, one of the diagonal elements in the reduced 
�—must be normalized to 1.0. Because only comparisons are ever observable in this 
model, for identification, J - 1 of the covariances must also be normalized, to zero. 
the MnP model allows an unrestricted (J - 1) * (J - 1) correlation structure and 
J - 2 free standard deviations for the disturbances in the model. (thus, a two-choice 
model returns to the univariate probit model of section 17.2.3.) For more than two 
choices, this specification is far more general than the Mnl model, which assumes that 
� = (p2/6)I. (the scaling is absorbed in the coefficient vector in the Mnl model.) it 
adds the unrestricted correlations to the heteroscedastic model of the previous section.

the greater generality of the multinomial probit is produced by the correlations 
across the alternatives (and, to a lesser extent, by the possible heteroscedasticity). the 
distribution itself is a lesser extension. an MnP model that simply substitutes a normal 
distribution with Σ = I will produce virtually the same results (probabilities and 
elasticities) as the multinomial logit model. an obstacle to implementation of the MnP 
model has been the difficulty in computing the multivariate normal probabilities for 
models with many alternatives.7 Results on accurate simulation of multinormal integrals 

7hausman and Wise (1978) point out that the probit model may not be as impractical as it might seem. First, for 
J choices, the comparisons implicit in Uij 7 Uim for m ≠ j involve the J - 1 differences, ej - em. thus, starting 
with a J-dimensional problem, we need only consider derivatives of (J - 1)@order probabilities. therefore, for 
example, a model with four choices requires only the evaluation of trivariate normal integrals, bivariate if only the 
derivatives of the log likelihood are needed.
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using the GhK simulator have made estimation of the MnP model feasible. 
(see section 15.6.2.b and a symposium in the november 1994 issue of the Review of 
Economics and Statistics.) Computation is exceedingly time consuming. it is also 
necessary to ensure that � remain a positive definite matrix. one way often suggested 
is to construct the Cholesky decomposition of �, LL′, where L is a lower triangular 
matrix, and estimate the elements of L. the normalizations and zero restrictions can be 
imposed by making the last row of the J * J matrix � equal (0, 0, . . . , 1) and using LL′ 
to create the upper (J - 1) * (J - 1) matrix. the additional normalization restriction 
is obtained by imposing L11 = 1.

the identification restrictions in Σ needed to identify the model can appear in 
different places. For example, it is arbitrary which alternative provides the numeraire, 
and any other row of � can be normalized. one consequence is that it is not possible 
to compare directly the estimated coefficient vectors, B, in the MnP and Mnl models. 
the substantive differences between estimated models are revealed by the predicted 
probabilities and the estimated elasticities.

18.2.5.c  The Nested Logit Model 
one way to relax the homoscedasticity assumption in the conditional logit model 
that also provides an intuitively appealing structure is to group the alternatives into 
subgroups that allow the variance to differ across the groups while maintaining the iia 
assumption within the groups. this specification defines a nested logit model. to fix 
ideas, it is useful to think of this specification as a two- (or more) level choice problem 
(although, once again, the model arises as a modification of the stochastic specification 
in the original conditional logit model, not necessarily as a model of behavior). suppose, 
then, that the J alternatives can be divided into B subgroups (branches) such that the 
choice set can be written

[c1, c, cJ] = [(c1�1, c, cJ1�1), (c1�2, c, cJ2�2) c, (c1�B, c, cJB�B)].

logically, we may think of the choice process as that of choosing among the B choice 
sets and then making the specific choice within the chosen set. this method produces 
a tree structure, which for two branches and, say, five choices (twigs) might look as 
follows:

Choice

Branch1 Branch 2

c1 ƒ ƒ ƒ ƒ ƒ1 c2 1 c1 2 c2 2 c3 2

suppose as well that the data consist of observations on the attributes of the choices xij�b 
and attributes of the choice sets zib.

to derive the mathematical form of the model, we begin with the unconditional 
probability

Prob[twigj, branchb] = Pijb =
exp(xij�b

= B + zib
= G)

aB
b = 1a Jb

j = 1exp(xij�b
= B + zib

= G)
.
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now write this probability as

 Pijb = Pij�bPb

 = § exp(xij�b
= B)

a Jb

j = 1exp(xij�b
= B)

¥§ exp(zib
= G)

aL
l = 1exp(zib

= G)
¥ 

¢ a Jb

j = 1exp(xij�b
= B)≤ ¢ aL

l = 1exp(zib
= G)≤¢ aL

l = 1a Jl

j = 1exp(xij�b
= B + zib

= G)≤ .

define the inclusive value for the lth branch as

IVib = ln¢ aJb

j = 1
exp(xij�b

= B)≤.

then, after canceling terms and using this result, we find

 Pij�b =
exp(xij�b

= B)

a Jb

j = 1exp(xij�b
= B)

 and Pb =
exp[tb(zib

= G + IVib)]

aB
b = 1exp[tb(zib

= G + IVib)]
, (18-11)

where the new parameters tl must equal 1 to produce the original Mnl model. therefore, 
we use the restriction tl = 1 to recover the conditional logit model, and the preceding 
equation just writes this model in another form. the nested logit model arises if this 
restriction is relaxed. the inclusive value coefficients, unrestricted in this fashion, allow 
the model to incorporate some degree of heteroscedasticity and cross alternative 
correlation. Within each branch, the iia restriction continues to hold. the equal variance 
of the disturbances within the jth branch are now8

 sb
2 =

p2

6tb

. (18-12)

With tj = 1, this reverts to the basic result for the multinomial logit model. the nested 
logit model is equivalent to a random utility model with block diagonal covariance 
matrix. For example, for the four-choice model examined in example 18.3, the model is 
equivalent to a RuM with

Σ = DsF
2 0 0 0

0 sG
2 sG

2 r sG
2 r

0 sG
2 r sG

2 sG
2 r

0 sG
2 r sG

2 r sG
2

T .

as usual, the coefficients in the model are not directly interpretable. the derivatives 
that describe covariation of the attributes and probabilities are

 
0 ln Prob[choice = m, branch = b]

0xk in choice M and branch B

 = {1(b = B)[1(m = M) - PM�B] + tB[1(b = B) - PB]PM � B}bk.

8see hensher, louviere, and swait (2000). see Greene and hensher (2002) for alternative formulations of the 
nested logit model.
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the nested logit model has been extended to three and higher levels. the complexity 
of the model increases rapidly with the number of levels. But the model has been 
found to be extremely flexible and is widely used for modeling consumer choice in the 
marketing and transportation literatures, to name a few.

there are two ways to estimate the parameters of the nested logit model. a limited 
information, two-step maximum likelihood approach can be done as follows:

1. estimate B by treating the choice within branches as a simple conditional logit model.
2. Compute the inclusive values for all the branches in the model. estimate G and the 

T parameters by treating the choice among branches as a conditional logit model 
with attributes zib and Iib.

Because this approach is a two-step estimator, the estimate of the asymptotic covariance 
matrix of the estimates at the second step must be corrected.9 For full information 
maximum likelihood (FiMl) estimation of the model, the log likelihood is10

ln L = a
n

i = 1
ln[Prob(twig � branch)i * Prob(branch)i].

the information matrix is not block diagonal in B and (G, T), so FiMl estimation will be 
more efficient than two-step estimation. the FiMl estimator is now available in several 
commercial computer packages. (it also solves the problem if efficiently mixing the B 
different estimators of B that are produced by reestimation with each branch.)

to specify the nested logit model, it is necessary to partition the choice set into 
branches. sometimes there will be a natural partition, such as in the example given by 
Maddala (1983) when the choice of residence is made first by community, then by dwelling 
type within the community. in other instances, however, the partitioning of the choice set 
is ad hoc and leads to the troubling possibility that the results might be dependent on the 
branches so defined. (Many studies in this literature present several sets of results based 
on different specifications of the tree structure.) there is no well-defined testing procedure 
for discriminating among tree structures, which is a problematic aspect of the model.

Example 18.3  Multinomial Choice Model for Travel Mode
Hensher and Greene11 report estimates of a model of travel mode choice for travel between 
Sydney and Melbourne, Australia. The data set contains 210 observations on choice among 
four travel modes, air, train, bus, and car. (See Appendix Table F18.2.) The attributes used 
for their example were: choice-specific constants; two choice-specific continuous measures; 
GC, a measure of the generalized cost of the travel that is equal to the sum of in-vehicle 
cost, INVC, and a wage-like measure times INVT, the amount of time spent traveling; 
and TTME, the terminal time (zero for car); and for the choice between air and the other 
modes, HINC, the household income. A summary of the sample data is given in Table 18.2. 
The sample is choice based so as to balance it among the four choices—the true population 
allocation, as shown in the last column of Table 18.2, is dominated by drivers.

The model specified is

Uij = aairdi, air + atraindi, train + abusdi, bus + bGGCij + bTTTMEij + gHdi, airHINCi + eij,

9see McFadden (1984).
10see hensher (1986, 1991) and Greene (2007b).
11see Greene (2016).
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where for each j, eij has the same independent, type 1 extreme value distribution,

Fe(eij) = exp(-exp(-eij)),

which has variance p2/6. The mean of -0.5772 is absorbed in the constants. Estimates 
of the conditional logit model are shown in Table 18.3. The model was fit with and without 
the corrections for choice-based sampling. (See Section 17.5.4.) Because the sample 
shares do not differ radically from the population proportions, the effect on the estimated 
parameters is fairly modest. Nonetheless, it is apparent that the choice-based sampling 
is not completely innocent. A cross tabulation of the predicted versus actual outcomes 
is given in Table 18.4. The predictions are generated by tabulating the integer parts of 
mjk = a 210

i = 1pn ijdik, j, k = air, train, bus, car, where pn ij is the predicted probability of outcome 
j for observation i and dik is the binary variable that indicates if individual i made choice k.

Are the odds ratios train/bus and car/bus really independent from the presence of the air 
alternative? To use the Hausman test, we would eliminate choice air from the choice set and 
estimate a three-choice model. Because 58 respondents chose this mode, we would lose 58 
observations. In addition, for every data vector left in the sample, the air-specific constant 

 
Unweighted Sample

Choice-Based Sample 
Weighting

Estimate t Ratio Estimate t Ratio

bG -0.01550 -3.517 -0.01333 -2.711
bT -0.09612 -9.207 -0.13405 -5.216
gH 0.01329 1.295 -0.00108 -0.097
aair 5.2074 6.684 6.5940 4.075
atrain 3.8690 8.731 3.6190 4.317
abus 3.1632 7.025 3.3218 3.822
log likelihood at B = 0 -291.1218 -291.1218
log likelihood (sample shares) -283.7588 -218.9929
log likelihood at convergence -199.1284 -147.5896

TABLE 18.3 Parameter Estimates for Multinomial Logit Model

GC TTME INVC INVT HINC
Number 

Choosing p
True 
Prop.

Air 102.648 61.010 85.522 133.710 34.548 58 0.28 0.14
113.522 46.534 97.569 124.828 41.274

Train 130.200 35.690 51.338 608.286 34.548 63 0.30 0.13
106.619 28.524 37.460 532.667 23.063

Bus 115.257 41.657 33.457 629.462 34.548 30 0.14 0.09
108.133 25.200 33.733 618.833 29.700

Car 94.414 0 20.995 573.205 34.548 59 0.28 0.64
89.095 0 15.694 527.373 42.22

Note: the upper figure in each cell is the average for all 210 observations. the lower figure is the mean for the 
observations that made that choice.

TABLE 18.2 Summary Statistics for Travel Mode Choice Data
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Air Train Bus Car Total (Actual)

Air 32 (30) 8 (3) 5 (3) 13 (23) 58
Train 7 (3) 37 (30) 5 (3) 14 (27) 63
Bus 3 (1) 5 (2) 15 (14) 6 (12) 30
Car 16 (5) 13 (5) 6 (3) 25 (45) 59
Total (Predicted) 58 (39) 63 (40) 30 (23) 59 (108) 210

TABLE 18.4  Predicted Choices Based on MNL Model Probabilities (predictions based on 
choice-based sampling in parentheses)

and the interaction, di, air * HINCi would be zero for every remaining individual. Thus, these 
parameters could not be estimated in the restricted model. We would drop these variables. 
The test would be based on the two estimators of the remaining four coefficients in the model, 
[bG, bT, atrain, abus]. The results for the test are as shown in Table 18.5. The hypothesis that 
the odds ratios for the other three choices are independent from air would be rejected based 
on these results, as the chi-squared statistic exceeds the critical value.

After IIA was rejected, the authors estimated a nested logit model of the following type:

Travel

FLY

AIR TRAIN BUS CAR

GROUND

Determinants

(Income)

(G cost, T time)

Note that one of the branches has only a single choice (this is called a “degenerate” branch), 
so the conditional probability, Pj�fly, = Pair�fly = 1. The estimates in Table 18.6 are the simple 
conditional (multinomial) logit (MNL) model for choice among the four alternatives that was 
reported earlier. Both inclusive value parameters are constrained (by construction) to equal 
1.0000. The FIML estimates are obtained by maximizing the full log likelihood for the nested 
logit model. In this model,

Prob(choice � branch)  = P(aairdair + atraindtrain + abusdbus + bGGC + bTTTME),
Prob(branch)  = P(gdairHINC + tflyIVfly + tgroundIVground),
Prob(choice, branch) = Prob(choice � branch) * Prob(branch).

Full-Choice Set Restricted-Choice Set

bG bT atrain abus bG bT atrain abus

estimate -0.0155 -0.0961 3.869 3.163 -0.0639 -0.0699 4.464 3.105

Estimated Asymptotic Covariance Matrix Estimated Asymptotic Covariance Matrix

bG 0.0000194 0.000101

bT -0.0000005 0.000109 -0.000013 0.000221
atrain -0.00060 -0.0038 0.196 -0.00244 -0.00759 0.410
abus -0.00026 -0.0038 0.161 0.203 -0.00113 -0.00753 0.336 0.371

H = 33.3367. Critical chi-squared[4] = 9.488.

TABLE 18.5 Results for IIA Test
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The likelihood ratio statistic for the nesting against the null hypothesis of homoscedasticity 
is -2[-199.1284 - (-193.6561)] = 10.945. The 95% critical value from the chi-squared 
distribution with two degrees of freedom is 5.99, so the hypothesis is rejected. We can also 
carry out a Wald test. The asymptotic covariance matrix for the two inclusive value parameters 
is [0.01977 / 0.009621, 0.01529]. The Wald statistic for the joint test of the hypothesis that 
tfly = tground = 1 is

W = (0.586 - 1.0 0.389 - 1.0)J 0.1977 0.009621
0.009621 0.01529

R -1¢0.586 - 1.0
0.389 - 1.0

≤ = 24.475.

The hypothesis is rejected, once again.
The choice model was reestimated under the assumptions of a heteroscedastic extreme 

value (HEV) specification. The simplest form allows a separate variance, sj
2 = p2/(6uj

2), for 
each eij in (18-1). (One of the us must be normalized to 1.0 because we can only compare 
ratios of variances.) The results for this model are shown in Table 18.7. This model is less 
restrictive than the nested logit model. To make them comparable, we note that we found 
that sair = p/(tfly26) = 2.1886 and strain = sbus = scar = p/(tground26) = 3.2974. The HEV 
model thus relaxes an additional restriction because it has three free variances whereas the 
nested logit model has two. But the important degree of freedom is that the HEV model 
does not impose the IIA assumptions anywhere in the choices, whereas the nested logit 
does, within each branch. Table 18.7 contains additional results for HEV specifications. In the 
“Restricted HEV Model,” the variance of ei,Air is allowed to differ from the others.

A primary virtue of the HEV model, the nested logit model, and other alternative models is 
that they relax the IIA assumption. This assumption has implications for the cross elasticities 
between attributes in the different probabilities. Table 18.8 lists the estimated elasticities of the 
estimated probabilities with respect to changes in the generalized cost variable. Elasticities 
are computed by averaging the individual sample values rather than computing them once 
at the sample means. The implication of the IIA assumption can be seen in the table entries. 
Thus, in the estimates for the multinomial logit (MNL) model, the cross elasticities for each 
attribute are all equal. In the nested logit model, the IIA property only holds within the branch. 
Thus, in the first column, the effect of GC of air affects all ground modes equally, whereas 
the effect of GC for train is the same for bus and car, but different from these two for air. All 
these elasticities vary freely in the HEV model.

Table 18.9 lists the estimates of the parameters of the multinomial probit and random 
parameters logit models. The multinomial probit model produces free correlations among 

Parameter Nested Logit Multinomial Logit

aair 6.0423 (1.1989) 5.2074 (0.7791)
abus 4.0963 (0.6152) 3.1632 (0.4503)
atrain 5.0646 (0.6620) 3.8690 (0.4431)
bGC -0.0316 (0.0082) -0.1550 (0.0044)
bTTME -0.1126 (0.0141) -0.0961 (0.0104)
gH 0.0153 (0.0094) 0.0133 (0.0103)
tfly 0.5860 (0.1406) 1.0000 (0.0000)
tground 0.3890 (0.1237) 1.0000 (0.0000)
sfly 2.1886 (0.5255) 1.2825 (0.0000)
sground 3.2974 (1.0487) 1.2825 (0.0000)
ln L -193.6561 -199.1284

TABLE 18.6 Estimates of a Nested Logit Model (standard errors in parentheses)
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Parameter HEV Model Restricted HEV Model

aair 2.228 (1.047) 1.622 (1.247)
atrain 3.412 (0.895) 3.942 (0.489)
abus 3.286 (0.836) 2.866 (0.418)
bGC -0.026 (0.009) -0.033 (0.006)
bTTME -0.071 (0.024) -0.075 (0.005)
g 0.028 (0.019) 0.039 (0.021)
uair 0.472 (0.199) 0.380 (0.095)
utrain 0.886 (0.460) 1.000 (0.000)
ubus 3.143 (3.551) 1.000 (0.000)
ucar 1.000 (0.000) 1.000 (0.000)

Implied Standard Deviations

sair 2.720 (1.149)
strain 1.448 (0.752)
sbus 0.408 (0.461)
scar 1.283 (0.000)
ln L -199.0306 -203.2679

TABLE 18.7  Estimates of a Heteroscedastic Extreme Value Model (standard 
errors in parentheses)

Cost Is That of Alternative

Effect on Air Train Bus Car

Multinomial Logit
Air -1.136 0.498 0.238 0.418
Train 0.456 -1.520 0.238 0.418
Bus 0.456 0.498 -1.549 0.418
Car 0.456 0.498 0.238 -1.061
Nested Logit
Air -1.377 0.523 0.523 0.523
Train 0.377 -2.955 1.168 1.168
Bus 0.196 0.604 -3.037 0.604
Car 0.337 1.142 1.142 -1.872
Heteroscedastic Extreme Value
Air -1.019 0.410 0.954 0.429
Train 0.395 -3.026 3.184 0.898
Bus 0.282 0.999 -8.161 1.326
Car 0.314 0.708 2.733 -2.589
Multinomial Probit
Air -1.092 0.606 0.530 0.290
Train 0.591 -4.078 3.187 1.043
Bus 0.245 1.294 -7.694 1.218
Car 0.255 1.009 2.942 -2.364

TABLE 18.8 Estimated Elasticities with Respect to Generalized Cost
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the choices, which implies an unrestricted 3 * 3 correlation matrix and two free standard 
deviations.

Table 18.9 reports a variant of the random parameters logit model in which the alternative 
specific constants are random and freely correlated. The variance for each utility function 
is sj

2 + uj
2 where sj

2 is the contribution of the logit model, which is p2/6 = 1.645, and uj
2 is 

the estimated constant specific variance estimated in the random parameters model. The 
estimates of the specific parameters, uj, are given in the table. The estimated model allows 
unrestricted variation and correlation among the three intercept parameters—this parallels 
the general specification of the multinomial probit model. The standard deviations and 
correlations shown for the multinomial probit model are parameters of the distribution of eij, 
the overall randomness in the model. The counterparts in the random parameters model apply 
to the distributions of the parameters. Thus, the full disturbance in the model in which only the 
constants are random is eiair + uair for air, and likewise for train and bus. It should be noted 
that in the random parameters model, the disturbances have a distribution that is that of a 
sum of an extreme value and a normal variable, while in the probit model, the disturbances 
are normally distributed. With these considerations, the models in each case are comparable 
and are, in fact, fairly similar.

None of this discussion suggests a preference for one model or the other. The likelihood 
values are not comparable, so a direct test is precluded. Both relax the IIA assumption, 
which is a crucial consideration. The random parameters model enjoys a significant practical 
advantage, as discussed earlier, and also allows a much richer specification of the utility 
function itself. But, the question still warrants additional study. Both models are making their 
way into the applied literature.

Parameter Multinomial Probit Random Parameters

aair 1.799 (1.705) 4.393 (1.698)
sair 4.638 (2.251) 4.267 (2.224) [4.455]a

atrain 4.347 (1.789) 5.649 (1.383
strain 1.877 (1.222) 1.097 (1.388) [1.688]a

abus 3.652 (1.421) 4.587 (1.260)
sbus 1.000b 0.677 (0.958) [1.450 ]a

acar 0.000b 0.000b

scar 1.000b 0.000b [1.283]a

bG -0.035 (0.134) -0.036 (0.014)
bT -0.081 (0.039) -0.118 (0.022)
gH 0.056 (0.038) 0.047 (0.035)
rAT 0.507 (0.491) -0.707 (1.268)c

rAB 0.457 (0.853) -0.696 (1.619)c

rBT 0.653 (0.346) -0.014 (2.923)c

rAC 0.000b 0.000b

rBC 0.000b 0.000b

rTC 0.000b 0.000b

ln L -196.927 -195.646

a Computed as the square root of (p2/6 + sj
2).

b Restricted to this fixed value. 
c Computed using the delta method.

TABLE 18.9 Parameter Estimates for Normal-Based Multinomial Choice Models
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18.2.6  MODELING HETEROGENEITY

Much of the recent development of choice models has been directed toward 
accommodating individual heterogeneity. We will consider a few of these, including the 
mixed logit, which has attracted most of the focus of recent research. the mixed logit 
model is the extension of the random parameters framework of sections 15.6–15.10 to 
multinomial choice models. We will also examine the latent class Mnl model.

18.2.6.a  The Mixed Logit Model 
the random parameters logit model (RPL) is also called the mixed logit model. [see 
Revelt and train (1996); Bhat (1996); Berry, levinsohn, and Pakes (1995); Jain, vilcassim, 
and Chintagunta (1994); hensher and Greene (2010a); and hensher, Rose and Greene 
(2015).] train’s (2009) formulation of the RPl model (which encompasses the others) 
is a modification of the Mnl model. the model is a random coefficients formulation. 
the change to the basic Mnl model is the parameter specification in the distribution 
of the parameters across individuals, i,

 bik = bk + zi
=Uk + skuik, (18-13)

where uik, k = 1, c, K, is multivariate normally distributed with correlation matrix 
R, sk is the standard deviation of the kth distribution, bk + zi

=Uk is the mean of the 
distribution, and zi is a vector of person-specific characteristics (such as age and income) 
that do not vary across choices. this formulation contains all the earlier models. For 
example, if Uk = 0 for all the coefficients and sk = 0 for all the coefficients except for 
choice-specific constants, then the original Mnl model with a normal-logistic mixture 
for the random part of the Mnl model arises (hence the name). (Most of the received 
applications have Uk = 0 – that is, homogeneous means of the random parameters.

the model is estimated by simulating the log-likelihood function rather than 
direct integration to compute the probabilities, which would be infeasible because the 
mixture distribution composed of the original eij and the random part of the coefficient 
is unknown. For any individual,

Prob[choice j � ui] = Mnl probability �bi(ui),

with all restrictions imposed on the coefficients. the appropriate probability is

Eu[Prob(choice j � u)] = Lu1, c,uk

 Prob[choice j � u]f(u)du,

which can be estimated by simulation, using

est. Eu[Prob(choice j � u)] =
1
R a

R

r = 1
Prob[choice j �Bi(uir)],

where uir is the rth of R draws for observation i. (there are nkR draws in total. the draws 
for observation i must be the same from one computation to the next, which can be 
accomplished by assigning to each individual his or her own seed for the random number 
generator and restarting it each time the probability is to be computed.) By this method, 
the log likelihood and its derivatives with respect to (bk, Uk, sk), k = 1, c, K and R 
are simulated to find the values that maximize the simulated log likelihood.

the mixed model enjoys two considerable advantages not available in any of the 
other forms suggested. in a panel data or repeated-choices setting (see section 18.2.8), 

M18_GREE1366_08_SE_C18.indd   845 2/24/17   8:33 PM



846 PART IV  ✦   Cross Sections, Panel Data, and Microeconometrics

one can formulate a random effects model simply by making the variation in the 
coefficients time invariant. thus, the model is changed to

 Uijt = xijt
= Bi + eijt, i = 1, c, n, j = 1, c, J, t = 1, c, T,

 bi,k = bk + zi
=Uk + skui,k.

habit persistence is carried by the time-invariant random effect, uik. if only the constant 
terms vary and they are assumed to be uncorrelated, then this is logically equivalent to 
the familiar random effects model. But much greater generality can be achieved by 
allowing the other coefficients to vary randomly across individuals and by allowing 
correlation of these effects.12 a second degree of flexibility is in (18-13). the random 
components, ui, are not restricted to normality. other distributions that can be simulated 
will be appropriate when the range of parameter variation consistent with consumer 
behavior must be restricted, for example to narrow ranges or to positive values (such as 
based on the lognormal distribution). We will make use of both of these features in the 
application in example 18.8.

18.2.6.b  A Generalized Mixed Logit Model 
the development of functional forms for multinomial choice models begins with the 
conditional (now usually called the multinomial) logit model that we considered in section 
18.2.3. subsequent proposals including the multinomial probit and nested logit models (and 
a wide range of variations on these themes) were motivated by a desire to extend the model 
beyond the iia assumptions. these were achieved by allowing correlation across the utility 
functions or heteroscedasticity such as that in the heteroscedastic extreme value model 
in (18-10). that issue has been settled in the current generation of multinomial choice 
models, culminating with the mixed logit model that appears to provide all the flexibility 
needed to depart from the iia assumptions. [see McFadden and train (2000) for a strong 
endorsement of this idea.]

Recent research in choice modeling has focused on enriching the models to 
accommodate individual heterogeneity in the choice specification. to a degree, 
including observable characteristics, such as household income, serves this purpose. 
in this case, the observed heterogeneity enters the deterministic part of the utility 
functions. the heteroscedastic hev model shown in (18-10) moves the observable 
heterogeneity to the scaling of the utility function instead of the mean. the mixed logit 
model in (18-13) accommodates both observed and unobserved heterogeneity in the 
preference parameters. a recent thread of research including Keane (2006), Feibig, 
et al. (2009), and Greene and hensher (2010a) has considered functional forms that 
accommodate individual heterogeneity in both taste parameters (marginal utilities) and 
overall scaling of the preference structure. Feibig et al.’s generalized mixed logit model is

 Ui,j = xij
=Bi + eij,

 Bi = siB + [g + si(1 - g)]ui

 si = exp[s + twi],

where 0 … g … 1 and wi is an additional source of unobserved random variation in 
preferences along with ui. in this formulation, the weighting parameter, g, distributes the 

12a stated choice experiment in which consumers make several choices in sequence about automobile features 
appears in hensher, Rose, and Greene (2015).
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individual heterogeneity in the preference weights, ui, and the overall scaling parameter, 
si. heterogeneity across individuals in the overall scaling of preference structures is 
introduced by a nonzero t while s is chosen so that Ew[si] = 1. Greene and hensher 
(2010a) proposed including the observable heterogeneity already in the mixed logit 
model, and adding it to the scaling parameter as well. also allowing the random 
parameters to be correlated (via the nonzero elements in �) produces a multilayered 
form of the generalized mixed logit model,

 Bi = si[B + �zi] + [g + si(1 - g)]�ui

 si = exp[s + D′hi + twi].

ongoing research has continued to produce refinements that can accommodate realistic 
forms of individual heterogeneity in the basic multinomial logit framework.

Example 18.4  Using Mixed Logit to Evaluate a Rebate Program
In 2005, Australia led OECD countries and most of the world in per capita greenhouse gas 
emissions. Among the many federal and state programs aimed at promoting energy efficiency 
was a water heater rebate program for the New South Wales residential sector. Wasi and 
Carson (2013) sought to evaluate the impact of the program on Sydney area homeowners’ 
demand for efficient water heaters. The study assessed the effect of the rebate program in 
shifting existing stocks of electric (primarily coal generated) heaters toward more climate-
friendly technologies. Two studies were undertaken: a “revealed preference” (RP) analysis 
of choices made by recent purchasers of new water heaters and a “stated preference” (SP) 
study of households that had not replaced their water heaters in the past ten years (and were 
likely to be in the market in the near future). Broad conclusions drawn from the study included:

Our results suggest that households who do not have access to natural gas are more 
responsive to the rebate program.Without incentive, these households are more likely to 
replace their electric heater with another electric heater. For those with access to natural 
gas, many of them would have chosen to replace their electric heater with a gas heater 
even if the rebate programs had not been in place. These findings are consistent in both 
ex-post and ex-ante evaluation. From actual purchase data, we also find that the rebate 
programs appear to work largely on households that deliberately set out to replace their 
water heater rather than on households that replaced their water heater on an emergency/
urgent basis. (p. 646.)

Data for the study were obtained through a web-based panel by a major survey research firm. 
A total of 3,322 respondents out of 9,400 invitees were interested in participating. Access to 
natural gas is a key determinant of the technology choices that households make. The RP 
(ex-post) sample included 408 with gas access and 504 without; the SP (ex-ante) sample 
included 547 with access and 354 without.

Modeling the RP respondents was complicated by the fact that many did not remember 
the available choice set or could not accurately provide data for the installation cost and 
running cost. The authors opted for a difference in differences approach based on a simple 
logit model, as shown in Table 18.10 (which is extracted from their Table 3).13 (Results are 
based on a binary logit model for households with no gas access and trinomial logit for those 
with gas access.)

The SP choice model was based on a mixed logit framework: Attributes of the choices 
included setup cost net of the rebate, running cost, and a dummy variable for a mail-in rebate. 

13Wasi and Carson (2013).
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The choice experiment included 16 repetitions. The choice set for new installations included 
electric, gas storage, gas instantaneous, solar, and heat pump. A variety of models were 
considered: multinomial logit (MNL), mixed logit (MXL), generalized mixed logit (GMXL), latent 
class logit (LCM), and a mixture of two normals (MM), which is a latent class model in which 
each class is defined by a mixed logit model. Based on the BIC values, it was determined 
that the GMXL and MM models were preferred. Some of the results are shown in Table 18.11, 
which is extracted from their Table 6.

Column 1 of Table 18.11 reports the estimates from the MNL model for the gas access 
sample.14 The two cost variables have negative coefficients as expected. The coefficient of 

14ibid.

Estimated SP Choice Models

MNL GMNL MM-MNL

Class 1 Class 2

Mean stddev Mean stddev Mean stddev
Cost after 
rebate/10000

-8.62** -27.13** 12.53** -27.3** 14.66** -16.93** 12.9**

1 if mail-in rebate 0.002 0.01 0.61** 0.01 0.07 -0.28 1.33**
annual running 
cost/1000

-3.99** -17.66** 9.21** -22.02** 15.42** -9.35** 6.94**

Class probability 0.66** 0.34**
t 0.75**
g -0.81

**,* = statistically significant at 1%, 5%, respectively.

TABLE 18.11 Results from Table 14

Estimated Policy Effects on Probability of Switching from Electric for Households with Gas 
Access

Probability of switching to Before Policy after Policy Change in shares
  Electric 0.28** 0.19** -0.09
  Gas 0.69** 0.55** -0.14**
  Solar/Heat Pump 0.03** 0.26** 0.23**
Probability of switching to Before Policy 2004-2005 2006-sep 2007 Change in shares
  Electric 0.39** 0.22** -0.17*
  Gas 0.61** 0.74** 0.13
  Solar/Heat Pump 0.00 0.04* 0.04*
effects of Policy on Probability of 
switching to

difference of Changes in shares

  Electric 0.08
  Gas -0.27**
  Solar/Heat Pump 0.19**

**,* = statistically significant at 1%, 5%, respectively.

TABLE 18.10 Results from Table 6
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the rebate dummy is positive but not statistically different from zero. The coefficient is large 
and negative in one of the two classes, suggesting that in this segment, there is substantial 
disutility attached to filing for the rebate. The average WTP for $1 saved annually 
is -3.99 * 10/-8.62 = 4.62. Assuming the durability of 15 years, this implies a discount rate 
of 20%. Column 2 presents the result from the GMNL (generalized mixed logit) model using 
the full covariance matrix version. The average WTP for $1 saved annually from this model is 
$6.55, implying a discount rate of 12.8%. Policy evaluations were carried out by simulating 
the market shares of the different water heater technologies and evaluating the implied impacts 
on emissions. For households with gas access, the share of electric and gas heaters would 
reduce by 8% and 11%, respectively. The share of solar/heat pump would increase by 19%. 
Households with no access to natural gas, while still possessing more electric heaters, are 
more responsive to the rebate policy (38% reduction in the share of electric heaters). The final 
step is the evaluation of the cost of the rebate for emission reduction. It was determined that 
the average costs of carbon reduction from the SP data are $254/ton using a gas access 
sample and $105/ton from a sample with no access to natural gas. These values were 
significantly higher than U.S results ($47/ton) but similar to other results from Mexico. Notably, 
they are much larger than provided for by the NSW climate change fund ($26/ton).

18.2.6.c  Latent Classes 
We examined the latent class model in sections 14.15 and 17.7.6. the framework has been 
used in a number of choice experiments to model heterogeneity semiparametrically. the 
base framework is

 Prob(choiceit = j � Xit, class = c) =
exp(xijt

= Bc)

Σm = 1
J  exp(ximt

= Bc)
,

 Prob(class = c)    = pc, c = 1, c, C.

the latent class model can usefully be cast as a random parameters specification in 
which the support of the parameter space is a finite set of points. By this hierarchical 
structure, the parameter vector, B, has a discrete distribution, such that

Prob(Bi = Bc) = pc, 0 … pc … 1, Σcpc = 1.

the unconditional choice probability is

Prob(choiceit = j � Xit) = a
C

c = 1
 pc 

exp(x=
ijtbc)

Σm = 1
J  exp(ximt

= bc)
.

Wasi and Carson (2013), in example 18.4, settled on a latent class specification in 
which each class defined a mixed logit model. (in Wasi and Carson’s specification, 
Bi�c ∼ n[Bc, �c].)

Example 18.5  Latent Class Analysis of the Demand for Green Energy
Ndebele and Marsh (2014) examined preferences for Green Energy among electricity 
consumers in New Zealand. The study was motivated by a New Zealand study by the 
Electricity Commission (2008) that reported that nearly 50% of respondents indicated 
that they would consider the environment when choosing an electricity retailer whilst 17% 
indicated they would “very seriously” consider switching to a retailer which promotes itself 
for using renewable resources.

Ndebele and Marsh used a latent class choice modeling framework in which the integration 
of Environmental Attitude (EA) with stated choices is either direct via the utility function as 
interactions with the attribute levels of alternatives or as a variable in the class membership 

M18_GREE1366_08_SE_C18.indd   849 2/24/17   8:33 PM



850 PART IV  ✦   Cross Sections, Panel Data, and Microeconometrics

probability model. They identified three latent classes with different preferences for the 
attributes of electricity suppliers. A typical respondent with a high New Ecological Paradigm 
(NEP) scale score is willing to pay on average $12.80 more per month on his or her power bill 
to secure a 10% increase in electricity generated from renewable energy sources compared 
to respondents with low NEP scores.

An online survey questionnaire was developed to collect the data required for this research. 
The first part of the survey questionnaire elicited socio-demographic and EA. EA was 
measured using the 15 items of the NEP scale. The NEP scale is a measure of environmental 
attitude.15 The NEP scale is a five-point Likert-type scale consisting of 15 items or statements 
about the human-environment relationship. The design for the SP experiment is shown in 
Table 18.12, which is extracted from their Table 2.16

An online survey was administered by a market research company in January 2014 to 
a sample of 224 New Zealand residential electricity bill payers. Stratification was based 
on age group, gender, and income group. The NEP scores were obtained through online 
interview. As part of the debriefing, respondents were asked to state the attributes they 
ignored in choosing their preferred supplier. Attitudinal questions also included questions 
measuring awareness of the consequences (AC) of switching to a supplier that generates 
most of its electricity from renewables and how far they felt personally responsible—that is, 
ascription of responsibility (AR)—for reducing CO2 emissions by switching to a supplier that 
generates electricity from renewable energy sources. The authors report that “[t]o account for 
attribute non-attendance in model estimation we coded our data to reflect stated serial non-
attendance to specific attributes.” Attribute nonattendance is examined in Section 18.2.6d 
and Example 18.6.

Estimated models are shown in Table 18.13, which is extracted from their Table 13. 
Based on the MNL model, consumers with moderate NEP scale scores are willing to pay 
($10 * 0.0066/0.0255) ≈ $2.60 more per month to secure a 10% increase in electricity 
generated from renewable sources compared to consumers with a low NEP scale 
score or low EA. Consumers with strong EA (high NEP scale score) are willing to pay 
($10 * 0.0105/0.0255) ≈ $4.10 more per month to secure a 10% increase in electricity 
generated from renewables compared with customers with low EA. A supplier that is offering a 
10% higher prompt payment discount may charge $3.80 more per month than other suppliers 
ceteris paribus and still retain its customers.

15see (dunlap (2008) and hawcroft and Milfont (2010).
16From ndebele and Marsh (2014).

Attribute Description

Time = average wait time for customer service calls (minutes)
Fixed = amount of time prices are guaranteed (months)
Discount = Percent discount for paying bills on time
Rewards = Presence of a loyalty program (yes/no)
Renewable = Proportion of electricity generated by green technologies
Ownership = Proportion of supplier new Zealand owned
Supplier Type = new or well known company (yes/no)
Bill = average monthly bill

TABLE 18.12 Experimental Design: Attributes in Stated Choice Experiment
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Selected Estimates of MNL and Latent Class Model Parameters

Variables MNL Latent Class

Class 1 Class 2 Class 3
ASCQC 0.5766*** 0.5213*** 0.0953 3.2544***
Time (Minutes) -0.0430*** -0.0378*** -0.0340*** -0.0420
Fixed Term (Months) 0.0046** 0.0057 0.0103** -0.0033
Discount 0.0096*** 0.0054 0.0157*** 0.0516***
Loyalty Rewards 0.3691*** 0.2698* 0.3607*** 0.4891
%Renewable 0.0031 0.0019 0.0079 -0.0042
MNEP * Renewable 0.0066** 0.0075 0.0056 0.0230*
SNEP * Renewable 0.0105*** 0.0145* 0.0099** -0.0003
%NZ Ownership 0.0082*** 0.0135*** 0.0122*** 0.0057
Monthly Power Bill -0.0255*** -0.0572*** -0.0139*** -0.0147***
Class Probability 0.5374*** 0.3479*** 0.1147***
Log Likelihood -2153.4 -1748.41

*,**, *** significant at 0.10, 0.05, 0.01, respectively.

TABLE 18.13 Estimated Models

18.2.6.d  Attribute Nonattendance 
in the choice model,

Uijt = aj + b1xijt,1 + b2xijt,2 + c + eijt,

and the familiar multinomial logit probability, the presence of a nonzero part worth (b) 
on attribute k suggests a nonzero marginal utility (or disutility) of that attribute for 
individual i. one possible misspecification of the model would be an assumption of 
homogeneous attendance. in a given population, one form of heterogeneity might be 
attribute nonattendance for some (or all) of the attributes.17 Attribute nonattendance 
(ana) can represent a rational result of zero marginal utility or it can result from a 
deliberate strategy to simplify the choice process. these outcomes might be directly 
observable in a choice experiment in which respondents are specifically queried about 
them. in example 18.5, we noted that ndebele and Marsh solicited this information in the 
debriefing interview. nonattendance might only be indirectly observable by behavior that 
seems to suggest its presence. Consider, for example, a stated choice experiment in which 
large variation in an attribute such as price appears not to induce switching behavior.

attribute nonattendance represents a form of individual heterogeneity. Consider 
the utility function suggested above, which suggests full attendance of both attributes. in 
a heterogeneous population, there could be (at least) four types of individuals

 (type 1, 2) Uijt = aj + b1xijt,1 + b2xijt,2 + c + eijt,

 (type 0, 2) Uijt = aj + 0   + b2xijt,2 + c + eijt,

 (type 1, 0) Uijt = aj + b1xijt,1 +  0 + c + eijt,

 (type 0, 0) Uijt = aj + 0  +  0 + c + eijt.

17see, for example, alemu et al. (2013), hensher, Rose, and Greene (2005, 2012), hensher and Greene (2010), 
hess and hensher (2012), hole (2011), and scarpa, thiene, and hensher (2010). the first of these is an extensive 
survey of the subject.
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if the partitioning of the population is observed—ndebele and Marsh note “we coded 
our data to reflect stated serial non-attendance to specific attributes”—then the 
appropriate estimation strategy is to impose the implied zero constraints on B selectively, 
observation by observation. the indicator of which attributes are nonttended by each 
individual, dType, becomes part of the “coding” of the data. the log likelihood to be 
maximized would be

ln L(B) = a
n

i = 1
Jdi,Type1,2 ln Li¢b1

b2
≤ + di,Type0,2 ln Li¢ 0

b2
≤ + di,Type1,0 ln Li¢b1

0
≤

+ di,Type0,0 ln Li¢0
0
≤ R .

(only one of the indicators, di,Type, equals one.)
one framework for analyzing attribute nonattendance when it is only indirectly 

observed is a form of latent class model. if the analyst has not directly observed the 
types, then this suggests a latent class approach to modeling attribute nonattendance. in 
the model above, this case is simply a missing data application. since dType is unobserved, 
it is replaced in the log likelihood with the probabilities, ptype (which are to be estimated 
as well) and the model becomes a familiar latent class model,

ln L(B, P) = a
n

i = 1
JpType1,2 ln Li¢b1

b2
≤ + pType0,2 ln Li¢ 0

b2
≤ + pType1,0 ln Li¢b1

0
≤

+ pType0,0 ln Li¢0
0
≤ R .

For the example above, the latent class structure would have four classes. For reasons 
apparent in the listing above, hensher and Greene (2010) label this the “2K model.” note 
that the implied latent class model has two types of restrictions. there is only a single 
parameter vector in the model — there are cross-class restrictions on the parameters — 
and there are fixed zeros at different positions in the parameter vector.18 We will examine 
an application in example 18.6.

Example 18.6  Malaria Control During Pregnancy
Lagarde (2013) used the 2K approach to model attribute nonattendance in a choice 
experiment about adoption of guidelines for malaria control during pregnancy. The discrete 
choice experiment was administered to health care providers in Ghana to evaluate their 
potential resistance to changes in clinical guidelines. The choice task involved whether or 
not to accept a new set of clinical guidelines. Results showed that less than 3% of the 
respondents considered all six attributes when choosing between the two hypothetical 
scenarios proposed, with a majority looking at only one or two attributes. Accounting for 
ANA strategies affected the magnitude of some of the coefficients and willingness-to-pay 
estimates.

Guidelines involved six attributes, hence 64 combinations of attendance: The attributes were

1. Approach: preventive or curative,
2. Antimalarial drugs: SP (Fansidar) or SS-AQ Artesunate-amodiaquine,
3. Prevalence of anemia for mothers treated with protocol: 1% or 15%,

18a natural extension would be to relax the restriction of equal coefficients across the classes. this is testable.

M18_GREE1366_08_SE_C18.indd   852 2/24/17   8:33 PM



 CHAPTER 18 ✦ Multinomial Choices and Event Counts 853

4. Prevalence of low birth weight among infants of mothers treated: 10% or 15%,
5. Staffing level for the SN clinic: Under-staffed or adequately staffed,
6. Salary supplement included in the protocol: GH. C10, GH. C20.

The author devised a stepwise simplification in the estimation strategy to allow analysis of 
the excessively large number of classes (64) in the base case model. Accounting for ANA 
produced fairly large changes in model estimates and estimates of WTP. For examples the 
estimated coefficients on Anemia Risk and Treatment changed from -0.127 (0.086) to -0.214 
(0.016) and from -0.096 (0.077) to -1.840 (0.540). The main results suggested that WTP 
measures were very sensitive to the presence of ANA. The estimated WTP for the SP drug 
rose from 8.75 to 24.59 when ANA was considered.19

18.2.7  ESTIMATING WILLINGNESS TO PAY

one of the standard applications of choice models is to estimate how much consumers 
value the attributes of the choices. Recall that we are not able to observe the scale of 
the utilities in the choice model. however, we can use the marginal utility of income, 
also scaled in the same unobservable way, to effect the valuation. in principle, we could 
estimate

 WtP = (Marginal utility of attribute/s)/(Marginal utility of income/s)

 = battribute/gIncome,

where s is the unknown scaling of the utility functions. note that s cancels out of the 
ratio. in our application, for example, we might assess how much consumers would be 
willing to pay to have shorter waits at the terminal for the public modes of transportation 
by using

WtP
¿

time = -bnTIME /gn Income.

(We use the negative because additional time spent waiting at the terminal provides 
disutility, as evidenced by its coefficient’s negative sign.) in settings in which income is not 
observed, researchers often use the negative of the coefficient on a cost variable as a proxy 
for the marginal utility of income. standard errors for estimates of WtP can be computed 
using the delta method or the method of Krinsky and Robb. (see sections 4.6 and 15.3.)

in the basic multinomial logit model, the estimator of WtP is a simple ratio of 
parameters. in our estimated model in table 18.3, for example, using the household 
income coefficient as the numeraire, the estimate of WtP for a shorter wait at the 
terminal is -(-0.09612)/0.01329 = 7.23. the units of measurement must be resolved 
in this computation, since terminal time is measured in minutes while income is in 
$1,000/year. Multiplying this result by 60 minutes/hour and dividing by the equivalent 
hourly income times 8,760/1,000 gives $49.52 per hour of waiting time. to compute the 
estimated asymptotic standard error, for convenience, we first rescaled the terminal 
time to hours by dividing it by 60 and the income variable to $/hour by multiplying it by 
1,000/8,760. the resulting estimated asymptotic distribution for the estimators is¢bnTTME

gnHINC
≤ ∼ NJ ¢ -5.76749

0.11639
≤, ¢ 0.392365 0.00193095

0.00193095 0.00808177
≤ R .

19Figures from lagarde (2013) tables iv and v.
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the derivatives of WtP
¿

TIME = -bnTIME/gnHINC are -1/gnHINC for bnTTME and -WtP
¿

/gnHINC 
for gnHINC. this provides an estimator of 38.8304 for the standard error. the confidence 
interval for this parameter would be -26.55 to +125.66. this seems extremely wide. We 
will return to this issue later.

in the mixed logit model, if either of the coefficients in the computation is random, 
then the preceding simple computation above will not reveal the heterogeneity 
in the result. in many studies of WtP using mixed logit models, it is common to 
allow the utility parameter on the attribute (numerator) to be random and treat the 
numeraire (income or cost coefficient) as nonrandom. (see example 18.8.) using our 
mode choice application, we refit the model with bnTTME,i = bnTTME + snTTMEvi and all 
other coefficients nonrandom. We then used the method described in section 15.10 
to estimate the mixed logit model and e[bnTTME,i � Xi, choicei]/gnH to estimate the 
expected WtP for each individual in the sample. income and terminal time were 
scaled as before. Figure 18.1 displays a kernel estimator of the estimates of WtPi by 
this method. the density estimator reveals the heterogeneity in the population of 
this parameter.

Willingness to pay measures computed as suggested above are ultimately based 
on a ratio of two asymptotically normally distributed parameter estimators. in general, 
ratios of normally distributed random variables do not have a finite variance. this often 
becomes apparent when using the delta method, as it seems previously. a number of 
writers, notably, daly, hess, and train (2009), have documented the problem of extreme 
results of WtP computations and why they should be expected. one solution suggested, 
for example, by train and Weeks (2005), sonnier, ainsle, and otter (2007), and scarpa, 
thiene, and train (2008), is to recast the original model in willingness to pay space. in 

FIGURE 18.1  Estimated Willingness to Pay for Decreased Terminal Time.
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the multinomial logit case, this amounts to a trivial reparameterization of the model. 
using our application as an example, we would write

 Uij = aj + bGCGCi + gHINC[(bTTME/gHINC)TTMEi + (AAIRHINCi)] + eij

 = aj + bGCGCi + gHINC[lTTMETTMEi + (AAIRHINCi)] + eij.

this obviously returns the original model, though in the process, it transforms a 
linear estimation problem into a nonlinear one. But, in principle, with the model 
reparameterized in WtP space, we have sidestepped the problem noted earlier; -lnTTME 
is the estimator of WtP with no further transformation of the parameters needed. as 
noted, this will return the numerically identical results for a multinomial logit model. 
it will not return the identical results for a mixed logit model, in which we write 
lnTTME,i = lnTTME + unTTMEvTTME,i. Greene and hensher (2010b) apply this method to 
the generalized mixed logit model in section 18.2.8.

Example 18.7  Willingness to Pay for Renewable Energy
Scarpa and Willis (2010) examined the willingness to pay for renewable energy in the UK 
with a stated choice experiment. A sample of 1,279 UK households were interviewed about 
their preferences for heating systems. One analysis in the study considered answers to the 
following question:

“Please imagine that your current heating system needs replacement. I would like you to 
think about some alternative heating systems for your home. All of the following systems 
would fully replace your current system. For example, if you had a gas boiler, it would be 
taken out and replaced by the new system. The rest of your heating system, such as the 
radiators, would not need to be changed.”

This primary experiment included alternative systems such as biomass boilers and 
supplementary heat pumps with their associated attributes (with space requirements for fuel 
storage and hot water storage tanks), compared to combi-gas boilers, which deliver central 
heating and hot water on-demand without the need for hot water storage or fuel storage or 
the inconvenience associated with tending solid fuel boilers. Notably, in this experiment, the 
authors did not suggest an opt-out choice. The experiment assumed that the heating system 
had failed and needed to be replaced. A second experiment, the one discussed below, was 
based on the discretionary case, “Now I would like you to imagine that your current heating 
system is functioning completely normally, and to think about supplementing your existing 
system with an additional system.”

Respondents were asked to choose the type of heating system they would prefer between 
two alternatives, in four different scenarios. Results for multinomial logit models estimated in 
preference space and WTP space are shown in Table 18.14 in the results extracted from their 
Table 5.20 In addition to the MNL models, they estimated a nested logit model (not shown) and 
a mixed logit model in WTP space. (We will examine a stated choice experiment based on a 
mixed logit model in the next application.) Note the two MNL models produce the same log 
likelihood and related statistics. This is a result of the fact that the WTP space model is a 1:1 
transformation of the preference space model. (This is an application of the invariance principle 
in Section 14.4.5.d.) We can deduce the second model from the first. For example, the 
numeraire coefficient is the capital cost, equal to -0.3288. Thus, in the WTP space model, 
the coefficient on solar energy is 0.9312/0.3288 = 2.8316. The coefficient on energy savings 
is 0.0973/0.3288 = 0.2957 (plus some rounding error) and likewise for the other coefficients 
in the WTP space model. (This leaves a loose end. The coefficient on capital costs should 

20scarpa and Willis (2009).
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be 1.0000. The authors do not make clear where the 1.1122 comes from.) By adjusting for the 
units of measurement, the 2.3816 for solar energy translates to a value of 2381.6 GBP. The 
average installation costs for a 2 kWh solar PV unit in 2008 was 10,638 GBP, 3,904 GBP for 
a 2 kWh solar hot water unit, and 4,998 GBP for a 1 kWh micro-wind unit. The implied WTP 
values from the model in Table 5 are 2,381 GBP, 2,903 GBP and 1,288 GBP, respectively. The 
estimates from the CE data also permitted the evaluation of the relative importance consumers 
attached to capital in relation to ongoing energy savings. Consumers were WTP 2.91 { 0.30 
GBP in capital costs to reduce annual fuel bills by 1 GBP. The authors conclude that “whilst 
renewable energy adoption is significantly valued by households, this value is not sufficiently 
large, for the vast majority of households, to cover the higher capital costs of micro-generation 
energy technologies, and in relation of annual savings in energy running costs.” (p. 135)

18.2.8  PANEL DATA AND STATED CHOICE EXPERIMENTS

the counterpart to panel data in the multinomial choice context is usually the “stated 
choice experiment,” such as the study discussed in example 18.7. in a stated choice 
experiment, the analyst (typically) hypothesizes several variations on a general scenario 
and requests the respondent’s preferences among several alternatives each time. in 
example 18.8, the sampled individuals are offered a choice of four different electricity 
suppliers. each alternative supplier is a specific bundle of rate structure types, contract 
length, familiarity, and other attributes. the respondent is presented with from 8 to 12 
such scenarios, and makes a choice each time. the panel data aspect of this setup is that 
the same individual makes the choice each time. any chooser-specific feature, including 
the underlying preference, is repeated and carried across from scenario to scenario. the 
Mnl model (whether analyzed in preference or WtP space) does not explicitly account 
for the common underlying characteristics of the individual. the analogous case in the 
regression and binary choice cases we have already examined would be the pooled 
model. several modeling approaches have been used to accommodate the underlying 
individual heterogeneity in the choice model. the mixed logit model is the most common. 
note the third set of results in Figure 18.2 is based on a mixed logit model,

Estimated Multiomial Logit Models (1,241 Individuals, 7,280 observations)

MNL Preference Space MNL WTP-Space

Coefficient � t � Coefficient Std. Error

Solar electricity 0.9312 11.01 2.8316 0.2441
Solar hot water 0.9547 10.84 2.90322 0.2555
Wind turbine 0.4236 5.15 1.2882 0.2408
Capital cost/mean ln(l) -0.3288 24.13 -1.1122 0.0415
Friend -0.0698 1.31 -0.2120 0.1627
Heating engineer 0.0864 1.43 0.2626 0.1834
Both 0.1820 3.52 0.5534 0.1575
Maintenance cost -0.0303 5.08 -0.0922 0.0184
Energy savings 0.0973 5.20 0.2957 0.0590
Log likelihood -7328.88 -7328.88
Rho-square 0.08091 0.08091

TABLE 18.14 Estimated Models
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FIGURE 18.2  WTP for Time of Day Rates.
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Prob(choiceit = j � Xit) =
exp(x=

ijtBi)

Σm = 1
J  exp(ximt

= Bi)
, Bi = B + ui; i = 1, c, n; t = 1, c, Ti.

the random elements in the coefficients are analogous to random effects in the settings 
we have already examined.

18.2.8.a  The Mixed Logit Model 
Panel data in the unordered discrete choice setting typically come in the form of 
sequential choices. train (2009, Chapter 6) reports an analysis of the site choices of 258 
anglers who chose among 59 possible fishing sites for a total of 962 visits. Rossi and 
allenby (1999) modeled brand choice for a sample of shoppers who made multiple store 
trips. the mixed logit model is a framework that allows the counterpart to a random 
effects model. the random utility model would appear

Uij,,t = xij,t
= Bi + eij,t,

where conditioned on Bi, a multinomial logit model applies. the random coefficients 
carry the common effects across choice situations. For example, if the random 
coefficients include choice-specific constant terms, then the random utility model 
becomes essentially a random effects model. a modification of the model that resembles 
Mundlak’s correction for the random effects model is

Bi = B0 + �zi + �ui,

where, typically, zi would contain demographic and socioeconomic information. the 
scaling matrix, �, allows the random elements of B to be correlated; a diagonal � returns 
the more familiar case.

the stated choice experiment is similar to the repeated choice situation, with a crucial 
difference. in a stated choice survey, the respondent is asked about his or her preferences 
over a series of hypothetical choices, often including one or more that are actually available 
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and others that might not be available (yet). hensher, Rose, and Greene (2015) describe 
a survey of australian commuters who were asked about hypothetical commutation 
modes in a choice set that included the one they currently took and a variety of proposed 
alternatives. Revelt and train (2000) analyzed a stated choice experiment in which 
California electricity consumers were asked to choose among alternative hypothetical 
energy suppliers. the advantage of the stated choice experiment is that it allows the analyst 
to study choice situations over a range of variation of the attributes or a range of choices 
that might not exist within the observed, actual outcomes. thus, the original work on the 
Mnl by McFadden et al. concerned survey data on whether commuters would ride a 
(then-hypothetical) underground train system to work in the san Francisco Bay area. the 
disadvantage of stated choice data is that they are hypothetical. Particularly when they are 
mixed with revealed preference data, the researcher must assume that the same preference 
patterns govern both types of outcomes. this is likely to be a dubious assumption. one 
method of accommodating the mixture of underlying preferences is to build different 
scaling parameters into the model for the stated and revealed preference components of 
the model. Greene and hensher (2007) suggested a nested logit model that groups the 
hypothetical choices in one branch of a tree and the observed choices in another.

18.2.8.b  Random Effects and the Nested Logit Model 
the mixed logit model in a stated choice experiment setting can be restricted to produce 
a random effects model. Consider the four-choice example below. the corresponding 
formulation would be

 Ui1,t = (a1 + ui1) + xi1,t
= b + ei1,t,

 Ui2,t = (a2 + ui2) + xi2,t
= b + ei2,t,

 Ui3,t = (a3 + ui3) + xi3,t
= b + ei3,t,

 Ui4,t = xi4,t
= b + ei4,t.

this is simply a restricted version of the random parameters model in which the constant 
terms are the random parameters. this formulation also provides a way to specify the 
nested logit model by imposing a further restriction. For example, the nested logit model 
in the mode choice in example 18.3 results from an error components model,

 Ui,air =           ui,fly         + xi,air
= B + ei,air,

 Ui,train = (atrain + ui,ground) + xi,train
= B + ei,train,

 Ui,bus = (abus + ui,ground)  +  xi,bus
= B + ei,bus,

 Ui,car = (acar + ui,ground)  + xi,car
= B + ei,car.

this is the model suggested after (18-12). the implied covariance matrix for the four 
utility functions would be

Σ = DsF
2 0 0 0

0 sG
2 sG

2 r sG
2 r

0 sG
2 r sG

2 sG
2 r

0 sG
2 r sG

2 r sG
2

T .

FiMl estimates of the nested logit model from table 18.6 in example 18.3 are reported 
in table 18.15 below. We have refit the model as an error components model with the two 
components shown above. this is a model with random constant terms. the estimated 
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FIML Nested Logit Mixed Logit

Estimate Std. Error Estimate Std. Error

Air 6.04234 (1.19888) 4.65134 ( 1.26475)
Train 5.06460 (0.66202) 5.13427 ( 0.67043)
Bus 4.09632 (0.61516) 4.15790 ( 0.62631)
GC -0.03159 (0.00816) -0.03228 ( 0.00689)
TTME -0.11262 (0.01413) -0.11423 ( 0.01183)
HINC 0.02616 (0.01761) 0.03571 ( 0.02468)
Fly 0.58601 (0.14062) 3.24032 ( 1.71679)
Ground 0.38896 (0.12367) 0.53580 (10.65887)
ln L -193.65615 -195.72711

TABLE 18.15 Estimated Nested Logit Models

parameters in table 18.15 are similar as would be expected. the estimated standard 
deviations for the FiMl estimated model are 2.1886 and 3.2974 for Fly and Ground, 
respectively. For the random parameters model, we would calculate these using 
v = (p2/6 + sb 

2 )1/2 = 3.48 for Fly and 1.3899 for Ground. the similarity of the results 
carries over to the estimated elasticities, some of which are shown in table 18.16.

18.2.8.c  A Fixed Effects Multinomial Logit Model 
a fixed effects multinomial logit model can be formulated as

Prob(yit = j) =
exp(aij + xit,j

= B)

Σm = 1
J  exp(aim + xit,m

= B)
.

Because the probabilities are based on comparisons, one of the utility functions must 
be normalized at zero. We take that to be the last (Jth) alternative, so the normalized 
model is

Prob(yit = j) =
exp(aij + xit,j

= B)

1 + Σm = 1
J - 1  exp(aim + xit,m

= B)
, j = 1, c, J - 1.

We examined the binary logit model with fixed effects in section 17.7.3. the model here 
is a direct extension. the Rasch/Chamberlain method for the fixed effects logit model 
can be used, in principle, for this multinomial logit case. [Chamberlain (1980) mentions 
this possibility briefly.] however, the amount of computation involved in doing so 
increases vastly with J. Part of the complexity stems from the difficulty of constructing 

AIR TRAIN BUS CAR

NL MXL NL MXL NL MXL NL MXL

AIR -1.3772 -1.1551 0.5228 0.4358 0.5228 0.4358 0.5228 0.4358
TRAIN 0.3775 0.4906 -2.9452 -3.0467 1.1675 1.1562 1.1675 1.1562
BUS 0.1958 0.2502 0.6039 0.5982 -3.0368 -3.1223 0.6039 0.5982
CAR 0.3372 0.3879 1.1424 1.1236 1.1424 1.1236 -1.8715 -1.9564

TABLE 18.16 Elasticities with Respect to Generalized Cost
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the denominator of the conditional probability. the terms in the sum are the different 
ways that the sequence of J * T outcomes can sum to T including the constraint that 
within each block of J, the outcomes sum to one. the amount of computation is potentially 
prohibitive. For our example below, with J = 4 and T = 12, the number of terms is 
roughly 6 * 1010. the Krailo and Pike algorithm is less useful here due to the need to 
impose the constraint that only one choice be made in each period. however, there is a 
much simpler approach available based on the minimum distance principle that uses the 
same information.21 (see section 13.3.) For each of outcomes 1 to  J - 1, the choice 
between observation j and the numeraire, alternative J, produces a fixed effects binary 
logit. For each of the J - 1 outcomes, then, the Σi = 1

n Ti observations that chose either 
outcome j or outcome J can be used to fit a binary logit model to estimate B. this 
produces J - 1 estimates, Bnj, each with estimated asymptotic covariance matrix Vj. the 
minimum distance estimator of the single B would then be

Bn = JaJ - 1

j = 1
 Vj

-1 R -1

 a
J - 1

j = 1
(Vj

-1Bnj).

the estimated asymptotic covariance matrix would be the first term. each of the binary logit 
estimates and the averaging at the last step require an insignificant amount of computation.

it does remain true that, like the binary choice estimator, the post-estimation 
analysis is severely limited because the fixed effects are not actually estimated. it is not 
possible to compute probabilities and partial effects, etc.

Example 18.8  Stated Choice Experiment: Preference for Electricity Supplier
Revelt and Train (2000) studied the preferences for different prices of a sample of California 
electricity customers.22 The authors were particularly interested in individual heterogeneity and 
used a mixed logit approach. The choice experiment examines the choices among electricity 
suppliers in which a supplier is defined by a set of attributes. The choice model is based on

Uijt = b1PRICEijt + b2TODijt + b3SEASijt + b4CNTLijt + b5LOCALijt + b6KNOWNijt + eijt,

where

PRICE  = Fixed rates, cents/kwh = 7 or 9, or 0 if seasonal or time of day rates,
TOD  = Dummy for time of day rates, 11 cents 8AM-8PM, 5 cents 8PM – 8AM,
SEAS  = Dummy for seasonal rates, 10 summer, 8 winter, 6 spring and fall,
CNTL  = Fixed term contract with exit penalty, length 0, 1 year, 5 years,
LOCAL, KNOWN = Dummies for familiarity: local utility, known but not local, unknown.

Data were collected in 1997 by the Research Triangle Institute for the Electric Power Research 
Institute.23 The sample contains 361 individuals, each asked to make 12 choices from a set 
of 4 candidate firms.24 There were a total of 4,308 choice situations analyzed.

21Pforr (2011) reports results for a moderate-sized problem with 4,344 individuals, about six periods and only 
two outcomes with four attributes. using the brute force method takes over 100 seconds. the minimum distance 
estimator for the same problem takes 0.2 seconds to produce the identical results. the time advantage would be 
far greater for the four-choice model analyzed in example 18.8.
22see also train (2009, Chapter 11).
23Professor train has generously provided the data for this experiment for us (and readers) to replicate, analyze, 
and extend the models in this example.
24a handful of the 361 individuals answered fewer than 12 choice tasks: two each answered 8 or 9; one answered 
10 and eight answered 11.
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This is an unlabeled choice experiment. There is no inherent distinction between the 
firms in the choice set other than the attributes. Firm 1 in the choice set is only labeled Firm 
1 because it is first in the list. The choice situations we have examined in this chapter have 
varied in this dimension:

Example 18.2 Heating system types labeled,
Example 18.3 Travel mode labeled,
Example 18.4 Water heating type labeled,
Example 18.5 Green energy unlabeled,
Example 18.6 Malaria control guidelines unlabeled,
Example 18.7 Heating systems labeled,
Example 18.8 Electricity pricing unlabeled.

One of the main uses of choice models is to analyze substitution patterns. In Example 18.3, 
we estimated elasticities of substitution among travel modes. Unlabeled choice experiments 
generally do not provide information about substitution between alternatives. They do provide 
information about willingness to pay. That will be the focus of the study in this example. When 
the utility function is based on price, rather than income, the marginal disutility of an increase 
in price is treated as a surrogate for the marginal utility of an increase in income for purposes 
of measuring willingness to pay. In general, the interpretation of the sign of the WTP is context 
specific. In the example below, we are interested in the perceived value of time of day rates, 
measured by the TOD/PRICE coefficients. Both coefficients are negative in the MNL model. 
But the negative of the price change is the surrogate for income. We interpret the WTP of 
approximately 10 cents/kwh as the amount the customer would accept as a fixed rate if he 
or she could avoid the TOD rates. But, the LOCAL brand value of the utility is positive, so the 
positive WTP is interpreted as the extra amount the customer would be willing to pay to be 
supplied by the local utility as opposed to an unknown supplier.

Table 18.17 reports estimates of the choice models for rate structures and utility companies. 
The MNL model shows marginal valuations of contract length, time, and seasonal rates 
relative to the fixed rates and the brand value of the utility. The WTP results are shown in 
Table 18.18. The negative coefficient on Contract Length implies that the average customer 
is willing to pay a premium of (0.17 cents/kwh)/year to avoid a fixed length contract. The 
offered contracts are one and five years, so customers appear to be willing to pay up to 
0.85 cents/kwh to avoid a long-term contract. The brand value of the local utility compared 
to a new and unknown supplier is 2.3 cents/kwh. Since the average rate across the different 
scenarios is about 9 cents, this is quite a large premium. The value is somewhat less for a 
known, but not the local, utility. The coefficients on time of day and seasonal rates suggest 
the equivalent valuations of the rates compared to the fixed rate schedule. Based on the MNL 
model, the average customer would value the time of day rates as equivalent to a fixed rate 
schedule of 8.74 cents. The fixed rate offer was 7 or 9 cents/kwh, so this is on the high end.

The mixed logit model allows heterogeneity in the valuations. A normal distribution is 
used for the contract length and brand value coefficients. These allow the distributions 
to extend on both sides of zero so that, for example, some customers prefer the local 
utility while others do not. With an estimated mean of 2.16117 and standard deviation 
of 1.50097, these results suggest that (1 - Φ(2.16117/1.50097)) = 7.5% of customers 
actually prefer an unknown outside supplier to their local utility. The coefficients on TOD 
and seasonal rates have been specified to have lognormal distributions. Because they 
are assumed to be negative, the specified coefficient is -exp(b + sv). (The negative sign 
is attached to the variable and the coefficient on -TOD is then specified with a positive 
lognormal distribution.) The mean value of this coefficient in the population distribution is 
then E[bTOD] = -exp(2.11304 + 0.386512/2) = 8.915., so the average customer is roughly 
indifferent between the TOD rates and the fixed rate schedule. Figure 18.2 shows a kernel 

M18_GREE1366_08_SE_C18.indd   861 2/24/17   8:33 PM



862 PART IV  ✦   Cross Sections, Panel Data, and Microeconometrics

Contract Local Known TOD Seasonal

Multinomial logit Fixed Parameter
  estimate 0.17322 2.30675 1.59223 8.73723 9.34065
  standard error 0.02364 0.18894 0.13870 0.15126 0.15222
  lower Confidence limit 0.12689 1.93643 1.32038 8.44076 9.04230
  upper Confidence limit 0.21955 2.67707 1.86407 9.03370 9.63899
Mixed logit WtP for Rates
 lognormal

  estimated Mean = exp(b + s2/2) 8.91500 8.79116

   estimated std. dev. =
Mean * [exp(s2) - 1]1/2

3.57852 2.47396

  5% lower limit 1.90110 3.94220
  95% upper limit 15.92900 13.64012
 triangular
  estimated Mean = b 7.83937 8.19676
  estimated spread = b { s 5.90744 4.15295

  estimated std. dev. = [s2/6]1/2 2.41170 1.69543

  5% lower limit 3.11244 4.87370
  95% upper limit 12.56630 11.51981

TABLE 18.18 Estimated WTP Based on Different Models

Variable

Mixed Logitb

MNLa Mean b Std. Dev. s FEM REMc ANAd

Price -0.62523 -0.86814 0.00000 -0.38841 -0.63762 -0.54713
(0.03349) (0.02273) (0.00000) (0.02039) (0.07432) (0.03962)

Contract -0.10830 -0.21831 0.36379 -0.05586 -0.10940 -0.10937
(0.01402) (0.01659) (0.01736) (0.00682) (0.00964) (0.00862)

Time of Daye -5.46276 2.11304e 0.38651 -3.46145 -5.57917 -5.11061
(0.27815) (0.02693) (0.01847) (0.16622) (0.59680) (0.30446)

Seasonale -5.84003 2.13564e 0.27607 -3.59727 -5.95563 -5.34035
(0.27272) (0.02571) (0.01589) (0.16596) (0.61004) (0.30811)

Local 1.44224 2.16117 1.50097 0.83266 1.47522 1.44016
(0.07887) (0.08915) (0.08985) (0.04106) (0.09103) (0.05510)

Known 0.99550 1.46173 0.97705 0.47649 1.02153 0.97419
(0.06387) (0.06538) (0.07272) (0.03319) (0.07962) (0.04944)

ln L -4958.65 -3959.73 -4586.93 -4945.98 -4882.34

a Robust standard errors are clustered over individuals. Conventional standard errors for Mnl are 0.02322, 
0.00824, 0.18371, 0.18668, 0.05056, 0.04478, respectively.
b train (2009) reports point estimates (b,s) = (-0.8827,0), (-0.2125, 0.3865), (2.1328, 0.4113), (2.1577, 0.2812), 
(2.2297, 1.7514), (1.5906, 0.9621) for Price, Cntl, tod, seas, local, Known, respectively.
c estimated standard deviations in Re Model are 0.00655 (0.02245), 0.47463 (0.06049), 0.016062 (0.04259).
d Class probabilities are 0.93739, 0.06261.
e lognormal coefficient in mixed logit model is exp(b + sv).

TABLE 18.17 Estimated Choice Models for Electricity Supplier (Standard errors in parentheses)
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density estimator of the estimated population distribution of marginal valuations of the TOD 
rates. The bimodal distribution shows the sample of estimated values of E[@bTOD � choices made]. 
Train notes, if the model is properly specified and the estimates appropriate, the means of 
these two distributions should be the same. The sample mean of the estimated conditional 
means is 10.4 cents/kwh while the estimated population mean is 9.9. The estimated standard 
deviation of the population distribution is 8.915 * [exp(0.386512) - 1]1/2 = 3.578. Thus, 
about 95% of the population is estimated to value the TOD rates in the interval 9.9 + /-  7.156. 
Note that a very high valuation of the TOD rates suggests a strong aversion to TOD rates. 
The lognormal distribution tends to produce implausibly large values such as those here in 
the thick tail of the distribution. We refit the model using triangular distributions that have 
fixed widths b { s. The estimated distributions have range 7.839 { 5.907 for TOD and 
8.197 { 4.152 for Seasonal. Computation of 95% probability intervals (based on a normal 
approximation, m { 1.96s) are shown in Table 18.18.

Results are also shown for simple fixed and random effects estimates. The random effects 
results are essentially identical to the MNL results while the fixed effects results depart 
substantially from both the MNL and mixed logit results. The ANA model relates to whether, 
in spite of the earlier findings, there are customers who do not consider the brand value of 
the local utility in choosing their suppliers. The ANA model specifies two classes, one with 
full attendance and one in which coefficients on LOCAL and KNOWN are both equal to zero. 
The results suggest that 6.26% of the population ignores the brand value of the supplier in 
making their choices.

18.2.9  AGGREGATE MARKET SHARE DATA—THE BLP RANDOM PARAMETERS MODEL

the structural demand model of Berry, levinsohn, and Pakes (BlP) (1995) is an 
important application of the mixed logit model. demand models for differentiated 
products such as automobiles [BlP (1995), Goldberg (1995)], ready-to-eat cereals [nevo 
(2001)], and consumer electronics [das, olley, and Pakes (1996)], have been constructed 
using the mixed logit model with market share data.25 a basic structure is defined for

Markets, denoted t = 1, c, T,

Consumers in the markets, denoted i = 1, c, nt,

Products, denoted j = 1, c, J.

the definition of a market varies by application; BlP analyzed the u.s. national 
automobile market for 20 years; nevo examined a cross section of cities over 20 
quarters so the city-quarter is a market; das et al. defined a market as the annual sales 
to consumers in particular income levels.

For market t, we base the analysis on average prices, pjt; aggregate quantities, qjt; 
consumer incomes, yi; observed product attributes, xjt; and unobserved (by the analyst) 
product attributes, ∆jt. the indirect utility function for consumer i, for product j in 
market t is

 uijt = ai(yi - pjt) + x=
jtBi + ∆jt + eijt, (18-14)

where ai is the marginal utility of income and Bi are marginal utilities attached to specific 
observable attributes of the products. the fact that some unobservable product attributes, 
∆jt, will be reflected in the prices implies that prices will be endogenous in a demand 

25We draw heavily on nevo (2000) for this discussion.
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model that is based on only the observable attributes. heterogeneity in preferences is 
reflected (as we did earlier) in the formulation of the random parameters,

 ¢ai

Bi
≤ = ¢a

B
≤ + ¢P′

�
≤di + ¢gwi

�vi
≤, (18-15)

where di is a vector of demographics such as gender and age while a, B, P, �, g, and � are 
structural parameters to be estimated (assuming they are identified). a utility function is 
also defined for an “outside good” that is (presumably) chosen if the consumer chooses 
none of the brands, 1, . . . , J,

ui0t = aiyi + ∆0t + P0
=di + ei0t.

since there is no variation in income across the choices, ai yi will fall out of the logit 
probabilities, as we saw earlier. a normalization is used instead, ui0t = ei0t, so that 
comparisons of utilities are against the outside good. the resulting model can be 
reconstructed by inserting (18-15) into (18-14),

 uijt = aiyi + djt(xjt, pjt, ∆jt: a, B) + tijt(xjt, pjt, vi, wi: P, �, g, �) + eijt,

 djt = x=
jtB - apjt + ∆jt,

 tjt = [-pjt, x
=
jt]J ¢P′

�
≤di + ¢gwi

�vi
≤ R .

the preceding model defines the random utility model for consumer i in market t. each 
consumer is assumed to purchase the one good that maximizes utility. the market share 
of the jth product in this market is obtained by summing over the choices made by those 
consumers. With the assumption of homogeneous tastes (� = 0 and g = 0) and i.i.d., 
type i extreme value distributions for eijt, it follows that the market share of product j is

sjt =
exp(x=

jtB - apjt + ∆jt)

1 + a J
k = 1exp(xkt

= B - apkt + ∆kt)
.

the iia assumptions produce the familiar problems of peculiar and unrealistic 
substitution patterns among the goods. alternatives considered include a nested logit, a 
“generalized extreme value” model and, finally, the mixed logit model, now applied to 
the aggregate data.

estimation cannot proceed along the lines of section 18.2.7 because ∆jt is unobserved 
and pjt is, therefore, endogenous. BlP propose, instead, to use a GMM estimator, based 
on the moment equations,

E{[Sjt - sjt(xjt, pjt �a, B)]zjt} = 0,

for a suitable set of instruments. layering in the random parameters specification, we 
obtain an estimation based on method of simulated moments, rather than a maximum 
simulated log likelihood. the simulated moments would be based on

Ew,v[sjt(xjt, pjt �ai, Bi)] = Lw, v
 {sjt[xjt, pjt �ai(w), Bi(v)]}dF(w)dF(v).

M18_GREE1366_08_SE_C18.indd   864 2/24/17   8:33 PM



 CHAPTER 18 ✦ Multinomial Choices and Event Counts 865

these would be simulated using the method of section 18.2.7. the algorithm developed 
by BlP for estimation of the model is famously intricate and complicated. several 
authors have proposed faster, less complicated methods of estimation. lee and seo 
(2011) proposed a useful device that is straightforward to implement.

Example 18.9  Health Insurance Market
Tamm, Tauchmann, Wasem, and Greb (2007) analyzed the German health insurance market in 
this framework. The study was motivated by the introduction of competition into the German 
social health insurance system in 1996. The authors looked for evidence of competition in 
estimates of the price elasticities of the market shares of the firms using an extensive panel 
data set spanning 2001–2004. The starting point is a model for the market shares,

sit =
exp(B′xit + gi + eit)

aN
i = 1exp(B′xit + gi + eit)

, i = 1, c, N.

Taking logs produces

ln(sit) = B′xit + dt + gi + eit,

where dt is the log of the denominator, which is the same for all firms, and gi is an endogenous 
firm effect. Since consumers do not change their insurer every period, the model is augmented 
to account for persistence,

ln(sit) = a ln(si,t - 1) + B′xit + dt + gi + eit.

The limiting cases of a = 0 (the static case) and a = 1 (random walk) are examined in 
the study, as well as the intermediate cases. GMM estimators are formulated for the three 
cases. The preferred estimate of the premium elasticity (from their Table VII) is -1.09, with a 
confidence interval of (-1.43 to -0.75), which suggests the influence of price competition 
in this market.

18.3 RANDOM UTILITY MODELS FOR ORDERED CHOICES

the analysts at bond rating agencies such as Moody’s and standard & Poor’s provide an 
evaluation of the quality of a bond that is, in practice, a discrete listing of the continuously 
varying underlying features of the security. the rating scales are as follows:

Rating S&P Rating Moody’s Rating

highest quality aaa aaa
high quality aa aa
upper medium quality a a
Medium grade BBB Baa
somewhat speculative BB Ba
low grade, speculative B B
low grade, default possible CCC Caa
low grade, partial recovery possible CC Ca
default, recovery unlikely C C

For another example, netflix (www.netflix.com) is an internet company that, among other 
activities, streams movies to subscribers. after a subscriber streams a movie, the next time 
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he or she logs onto the Web site, he or she is invited to rate that movie on a five-point scale, 
where five is the highest, most favorable rating. the ratings of the many thousands of 
subscribers who streamed that movie are averaged to provide a recommendation to 
prospective viewers. as of april 5, 2009, the average rating of the 2007 movie National 
Treasure: Book of Secrets given by approximately 12,900 visitors to the site was 3.8. Many 
other internet sellers of products and services, such as Barnes & noble, amazon, hewlett 
Packard, and Best Buy, employ rating schemes such as this. Many recently developed 
national survey data sets, such as the British household Panel data set (BhPs) (www.iser.
essex.ac.uk/bhps), the australian hilda data (www.melbourneinstitute.com/hilda/), and 
the German socioeconomic Panel (GsoeP) (www.diw.de/en/soep), all contain questions 
that elicit self-assessed ratings of health, health satisfaction, or overall well-being. like the 
other examples listed, these survey questions are answered on a discrete scale, such as the 
0 to 10 scale of the question about health satisfaction in the GsoeP.26 Ratings such as these 
provide applications of the models and methods that interest us in this section.27

For an individual respondent, we hypothesize that there is a continuously varying 
strength of preferences that underlies the rating he or she submits. For convenience and 
consistency with what follows, we will label that strength of preference “utility,” U*. 
Continuing the netflix example, we describe utility as ranging over the entire real line,

- ∞ 6 Uim
* 6 + ∞ ,

where i indicates the individual and m indicates the movie. individuals are invited to rate 
the movie on an integer scale from 1 to 5. logically, then, the translation from underlying 
utility to a rating could be viewed as a censoring of the underlying utility,

 Rim = 1 if - ∞ 6 Uim
* … m1,

 Rim = 2 if m1    6 Uim
* … m2,

 Rim = 3 if m2    6 Uim
* … m3,

 Rim = 4 if m3    6 Uim
* … m4,

 Rim = 5 if m4    6 Uim
* 6 ∞ .

the same mapping would characterize the bond ratings, since the qualities of bonds 
that produce the ratings will vary continuously, and the self-assessed health and well-
being questions in the panel survey data sets are based on an underlying utility or 
preference structure. the crucial feature of the description thus far is that underlying 
the discrete response is a continuous range of preferences. therefore, the observed rating 
represents a censored version of the true underlying preferences. Providing a rating of 
five could be an outcome ranging from general enjoyment to wild enthusiasm. note 
that for thresholds, mj, number (J - 1), where J is the number of possible ratings (here, 
five)—J - 1 values are needed to divide the range of utility into J cells. the thresholds 
are an important element of the model; they divide the range of utility into cells that 
are then identified with the observed outcomes. importantly, the difference between 

26the original survey used a 0–10 scale for self-assessed health. it is currently based on a five-point scale.
27Greene and hensher (2010a) provide a survey of ordered choice modeling. other textbook and monograph 
treatments include deMaris (2004), long (1997), Johnson and albert (1999), and long and Freese (2006). 
introductions to the model also appear in journal articles such as Winship and Mare (1984), Becker and Kennedy 
(1992), daykin and Moffatt (2002), and Boes and Winkelmann (2006).
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FIGURE 18.3   IMDb.com Ratings.
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two levels of a rating scale (for example, one compared to two, two compared to three) 
is not the same as on a utility scale. hence, we have a strictly nonlinear transformation 
captured by the thresholds, which are estimable parameters in an ordered choice model.

the model as suggested thus far provides a crude description of the mechanism 
underlying an observed rating. any individual brings his or her own set of characteristics 
to the utility function, such as age, income, education, gender, where he or she lives, 
family situation, and so on, which we denote xi1, xi2, c, xiK. they also bring their own 
aggregates of unmeasured and unmeasurable (by the statistician) idiosyncrasies, denoted 
eim. how these features enter the utility function is uncertain, but it is conventional to 
use a linear function, which produces a familiar random utility function,

Uim
* = b0 + b1xi1 + b2xi2 + g + bKxiK + eim.

Example 18.10  Movie Ratings
The Web site www.IMDb.com invites visitors to rate movies that they have seen. This site 
uses a 10-point scale. It reported the results in Figure 18.3 for the movie National Treasure: 
Book of Secrets for 41,771 users of the site.28 The figure at the left shows the overall ratings. 
The panel at the right shows how the average rating varies across age, gender, and whether 
the rater is a U.S. viewer or not. The rating mechanism we have constructed is

 Rim = 1 if - ∞ 6 xi
=B + eim … m1,

 Rim = 2 if m1 6 xi
=B + eim … m2,

g
 Rim = 9 if m8 6 xi

=B + eim … m9,

 Rim = 10 if m9 6 xi
=B + eim 6 ∞ .

28the data are as of december 1, 2008. a rating for the same movie as of august 1, 2016 at www.imdb.com/title/
tt0465234/ratings?ref_=tt_ov_rt shows essentially the same pattern for 182,780 viewers.
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Relying on a central limit theorem to aggregate the innumerable small influences that add up 
to the individual idiosyncrasies and movie attraction, we assume that the random component, 
eim, is normally distributed with zero mean and (for now) constant variance. The assumption 
of normality will allow us to attach probabilities to the ratings. In particular, arguably the most 
interesting one is

Prob(Rim = 10 � xi) = Prob[eim 7 m9 - xi
=B].

The structure provides the framework for an econometric model of how individuals rate 
movies (that they stream from Netflix). The resemblance of this model to familiar models of 
binary choice is more than superficial. For example, one might translate this econometric 
model directly into a simple probit model by focusing on the variable

 Eim = 1 if Rim = 10

 Eim = 0 if Rim 6 10.

Thus, the model is an extension of a binary choice model to a setting of more than two 
choices. But the crucial feature of the model is the ordered nature of the observed outcomes 
and the correspondingly ordered nature of the underlying preference scale.

the model described here is an ordered choice model. (the use of the normal 
distribution for the random term makes it an ordered probit model.) ordered choice 
models are appropriate for a wide variety of settings in the social and biological 
sciences. the essential ingredient is the mapping from an underlying, naturally ordered 
preference scale to a discrete ordered observed outcome, such as the rating scheme 
just described. the model of ordered choice pioneered by aitcheson and silvey (1957), 
snell (1964), and Walker and duncan (1967) and articulated in its modern form by 
Zavoina and Mcelvey (1975) has become a widely used tool in many fields. the number 
of applications in the current literature is large and increasing rapidly, including:

●● Bond ratings [terza (1985a)],
●● Congressional voting on a Medicare bill [Mcelvey and Zavoina (1975)],
●● Credit ratings [Cheung (1996), Metz, and Cantor (2006)],
●● driver injury severity in car accidents [eluru, Bhat, and hensher (2008)],
●● drug reactions [Fu, Gordon, liu, dale, and Christensen (2004)],
●● education [Machin and vignoles (2005), Carneiro, hansen, and heckman (2003), 

Cunha, heckman, and navarro (2007)],
●● Financial failure of firms [hensher and Jones (2007)],
●● happiness [Winkelmann (2005), Zigante (2007)],
●● health status [Jones, Koolman, and Rice (2003)],
●● Job skill rating [Marcus and Greene (1985)],
●● life satisfaction [Clark, Georgellis, and sanfey (2001), Groot and ven den Brink 

(2003), Winkelmann (2002)],
●● Monetary policy [eichengreen, Watson, and Grossman (1985)],
●● nursing labor supply [Brewer, Kovner, Greene, and Cheng (2008)],
●● obesity [Greene, harris, hollingsworth, and Maitra (2008)],
●● Political efficacy [King, Murray, salomon, and tandon (2004)],
●● Pollution [Wang and Kockelman (2009)],
●● Promotion and rank in nursing [Pudney and shields (2000)],
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●● stock price movements [tsay (2005)],
●● tobacco use [harris and Zhao (2007), Kasteridis, Munkin, and Yen (2008)], and
●● Work disability [Kapteyn et al. (2007)].

18.3.1  THE ORDERED PROBIT MODEL

the ordered probit model is built around a latent regression in the same manner as the 
binomial probit model. We begin with

y* = x′B + e.

as usual, y* is unobserved. What we do observe is

 y = 0 if y* … 0

 = 1 if 0 6 y* … m1

 = 2 if m1 6 y* … m2

 f
 = J if mJ - 1 … y*,

which is a form of censoring. the m’s are unknown parameters to be estimated with B.
We assume that e is normally distributed across observations.29 For the same reasons 

as in the binomial probit model (which is the special case with J = 1), we normalize the 
mean and variance of e to zero and one. We then have the following probabilities:

 Prob(y = 0 � x) = Φ(-x′B),

 Prob(y = 1 � x) = Φ(m1 - x′B) - Φ(-x′B),

 Prob(y = 2 � x) = Φ(m2 - x′B) - Φ(m1 - x′B),
f

 Prob(y = J � x) = 1 - Φ(mJ - 1 - x′B).

For all the probabilities to be positive, we must have

0 6 m1 6 m2 6 g 6 mJ - 1.

Figure 18.4 shows the implications of the structure. this is an extension of the univariate 
probit model we examined in Chapter 17. the log-likelihood function and its derivatives 
can be obtained readily, and optimization can be done by the usual means.

as usual, the partial effects of the regressors x on the probabilities are not equal 
to the coefficients. it is helpful to consider a simple example. suppose there are three 
categories. the model thus has only one unknown threshold parameter. the three 
probabilities are

 Prob(y = 0 � x) = 1 - Φ(x′B),

 Prob(y = 1 � x) = Φ(m - x′B) - Φ(-x′B),

 Prob(y = 2 � x) = 1 - Φ(m - x′B).

29other distributions, particularly the logistic, could be used just as easily. We assume the normal purely for 
convenience. the logistic and normal distributions generally give similar results in practice.

M18_GREE1366_08_SE_C18.indd   869 2/24/17   8:33 PM



870 PART IV  ✦   Cross Sections, Panel Data, and Microeconometrics

For the three probabilities, the partial effects of changes in the regressors are

0 Prob(y = 0 � x)

0x
= -f(x′B)B,

0 Prob(y = 1 � x)

0x
= [f(-x′B) - f(m - x′B)]B,

0 Prob(y = 2 � x)

0x
= f(m - x′B)B.

Figure 18.5 illustrates the effect. the probability distributions of y and y* are shown in 
the solid curve. increasing one of the x’s while holding B and m constant is equivalent 
to shifting the distribution slightly to the right, which is shown as the dashed curve. the 
effect of the shift is unambiguously to shift some mass out of the leftmost cell. assuming 
that B is positive (for this x), Prob(y = 0 � x) must decline. alternatively, from the 
previous expression, it is obvious that the derivative of Prob(y = 0 � x) has the opposite 
sign from B. By a similar logic, the change in Prob(y = 2 � x) [or Prob(y = J � x) in the 
general case] must have the same sign as B. assuming that the particular B is positive, we 
are shifting some probability into the rightmost cell. But what happens to the middle cell 
is ambiguous. it depends on the two densities. in the general case, relative to the signs of 
the coefficients, only the signs of the changes in Prob(y = 0 � x) and Prob(y = J � x) are 
unambiguous! the upshot is that we must be very careful in interpreting the coefficients 
in this model. indeed, without a fair amount of extra calculation, it is quite unclear how 
the coefficients in the ordered probit model should be interpreted.

Example 18.11  Rating Assignments
Marcus and Greene (1985) estimated an ordered probit model for the job assignments of new 
Navy recruits. The Navy attempts to direct recruits into job classifications in which they will be 

FIGURE 18.4  Probabilities in the Ordered Probit Model.
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FIGURE 18.5  Effects of Change in x on Predicted Probabilities.
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Variable Estimate t Ratio Mean of Variable

Constant -4.34 — —
ENSPA 0.057 1.7 0.66
EDMA 0.007 0.8 12.1
AFQT 0.039 39.9 71.2
EDYRS 0.190 8.7 12.1
MARR -0.48 -9.0 0.08
AGEAT 0.0015 0.1 18.8
m 1.79 80.8 —

TABLE 18.19 Estimated Rating Assignment Equation

most productive. The broad classifications the authors analyzed were technical jobs with three 
clearly ranked skill ratings: “medium skilled,” “highly skilled,” and “nuclear qualified/highly 
skilled.” Because the assignment is partly based on the Navy’s own assessment and needs 
and partly on factors specific to the individual, an ordered probit model was used with the 
following determinants: (1) ENSPE = a dummy variable indicating that the individual entered 
the Navy with an “A school” (technical training) guarantee; (2) EDMA = educational level of the 
entrant’s mother; (3) AFQT = score on the Armed Forces Qualifying Test; (4) EDYR = years 
of education completed by the trainee; (5) MARR = a dummy variable indicating that the 
individual was married at the time of enlistment; and (6) AGEAT = trainee’s age at the time 
of enlistment. (The data used in this study are not available for distribution.) The sample size 
was 5,641. The results are reported in Table 18.19. The extremely large t ratio on the AFQT 
score is to be expected, as it is a primary sorting device used to assign job classifications.

To obtain the marginal effects of the continuous variables, we require the standard normal 
density evaluated at -x′Bn = -0.8479 and mn - x′Bn = 0.9421. The predicted probabilities are 
Φ(-0.8479) = 0.198, Φ(0.9421) - Φ(-0.8479) = 0.628, and 1 - Φ(0.9421) = 0.174. (The 
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actual frequencies were 0.25, 0.52, and 0.23.) The two densities are f(-0.8479) = 0.278 
and f(0.9421) = 0.255. Therefore, the derivatives of the three probabilities with respect to 
AFQT, for example, are

 
0P0

0AFQT
= (-0.278)0.039 = -0.01084,

 
0P1

0AFQT
= (0.278 - 0.255)0.039 = 0.0009,

 
0P2

0AFQT
= 0.255(0.039) = 0.00995.

Note that the marginal effects sum to zero, which follows from the requirement that the 
probabilities add to one. This approach is not appropriate for evaluating the effect of a dummy 
variable. We can analyze a dummy variable by comparing the probabilities that result when 
the variable takes its two different values with those that occur with the other variables held 
at their sample means. For example, for the MARR variable, we have the results given in 
Table 18.20.

18.3.2.a  SPECIFICATION TEST FOR THE ORDERED CHOICE MODEL

the basic formulation of the ordered choice model implies that for constructed binary 
variables,

 wij = 1 if yi … j, 0 otherwise, j = 1, 2, c, J - 1, (18-16)

Prob(wij = 1 � xi) = F(xi
=B - mj).

the first of these, when j = 1, is the binary choice model of section 17.2. one implication 
is that we could estimate the slopes, but not the threshold parameters, in the ordered 
choice model just by using wi1 and xi in a binary probit or logit model. (note that this 
result also implies the validity of combining adjacent cells in the ordered choice model.) 
But (18-16) also defines a set of J - 1 binary choice models with different constants but 
common slope vector, B. this equality of the parameter vectors in (18-16) has been 
labeled the parallel regression assumption. although it is merely an implication of the 
model specification, this has been viewed as an implicit restriction on the model.30 Brant 
(1990) suggests a test of the parallel regressions assumption based on (18-16). one can, 
in principle, fit J - 1 such binary choice models separately. each will produce its own 
constant term and a consistent estimator of the common B. Brant’s Wald test examines 
the linear restrictions B1 = B2 = g = BJ - 1, or H0: Bq - B1 = 0, q = 2, c, J - 1. 
the Wald statistic will be

30 see, for example, long (1997, p. 141).

-Bn ′x Mn - Bn ′x Prob[y = 0] Prob[y = 1] Prob[y = 2]

MARR = 0 -0.8863 0.9037 0.187 0.629 0.184
MARR = 1 -0.4063 1.3837 0.342 0.574 0.084
Change 0.155 -0.055 -0.100

TABLE 18.20 Partial Effect of a Binary Variable
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x2[(J - 2)K] = (RBn*)′[R * asy.var[Bn*] * R′]-1(RBn*),

where Bn* is obtained by stacking the individual binary logit or probit estimates of B 
(without the constant terms).31

Rejection of the null hypothesis calls the model specification into question. an 
alternative model in which there is a different B for each value of y has two problems: it does 
not force the probabilities to be positive and it is internally inconsistent. on the latter point, 
consider the suggested latent regression, y* = x′Bj + e. if the B is different for each j, then 
it is not possible to construct a data-generating mechanism for y* (or, for example, simulate 
it); the realized value of y* cannot be defined without knowing y (that is, the realized j), 
since the applicable B depends on j, but y is supposed to be determined from y* through, 
for example, (18-16). there is no parametric restriction other than the one we seek to avoid 
that will preserve the ordering of the probabilities for all values of the data and maintain 
the coherency of the model. this still leaves the question of what specification failure would 
logically explain the finding. some suggestions in Brant (1990) include: (1) misspecification 
of the latent regression, x′B; (2) heteroscedasticity of e; and (3) misspecification of the 
distributional form for the latent variable, that is, “nonlogistic link function.”

Example 18.12  Brant Test for an Ordered Probit Model of Health Satisfaction
In Examples 17.6 through 17.10 and several others, we studied the health care usage of a 
sample of households in the German Socioeconomic Panel (GSOEP). The data include a self-
reported measure of health satisfaction (HSAT) that is coded 0 to 10. This variable provides a 
natural application of the ordered choice models in this chapter. The data are an unbalanced 
panel. For purposes of this exercise, we have used the first (1984) wave of the data set, which 
is a cross section of 4,483 observations. We then collapsed the 11 cells into 5 [(0–2), (3–5), 
(6–8), (9), (10)] for this example. The utility function is

 HSATi
* = b1 + b2 AGEi + b3 INCOMEi + b4 KIDSi

+ b5 EDUCi + b6 MARRIEDi b7 WORKINGi + ei.

Variables KIDS, MARRIED, and WORKING are binary indicators of whether there are children 
in the household, marital status, and whether the individual was working at the time of the 
survey. (These data are examined further in Example 18.14.) The model contains six variables, 
and there are four binary choice models fit, so there are (J - 2)(K) = (3)(6) = 18 restrictions. 
The chi squared for the probit model is 87.836. The critical value for 95% is 28.87, so the 
homogeneity restriction is rejected. The corresponding value for the logit model is 77.84, 
which leads to the same conclusion.

18.3.3  BIVARIATE ORDERED PROBIT MODELS

there are several extensions of the ordered probit model that follow the logic of the 
bivariate probit model we examined in section 17.9. a direct analog to the base case 
two-equation model is used in the study in example 18.13.

Example 18.13  Calculus and Intermediate Economics Courses
Butler et al. (1994) analyzed the relationship between the level of calculus attained and 
grades in intermediate economics courses for a sample of Vanderbilt University students. The 
two-step estimation approach involved the following strategy. (We are stylizing the precise 
formulation a bit to compress the description.) Step 1 involved a direct application of the 

31see Brant (1990), long (1997), or Greene and hensher (2010a, p. 187) for details on computing the statistic.
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ordered probit model of Section 18.3.1 to the level of calculus achievement, which is coded 
0,1, . . . , 6:

 mi
* = xi

=B + ei, ei � xi ∼ N[0, 1],

 mi = 0 if - ∞ 6 mi
* … 0

 = 1 if 0 6 mi
* … m1

g
 = 6 if m5 6 mi

* 6 + ∞ .

The authors argued that although the various calculus courses can be ordered discretely by 
the material covered, the differences between the levels cannot be measured directly. Thus, 
this is an application of the ordered probit model. The independent variables in this first-step 
model included SAT scores, foreign language proficiency, indicators of intended major, and 
several other variables related to areas of study.

The second step of the estimator involves regression analysis of the grade in the intermediate 
microeconomics or macroeconomics course. Grades in these courses were translated to a 
granular continuous scale (A = 4.0, A- = 3.7, etc.). A linear regression is specified,

Gradei = zi
=d + ui, where ui � zi ∼ N[0, su

2].

Independent variables in this regression include, among others: (1) dummy variables for 
which outcome in the ordered probit model applies to the student (with the zero reference 
case omitted), (2) grade in the last calculus course, (3) several other variables related to 
prior courses, (4) class size, (5) freshman GPA, and so on. The unobservables in the Grade 
equation and the math attainment are clearly correlated, a feature captured by the additional 
assumption that (ei, ui � xi, zi) ∼ N2[(0, 0), (1, su

2), rsu]. A nonzero r captures this “selection” 
effect. With this in place, the dummy variables in (1) have now become endogenous. The 
solution is a selection correction that we will examine in detail in Chapter 19. The modified 
equation becomes

 Gradei � mi = z=
id + E[ui � mi] + vi

 = zi
=d + (rsu)[l(xi

=B, m1, c, m5)] + vi.

They thus adopt a “control function” approach to accommodate the endogeneity of the math 
attainment dummy variables. [See Sections 17.6.2d and 17.6.2e) for another application of 
this method.] The term l(xi

=B, m1, c, m5) is a generalized residual that is constructed using 
the estimates from the first-stage ordered probit model.32 Linear regression of the course 
grade on zi and this constructed regressor is computed at the second step. The standard 
errors at the second step must be corrected for the use of the estimated regressor using what 
amounts to a Murphy and Topel (2002) correction. (See Section 14.7.)

Li and Tobias (2006) in a replication of and comment on Butler et al. (1994), after roughly 
replicating the classical estimation results with a Bayesian estimator, observe that the 
preceding Grade equation above could also be treated as an ordered probit model. The 
resulting bivariate ordered probit model would be

 mi
* = xi

=B + ei,     and      gi
* = zi

=D + ui,

 mi = 0 if - ∞ 6 mi
* … 0      gi = 0 if - ∞ 6 gi

* … 0

 = 1 if 0 6 mi
* … m1      = 1 if 0 6 gi

* … a1

 g      g
 = 6 if m5 6 mi

* 6 + ∞      = 11 if m9 6 gi
* 6 + ∞ ,

32a precise statement of the form of this variable is given in li and tobias (2006).
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where

(ei, ui � xi, zi) ∼ N2[(0, 0),(1, su
2), rsu].

Li and Tobias extended their analysis to this case simply by transforming the dependent 
variable in Butler et al.’s second equation. Computing the log likelihood using sets of 
bivariate normal probabilities is fairly straightforward for the bivariate ordered probit 
model.33 However, the classical study of these data using the bivariate ordered approach 
remains to be done, so a side-by-side comparison to Li and Tobias’s Bayesian alternative 
estimator is not possible. The endogeneity of the calculus dummy variables in (1) remains 
a feature of the model, so both the MLE and the Bayesian posterior are less straightforward 
than they might appear. Whether the results in Section 17.9.5 on the recursive bivariate 
probit model extend to this case also remains to be determined.

the bivariate ordered probit model has been applied in a number of settings in the 
recent empirical literature, including husband and wife’s education levels [Magee et al. 
(2000)], family size [(Calhoun (1995)], and many others. in two early contributions to 
the field of pet econometrics, Butler and Chatterjee analyze ownership of cats and dogs 
(1995), and dogs and televisions (1997).

18.3.4  PANEL DATA APPLICATIONS

the ordered probit model is used to model discrete scales that represent indicators of 
a continuous underlying variable such as strength of preference, performance, or level 
of attainment. Many of the recently assembled national panel data sets contain survey 
questions that ask about subjective assessments of health satisfaction, or well-being, 
all of which are applications of this interpretation. examples include the following:

●● the european Community household Panel (eChP) includes questions about job 
satisfaction.34

●● the British household Panel survey (BhPs) and the australian hilda data 
include questions about health status.35

●● the German socioeconomic household Panel (GsoeP) includes questions about 
subjective well-being36 and subjective assessment of health satisfaction.37

ostensibly, the applications would fit well into the ordered probit frameworks already 
described. however, given the panel nature of the data, it will be desirable to augment 
the model with some accommodation of the individual heterogeneity that is likely to be 
present. the two standard models, fixed and random effects, have both been applied to 
the analyses of these survey data.

18.3.4.a  Ordered Probit Models with Fixed Effects 
d’ addio et al. (2003), using methodology developed by Frijters et al. (2004) and Ferrer-
i-Carbonell et al. (2004), analyzed survey data on job satisfaction using the danish 

33see Greene (2007b).
34see d’addio (2004).
35see Contoyannis et al. (2004).
36see Winkelmann (2005).
37see Riphahn et al. (2003) and example 18.4.
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component of the european Community household Panel (eChP). their estimator for 
an ordered logit model is built around the logic of Chamberlain’s estimator for the 
binary logit model. [see section 17.7.3.] Because the approach is robust to individual 
specific threshold parameters and allows time-invariant variables, it differs sharply from 
the fixed effects models we have considered thus far as well as from the ordered probit 
model of section 18.3.1.38 unlike Chamberlain’s estimator for the binary logit model, 
however, their conditional estimator is not a function of minimal sufficient statistics. as 
such, the incidental parameters problem remains an issue.

das and van soest (2000) proposed a somewhat simpler approach.39 Consider the 
base case ordered logit model with fixed effects,

yit
* = ai + xit

=B + eit, eit � Xi ∼ logistic[0, p2/3],

yit = j if mj - 1 6 yit
* 6 mj, j = 0, 1, c, J and m-1 = - ∞ , m0 = 0, mJ = + ∞ .

the model assumptions imply that

Prob(yit = j � Xi) = Λ(mj - ai - xit
=B) - Λ(mj - 1 - ai - xit

=B),

where Λ(t) is the cdf of the logistic distribution. now, define a binary variable

wit,j = 1 if yit 7 j, j = 0, c, J - 1.

it follows that

 Prob[wit,j = 1 � Xi] = Λ(ai - mj + xit
=B)

 = Λ(ui + xit
=B).

the j specific constant, which is the same for all individuals, is absorbed in ui. thus, a 
fixed effects binary logit model applies to each of the J - 1 binary random variables, 
wit,j. the method in section 17.7.3 can now be applied to each of the J - 1 random 
samples. this provides J - 1 estimators of the parameter vector B (but no estimator of 
the threshold parameters). the authors propose to reconcile these different estimators 
by using a minimum distance estimator of the common true B. (see section 13.3 and  
18.2.8c.) the minimum distance estimator at the second step is chosen to minimize

q = a
J - 1

j = 0
 a

J - 1

m = 0
(Bn j - B)′[Vjm

-1](Bnm - B),

where [Vjm
-1] is the j, m block of the inverse of the (J - 1)K * (J - 1)K partitioned 

matrix V that contains asy.Cov[Bnj, Bnm]. the appropriate form of this matrix for a set 
of cross-section estimators is given in Brant (1990). das and van soest (2000) used the 
counterpart for Chamberlain’s fixed effects estimator but do not provide the specifics 
for computing the off-diagonal blocks in V.

38Cross-section versions of the ordered probit model with individual specific thresholds appear in terza (1985a), 
Pudney and shields (2000), and Greene (2009a).
39see long’s (1997) discussion of the “parallel regressions assumption,” which employs this device in a cross-
section framework.
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the full ordered probit model with fixed effects, including the individual specific 
constants, can be estimated by unconditional maximum likelihood using the results in 
section 14.9.6.d. the likelihood function is concave, so despite its superficial complexity, 
the estimation is straightforward.40 (in the following application, with more than 27,000 
observations and 7,293 individual effects, estimation of the full model required roughly 
five seconds of computation.) no theoretical counterpart to the hsiao (1986, 2003) and 
abrevaya (1997) results on the small T bias (incidental parameters problem) of the Mle 
in the presence of fixed effects has been derived for the ordered probit model. the 
Monte Carlo results in Greene (2004a) (see, as well, section 15.5.2), suggest that biases 
comparable to those in the binary choice models persist in the ordered probit model as 
well. (see, also, Bester and hansen (2009) and Carro (2007).) as in the binary choice 
case, the complication of the fixed effects model is the small sample bias, not the 
computation. the das and van soest approach finesses this problem—their estimator is 
consistent—but at the cost of losing the information needed to compute partial effects 
or predicted probabilities.

18.3.4.b  Ordered Probit Models with Random Effects 
the random effects ordered probit model has been much more widely used than the 
fixed effects model. applications include Groot and van den Brink (2003), who studied 
training levels of employees, with firm effects; Winkelmann (2005), who examined 
subjective measures of well-being with individual and family effects; Contoyannis et al. 
(2004), who analyzed self-reported measures of health status; and numerous others. in 
the simplest case, the Butler and Moffitt (1982) quadrature method (section 14.9.6.c) 
can be extended to this model.

Winkelmann (2005) used the random effects approach to analyze the subjective 
well-being (SWB) question (also coded 0 to 10) in the German socioeconomic Panel 
(GsoeP) data set. the ordered probit model in this study is based on the latent 
regression,

yimt
* = ximt

= B + eimt + uim + vi.

the independent variables include age, gender, employment status, income, family size, 
and an indicator for good health. an unusual feature of the model is the nested random 
effects (see section 14.14.2), which include a family effect, vi, as well as the individual 
family member (i in family m) effect, uim. the Gls/Mle approach we applied to the 
linear regression model  in section 14.9.6.b is unavailable in this nonlinear setting. 
Winkelmann instead employed a hermite quadrature procedure to maximize the log-
likelihood function.

18.14  Example Health Satisfaction
The GSOEP German Health Care data that we have used in Examples 11.16, 17.4, and 
others includes a self-reported measure of health satisfaction, HSAT, that takes values 
0, 1, . . . ,10.41 This is a typical application of a scale variable that reflects an underlying 
continuous variable, “health.” The frequencies and sample proportions for the reported 
values are as follows:

40see Pratt (1981).
41in the original data set, 40 (of 27,326) observations on this variable were coded with noninteger values between 
6 and 7. For purposes of our example, we have recoded all 40 observations to 7.
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HSAT Frequency Proportion (%)

0 447 1.6
1 255 0.9
2 642 2.3
3 1,173 4.2
4 1,390 5.0
5 4,233 15.4
6 2,530 9.2
7 4,231 15.4
8 6,172 22.5
9 3,061 11.2

10 3,192 11.6

We have fit pooled and panel data versions of the ordered probit model to these data. The 
model is

yit* = b1 + b2 Ageit + b3 Incomeit + b4 Kidsit + b5 Educationit + b6 Marriedit + b7 Workingit + eit + ci,

where ci will be the common fixed or random effect. (We are interested in comparing the 
fixed and random effects estimators, so we have not included any time-invariant variables 
such as gender in the equation.) Table 18.21 lists five estimated models. (Standard errors 
for the estimated threshold parameters are omitted.) The first is the pooled ordered probit 
model. The second and third are fixed effects. Column 2 shows the unconditional fixed effects 
estimates using the results of Section 14.9.6.d. Column 3 shows the Das and van Soest 
estimator. For the minimum distance estimator, we used an inefficient weighting matrix, the 
block-diagonal matrix in which the jth block is the inverse of the jth asymptotic covariance 
matrix for the individual logit estimators. With this weighting matrix, the estimator is

BnMDE = Ja9
j = 0

Vj
-1 R -1

a
9

j = 0
Vj

-1 Bn j

and the estimator of the asymptotic covariance matrix is approximately equal to the bracketed 
inverse matrix. The fourth set of results is the random effects estimator computed using 
the maximum simulated likelihood method. This model can be estimated using Butler and 
Moffitt’s quadrature method; however, we found that even with a large number of nodes, 
the quadrature estimator converged to a point where the log likelihood was far lower than 
the MSL estimator, and at parameter values that were implausibly different from the other 
estimates. Using different starting values and different numbers of quadrature points did not 
change this outcome. The MSL estimator for a random constant term (see Section 15.6.3) 
is considerably lower but produces more reasonable results. The fifth set of results is the 
Mundlak form of the random effects model, which includes the group means in the models 
as controls to accommodate possible correlation between the latent heterogeneity and the 
included variables. As noted in Example 18.3, the components of the ordered choice model 
must be interpreted with some care. By construction, the partial effects of the variables on 
the probabilities of the outcomes must change sign, so the simple coefficients do not show 
the complete picture implied by the estimated model. Table 18.22 shows the partial effects 
for the pooled model to illustrate the computations.

Example 18.15  A Dynamic Ordered Choice Model:
Contoyannis, Jones, and Rice (2004) analyzed a self-assessed health (SAH) scale that 
ranged from 1 (very poor) to 5 (excellent) in the British Household Panel Survey. The data set 
examined consisted of the first eight waves of the data set, from 1991 to 1999, roughly 5,000 
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HSAT Age Income Kids Education Married Working

0 0.0006 -0.0061 -0.0020 -0.0012 -0.0009 -0.0046
1 0.0003 -0.0031 -0.0010 -0.0006 -0.0004 -0.0023
2 0.0008 -0.0072 -0.0024 -0.0014 -0.0010 -0.0053
3 0.0012 -0.0113 -0.0038 -0.0021 -0.0016 -0.0083
4 0.0012 -0.0111 -0.0037 -0.0021 -0.0016 -0.0080
5 0.0024 -0.0231 -0.0078 -0.0044 -0.0033 -0.0163
6 0.0008 -0.0073 -0.0025 -0.0014 -0.0010 -0.0050
7 0.0003 -0.0024 -0.0009 -0.0005 -0.0003 -0.0012
8 -0.0019 0.0184 0.0061 0.0035 0.0026 0.0136
9 -0.0021 0.0198 0.0066 0.0037 0.0028 0.0141

10 -0.0035 0.0336 0.0114 0.0063 0.0047 0.0233

TABLE 18.22 Estimated Partial Effects: Pooled Model

Variable
(1)  

Pooled

(2)  
Fixed Effects 

Uncond.

(3)  
Fixed Effects 
Conditional

(4)  
Random 
Effects

(5)  
Random Effects Mundlak

Variables Means

Constant 2.4739 3.8577 3.2603
(0.04669) (0.05072) (0.05323)

Age -0.01913 -0.07162 -0.1011 -0.03319 -0.06282 0.03940
(0.00064) (0.002743) (0.002878) (0.00065) (0.00234) (0.00244)

Income 0.1811 0.2992 0.4353 0.09436 0.2618 0.1461
(0.03774) (0.07058) (0.07462) (0.03632) (0.06156) (0.07695)

Kids 0.06081 -0.06385 -0.1170 0.01410 -0.05458 0.1854
(0.01459) (0.02837) (0.03041) (0.01421) (0.02566) (0.03129)

Education 0.03421 0.02590 0.06013 0.04728 0.02296 0.02257
(0.002828) (0.02677) (0.02819) (0.002863) (0.02793) (0.02807)

Married 0.02574 0.05157 0.08505 0.07327 0.04605 -0.04829
(0.01623) (0.04030) (0.04181) (0.01575) (0.03506) (0.03963)

Working 0.1292 -0.02659 -0.00797 0.07108 -0.02383 0.2702
(0.01403) (0.02758) (0.02830) (0.01338) (0.02311) (0.02856)

m1 0.1949 0.3249 0.2726 0.2752
m2 0.5029 0.8449 0.7060 0.7119
m3 0.8411 1.3940 1.1778 1.1867
m4 1.111 1.8230 1.5512 1.5623
m5 1.6700 2.6992 2.3244 2.3379
m6 1.9350 3.1272 2.6957 2.7097
m7 2.3468 3.7923 3.2757 3.2911
m8 3.0023 4.8436 4.1967 4.2168
m9 3.4615 5.5727 4.8308 4.8569
su 0.0000 0.0000 1.0078 0.9936
ln L -56,813.52 -41,875.63 -53,215.54 -53,070.43

TABLE 18.21 Estimated Ordered Probit Models for Health Satisfaction
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households. Their model accommodated a variety of complications in survey data. The latent 
regression underlying their ordered probit model is

hit
* = xit

=B + Hi,t - 1
= G + ai + eit,

where xit includes marital status, race, education, household size, age, income, and number of 
children in the household. The lagged value, Hi, t - 1, is a set of binary variables for the observed 
health status in the previous period.42 In this case, the lagged values capture state dependence—
the assumption that the health outcome is redrawn randomly in each period is inconsistent with 
evident runs in the data. The initial formulation of the regression is a fixed effects model. To 
control for the possible correlation between the effects, ai, and the regressors, and the initial 
conditions problem that helps to explain the state dependence, they use a hybrid of Mundlak’s 
(1978) correction and a suggestion by Wooldridge (2010) for modeling the initial conditions,

ai = a0 + x′A1 + Hi,1
= D + ui,

where ui is exogenous. Inserting the second equation into the first produces a random effects 
model that can be fit using the quadrature method we considered earlier.

The authors were interested in transitions in the reported health status, especially to and 
from the highest level. Based on the balanced panel for women, the authors estimated the 
unconditional probabilities of transition to Excellent Health from (Excellent, Good, Fair, Poor, 
and Very Poor) to be (0.572, 0.150, 0.040, 0.021, 0.014).43

The presence of attrition complicates the analysis. The authors examined the issue in a 
set of tests, and found evidence of nonrandom attrition for men in the sample, but not 
women.  (See Example 11.2 in Section 11.2.5, where we have examined their study.) 
Table 18.23, extracted from their Table XII, displays a few of the partial effects of most interest, 
the implications for the probability of reporting the highest value of SAH.44 Several 
specifications were considered. Model (4) in the results includes the IPW treatment for 
possible attrition (see Section 17.7.7). Model (6) is the most general specification considered. 
Surprisingly, the income effect is extremely small. However, given the considerable inertia 
suggested by the transition probabilities, one might expect that it would require a large 
change in the covariates to induce switching out of the top cell. The mean log income in the 
data is about 0.5 and the proportion of responders who report EX is roughly 
4884/23,408 = 0.2086. If log income rises by 0.1, or 20%, the average probability for EX 
would rise by only 0.1 * 0.008 = 0.0008, which is trivial. Having reported EX in the previous 
period is expected to raise the probability by 0.074 compared to the value if SAH were GOOD 
(the omitted cell is the second one), which is substantial.

42this is the same device that was used by Butler et al. (1994) in example 18.13. van ooijen, alessie, and Knoef 
(2015) also analyzed self-assessed health in the context of a dynamic ordered choice model, using the dutch 
longitudinal internet study in the social sciences.
43Figures from Contoyannis, Jones, and Rice (2004), table ii.
44Contoyannis et al. (2004).

Pooled Model (4) Random Effects Model (6)

ln income 0.004 (0.002) 0.008 (0.004)
SAH EX(t-1) 0.208 (0.092) 0.074 (0.035)
SAH FAIR(t-1) -0.127 (0.074) -0.061 (0.033)

TABLE 18.23 Average Partial Effects on Probability of Reporting Excellent Health
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18.3.5  EXTENSIONS OF THE ORDERED PROBIT MODEL

the basic specification of the ordered probit model can be extended in the same 
directions as we considered in constructing models for binary choice in Chapter 17. these 
include heteroscedasticity in the random utility function45 and heterogeneity in the 
preferences (i.e., random parameters and latent classes).46 two specification issues that 
are specific to the ordered choice model are accommodating heterogeneity in the 
threshold parameters and reconciling differences in the meaning of the preference scale 
across different groups. We will sketch the model extensions in this section. Further 
details are given in Chapters 6 and 7 of Greene and hensher (2010a).

18.3.5.a  Threshold Models—Generalized Ordered Choice Models 
the model analyzed thus far assumes that the thresholds mj are the same for every 
individual in the sample. terza (1985a), Pudney and shields (2000), King, Murray, salomon, 
and tandon (KMst, 2004), Boes and Winkelmann (2006a), Greene, harris, hollingsworth 
and Maitra (2008), and Greene and hensher (2010a) all present applications that include 
individual variation in the thresholds of the ordered choice model.

in his analysis of bond ratings, terza (1985a) suggested the generalization,

mij = mj + xi
=D.

With three outcomes, the probabilities are formed from

yi* = A + xi
=B + ei,

and
 yi = 0 if yi* … 0,

1 if 0 6 yi* … m + xi
=D,

2 if yi* 7 m + xi
=D.

For three outcomes, the model has two thresholds, m0 = 0 and m1 = m + xi
=D. the three 

probabilities can be written

 P0 = Prob(yi = 0 � xi) = Φ[ - (a + xi
=B)],

 P1 = Prob(yi = 1 � xi) = Φ[(m + xi
=D) - (a + xi

=B)] - Φ[ - (a + xi
=B)],

 P2 = Prob(yi = 2 � xi) = 1 - Φ[(m + xi
=D) - (a + xi

=B)].

For applications of this approach, see, for example, Kerkhofs and lindeboom (1995), 
Groot and van den Brink (2003), and lindeboom and van doorslayer (2003). note that 
if D is unrestricted, then Prob(yi = 1 � xi) can be negative. this is a shortcoming of the 
model when specified in this form. subsequent development of the generalized model 
involves specifications that avoid this internal inconsistency. note, as well, that if the 
model is recast in terms of m and G = [a, (B - D)], then the model is not distinguished 
from the original ordered probit model with a constant threshold parameter. this 
identification issue emerges prominently in Pudney and shield’s (2000) continued 
development of this model.

45see section 17.5.2, Keele and Park (2005), and Wang and Kockelman (2005), for an application.
46an extensive study of heterogeneity in health satisfaction based on 22 waves of the GsoeP is Jones and 
schurer (2010).
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Pudney and shields’s (2000) “generalized ordered probit model” was also formulated 
to accommodate observable individual heterogeneity in the threshold parameters. their 
application was in the context of job promotion for uK nurses in which the steps on 
the promotion ladder are individual specific. in their setting, in contrast to terza’s, 
some of the variables in the threshold equations are explicitly different from those in 
the regression. the authors constructed a generalized model and a test of threshold 
constancy by defining qi to include a constant term and those variables that are unique 
to the threshold model. variables that are common to both the thresholds and the 
regression are placed in xi and the model is reparameterized as

Pr(yi = g � xi, qi) = Φ[qi
=Dg - xi

=(B - Dg)] - Φ[qi
=Dg - 1 - xi

=(B - Dg - 1)].

an important point noted by the authors is that the same model results if these common 
variables are placed in the thresholds instead. this is a minor algebraic result, but it 
exposes an ambiguity in the interpretation of the model—whether a particular variable 
affects the regression or the thresholds is one of the issues that was developed in the 
original model specification.

as will be evident in the application in the next section, the specification of the 
threshold parameters is a crucial feature of the ordered choice model. KMst (2004), 
Greene (2007b), eluru, Bhat, and hensher (2008), and Greene and hensher (2010a) 
employ a hierarchical ordered probit, or hoPit model,

 yi
* = xi

=B + ei,

 yi = j if mi,j - 1 … yi
* 6 mij,

 m0 = 0,

 mi,j = exp(lj + zi
=G) (case 1),

 or mi,j = exp(lj + zi
=Gj) (case 2).

Case 2 is the terza (1985a) and Pudney and shields’s (2000) model with an exponential 
rather than linear function for the thresholds. this formulation addresses two problems: 
(1) the thresholds are mathematically distinct from the regression; (2) by this construction, 
the threshold parameters must be positive. With a slight modification, the ordering of 
the thresholds can also be imposed. in case 1,

mi,j = [exp(l1) + exp(l2) + g + exp(lj)] * exp(zi
=G),

and in case 2,

mi,j = mi,j - 1 + exp(lj + zi
=Gj).

in practical terms, the model can now be fit with the constraint that all predicted 
probabilities are greater than zero. this is a numerical solution to the problem of 
ordering the thresholds for all data vectors.

this extension of the ordered choice model shows a case of identification through 
functional form. as we saw in the previous two models, the parameters (lj, Gj, B) would 
not be separately identified if all the functions were linear. the contemporary literature 
views models that are unidentified without a change in functional form with some 
skepticism. however, the underlying theory of this model does not insist on linearity of 
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the thresholds (or the utility function, for that matter), but it does insist on the ordering of 
the thresholds, and one might equally criticize the original model for being unidentified 
because the model builder insists on a linear form. that is, there is no obvious reason 
that the threshold parameters must be linear functions of the variables, or that linearity 
enjoys some claim to first precedence in the utility function. this is a methodological 
issue that cannot be resolved here. the nonlinearity of the preceding specification, 
or others that resemble it, does provide the benefit of a simple way to achieve other 
fundamental results, for example, coherency of the model (all positive probabilities).

18.3.5.b  Thresholds and Heterogeneity—Anchoring Vignettes 
the introduction of observed heterogeneity into the threshold parameters attempts to 
deal with a fundamentally restrictive assumption of the ordered choice model. survey 
respondents rarely view the survey questions exactly the same way. this is certainly true 
in surveys of health satisfaction or subjective well-being.47 KMst (2004) identify two very 
basic features of survey data that will make this problematic. First, they often measure 
concepts that are definable only with reference to examples, such as freedom, health, 
satisfaction, and so on. second, individuals do, in fact, often understand survey questions 
very differently, particularly with respect to answers at the extremes. a widely used term 
for this interpersonal incomparability is differential item functioning (DIF). Kapteyn, 
smith, and van soest (Ksv, 2007) and van soest et al. (2007) suggest the results in Figure 
18.6 to describe the implications of diF. the figure shows the distribution of health (or 
drinking behavior in the latter study) in two hypothetical countries. the density for 
country a (the upper figure) is to the left of that for country B, implying that, on average, 
people in country a are less healthy than those in country B. But the people in the two 
countries culturally offer very different response scales if asked to report their health on 
a five-point scale, as shown. in the figure, those in country a have a much more positive 
view of a given, objective health status than those in country B. a person in country a 
with health status indicated by the dotted line would report that he or she is in “very 
Good” health while a person in country B with the same health status would report only 
“Fair.” a simple frequency of the distribution of self-assessments of health status in the 
two countries would suggest that people in country a are much healthier than those in 
country B when, in fact, the opposite is true. Correcting for the influences of diF in such 
a situation would be essential to obtaining a meaningful comparison of the two countries. 
the impact of diF is an accepted feature of the model within a population but could be 
strongly distortionary when comparing very disparate groups, such as across countries, as 
in KMst (political groups), Murray, tandon, Mathers, and sudana (2002) (health 
outcomes), tandon et al. (2004), and Ksv (work disability), sirven, santos-egglmann, 
and spagnoli (2008), and Gupta, Kristensens, and Possoli (2008) (health), angelini et al. 
(2008) (life satisfaction), Kristensen and Johansson (2008), and Bago d’uva et al. (2008), 
all of whom used the ordered probit model to make cross-group comparisons.

KMst proposed the use of anchoring vignettes to resolve this difference in 
perceptions across groups.48 the essential approach is to use a series of examples that, it 
is believed, all respondents will agree on to estimate each respondent’s diF and correct 
for it. the idea of using vignettes to anchor perceptions in survey questions is not itself 

47see Boes and Winkelmann (2006b) and Ferrer-i-Carbonell and Frijters (2004).
48see also Kristensen and Johansson (2008).
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new; KMst cite a number of earlier uses. the innovation is their method for incorporating 
the approach in a formal model for ordered choices. the bivariate and multivariate 
probit models that they develop combine the elements described in sections 18.3.1 
through 18.3.3 and the hoPit model in section 18.3.5.

18.4 MODELS FOR COUNTS OF EVENTS

We have encountered behavioral variables that involve counts of events at several points 
in this text. in examples 14.13 and 17.33, we examined the number of times an individual 
visited the physician using the GsoeP data. the credit default data that we used in 
example 17.21 also includes another behavioral variable, the number of derogatory 
reports in an individual’s credit history. Finally, in example 17.36, we analyzed data on 
firm innovation. innovation is often analyzed in terms of the number of patents that the 
firm obtains (or applies for).49 in each of these cases, the variable of interest is a count 

49For example, by hausman, hall, and Griliches (1984) and many others.

FIGURE 18.6  Differential Item Functioning in Ordered Choices.
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of events. this obviously differs from the discrete dependent variables we have analyzed 
in the previous two sections. a count is a quantitative measure that is, at least in principle, 
amenable to analysis using multiple linear regression. however, the typical 
preponderance of zeros and small values and the discrete nature of the outcome variable 
suggest that the regression approach can be improved by a method that explicitly 
accounts for these aspects.

like the basic multinomial logit model for unordered data in section 18.2 and the 
simple probit and logit models for binary and ordered data in sections 17.2 and 18.3, 
the Poisson regression model is the fundamental starting point for the analysis of count 
data. We will develop the elements of modeling for count data in this framework in 
sections 18.4.1 through 18.4.3, and then turn to more elaborate, flexible specifications 
in subsequent sections. sections 18.4.4 and 18.4.5 will present the negative binomial 
and other alternatives to the Poisson functional form. section 18.4.6 will describe the 
implications for the model specification of some complicating features of observed data, 
truncation, and censoring. truncation arises when certain values, such as zero, are absent 
from the observed data because of the sampling mechanism, not as a function of the 
data-generating process. data on recreation site visitation that are gathered at the site, 
for example, will, by construction, not contain any zeros. Censoring arises when certain 
ranges of outcomes are all coded with the same value. in the example analyzed the 
response variable is censored at 12, though values larger than 12 are possible in the field. 
as we have done in the several earlier treatments, in section 18.4.7, we will examine 
extensions of the count data models that are made possible when the analysis is based 
on panel data. Finally, section 18.4.8 discusses some behavioral models that involve more 
than one equation. For an example, based on the large number of zeros in the observed 
data, it appears that our count of doctor visits might be generated by a two-part process, 
a first step in which the individual decides whether or not to visit the physician at all, 
and a second decision, given the first, how many times to do so. the hurdle model that 
applies here and some related variants are discussed in sections 18.4.8 and 18.4.9.

18.4.1  THE POISSON REGRESSION MODEL

the Poisson regression model specifies that each yi is drawn from a Poisson population 
with parameter li, which is related to the regressors xi. the primary equation of the 
model is

 Prob(Y = yi � xi) =
e-lili

yi

yi!
, yi = 0, 1, 2, c. (18-17)

the most common formulation for li is the loglinear model,

ln li = xi
=B.

it is easily shown that the expected number of events per period or per unit of space is 
given by

E[yi � xi] = var[yi � xi] = li = exi
=B,

so
0E[yi � xi]

0xi
= liB.
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With the parameter estimates in hand, this vector can be computed using any data vector 
desired or averaged across the sample to estimate the average partial effects. Because 
the model to this point is a straightforward regression, computation of treatment effects 
(at this point) is simple as well. For exogenous treatment indicator, t,

E[y � x, T] = exp(x′B + gT).

so, average treatment effects can be estimated with

ate =
1
n a

n

i = 1
[exp(xi

=Bn + gn) - exp(xi
=Bn)].

atet is computed by averaging over only those observations with t = 1. the case of 
endogenous treatment is more complicated, as usual, and is examined in section 18.4.9.

in principle, the Poisson model is simply a nonlinear regression. But it is easier 
to estimate the parameters with maximum likelihood techniques. the log-likelihood 
function is

ln L = a
n

i = 1
[-li + yixi

=B - ln yi!].

the likelihood equations are

0 ln L
0B

= a
n

i = 1
(yi - li)xi = 0.

the hessian is

02 ln L
0B 0B′

= - a
n

i = 1
lixixi

=.

the hessian is negative definite for all x and B. newton’s method is a simple algorithm 

for this model and will usually converge rapidly. at convergence, Ja n
i = 1l

n

ixixi
= R -1

 

provides an estimator of the asymptotic covariance matrix for the parameter estimator.
there are a variety of extensions of the Poisson model—some considered later in 

section 18.4.5—that introduce heterogeneity or relax the assumption of equidispersion. 
in general, the implication of these extensions is upon the (heteroscedastic) 
variance of the random variable. the conditional mean function remains the same; 
E[y � x] = l(x) = exp(x′B). a consequence is that the Poisson log likelihood will 
provide a consistent Ml estimator of B even in the presence of a wide variety of failures 
of the Poisson model assumptions. thus, the Poisson Mle is one of the fundamental 
examples of a QMle. in these settings, it is generally appropriate to adjust the estimated 
asymptotic covariance matrix of the estimator. For this case, a robust covariance matrix 
is computed using

[-H]-1(G′G)[-H]-1 = Jan
i = 1

lnixixi
= R -1Jan

i = 1
(yi - lni)

2xixi
= R Jan

i = 1
lnixixi

= R -1

.

Given the estimates, the prediction for observation i is lni = exp(xi Bn). a standard error 
for the prediction interval can be formed by using the delta method (see section 4.6). 

M18_GREE1366_08_SE_C18.indd   886 2/24/17   8:34 PM



 CHAPTER 18 ✦ Multinomial Choices and Event Counts 887

the estimated variance of the prediction will be lni
2xi

=Vxi, where V is the estimated 
asymptotic covariance matrix for Bn .

For testing hypotheses, the three standard tests are very convenient in this model. 
the Wald statistic is computed as usual. as in any discrete choice model, the likelihood 
ratio test has the intuitive form

lR = 2a
n

i = 1
ln¢ Pn i

Pnrestricted,i

≤,

where the probabilities in the denominator are computed with using the restricted 
model. using the Bhhh estimator for the asymptotic covariance matrix, the lM 
statistic is simply

 lM = Jan
i = 1

xi(yi - lni) R =Jan
i = 1

xixi
= (yi - lni)

2 R -1Jan
i = 1

xi(yi - lni) R = i′G(G′G)-1G′i,

 (18-18)

where each row of G is simply the corresponding row of X multiplied by ei = (yi - lni), lni 
is computed using the restricted coefficient vector, and i is a column of ones. 
Characteristically, the lM statistic can be computed as nR2 in the regression of a column 
of ones on gi = eixi.

18.4.2  MEASURING GOODNESS OF FIT

the Poisson model produces no natural counterpart to the R2 in a linear regression 
model, as usual, because the conditional mean function is nonlinear and, moreover, 
because the regression is heteroscedastic. But many alternatives have been suggested.50 
a measure based on the standardized residuals is

Rp
2 = 1 -

a n
i = 1 Jyi - lni2lni

R 2

a n
i = 1Jyi - y2y

R 2
.

this measure has the virtue that it compares the fit of the model with that provided by a 
model with only a constant term. But it can be negative, and it can rise when a variable 
is dropped from the model. For an individual observation, the deviance is

di = 2[yi ln(yi/lni) - (yi - lni)] = 2[yi ln(yi/lni) - ei],

where, by convention, 0 ln(0) = 0. if the model contains a constant term, then 

a n
i = 1ei = 0. the sum of the deviances,

G2 = a
n

i = 1
di = 2a

n

i = 1
yi ln(yi/lni),

is reported as an alternative fit measure by some computer programs. this statistic will 
equal 0.0 for a model that produces a perfect fit. (Note: because yi is an integer while the 

50see the surveys by Cameron and Windmeijer (1993), Gurmu and trivedi (1994), and Greene (2005).
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prediction is continuous, it could not happen.) Cameron and Windmeijer (1993) suggest 
that the fit measure based on the deviances,

Rd
2 = 1 -

a n
i = 1Jyi log¢ yi

lni

≤ - (yi - lni) R
a n

i = 1Jyi log¢ yi

y
≤ R ,

has a number of desirable properties. First, denote the log-likelihood function for 
the model in which ci is used as the prediction (e.g., the mean) of yi as /(ci, yi). the 
Poisson model fit by Mle is, then, /(lni, yi), the model with only a constant term is /(y, yi), 
and a model that achieves a perfect fit (by predicting yi with itself) is /(yi, yi). then,

Rd
2 =

/(ln, yi) - /(y, yi)

/(yi, yi) - /(y, yi)
.

Both numerator and denominator measure the improvement of the model over one with 
only a constant term. the denominator measures the maximum improvement, since one 
cannot improve on a perfect fit. hence, the measure is bounded by zero and one and 
increases as regressors are added to the model.51 We note, finally, the passing resemblance 
of Rd

2 to the “pseudo@R2,” or “likelihood ratio index” reported by some statistical 
packages (for example, Stata),

RlRi
2 = 1 -

/(lni, yi)

/(y, yi)
.

Many modifications of the Poisson model have been analyzed by economists. in this and 
the next few sections, we briefly examine a few of them.

18.4.3  TESTING FOR OVERDISPERSION

the Poisson model has been criticized because of its implicit assumption that the 
variance of yi equals its mean. Many extensions of the Poisson model that relax this 
assumption have been proposed by hausman, hall, and Griliches (1984), McCullagh 
and nelder (1983), and Cameron and trivedi (1986), to name but a few.

the first step in this extended analysis is usually a test for overdispersion in the 
context of the simple model. a number of authors have devised tests for “overdispersion” 
within the context of the Poisson model. [see Cameron and trivedi (1990), Gurmu 
(1991), and lee (1986).] We will consider three of the common tests, one based on a 
regression approach, one a conditional moment test, and a third, a lagrange multiplier 
test, based on an alternative model.

Cameron and trivedi (1990) offer several different tests for overdispersion. a simple 
regression-based procedure used for testing the hypothesis

 H0: var[yi] = E[yi],

 H1: var[yi] = E[yi] + ag(E[yi]),

51note that multiplying both numerator and denominator by 2 produces the ratio of two likelihood ratio statistics, 
each of which is distributed as chi squared.
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is carried out by regressing

zi =
(yi - lni)

2 - yi

lni22
,

where lni is the predicted value from the regression, on either a constant term or lni 
without a constant term. a simple t test of whether the coefficient is significantly 
different from zero tests H0 versus H1.

the next section presents the negative binomial model. this model relaxes the 
Poisson assumption that the mean equals the variance. the Poisson model is obtained 
as a parametric restriction on the negative binomial model, so a lagrange multiplier test 
can be computed. in general, if an alternative distribution for which the Poisson model 
is obtained as a parametric restriction, such as the negative binomial model, can be 
specified, then a lagrange multiplier statistic can be computed.52 the lM statistic is

 lM = D a n
i = 1wn i[(yi - lni)

2 - yi]22a n
i = 1wn il

n

i
2

T 2

. (18-19)

the weight, wn i, depends on the assumed alternative distribution. For the negative 
binomial model discussed later, wn i equals 1.0. thus, under this alternative, the statistic is 
particularly simple to compute:

 lM =
(e′e - ny)2

2 - Ln ′Ln
. (18-20)

the main advantage of this test statistic is that one need only estimate the Poisson model 
to compute it. under the hypothesis of the Poisson model, the limiting distribution of 
the lM statistic is chi squared with one degree of freedom.

18.4.4  HETEROGENEITY AND THE NEGATIVE BINOMIAL REGRESSION MODEL

the assumed equality of the conditional mean and variance functions is typically taken 
to be the major shortcoming of the Poisson regression model. Many alternatives have 
been suggested.53 the most common is the negative binomial model, which arises from a 
natural formulation of cross-section heterogeneity. [see hilbe (2007).] We generalize the 
Poisson model by introducing an individual, unobserved effect into the conditional mean,

ln mi = xi
=B + ei = ln li + ln ui,

where the disturbance ei reflects either specification error, as in the classical regression 
model, or the kind of cross-sectional heterogeneity that normally characterizes 
microeconomic data. then, the distribution of yi conditioned on xi and ui (i.e., ei) remains 
Poisson with conditional mean and variance mi:

f(yi � xi, ui) =
e-(liui)(liui)

yi

yi!
.

52see Cameron and trivedi (1986, p. 41).
53see hausman, hall, and Griliches (1984), Cameron and trivedi (1986, 1998), Gurmu and trivedi (1994), Johnson 
and Kotz (1993), and Winkelmann (2005) for discussion.
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the unconditional distribution f(yi � xi) is the expected value (over ui) of f(yi � xi, ui),

f(yi � xi) = L
∞

0

e-(liui)(liui)
yi

yi!
 g(ui) dui.

the choice of a density for ui defines the unconditional distribution. For mathematical 
convenience, a gamma distribution is usually assumed for ui = exp(ei).54 as in other 
models of heterogeneity, the mean of the distribution is unidentified if the model 
contains a constant term (because the disturbance enters multiplicatively) so E[exp(ei)] 
is assumed to be 1.0. With this normalization,

g(ui) =
uu

Γ(u)
 e-uuiui

u - 1.

the density for yi is then

 f(yi � xi) = L
∞

0

e-(liui)(liui)
yi

yi!
 
uuui

u - 1e-uui

Γ(u)
 dui

 =
uuli

yi

Γ(yi + 1)Γ(u) L
∞

0
e-(li + u)ui ui

u + yi - 1dui

 =
uuli

yiΓ(u + yi)

Γ(yi + 1)Γ(u)(li + u)u + yi

 =
Γ(u + yi)

Γ(yi + 1)Γ(u)
 r i

yi(1 - ri)
u,  where ri =

li

li + u
,

which is one form of the negative binomial distribution. the distribution has conditional 
mean li and conditional variance li(1 + (1/u)li).55 the negative binomial model can be 
estimated by maximum likelihood without much difficulty. a test of the Poisson 
distribution is often carried out by testing the hypothesis a = 1/u = 0 using the Wald 
or likelihood ratio test.

18.4.5  FUNCTIONAL FORMS FOR COUNT DATA MODELS

the equidispersion assumption of the Poisson regression model, E[yi � xi] = var[yi � xi], 
is a major shortcoming. observed data rarely, if ever, display this feature. the very large 
amount of research activity on functional forms for count models is often focused on testing 
for equidispersion and building functional forms that relax this assumption. in practice, the 
Poisson model is typically only the departure point for an extended specification search.

one easily remedied minor issue concerns the units of measurement of the data. in 
the Poisson and negative binomial models, the parameter li is the expected number of 
events per unit of time or space. thus, there is a presumption in the model formulation, 
for example, the Poisson, that the same amount of time is observed for each i. in a spatial 

54an alternative approach based on the normal distribution is suggested in terza (1998), Greene (1995b, 1997, 2005), 
Winkelmann (2003), and Riphahn, Wambach, and Million (2003). the normal-Poisson mixture is also easily extended 
to the random effects model discussed in the next section. there is no closed form for the normal-Poisson mixture 
model, but it can be easily approximated by using hermite quadrature or simulation. see sections 14.14.4 and 17.7.2.
55this model is negbin 2 in Cameron and trivedi’s (1986) presentation.
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context, such as measurements of the prevalence of a disease per group of Ni persons, or 
the number of bomb craters per square mile (london, 1940), the assumption would be 
that the same physical area or the same size of population applies to each observation. 
Where this differs by individual, it will introduce a type of heteroscedasticity in the 
model. the simple remedy is to modify the model to account for the exposure, Ti, of the 
observation as follows:

Prob(yi = j � xi, Ti) =
exp(-Tifi)(Tifi)

j

j!
, fi = exp(xi

=B), j = 0, 1, c.

the original model is returned if we write li = exp(xi
=B + ln Ti). thus, when the 

exposure differs by observation, the appropriate accommodation is to include the log 
of exposure in the regression part of the model with a coefficient of 1.0. (For less than 
obvious reasons, the term offset variable is commonly associated with the exposure 
variable Ti #) note that if Ti is the same for all i, ln Ti will simply vanish into the constant 
term of the model (assuming one is included in xi).

the recent literature, mostly associating the result with Cameron and trivedi’s (1986, 
1998) work, defines two familiar forms of the negative binomial model. the Negbin 2 
(NB2) form of the probability is

 Prob(Y = yi � xi) =
Γ(u + yi)

Γ(yi + 1)Γ(u)
 r i

yi(1 - ri)
u,

 li = exp(xi
=B),

 ri = li/(u + li).  (18-21)

this is the default form of the model in the standard econometrics packages that provide 
an estimator for this model. the Negbin 1 (NB1) form of the model results if u in the 
preceding is replaced with ui = uli. then, ri reduces to r = 1/(1 + u), and the density 
becomes

 Prob(Y = yi � xi) =
Γ(uli + yi)

Γ(yi + 1)Γ(uli)
 ryi(1 - r)uli. (18-22)

this is not a simple reparameterization of the model. the results in example 18.15 
demonstrate that the log-likelihood functions are not equal at the maxima, and the 
parameters are not simple transformations in one model versus the other. We are not 
aware of a theory that justifies using one form or the other for the negative binomial 
model. neither is a restricted version of the other, so we cannot carry out a likelihood 
ratio test of one versus the other. the more general Negbin P (NBP) family does nest 
both of them, so this may provide a more general, encompassing approach to finding 
the right specification. [see Greene (2005, 2008b).] the negbin P model is obtained by 
replacing u in the negbin 2 form with uli

2 - P. We have examined the cases of P = 1 and 
P = 2 in (18-21) and (18-22). the full model is

Prob(Y = yi � xi) =
Γ(uli

Q + yi)

Γ(yi + 1)Γ(uli
Q)

 ¢ li

uli
Q + li

≤yi¢ uli
Q

uli
Q + li

≤uli
Q

, Q = 2 - P.

the conditional mean function for the three cases considered is

E[yi � xi] = exp(xi
=B) = li.
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the parameter P is picking up the scaling. a general result is that for all three variants 
of the model,

var[yi � xi] = li(1 + ali
P - 1), where a = 1/u.

thus, the nB2 form has a variance function that is quadratic in the mean while the nB1 
form’s variance is a simple multiple of the mean. there have been many other functional 
forms proposed for count data models, including the generalized Poisson, gamma, and 
Polya-aeppli forms described in Winkelmann (2003) and Greene (2016).

the heteroscedasticity in the count models is induced by the relationship between 
the variance and the mean. the single parameter u picks up an implicit overall scaling, so 
it does not contribute to this aspect of the model. as in the linear model, microeconomic 
data are likely to induce heterogeneity in both the mean and variance of the response 
variable. a specification that allows independent variation of both will be of some virtue. 
the result,

var[yi � xi] = li(1 + (1/u)li
P - 1),

suggests that a convenient platform for separately modeling heteroscedasticity will be 
the dispersion parameter, u, which we now parameterize as

ui = u exp(zi
=D).

operationally, this is a relatively minor extension of the model. But it is likely to 
introduce quite a substantial increase in the flexibility of the specification. indeed, 
a heterogeneous negbin P model is likely to be sufficiently parameterized to 
accommodate the behavior of most data sets. (of course, the specialized models 
discussed in section 18.4.8, for example, the zero-inflation models, may yet be more 
appropriate for a given situation.)

Example 18.16  Count Data Models for Doctor Visits
The study by Riphahn et al. (2003) that provided the data we have used in numerous earlier 
examples analyzed the two count variables DocVis (visits to the doctor) and HospVis (visits 
to the hospital). The authors were interested in the joint determination of these two count 
variables. One of the issues considered in the study was whether the data contained evidence 
of moral hazard, that is, whether health care utilization as measured by these two outcomes 
was influenced by the subscription to health insurance.56 The data contain indicators of two 
levels of insurance coverage, PUBLIC, which is the main source of insurance, and ADDON, 
which is a secondary optional insurance. In the sample of 27,326 observations (family/years), 
24,203 individuals held the public insurance. (There is quite a lot of within group variation in 
this. Individuals did not routinely obtain the insurance for all periods.) Of these 24,203, 23,689 
had only public insurance and 514 had both types. (One could not have only the ADDON 
insurance.) To explore the issue, we have analyzed the DocVis variable with the count data 
models described in this section. The exogenous variables in our model are

xit = (1, Age, Education, Income, Kids, AddOn).

(Variables are described in Appendix Table F7.1.)
Table 18.24 presents the estimates of the several count models. In all specifications, the 

coefficient on ADDON is positive but not statistically significant, which is consistent with 
the results in the authors’ study. They found evidence of moral hazard in a simple model, 

56Munkin and trivedi (2007) is a similar application to dental insurance.

M18_GREE1366_08_SE_C18.indd   892 2/24/17   8:34 PM



 CHAPTER 18 ✦ Multinomial Choices and Event Counts 893

but none when their model was expanded. The various test statistics strongly reject the 
hypothesis of equidispersion. Cameron and Trivedi’s (1990) semiparametric tests from the 
Poisson model (see Section 18.4.3) have t statistics of 22.151 for gi = mi and 22.440 for 
gi = mi

2. Both of these are far larger than the critical value of 1.96. The LR statistic comparing 
to the NB model is over 80,000, which is also larger than the (any) critical value. On these 
bases, we would reject the hypothesis of equidispersion. The Wald and likelihood ratio 
tests based on the negative binomial models produce the same conclusion. For comparing 
the different negative binomial models, note that Negbin 2 is the worst of the four by the 
likelihood function, although NB1 and NB2 are not directly comparable. On the other hand, 
note that in the NBP model, the estimate of P is more than 10 standard errors from 1.0000 
or 2.0000, so both NB1 and NB2 are rejected in favor of the unrestricted NBP form of the 
model. The NBP and the heterogeneous NB2 model are not nested either, but comparing 
the log likelihoods, it does appear that the heterogeneous model is substantially superior. We 
computed the Vuong statistic based on the individual contributions to the log likelihoods, with 

Variable Poisson Negbin 2
Negbin 2 

Heterogeneous Negbin 1 Negbin P
Poisson  
Normal

Constant 1.05266 1.10083 1.14129 0.93184 0.97164 0.09302
(0.11395) (0.05970) (0.06175) (0.05630) (0.06389) (0.04364)

Age 0.01838 0.01789 0.01689 0.01571 0.01888 0.02267
(0.00134) (0.00079) (0.00081) (0.00070) (0.00081) (0.00051)

Education -0.04355 -0.04797 -0.04450 -0.03127 -0.04282 -0.04595
(0.00699) (0.00378) (0.00386) (0.00355) (0.00414) (0.00276)

Income -0.52502 -0.46285 -0.45443 -0.23198 -0.37774 -0.45804
(0.08240) (0.04600) (0.04654) (0.04451) (0.05122) (0.03235)

Kids -0.16109 -0.15656 -0.16266 -0.13658 -0.16521 -0.18450
(0.03118) (0.01735) (0.01769) (0.01648) (0.01855) (0.01217)

AddOn 0.07282 0.07134 0.06839 0.17879 0.16107 0.27067
(0.07801)
[0.06548]
{0.02534}

(0.07205) (0.07142) (0.05493) (0.06969) (0.04068)

P 0.0000 2.0000 2.0000 1.0000 1.52377
— — — — (0.03485)

a 0.0000 1.92971 2.61217 6.19585 3.34512
s —

—
—

(0.02009)
—
—

(0.05965)
—
—

(0.06867)
—
—

(0.13995)
—
—

1.31484
(0.00425)

d (Female) — — -0.38157 — —
— — (0.02040) — —

d (Married) — — -0.13661 — —
— — (0.02305) — —

ATE 0.24018
(0.26637)

0.23491
(0.24561)

0.22070
(0.23850)

0.62105
(0.20782)

0.55460
(0.25929)

0.42961
(0.07399)

ATET 0.21945
(0.24317)

0.21482
(0.22454)

0.21781
(0.25055)

0.59304
(0.19813)

0.51528
(0.24066)

0.39914
(0.06810)

ln L -104,603.0 -60,291.50 -60,149.00 -60,274.94 -60,219.19 -60,619.11

TABLE 18.24 Estimated Models for DocVis (standard errors in parentheses)
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vi = ln Li(NBP) - ln Li(NB2@H). (See Section 14.6.6). The value of the statistic is -3.27. On this 
basis, we would reject NBP in favor of NB2-H. Finally, with regard to the original question, 
the ATE and ATET computed for ADDON are generally quite small with the Poisson and NB 
models—the mean of DocVis is about 3.2 and the effect is about 0.2 and insignificant. The 
effect is larger in the less restrictive NBP and normal mixture models. The evidence here, as 
in RWM, is mixed.

18.4.6  TRUNCATION AND CENSORING IN MODELS FOR COUNTS

truncation and censoring are relatively common in applications of models for counts. 
truncation arises as a consequence of discarding what appear to be unusable data, such 
as the zero values in survey data on the number of uses of recreation facilities.57 in this 
setting, a more common case which also gives rise to truncation is on-site sampling. 
When one is interested in visitation by the entire population, which will naturally include 
zero visits, but one draws their sample on site, the distribution of visits is truncated at 
zero by construction. every visitor has visited at least once. shaw (1988), englin and 
shonkwiler (1995), Grogger and Carson (1991), Creel and loomis (1990), egan and 
herriges (2006), and Martínez-espinera and amoako-tuffour (2008) are studies that 
have treated truncation due to on-site sampling in environmental and recreation 
applications. truncation will also arise when data are trimmed to remove what appear 
to be unusual values. Figure 18.7 displays a histogram for the number of doctor visits in 
the 1988 wave of the GsoeP data that we have used in several examples. there is a 
suspiciously large spike at zero and an extremely long right tail of what might seem to 
be atypical observations. For modeling purposes, it might be tempting to remove these 
non-Poisson appearing observations in the tails. (other models might be a better 
solution.) the distribution that characterizes what remains in the sample is a truncated 
distribution. truncation is not innocent. if the entire population is of interest, then 

57shaw (1988) and Bockstael et al. (1990).

FIGURE 18.7  Number of Doctor Visits, 1988 Wave of GSOEP Data.
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conventional statistical inference (such as estimation) on the truncated sample produces 
a systematic bias known as (of course) truncation bias. this would arise, for example, if 
an ordinary Poisson model intended to characterize the full population is fit to the 
sample from a truncated population.

Censoring, in contrast, is generally a feature of the sampling design. in the application 
in example 18.18, the dependent variable is the self-reported number of extramarital 
affairs in a survey taken by the magazine Psychology Today. the possible answers are 
0, 1, 2, 3, 4 to 10 (coded as 7), and “monthly, weekly or daily” coded as 12. the two upper 
categories are censored. similarly, in the doctor visits data in the previous paragraph, 
recognizing the possibility of truncation bias due to data trimming, we might, instead, 
simply censor the distribution of values at 15. the resulting variable would take values 
0, . . . , 14, “15 or more.” in both cases, applying conventional estimation methods leads to 
predictable biases. however, it is also possible to reconstruct the estimators specifically 
to account for the truncation or censoring in the data.

truncation and censoring produce similar effects on the distribution of the random 
variable and on the features of the population such as the mean. For the truncation case, 
suppose that the original random variable has a Poisson distribution—all these results 
can be directly extended to the negative binomial or any of the other models considered 
earlier—with

P(yi = j � xi) = [exp(-li)li
j/j!] = Pi,j.

if the distribution is truncated at value C—that is, only values C + 1, . . . are observed—
then the resulting random variable has probability distribution

P(yi = j � xi, yi 7 C) =
P(yi = j � xi)

P(yi 7 C � xi)
=

P(yi = j � xi)

1 - P(yi … C � xi)
.

the original distribution must be scaled up so that it sums to one for the cells that remain 
in the truncated distribution. the leading case is truncation at zero, that is, “left 
truncation,” which, for the Poisson model produces58

P(yi = j � xi, yi 7 0) =
exp(-li)li

j

j![1 - exp(-li)]
=

Pi,j

1 - Pi,0

, j = 1, c.

the conditional mean function is

E(yi � xi, yi 7 0) =
1

[1 - exp(-li)] a
∞

j = 1

j exp(-li)li
j

j!
=

li

[1 - exp(-li)]
7 li.

the second equality results because the sum can be started at zero—the first term 
is zero—and this produces the expected value of the original variable. as might be 
expected, truncation “from below” has the effect of increasing the expected value. it 
can be shown that it decreases the conditional variance, however. the partial effects are

 di =
0E[yi � xi, yi 7 0]

0xi
= J1 - Pi,0 - liPi,0

(1 - Pi,0)
2 RliB. (18-23)

58see, for example, Mullahy (1986), shaw (1988), Grogger and Carson (1991), Greene (1995a,b), and Winkelmann 
(2003).
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the term outside the brackets is the partial effects in the absence of the truncation 
while the bracketed term rises from slighter greater than 0.5 to 1.0 as li increases from 
just above zero.

Example 18.17  Major Derogatory Reports
In Examples 17.17 and 17.21, we examined a binary choice model for the accept/reject 
decision for a sample of applicants for a major credit card. Among the variables in that model 
is Major Derogatory Reports (MDRs). This is an interesting behavioral variable in its own right 
that can be appropriately modeled using the count data specifications in this chapter. In the 
sample of 13,444 individuals, 10,833 had zero MDRs while the values for the remaining 2,561 
ranged from 1 to 22. This preponderance of zeros exceeds by far what one would anticipate 
in a Poisson model that was dispersed enough to produce the distribution of remaining 
individuals. As we will pursue in Example 18.18, a natural approach for these data is to treat 
the extremely large block of zeros explicitly in an extended model. For present purposes, 
we will consider the nonzero observations apart from the zeros and examine the effect of 
accounting for left truncation at zero on the estimated models. Estimation results are shown 
in Table 18.25. The first column of results compared to the second shows the suspected 
impact of incorrectly including the zero observations. The coefficients change only slightly, 
but the partial effects are far smaller when the zeros are included in the estimation. It was not 
possible to fit a truncated negative binomial with these data.

Censoring is handled similarly. the usual case is right censoring, in which realized values 
greater than or equal to C are all given the value C. in this case, we have a two-part 
distribution.59 the observed random variable, yi, is constructed from an underlying random 
variable, yi*, by yi = Min(yi*, C). Wang and Zhou (2015) applied this specification with a 
negative binomial count model to a study of the number of deliveries to online shoppers. 
the dependent variable, deliveries, ranging from 0 to 200, was censored at 10 for the analysis.

59see terza (1985b).

Poisson Full Sample Poisson Truncated Poisson

Constant 0.8756 (17.10) 0.8698 (16.78) 0.7400 (11.99)
Age 0.0036 (2.38) 0.0035 (2.32) 0.0049 (2.75)
Income -0.0039 (-4.78) -0.0036 (-3.83) -0.0051 (-4.51)
OwnRent -0.1005 (-3.52) -0.1020 (-3.56) -0.1415 (-4.18)
Self-Employed -0.0325 (-0.62) -0.0345 (-0.66) -0.0515 (-0.82)
Dependents 0.0445 (4.69) 0.0440 (4.62) 0.0606 (5.48)
MthsCurAdr 0.00004 (0.23) 0.0001 (0.25) 0.0001 (0.30)
ln L -5,379.30 -5,378.79 -5,097.08

Average Partial Effects
Age 0.0017 0.0085 0.0084
Income -0.0018 -0.0087 -0.0089
OwnRent -0.0465 -0.2477 -0.2460
Self-Employed -0.0150 -0.0837 -0.0895
Dependents 0.0206 0.1068 0.1054
MthsCurAdr 0.00002 0.0001 0.0001
Cond’l. Mean 0.4628 2.4295 2.4295
Scale factor 0.4628 2.4295 1.7381

TABLE 18.25 Estimated Truncated Poison Regression Model (t ratios in parentheses)
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Probabilities in the presence of censoring are constructed using the axioms of 
probability. this produces

Prob(yi = j � xi) = Pi,j, j = 0, 1, c, C - 1,

Prob(yi = C � xi) = a
∞

j = C
Pi,j = 1 - a

C - 1

j = 0
Pi,j.

in this case, the conditional mean function is

 E[yi � xi] = a
C - 1

j = 0
j Pi,j + a

∞

j = C
CPi,j

 = a
∞

j = 0
jPi,j - a

∞

j = C
(j - C)Pi,j

 = li - a
∞

j = C
(j - C)Pi, j 6 li.

the infinite sum can be computed by using the complement. thus,

 E[yi � xi] = li - Ja∞
j = 0

(j - C)Pi,j - a
C - 1

j = 0
(j - C)Pi,jR

 = li - (li - C) + a
C - 1

j = 0
(j - C)Pi,j

 = C - a
C - 1

j = 0
(C - j)Pi,,j.

Example 18.18  Extramarital Affairs
In 1969, the popular magazine Psychology Today published a 101-question survey on sex 
and asked its readers to mail in their answers. The results of the survey were discussed in 
the July 1970 issue. From the approximately 2,000 replies that were collected in electronic 
form (of about 20,000 received), Professor Ray Fair (1978) extracted a sample of 601 
observations on men and women then currently married for the first time and analyzed their 
responses to a question about extramarital affairs. Fair’s analysis in this frequently cited study 
suggests several interesting econometric questions.60  

Fair used the tobit model that we discuss in Chapter 19 as a platform. The nonexperimental 
nature of the data (which can be downloaded from the Internet at http://fairmodel.econ.yale.
edu/rayfair/work.ss.htm and are given in Appendix Table F18.1) provides a laboratory case 
that we can use to examine the relationships among the tobit, truncated regression, and 
probit models. Although the tobit model seems to be a natural choice for the model for these 
data, given the cluster of zeros, the fact that the behavioral outcome variable is a count that 
typically takes a small value suggests that the models for counts that we have examined in 
this chapter might be yet a better choice. Finally, the preponderance of zeros in the data that 
initially motivated the tobit model suggests that even the standard Poisson model, although 
an improvement, might still be inadequate. We will pursue that aspect of the data later. In this 
example, we will focus on just the censoring issue. Other features of the models and data are 
reconsidered in the exercises.

60in addition, his 1977 companion paper in Econometrica on estimation of the tobit model proposed a variant of 
the eM algorithm, developed by dempster, laird, and Rubin (1977).
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The study was based on 601 observations on the following variables (full details on data 
coding are given in the data file and Appendix Table F18.1):  

y = number of affairs in the past year, 0, 1, 2, 3, (4910) = 7, (monthly, weekly, or daily) = 12.  
 Sample mean = 1.46; Frequencies = (451, 34, 17, 19, 42, 38),

 z1 = sex = 0 for female, 1 for male. Sample mean = 0.476,
 z2 = age. Sample mean = 32.5,
 z3 = number of years married. Sample mean = 8.18,
 z4 = children, 0 = no, 1 = yes. Sample mean = 0.715,
 z5 = religiousness, 1 = anti, c, 5 = very. Sample mean = 3.12,
 z6 = education, years, 9 = grade school, 12 = high school, c, 20 = Ph.D or other.

Sample mean = 16.2,
 z7 = occupation, “Hollingshead scale,” 197. Sample mean = 4.19,
 z8 = self@rating of marriage, 1 = very unhappy, c, 5 = very happy. Sample mean = 3.93.

A tobit model was fit to y using a constant term and all eight variables. A restricted model 
was fit by excluding z1, z4, and z6, none of which was individually statistically significant in the 
model. We are able to match exactly Fair’s results for both equations. The tobit model should 
only be viewed as an approximation for these data. The dependent variable is a count, not a 
continuous measurement. The Poisson regression model, or perhaps one of the many variants 
of it, should be a preferable modeling framework. Table 18.26 presents estimates of the 
Poisson and negative binomial regression models. There is ample evidence of overdispersion 
in these data; the t ratio on the estimated overdispersion parameter is 7.015/0.945 = 7.42, 
which is strongly suggestive. The large absolute value of the coefficient is likewise suggestive.

Responses of 7 and 12 do not represent the actual counts. It is unclear what the effect 
of the first recoding would be, because it might well be the mean of the observations in this 
group. But the second is clearly a censored observation. To remove both of these effects, we 
have recoded both the values 7 and 12 as 4 and treated this observation (appropriately) as 
a censored observation, with 4 denoting “4 or more.” As shown in the lower panel of results 
in Table 18.26, the effect of this treatment of the data is greatly to reduce the measured 
effects. Although this step does remove a deficiency in the data, it does not remove the 
overdispersion; at this point, the negative binomial model is still the preferred specification.

18.4.7  PANEL DATA MODELS

the familiar approaches to accommodating heterogeneity in panel data have fairly 
straightforward extensions in the count data setting.61 We will examine them for the 
Poisson model. hausman, hall and Griliches (1984) and allison (2000) also give results 
for the negative binomial model.

18.4.7.a  Robust Covariance Matrices for Pooled Estimators 

the standard asymptotic covariance matrix estimator for the Poisson model is

est.asy.var[Bn] = J -
02 ln L

0Bn  0Bn ′
R -1

= Jan
i = 1

lnixixi
= R -1

= [X′�n X]-1,

where �n  is a diagonal matrix of predicted values. the Bhhh estimator is

est.asy.var[Bn] = Jan
i=1

¢ 0 ln Pi

0Bn
≤ ¢ 0 ln Pi

0Bn
≤=R -1

= J a
n

i = 1i

(yi - lni)
2xixi

= R -1

= [X′En 2X]-1,

61hausman, hall, and Griliches (1984) give full details for these models.
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where En  is a diagonal matrix of residuals. the Poisson model is one in which the Mle is 
robust to certain misspecifications of the model, such as the failure to incorporate latent 
heterogeneity in the mean (that is, one fits the Poisson model when the negative binomial 
is appropriate). in this case, a robust covariance matrix is the “sandwich” estimator,

Robust est.asy.var[Bn] = [X′�n X]-1[X′En 2X][X′�n X]-1,

which is appropriate to accommodate this failure of the model. it has become common 
to employ this estimator with all specifications, including the negative binomial. one 
might question the virtue of this. Because the negative binomial model already accounts 
for the latent heterogeneity, it is unclear what additional failure of the assumptions of 
the model this estimator would be robust to. the questions raised in section 14.8 about 
robust covariance matrices would be relevant here. however, if the model is, indeed, 
complete, then the robust estimator does no harm.

a related calculation is used when observations occur in groups that may be 
correlated. this would include a random effects setting in a panel in which observations 
have a common latent heterogeneity as well as more general, stratified, and clustered data 
sets. the parameter estimator is unchanged in this case (and an assumption is made that 
the estimator is still consistent), but an adjustment is made to the estimated asymptotic 
covariance matrix. the calculation is done as follows: suppose the n observations are 
assembled in G clusters of observations, in which the number of observations in the 
ith cluster is ni. thus, aG

i = 1ni = n. denote by B the full set of model parameters in 
whatever variant of the model is being estimated. let the observation-specific gradients 

Poisson Regression Negative Binomial Regression

Variable Estimate Std. Error Partial Effect Estimate Std. Error Partial Effect

Based on Uncensored Poisson Distribution
Constant 2.53 0.197 — 2.19 0.859 —
z2 -0.0322 0.0059 -0.047 -0.0262 0.0180 -0.0039
z3 0.116 0.0099 0.168 0.0848 0.0401 0.127
z5 -0.354 0.0309 -0.515 -0.422 0.171 -0.632
z7 0.0798 0.0194 0.116 0.0604 0.0909 0.0906
z8 -0.409 0.0274 -0.596 -0.431 0.167 -0.646
a 7.015 0.945
ln L -1,427.037 -728.2441

Based on Poisson Distribution Right Censored at y = 4
Constant 1.90 0.283 — 4.79 1.16 —
z2 -0.0328 0.0084 -0.0235 -0.0166 0.0250 -0.0043
z3 0.105 0.0140 0.0755 0.174 0.0568 0.045
z5 -0.323 0.0437 -0.232 -0.723 0.198 -0.186
z7 0.0798 0.0275 0.0572 0.0900 0.116 0.0232
z8 -0.390 0.0391 -0.279 -0.854 0.216 -0.220
a 9.40 1.35
ln L -747.7541 -482.0505

TABLE 18.26 Censored Poisson and Negative Binomial Distributions
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and hessians be gij = 0 ln Lij/0B = (yij - lij)xij and Hij = 02 ln Lij/0B0B′ = -lijxijxij
= . 

the uncorrected estimator of the asymptotic covariance matrix based on the hessian is

VH = -H-1 = ¢ - a
G

i = 1
a
ni

j = 1
Hij≤-1

.

the corrected asymptotic covariance matrix is

est.asy.var[Bn] = VHa G
G - 1

b JaG
i = 1

¢ ani

j = 1
gij≤ ¢ ani

j = 1
gij≤=RVH.

note that if there is exactly one observation per cluster, then this is G/(G - 1) times 
the sandwich (robust) estimator.

18.4.7.b  Fixed Effects 

With fixed effects, the Poisson distribution will have conditional mean
 log lit = B′xit + ai, (18-24)

where now xit has been redefined to exclude the constant term. the approach used in 
the linear model of transforming yit to group mean deviations does not remove the 
heterogeneity, nor does it leave a Poisson distribution for the transformed variable. 
however, the Poisson model with fixed effects can be fit using the methods described 
for the probit model  in section 17.7.3. the extension to the Poisson model requires 
only the minor modifications, git = (yit - lit) and hit = -lit. everything else in that 
derivation applies with only a simple change in the notation. the first-order conditions 
for maximizing the log-likelihood function for the Poisson model will include

0 ln L
0ai

= a
Ti

t = 1
(yit - eai mit) = 0 where mit = ex=

itB.

this implies an explicit solution for ai in terms of B in this model,

 an i = ln§ (1/Ti)a Ti

t = 1yit

(1/Ti)a Ti

t = 1mn it

¥ = ln¢ yi

mnQ i
≤. (18-25)

unlike the regression or the probit model, this estimator does not require that there be 
within-group variation in yit—all the values can be the same. it does require that at least 
one observation for individual i be nonzero, however. the rest of the solution for the 
fixed effects estimator follows the same lines as that for the probit model. an alternative 
approach, albeit with little practical gain, would be to concentrate the log-likelihood 
function by inserting this solution for ai back into the original log likelihood, and then 
maximizing the resulting function of B. While logically this makes sense, the approach 
suggested earlier for the probit model is simpler to implement.

an estimator that is not a function of the fixed effects is found by obtaining the joint 
distribution of (yi1, c, yiTi

) conditional on their sum. For the Poisson model, a close 
cousin to the multinomial logit model discussed earlier is produced:

 p¢yi1, yi2, c, yiTi
2 aTi

i = 1
yit≤ =

¢ a Ti

t = 1yit≤!¢ q Ti

t = 1yit!≤ qTi

t = 1
pit

yit, (18-26)
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where

 pit =
exit

=B + ai

a Ti

t = 1e
xit

=B + ai
=

exit
=B

a Ti

t = 1e
x=

itB

. (18-27)

the contribution of group i to the conditional log likelihood is

ln Li = a
Ti

t = 1
yit ln pit.

note, once again, that the contribution to ln L of a group in which yit = 0 in every 
period is zero. Cameron and trivedi (1998) have shown that these two approaches give 
identical results.

hausman, hall, and Griliches (1984) (hhG) report the following conditional 
density for the fixed effects negative binomial (FenB) model:

p¢yi1, yi2, c, yiTi
2 aTi

t = 1
yit≤ =

Γ¢1 + a Ti

t = 1yit≤Γ¢ a Ti

t = 1lit≤
Γ¢ a Ti

t = 1yit + a Ti

t = 1lit≤ q
Ti

t = 1

Γ(yit + lit)

Γ(1 + yit)Γ(lit)
,

which is also free of the fixed effects. this is the default FenB formulation used in 
popular software packages such as SAS and Stata. Researchers accustomed to the 
admonishments that fixed effects models cannot contain overall constants or time-
invariant covariates are sometimes surprised to find (perhaps accidentally) that this 
fixed effects model allows both.62 the resolution of this apparent contradiction is that 
the hhG FenB model is not obtained by shifting the conditional mean function by the 
fixed effect, ln lit = xit

=B + ai, as it is in the Poisson model. Rather, the hhG model is 
obtained by building the fixed effect into the model as an individual-specific ui in the 
negbin 1 form in (18-22). the conditional mean functions in the models are as follows 
(we have changed the notation slightly to conform to our earlier formulation):

 nB1(hhG): E[yit � xit] = uifit = ui exp(xit
=B),

 nB2:    E[yit � xit] = exp(ai)fit = lit = exp(xit
=B + ai).

the conditional variances are

 nB1(hhG): var[yit � xit] = uifit[1 + ui],

 nB2:    var[yit � xit] = lit[1 + ulit].

letting mi = ln ui, it appears that the hhG formulation does provide a fixed effect in 
the mean, as now, E[yit � xit] = exp(xit

=B + mi). indeed, by this construction, it appears 
(as the authors suggest) that there are separate effects in both the mean and the variance. 
they make this explicit by writing ui = exp(mi)gi so that in their model,

 E[yit � xit] = gi exp(xit
=B + mi),

 var[yit � xit] = gi exp(xit
=B + mi)/[1 + gi exp(mi)].

the contradiction arises because the authors assert that mi and gi are separate parameters. 
in fact, they cannot vary separately; only ui can vary autonomously. the firm-specific 

62this issue is explored at length in allison (2000) and allison and Waterman (2002).
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effect in the hhG model is still isolated in the scaling parameter, which falls out of the 
conditional density. the mean is homogeneous, which explains why a separate constant, 
or a time-invariant regressor (or another set of firm-specific effects) can reside there.63

18.4.7.c  Random Effects 

the fixed effects approach has the same flaws and virtues in this setting as in the probit 
case. it is not necessary to assume that the heterogeneity is uncorrelated with the included 
exogenous variables. if the uncorrelatedness of the regressors and the heterogeneity 
can be maintained, then the random effects model is an attractive alternative model. 
once again, the approach used in the linear regression model, partial deviations from 
the group means followed by generalized least squares (see section 11.5), is not usable 
here. the approach used is to formulate the joint probability conditioned upon the 
heterogeneity, then integrate it out of the joint distribution. thus, we form

p(yi1, c, yiTi
� ui) = q

Ti

t = 1
p(yit � ui).

then the random effect is swept out by obtaining

 p(yi1, c, yiTi
) = Lui

p(yi1, c, yi,Ti
, ui)dui

 = Lui

p(yi1, c, yiTi
� ui)g(ui)dui

 = Eui
[p(yi1, c, yiTi

� ui)].

this is exactly the approach used earlier to condition the heterogeneity out of the 
Poisson model to produce the negative binomial model. if, as before, we take p(yit � ui) 
to be Poisson with mean lit = exp(xit

=B + ui) in which exp(ui) is distributed as gamma 
with mean 1.0 and variance 1/a, then the preceding steps produce a negative binomial 
distribution,

 p(yi1, c, yiTi
) =

Jq Ti

t = 1lit
yitRΓ¢u + a Ti

t = yit≤JΓ(u)q Ti

t = 1yit!R J ¢ a Ti

t = 1lit≤ΣTi
t = 1yitR   Qi

u
 (1 - Qi)

ΣTi
t = 1yit,

 (18-28)

where

Qi =
u

u + a Ti

t = 1lit

.

For estimation purposes, we have a negative binomial distribution for Yi = Σt yit with 
mean Λi = Σtlit.

like the fixed effects model, introducing random effects into the negative binomial 
model adds some additional complexity. We do note, because the negative binomial model 
derives from the Poisson model by adding latent heterogeneity to the conditional mean, 

63see Greene (2005) and allison and Waterman (2002) for further discussion.
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adding a random effect to the negative binomial model might well amount to 
introducing the heterogeneity a second time—the random effects nB model is a Poisson 
regression with E[yit � xit, ei, wit] = exp(xit

=B + wit + ei). however, one might prefer to 
interpret the negative binomial as the density for yit in its own right and treat the 
common effects in the familiar fashion. hausman et al.’s (1984) random effects negative 
binomial (RenB) model is a hierarchical model that is constructed as follows. the 
heterogeneity is assumed to enter lit additively with a gamma distribution with mean 1, 
i.e., G(ui, ui). then, ui/(1 + ui) is assumed to have a beta distribution with parameters a 
and b (see appendix B.4.6). the resulting unconditional density after the heterogeneity 
is integrated out is

p(yi1, yi2, c, yiTi
) =

Γ(a + b)Γ¢a + a Ti

t = 1lit≤Γ¢b + a Ti

t = 1yit≤
Γ(a)Γ(b)Γ¢a + a Ti

t = 1lit + b + a Ti

t = 1yit≤ .

as before, the relationship between the heterogeneity and the conditional mean function 
is unclear, because the random effect impacts the parameter of the scedastic function. an 
alternative approach that maintains the essential flavor of the Poisson model (and other 
random effects models) is to augment the nB2 form with the random effect,

 Prob(Y = yit � xit, ei) =
Γ(u + yit)

Γ(yit + 1)Γ(u)
 r it

yit(1 - rit)
u,

 lit = exp(xit
=B + ei),

 rit = lit/(u + lit).

We then estimate the parameters by forming the conditional (on ei) log likelihood and 
integrating ei out either by quadrature or simulation. the parameters are simpler to 
interpret by this construction. estimates of the two forms of the random effects model 
are presented in example 18.19 for a comparison.

there is a preference in the received literature for the fixed effects estimators 
over the random effects estimators. the virtue of dispensing with the assumption of 
uncorrelatedness of the regressors and the group-specific effects is substantial. on the 
other hand, the assumption does come at a cost. to compute the probabilities or the 
marginal effects, it is necessary to estimate the constants, ai. the unscaled coefficients 
in these models are of limited usefulness because of the nonlinearity of the conditional 
mean functions.

other approaches to the random effects model have been proposed. Greene (1994, 
1995a, 1995b, 1997), Riphahn et al. (2003), and terza (1995) specify a normally distributed 
heterogeneity, on the assumption that this is a more natural distribution for the aggregate 
of small independent effects. Brannas and Johanssen (1994) have suggested a 
semiparametric approach based on the GMM estimator by superimposing a very general 
form of heterogeneity on the Poisson model. they assume that conditioned on a random 
effect eit, yit is distributed as Poisson with mean eitlit. the covariance structure of eit is 
allowed to be fully general. For t, s = 1, c, T, var[eit] = si

2, Cov[eit, ejs] = gij( � t - s � ). 
For a long time series, this model is likely to have far too many parameters to be 
identified without some restrictions, such as first-order homogeneity (Bi = B  5 i), 
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uncorrelatedness across groups, [gij(.) = 0 for i ≠ j], groupwise homoscedasticity 
(si

2 = s2 5 i), and nonautocorrelatedness [g(r) = 0 5 r ≠ 0]. With these assumptions, 
the estimation procedure they propose is similar to the procedures suggested earlier. if 
the model imposes enough restrictions, then the parameters can be estimated by the 
method of moments. the authors discuss estimation of the model in its full generality. 
Finally, the latent class model discussed in section 14.15.4 and the random parameters 
model in section 15.9 extend naturally to the Poisson model. indeed, most of the received 
applications of the latent class structure have been in the Poisson or negative binomial 
regression framework.64

Example 18.19  Panel Data Models for Doctor Visits
The German health care panel data set contains 7,293 individuals with group sizes ranging 
from 1 to 7. Table 18.27 presents the fixed and random effects estimates of the equation. 
The pooled estimates are also shown for comparison. Overall, the panel data treatments 
bring large changes in the estimates compared to the pooled estimates. There is also a 

64see Greene (2001) for a survey.

Poisson Negative Binomial

Pooled 
Robust 

Std. Error

Fixed Effects Random Effects

Variable
Fixed 
Effects

Random 
Effects

Pooled 
NB2 FE NB1 FE NB2

HHG 
Gamma Normal

Constant 1.05266 — 0.69553 1.10083 -1.14543 — -0.41087 0.37764
(0.11395) (0.05266) (0.05970) (0.09392) (0.06062) (0.05499)

Age 0.01838 0.03127 0.02331 0.01789 0.02383 0.04476 0.01886 0.02230
(0.00134) (0.00144) (0.00045) (0.00079) (0.00119) (0.00277) (0.00078) 0.00070)

Educ -0.04355 -0.03934 -0.03938 -0.04797 0.01338 -0.04788 -0.02469 -0.04536
(0.00699) (0.01734) (0.00434) (0.00378) (0.00630) (0.02963) (0.00386) (0.00345)

Income -0.52502 -0.30674 -0.27282 -0.46285 0.01635 -0.20085 -0.10785 -0.18650
(.08240) (0.04103) (0.01519) (0.04600) (0.05541) (0.07321) (0.04577) (0.04267)

Kids -0.16109 0.00153 -0.03974 -0.15656 -0.03336 -0.00131 -0.11181 -0.12013
(0.03118) (0.01534) (0.00526) (0.01735) (0.02117) (0.02921) (0.01677) (0.01583)

AddOn 0.07282 -0.07946 -0.05654 0.07134 0.11224 -0.02158 0.15086 0.05637
(0.07801) (0.03568) (0.01605) (0.07205) (0.06622) (0.06739) (0.05836) (0.05699)

a — — 1.16959 1.92971 — 1.91953 — 1.08433
(0.01949) (0.02009) (0.02993) (0.01210)

a — — — — — — 2.13948 —
(0.05928)

b — — — — — — 3.78252 —
(0.11377)

s — — — — — — — 0.96860
(0.00828)

ln L -104,603.0 -60,327.8 -71,779.6 -60,291.5 34,015.4 -49,478.0 -58,189.5 -58,170.5

TABLE 18.27 Estimated Panel Data Models for Doctor Visits (standard errors in parentheses)
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considerable amount of variation across the specifications. With respect to the parameter of 
interest, AddOn, we find that the size of the coefficient falls substantially with all panel data 
treatments and it becomes negative in the Poisson models. Whether using the pooled, fixed, 
or random effects specifications, the test statistics (Wald, LR) all reject the Poisson model in 
favor of the negative binomial. Similarly, either common effects specification is preferred to 
the pooled estimator. There is no simple basis for choosing between the fixed and random 
effects models, and we have further blurred the distinction by suggesting two formulations 
of each of them. We do note that the two random effects estimators are producing similar 
results, which one might hope for. But the two fixed effects estimators are producing very 
different estimates. The NB1 estimates include two coefficients, Income and Education, which 
are positive, but negative in every other case. Moreover, the coefficient on AddOn, varies in 
sign, and is insignificant in nearly all cases. As before, the data do not suggest the presence 
of moral hazard, at least as measured here.

We also fit a three-class latent class model for these data. (See Section 14.10.) The three class 
probabilities were modeled as functions of Married and Female, which appear from the results 
to be significant determinants of the class sorting. The average prior probabilities for the three 
classes are 0.09027, 0.49332, and 0.41651. The coefficients on AddOn in the three classes, 
with associated t ratios, are -0.02191 (0.45), 0.36825 (5.60), and 0.01117 (0.26). The qualitative 
result concerning evidence of moral hazard suggested here is that there might be a segment 
of the population for which we have some evidence, but more generally, we find relatively little.

18.4.8  TWO-PART MODELS: ZERO-INFLATION AND HURDLE MODELS

Mullahy (1986), heilbron (1989), lambert (1992), Johnson and Kotz (1993), and Greene 
(1994) have analyzed an extension of the hurdle model in which the zero outcome can 
arise from one of two regimes.65 in one regime, the outcome is always zero. in the other, 
the usual Poisson process is at work, which can produce the zero outcome or some other. 
in lambert’s application, she analyzes the number of defective items produced by a 
manufacturing process in a given time interval. if the process is under control, then the 
outcome is always zero (by definition). if it is not under control, then the number of 
defective items is distributed as Poisson and may be zero or positive in any period. the 
model at work is therefore

 Prob(yi = 0 � xi) = Prob(regime 1) + Prob(yi = 0 � xi, regime 2) Prob(regime 2),

 Prob(yi = j � xi) = Prob(yi = j � xi, regime 2) Prob(regime 2), j = 1, 2, c.

let z denote a binary indicator of regime 1 (z = 0) or regime 2 (z = 1), and let y* 
denote the outcome of the Poisson process in regime 2. then the observed y is z * y*.  
a natural extension of the splitting model is to allow z to be determined by a set of 
covariates. these covariates need not be the same as those that determine the conditional 
probabilities in the Poisson process. thus, the model is:

Prob(zi = 0 � wi) = F(wi, G), (Regime 1: y will equal zero);

Prob(yi = j � xi, zi = 1) =
exp(-li)li

j

j!
, (Regime 2: y will be a count outcome).

the zero-inflation model can also be viewed as a type of latent class model. the two 
class probabilities are F (wi, G) and 1 - F(wi, G), and the two regimes are y = 0 and the 

65the model is variously labeled the “with zeros,” or WZ, model [Mullahy (1986)], the zero-inflated Poisson, or 
ZiP, model [lambert (1992)], and “zero-altered Poisson,” or ZaP, model [Greene (1994)].
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Poisson or negative binomial data-generating process.66 the extension of the ZiP 
formulation to the negative binomial model is widely labeled the ZinB model.67 [see 
Zaninotti and Falischetti (2010) for an application.]

the mean of this random variable in the Poisson case is

E[yi � xi, wi] = Fi * 0 + (1 - Fi) * E[yi* � xi, zi = 1] = (1 - Fi)li.

lambert (1992) and Greene (1994) consider a number of alternative formulations, 
including logit and probit models discussed in sections 17.2 and 17.3, for the probability of 
the two regimes. it might be of interest to test simply whether there is a regime splitting 
mechanism at work or not. unfortunately, the basic model and the zero-inflated model 
are not nested. setting the parameters of the splitting model to zero, for example, does 
not produce Prob[z = 0] = 0. in the probit case, this probability becomes 0.5, which 
maintains the regime split. the preceding tests for over- or underdispersion would be 
rather indirect. What is desired is a test of non-Poissonness. an alternative distribution 
may (but need not) produce a systematically different proportion of zeros than the 
Poisson. testing for a different distribution, as opposed to a different set of parameters, 
is a difficult procedure. Because the hypotheses are necessarily nonnested, the power 
of any test is a function of the alternative hypothesis and may, under some, be small. 
vuong (1989) has proposed a test statistic for nonnested models that is well suited for 
this setting when the alternative distribution can be specified. (see section 14.6.6.) let 
fj(yi � xi) denote the predicted probability that the random variable Y equals yi under the 
assumption that the distribution is fj(yi � xi), for j = 1, 2, and let

mi = ln¢ f1(yi � xi)

f2(yi � xi)
≤.

then vuong’s statistic for testing the nonnested hypothesis of model 1 versus model 2 is

v =
2n[1

nΣn
i = 1mi]21

nΣn
i = 1(mi - m)2

=
2nm

sm

.

this is the standard statistic for testing the hypothesis that E[mi] equals zero. vuong 
shows that v has a limiting standard normal distribution. as he notes, the statistic is 
bidirectional. if � v �  is less than 2, then the test does not favor one model or the other. 
otherwise, large values favor model 1 whereas small (negative) values favor model 2. 
Carrying out the test requires estimation of both models and computation of both sets 
of predicted probabilities. in Greene (1994), it is shown that the vuong test has some 
power to discern the zero-inflation phenomenon. the logic of the testing procedure is to 
allow for overdispersion by specifying a negative binomial count data process and then 
examine whether, even allowing for the overdispersion, there still appear to be excess 
zeros. in his application, that appears to be the case.

Example 18.20  Zero-Inflation Models for Major Derogatory Reports
In Example 18.17, we examined the counts of major derogatory reports for a sample of 
13,444 credit card applicants. It was noted that there are over 10,800 zeros in the counts. 
One might guess that among credit card users, there is a certain (probably large) proportion 

66harris and Zhao (2007) applied this approach to a survey of teenage smokers and nonsmokers in australia, 
using an ordered probit model. (see section 18.3.)
67Greene (2005) presents a survey of two-part models, including the zero-inflation models.
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of individuals who would never generate an MDR, and some other proportion who might 
or might not, depending on circumstances. We propose to extend the count models in 
Example 18.17 to accommodate the zeros. The extensions to the ZIP and ZINB models are 
shown in Table 18.28. Only the coefficients are shown for purpose of the comparisons. Vuong’s 
diagnostic statistic appears to confirm intuition that the Poisson model does not adequately 
describe the data; the value is 20.6981. Using the model parameters to compute a prediction 
of the number of zeros, it is clear that the splitting model does perform better than the basic 
Poisson regression. For the simple Poisson model, the average probability of zero times the 
sample size gives a prediction of 8,609. For the ZIP model, the value is 10,914.8, which is a 
dramatic improvement. By the likelihood ratio test, the negative binomial is clearly preferred; 
comparing the two zero-inflation models, the difference in the log likelihood functions is over 
1,000. As might be expected, the Vuong statistic falls considerably, to 4.5943. However, the 
simple model with no zero inflation is still rejected by the test.

in some settings, the zero outcome of the data generating process is qualitatively 
different from the positive ones. the zero or nonzero value of the outcome is the result of 
a separate decision whether or not to participate in the activity. on deciding to participate, 
the individual decides separately how much, that is, how intensively. Mullahy (1986) argues 
that this fact constitutes a shortcoming of the Poisson (or negative binomial) model and 
suggests a hurdle model as an alternative.68 in his formulation, a binary probability model 
determines whether a zero or a nonzero outcome occurs and then, in the latter case, a 
(truncated) Poisson distribution describes the positive outcomes. the model is

 Prob(yi = 0 � xi) = e-u,

 Prob(yi = j � xi) = (1 - e-u) 
exp(-li)li

j

j![1 - exp(-li)]
, j = 1, 2, c.

this formulation changes the probability of the zero outcome and scales the remaining 
probabilities so that they sum to one. Mullahy suggests some formulations and applies 

68For a similar treatment in a continuous data application, see Cragg (1971).

Poisson Negative Binomial

Zero Inflation Zero Inflation

Poisson 
Regression Regression

Zero 
Regime

Negative 
Binomial Regression

Zero 
Regime

Constant -1.33276 0.75483 2.06919 -1.54536 -0.39628 4.18910
Age 0.01286 0.00358 -0.01741 0.01807 -0.00280 -0.14339
Income -0.02577 -0.05127 -0.03023 -0.02482 -0.05502 -0.33903
OwnRent -0.17801 -0.15593 -0.01738 -0.18985 -0.28591 -0.50026
Self Employment 0.04691 -0.01257 0.07920 0.06817
Dependents 0.13760 0.06038 -0.09098 0.14054 0.08599 -0.32897
Cur. Add. 0.00195 0.00046 0.00245 0.00257
a 6.41435 4.85653
ln L -15,467.71 -11,569.74 -10,582.88 -10,516.46
Vuong 20.6981 4.5943

TABLE 18.28 Estimated Zero Inflated Count Models
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the model to a sample of observations on daily beverage consumption. Mullahy’s 
formulation adds a new restriction that Prob(yi = 0 � xi) no longer depends on the 
covariates, however. the natural next step is to parameterize this probability. this 
extension of the hurdle model would combine a binary choice model  like those in 
section 17.2 and 17.3 with a truncated count model as shown in section 18.4.6. this 
would produce, for example, for a logit participation equation and a Poisson intensity 
equation,

 Prob(yi = 0 � wi) = Λ(wi
=G)

 Prob(yi = j � xi, wi, yi 7 0) =
[1 - Λ(wi

=G)] exp(-li)li
j

j![1 - exp(-li)]
.

the conditional mean function in the hurdle model is

E[yi � xi, wi] =
[1 - F(wi

=G)]li

[1 - exp(-li)]
, li = exp(xi

=B),

where F(.) is the probability model used for the participation equation (probit or logit). 
the partial effects are obtained by differentiating with respect to the two sets of variables 
separately,

 
0E[yi � xi, wi]

0xi
= [1 - F(wi

=G)]Di,

 
0E[yi � xi, wi]

0wi
= b -f(wi

=G)li

[1 - exp(-li)]
rG,

where Di is defined in (18-23) and f(.) is the density corresponding to F(.). For variables 
that appear in both xi and wi, the effects are added. For dummy variables, the preceding 
would be an approximation; the appropriate result would be obtained by taking the 
difference of the conditional means with the variable fixed at one and zero.

it might be of interest to test for hurdle effects. the hurdle model is similar to 
the zero-inflation model in that a model without hurdle effects is not nested within 
the hurdle model; setting G = 0 produces either F = a, a constant, or F = 1>2  if the 
constant term is also set to zero. neither serves the purpose. nor does forcing G = B 
in a model with wi = xi and F = Λ with a Poisson intensity equation, which might be 
intuitively appealing. a complementary log log model with

Prob(yi = 0 � wi) = exp[-exp(wi
=G)]

does produce the desired result if wi = xi. in this case, “hurdle effects” are absent 
if G = B. the strategy in this case, then, would be a test of this restriction. But, this 
formulation is otherwise restrictive, first in the choice of variables and second in its 
unconventional functional form. the more general approach to this test would be the 
vuong test used earlier to test the zero-inflation model against the simpler Poisson or 
negative binomial model.

the hurdle model bears some similarity to the zero-inflation model. however, the 
behavioral implications are different. the zero-inflation model can usefully be viewed 
as a latent class model. the splitting probability defines a regime determination. in the 
hurdle model, the splitting equation represents a behavioral outcome on the same level 
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as the intensity (count) equation.69 Both of these modifications substantially alter the 
Poisson formulation. First, note that the equality of the mean and variance of the 
distribution no longer follow; both modifications induce overdispersion. on the other 
hand, the overdispersion does not arise from heterogeneity; it arises from the nature of 
the process generating the zeros. as such, an interesting identification problem arises in 
this model. if the data do appear to be characterized by overdispersion, then it seems 
less than obvious whether it should be attributed to heterogeneity or to the regime 
splitting mechanism. Mullahy (1986) argues the point more strongly. he demonstrates 
that overdispersion will always induce excess zeros. as such, in a splitting model, we may 
misinterpret the excess zeros as due to the splitting process instead of the heterogeneity.

Example 18.21  Hurdle Models for Doctor Visits
Jones and Schurer (2009) used the hurdle framework to study physician visits in several 
countries using the ECHP panel data set. The base model was a negative binomial regression, 
with a logit hurdle equation. The main interest was the cross-country variation in the income 
elasticity of health care utilization. A few of their results for general practitioners are shown in 
Table 18.29, which is extracted from their Table 8.70 (Corresponding results are computed for 
specialists.) Note that individuals are classified as high or low users. The latent classes have 
been identified as a group of heavy users of the system and light users, which would seem 
to suggest that the classes are not latent. The class assignments are done using the method 
described in Section 14.15.4. The posterior (conditional) class probabilities, pni1 and pni2, are 
computed for each person in the sample. An individual is classified as coming from class 1 
if pni1 Ú 0.5 and class 2 if pni1 6 0.5. With this classification, the average within group utilization 
is computed. The group with the higher group mean is labeled the “High users.”

In Examples 18.16 and 18.21, we fit Poisson regressions with means

E[DocVis � x] = exp(b1 + b2Age + b3Education + b4Income + b5Kids + b6AddOn).

69see, for example, Jones (1989), who applied the model to cigarette consumption.
70From Jones and schurer (2009).

Estimated Income Coefficients and Elasticities for GP and Specialist Visits—Country-Specific LC 
Hurdle Models (Asymptotic t ratios in parentheses)

Country

GPs

Low Users High Users

Estimated 
Coefficient

Estimated 
Elasticity

Estimated 
Coefficient

Estimated 
Elasticity

Austria P(Y 7 0) -0.051 (-1.467) -0.012 -0.109 (-0.872) -0.005

E(Y � Y 7 0) 0.012(0.693) 0.009 0.039(2.167) 0.035
Belgium P(Y 7 0) 0.035(1.002) 0.008 0.292(4.004) 0.010

E(Y � Y 7 0) -0.052(-3.125) -0.037 -0.055(-4.030) -0.050
Denmark P(Y 7 0) 0.083(1.746) 0.033 0.261 (2.302) 0.023

E(Y � Y 7 0) 0.042 (0.992) 0.021 -0.030 (-1.009) -0.024
Finland P(Y 7 0) 0.054(1.358) 0.024 -0.030 (-0.263) -0.003

E(Y � Y 7 0) 0.007(0.237) 0.004 -0.048 (-1.706) -0.037

TABLE 18.29 Income Elasticities
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Table 18.30 reports results for a two-class latent class model based on this specification using 
the 3,377 observations in the 1994 wave of the panel. The estimated prior class probabilities 
are 0.23298 and 0.76702. For each observation in the sample, the posterior probabilities are 
computed using

pni1 =
pn1Lni1

pn1Lni1 + pn2Lni2

, Lnic =
exp(-lnic)(lnic)DocVisi

DocVisi!
, lnic = exp(xi

=Bnc), c = 1, 2,

then pni2 = 1 - pni1. The mean values of these posterior probabilities are 0.228309 and 0.771691, 
which, save for some minor error, match the prior probabilities. (In theory, they match perfectly.) 
We then define the class assignment to be class 1 if pni1 Ú 0.5 and class 2 if pni1 6 0.5. By this 
calculation, there are 771 and 2,606 observations in the two classes, respectively. The sample 
averages of DocVis for the two groups are 11.380 and 1.535, which confirms the idea of a group 
of high users and low users. Figure 18.8 displays histograms for the two groups. (The sample 
has been trimmed by dropping a handful of observations larger than 30 in group 1.)

18.4.9  ENDOGENOUS VARIABLES AND ENDOGENOUS PARTICIPATION

as in other situations, one would expect to find endogenous variables in models for 
counts. For example, in the study on which we have relied for our examples of health 
care utilization, Riphahn, Wambach, and Million (RWM, 2003), were interested in the 
role of the AddOn insurance in the usage variable. one might expect the choice to buy 
insurance to be at least partly influenced by some of the same factors that motivate 
usage of the health care system. insurance purchase might well be endogenous in a 
model such as the hurdle model in example 18.21.

the Poisson model presents a complication for modeling endogeneity that arises in 
some other cases as well. For simplicity, consider a continuous variable, such as Income, 
to continue our ongoing example. a model of income determination and doctor visits 
might appear

Income = zi
=G + ui,

Prob(DocVisi = j � xi, Incomei) = exp(-li), li
j/j!, li = exp(xi

=B + d Incomei).

endogeneity as we have analyzed it, for example, in Chapter 8 and sections 17.3.5 and 
17.5.5, arises through correlation between the endogenous variable and the unobserved 

Latent Class Model Poisson Regression

Class 1 Class 2

Variable Estimate Std. Error Estimate Std. Error Estimate Std. Error

Constant 2.67381 0.11876 0.66690 0.17591 1.23358 0.06706
Age 0.01394 0.00149 0.01867 0.00213 0.01866 0.00082
Income -0.39859 0.08096 -0.51861 0.12012 -0.40231 0.04632
Education -0.05760 0.00699 -0.06516 0.01140 -0.04457 0.00435
Kids -0.13259 0.03539 -0.32098 0.05270 -0.14477 0.02065
AddOn 0.00786 0.08795 0.06883 0.15084 0.12270 0.06129
Class Prob. 0.23298 0.00959 0.76702 0.00959 1.00000 0.00000
ln L -9263.76 -13653.41

TABLE 18.30 Estimated Latent Class Model for Doctor Visits
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omitted factors in the main equation. But the Poisson model does not contain any 
unobservables. this is a major shortcoming of the specification as a regression model; 
all of the regression variation of the dependent variable arises through variation of the 
observables. there is no accommodation for unobserved heterogeneity or omitted 
factors. this is the compelling motivation for the negative binomial model or, in RWM’s 
case, the Poisson-normal mixture model.71 if the model is reformulated to accommodate 
heterogeneity, as in

li = exp(xi
=B + d Incomei + ei),

then Incomei will be endogenous if ui and ei are correlated.
a bivariate normal model for (ui, ei) with zero means, variances su

2 and se
2, and 

correlation r provides a convenient (and the usual) platform to operationalize this idea. 
By projecting ei on ui, we have

ei = (rse/su)ui + vi,

where vi is normally distributed with mean zero and variance se
2(1 - r2). it will prove 

convenient to parameterize these based on the regression and the specific parameters 
as follows:

 ei = rse(Incomei - zi
=G)/su + vi,

 = t[(Incomei - zi
=G)/su] + uwi,

71see terza (2009, pp. 555–556) for discussion of this issue.

FIGURE 18.8  Distributions of Doctor Visits by Class.
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where wi will be normally distributed with mean zero and variance one while t = rse 
and u2 = se

2(1 - r2). then, combining terms,

ei = tui* + uwi.

With this parameterization, the conditional mean function in the Poisson regression 
model is

li = exp(xi
=B + d Incomei + tui* + uwi).

the parameters to be estimated are B, G, d, se, su, and r. there are two ways to proceed. 
a two-step method can be based on the fact that G and su can consistently be estimated 
by linear regression of Income on z. after this first step, we can compute values of ui* and 
formulate the Poisson regression model in terms of

lni(wi) = exp[xi
=B + d Incomei + tun i + uwi].

the log likelihood to be maximized at the second step is

ln L(B, d, t, u � w) = a
n

i = 1
- lni(wi) + yi ln lni(wi) - ln yi!.

a remaining complication is that the unobserved heterogeneity, wi, remains in the 
equation so it must be integrated out of the log-likelihood function. the unconditional 
log-likelihood function is obtained by integrating the standard normally distributed wi 
out of the conditional densities,

ln L(B, G, t, u) = a
n

i = 1
lnb L

∞

-∞
Jexp(-lni(wi))(lni(wi))yi

yi!
Rf(wi)dwi r .

the method of Butler and Moffitt or maximum simulated likelihood that we used to 
fit a probit model in section 17.4.2 can be used to estimate B, d, t, and u. estimates of r 
and se can be deduced from the last two of these; se

2 = u2 + t2 and r = t/se. this is the 
control function method discussed in section 17.6.2 and is also the “residual inclusion” 
method discussed by terza, Basu, and Rathouz (2008).

the full set of parameters can be estimated in a single step using full information 
maximum likelihood. to estimate all parameters simultaneously and efficiently, 
we would form the log likelihood from the joint density of DocVis and Income as 
P(DocVis � Income)f(Income). thus,

f(DocVis, Income) =
exp[-li(wi)][li(wi)]yi

yi!
 

1
su

 f¢ Income - zi
=G

su
≤,

li(wi) = exp(xi
=B + d Incomei + t(Incomei - zi

=G)/su + uwi).

as before, the unobserved wi must be integrated out of the log-likelihood function. 
either quadrature or simulation can be used. the parameters to be estimated by 
maximizing the full log likelihood are (B, G, d, su, se, r). the invariance principle can 
be used to simplify the estimation a bit by parameterizing the log-likelihood function 
in terms of t and u. some additional simplification can also be obtained by using the 
olsen (1978) [and tobin (1958)] transformations, h = 1/su and A = (1/su)G.

an endogenous binary variable, such as Public or AddOn in our DocVis example is 
handled similarly but is a bit simpler. the structural equations of the model are
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T * = z′G + u,      u ∼ N[0, 1],

T = 1(t* 7 0),

l = exp(x′B + dT + e)  e ∼ N[0, se
2],

with Cov(u, e) = rse. the endogeneity of T is implied by a nonzero r. We use the 
bivariate normal result,

u = (r/se)e + v,

where v is normally distributed with mean zero and variance 1 - r2. then, using our 
earlier results for the probit model (section 17.3),

P(T � e) = ΦJ(2T - 1)¢ z′G + (r/se)e21 - r2
≤ R , T = 0, 1.

it will be convenient once again to write e = sew where w ∼ n[0, 1]. Making the 
substitution, we have

P(T � w) = ΦJ(2T - 1)¢ z′G + rw21 - r2
≤ R , T = 0, 1.

the probability density function for y � T,w is Poisson with l(w) = exp(x′B + dT +
sew). Combining terms,

P(y, T � w) =
exp[-l(w)][l(w)]y

y!
 ΦJ(2T - 1)¢ z′G + rw21 - r2

≤ R .

this last result provides the terms that enter the log likelihood for (B, G, d, r, se). as 
before, the unobserved heterogeneity, w, must be integrated out of the log likelihood, 
so either the quadrature or simulation method discussed in Chapter 17 is used to obtain 
the parameter estimates. note that this model may also be estimated in two steps, with 
G obtained in the first-step probit. the two-step method will not be appreciably simpler, 
since the second term in the density must remain to identify r. the residual inclusion 
method is not feasible here since T* is not observed.

this same set of methods is used to allow for endogeneity of the participation 
equation in the hurdle model in section 18.4.8. Mechanically, the hurdle model with 
endogenous participation is essentially the same as the endogenous binary variable.72

Example 18.22  Endogenous Treatment in Health Care Utilization
Table 18.31 reports estimates of the treatment effects model for our health care utilization 
data. The main result is the causal parameter on Addon, which is shown in the boxes in the 
table. We have fit the model with the full panel (pooled) and with the final (1994) wave of the 
panel. The results are nearly identical. The large negative value is, of course, inconsistent 
with any suggestion of moral hazard, and seems extreme enough to cast some suspicion 
on the model specification. We, like Riphahn et al. (2003) and others they discuss, did not 
find evidence of moral hazard in the demand for physician visits. (The authors did find more 
suggestive results for hospital visits.)

72see Greene (2005, 2007d).
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18.5 SUMMARY AND CONCLUSIONS

the analysis of individual decisions in microeconometrics is largely about discrete 
decisions such as whether to participate in an activity or not, whether to make a purchase 
or not, or what brand of product to buy. this chapter and Chapter 17 have developed 
the four essential models used in that type of analysis. Random utility, the binary 
choice model, and regression-style modeling of probabilities developed in Chapter 17 
are the three fundamental building blocks of discrete choice modeling. this chapter 
extended those tools into the three primary areas of choice modeling: unordered choice 
models, ordered choice models, and models for counts. in each case, we developed a core 
modeling framework that provides the broad platform and then developed a variety of 
extensions.

Full Panel 1994 Wave

Treatment Outcome Treatment Outcome

Variable (Probit: Addon) (Poisson: DocVis) (Probit: Addon) (Poisson: DocVis)

Health Sat. 0.10824 0.13202
(0.00677) (0.00903)

Married 0.12325 0.14827
(0.03564) (0.07314)

Income 0.61812 0.31412
(0.05873) (0.14664)

Working -0.05864 0.19407
(0.03297) (0.12375)

Education 0.05233 0.04755
(0.00588) (0.01020)

Kids -0.10872 -0.17063 -0.00065 -0.23349
(0.03306) (0.01879) (0.07519) (04933)

Constant -3.56368 -0.74006 -3.70407 -0.20658
(0.08364) (0.04094) (0.16509) (0.10440)

Age 0.02099 0.01431
(0.00079) (0.00214)

Female 0.42599 0.50918
(0.01619) (0.04400)

AddOn -2.73847 -2.86428
(0.04978) (0.09289)

Sigma 1.43070 1.42112
(0.00653) (0.01866)

Rho 0.93299 0.99644
(0.00754) (0.00376)

ln L -62366.61 -8313.88
N 27,326, 3,377

TABLE 18.31 Estimated Treatment Effects Model (Standard errors in parentheses)
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in the analysis of unordered choice models, such as brand or location, the 
multinomial logit (Mnl) model has provided the essential starting point. the Mnl 
works well to provide a basic framework, but as a behavioral model in its own right, it 
has some important shortcomings. Much of the recent research in this area has focused 
on relaxing these behavioral assumptions. the most recent research in this area, on 
the mixed logit model, has produced broadly flexible functional forms that can match 
behavioral modeling to empirical specification and estimation.

the ordered choice model is a natural extension of the binary choice setting and 
also a convenient bridge between models of choice between two alternatives and more 
complex models of choice among multiple alternatives. We began this analysis with the 
ordered probit and logit model pioneered by Zavoina and McKelvey (1975). Recent 
developments of this model have produced the same sorts of extensions to panel data 
and modeling heterogeneity that we considered in Chapter 17 for binary choice. We 
also examined some multiple-equation specifications. For all its versatility, the familiar 
ordered choice models have an important shortcoming in the assumed constancy 
underlying preference behind the rating scale. the current work on differential item 
functioning, such as King et al. (2004), has produced significant progress on filling this 
gap in the theory.

Finally, we examined probability models for counts of events. here, the Poisson 
regression model provides the broad framework for the analysis. the Poisson model 
has two shortcomings that have motivated the current stream of research. First, the 
functional form binds the mean of the random variable to its variance, producing an 
unrealistic regression specification. second, the basic model has no component that 
accommodates unmeasured heterogeneity. (this second feature is what produces the 
first.) Current research has produced a rich variety of models for counts, such as two-
part behavioral models that account for many different aspects of the decision-making 
process and the mechanisms that generate the observed data.

Key Terms and Concepts

•	attribute nonattendance
•	Bivariate ordered probit
•	Censoring
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•	Choice-based sample
•	Conditional logit model
•	Count data
•	deviance
•	differential item 

functioning (diF)
•	exposure
•	Generalized mixed logit 

model
•	hurdle model
•	identification through 

functional form
•	inclusive value

•	independence from 
irrelevant alternatives 
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•	limited information
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•	Method of simulated 
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•	Multinomial choice
•	Multinomial logit model
•	Multinomial probit model 

(MnP)
•	negative binomial 
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•	negative binomial model
•	negbin 1 (nB1) form
•	negbin 2 (nB2) form

•	negbin P (nBP) model
•	nested logit model 
•	ordered choice
•	overdispersion
•	Parallel regression 

assumption
•	Random coefficients
•	Random parameters logit 

model (RPl)
•	Revealed preference data
•	specification error
•	stated choice data
•	stated choice experiment
•	subjective well-being (sWB)
•	unlabeled choices
•	unordered choice model
•	Willingness to pay space
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916 PART IV  ✦   Cross Sections, Panel Data, and Microeconometrics

Exercises

1. We are interested in the ordered probit model. our data consist of 250 observations, 
of which the responses are

y 0 1 2 3 4
.

n 50 40 45 80 35

using the preceding data, obtain maximum likelihood estimates of the unknown 
parameters of the model. (Hint: Consider the probabilities as the unknown 
parameters.)

2. For the zero-inflated Poisson (ZiP) model in section 18.4.8, we derived the 
conditional mean function, E[yi � xi, wi] = (1 - Fi)li.
a. For the same model, now obtain [Var[yi � xi, wi]]. then, obtain 

ti = var[yi � xi, wi]/E[yi � xi, wi]. does the zero inflation produce overdispersion? 
(that is, is the ratio greater than one?)

b. obtain the partial effect for a variable zi that appears in both wi and xi.
3. Consider estimation of a Poisson regression model for yi � xi. the data are truncated 

on the left—these are on-site observations at a recreation site, so zeros do not 
appear in the data set. the data are censored on the right—any response greater 
than 5 is recorded as a 5. Construct the log likelihood for a data set drawn under 
this sampling scheme.

Applications

1. appendix table F17.2 provides Fair’s (1978) Redbook Magazine survey on 
extramarital affairs. the variables in the data set are as follows:

id = an identification number,
C = constant, value = 1,
yrb = a constructed measure of time spent in extramarital affairs,
v1 = a rating of the marriage, coded 1 to 5,
v2 = age, in years, aggregated,
v3 = number of years married,
v4 = number of children, top coded at 5,
v5 = religiosity, 1 to 4, 1 = not, 4 = very,
v6 = education, coded 9, 12, 14, 16, 17, 20,
v7 = occupation,
v8 = husband’s occupation,

and three other variables that are not used. the sample contains a survey of 
6,366 married women. For this exercise, we will analyze, first, the binary variable 
A = 1 if yrb 7 0, 0 otherwise. the regressors of interest are v1 to v8. however, 
not necessarily all of them belong in your model. use these data to build a binary 
choice model for A. Report all computed results for the model. Compute the partial 
effects for the variables you choose. Compare the results you obtain for a probit 
model to those for a logit model. are there any substantial differences in the results 
for the two models?
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2. Continuing the analysis of the first application, we now consider the self-reported 
rating, v1. this is a natural candidate for an ordered choice model, because the 
simple five-item coding is a censored version of what would be a continuous scale 
on some subjective satisfaction variable. analyze this variable using an ordered 
probit model. What variables appear to explain the response to this survey 
question? (Note: the variable is coded 1, 2, 3, 4, 5. some programs accept data for 
ordered choice modeling in this form, for example, Stata, while others require the 
variable to be coded 0, 1, 2, 3, 4, for example, NLOGIT. Be sure to determine which 
is appropriate for the program you are using and transform the data if necessary.) 
Can you obtain the partial effects for your model? Report them as well. What 
do they suggest about the impact of the different independent variables on the 
reported ratings?

3. several applications in the preceding chapters using the German health care data 
have examined the variable DocVis, the reported number of visits to the doctor. 
the data are described in appendix table F7.1. a second count variable in that data 
set that we have not examined is HospVis, the number of visits to hospital. For this 
application, we will examine this variable. to begin, we treat the full sample (27,326) 
observations as a cross section.
a. Begin by fitting a Poisson regression model to this variable. the exogenous 

variables are listed in appendix table F7.1. determine an appropriate 
specification for the right-hand side of your model. Report the regression results 
and the partial effects.

b. estimate the model using ordinary least squares and compare your least squares 
results to the partial effects you computed in part a. What do you find?

c. is there evidence of overdispersion in the data? test for overdispersion. now, 
reestimate the model using a negative binomial specification. What is the result? 
do your results change? use a likelihood ratio test to test the hypothesis of the 
negative binomial model against the Poisson.

4. the GsoeP data are an unbalanced panel, with 7,293 groups. Continue your 
analysis in application 3 by fitting the Poisson model with fixed and with random 
effects and compare your results. (Recall, like the linear model, the Poisson fixed 
effects model may not contain any time-invariant variables.) how do the panel data 
results compare to the pooled results?

5. appendix table F18.3 contains data on ship accidents reported in McCullagh and 
nelder (1983). the data set contains 40 observations on the number of incidents of 
wave damage for oceangoing ships. Regressors include aggregate months of service, 
and three sets of dummy variables, type (1, . . . ,5), operation period (1960–1974 or 
1975–1979), and construction period (1960–1964, 1965–1969, or 1970–1974). there 
are six missing values on the dependent variable, leaving 34 usable observations.
a. Fit a Poisson model for these data, using the log of service months, four type 

dummy variables, two construction period variables, and one operation period 
dummy variable. Report your results.

b. the authors note that the rate of accidents is supposed to be per period, but the 
exposure (aggregate months) differs by ship. Reestimate your model constraining 
the coefficient on log of service months to equal one.

c. the authors take overdispersion as a given in these data. do you find evidence 
of overdispersion? show your results.
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19

Limited dependent  
VariabLes—truncation, censoring, 

and sampLe seLection

§
19.1 INTRODUCTION

this chapter is concerned with truncation and censoring. as we saw in section 18.4.6, 
these features complicate the analysis of data that might otherwise be amenable to 
conventional estimation methods such as regression. truncation effects arise when one 
attempts to make inferences about a larger population from a sample that is drawn 
from a distinct subpopulation. For example, studies of income based on incomes above 
or below some poverty line may be of limited usefulness for inference about the whole 
population. truncation is essentially a characteristic of the distribution from which 
the sample data are drawn. censoring is a more common feature of recent studies. to 
continue the example, suppose that instead of being unobserved, all incomes below the 
poverty line are reported as if they were at the poverty line. the censoring of a range 
of values of the variable of interest introduces a distortion into conventional statistical 
results that is similar to that of truncation. unlike truncation, however, censoring is a 
feature of the sample data. presumably, if the data were not censored, they would be 
a representative sample from the population of interest. We will also examine a form 
of truncation called the sample selection problem. although most empirical work in 
this area involves censoring rather than truncation, we will study the simpler model of 
truncation first. it provides most of the theoretical tools we need to analyze models of 
censoring and sample selection.

the discussion will examine the general characteristics of truncation, censoring, and 
sample selection, and then, in each case, develop a major area of application of the 
principles. the stochastic frontier model is a leading application of results for truncated 
distributions in empirical models.1 censoring appears prominently in the analysis of 
labor supply and in modeling of duration data. Finally, the sample selection model has 
appeared in all areas of the social sciences and plays a significant role in the evaluation 
of treatment effects and program evaluation.

19.2 TRUNCATION

in this section, we are concerned with inferring the characteristics of a full population 
from a sample drawn from a restricted part of that population.

1see aigner, Lovell, and schmidt (1977) and Fried, Lovell, and schmidt (2008).
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19.2.1  TRUNCATED DISTRIBUTIONS

a truncated distribution is the part of an untruncated distribution that is above or below 
some specified value. For instance, in example 19.2, we are given a characteristic of the 
distribution of incomes above $100,000. this subset is a part of the full distribution of 
incomes which range from zero to (essentially) infinity.

most recent applications based on continuous random variables use the truncated 
normal distribution. if x has a normal distribution with mean m and standard deviation 
s, then

prob(x 7 a) = 1 - Φa a - m

s
b = 1 - Φ(a),

where a = (a - m)/s and Φ(.) is the standard normal cdf. the density of the truncated 
normal distribution is then

f(x � x 7 a) =
f(x)

1 - Φ(a)
=

(2ps2)-1/2 e-(x - m)2/(2s2)

1 - Φ(a)
=

1
s

 fa x - m

s
b

1 - Φ(a)
,

where f(.) is the standard normal pdf. the truncated standard normal distribution, with 
m = 0 and s = 1, is illustrated for a = -0.5, 0, and 0.5 in Figure 19.1. another truncated 
distribution that has appeared in the recent literature, this one for a discrete random 
variable, is the truncated at zero poisson distribution,

 prob[Y = y � y 7 0] =
(e-lly)/y!

prob[Y 7 0]
=

(e-lly)/y!

1 - prob[Y = 0]

 =
(e-lly)/y!

1 - e-l ,  l 7 0, y = 1, c.

this distribution is used in models of uses of recreation and other kinds of facilities 
where observations of zero uses are discarded.3

3see shaw (1988) and smith (1988). an application of this model appears in section 18.4.6 and example 18.18.

THEOREM 19.1 Density of a Truncated Random Variable
If a continuous random variable x has pdf f(x) and a is a constant, then2

f(x � x 7 a) =
f(x)

prob(x 7 a)
.

The proof follows from the definition of conditional probability and amounts 
merely to scaling the density so that it integrates to one over the range above a. 
Note that the truncated distribution is a conditional distribution.

2the case of truncation from above instead of below is handled in an analogous fashion and does not require any 
new results.
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920 PART IV  ✦   Cross Sections, Panel Data, and Microeconometrics

For convenience in what follows, we shall call a random variable whose distribution 
is truncated a truncated random variable.

19.2.2  MOMENTS OF TRUNCATED DISTRIBUTIONS

We are usually interested in the mean and variance of the truncated random variable. 
they would be obtained by the general formula,

E[x � x 7 a] = L
∞

a
 xf(x � x 7 a) dx,

for the mean and likewise for the variance.

Example 19.1  Truncated Uniform Distribution
If x has a standard uniform distribution, denoted U(0, 1), then

f(x) = 1,  0 … x … 1.

The truncated at x = 1
3 distribution is also uniform:

fax � x 7
1
3
b =

f(x)

Prob(x 7 1
3)

=
1

12
32 =

3
2

, 
1
3

… x … 1.

The expected value is

E c x � x 7
1
3
d = L

1

1/3
 xa3

2
bdx =

2
3

.

For a variable distributed uniformly between L and U, the variance is (U - L)2/12.
Thus,

Var c x � x 7
1
3
d =

1
27

.

The mean and variance of the untruncated distribution are 12 and 1
12, respectively.

FIGURE 19.1  Truncated Normal Distributions.
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example 19.1 illustrates two results.

1. if the truncation is from below, then the mean of the truncated variable is greater 
than the mean of the original one. if the truncation is from above, then the mean of 
the truncated variable is smaller than the mean of the original one.

2. truncation reduces the variance compared with the variance in the untruncated 
distribution.

Henceforth, we shall use the terms truncated mean and truncated variance to refer to 
the mean and variance of the random variable with a truncated distribution.

For the truncated normal distribution, we have the following theorem:4

an important result is

0 6 d(a) 6 1 for all values of a,

which implies point 2 after example 19.1. a result that we will use at several points below 
is df(a)/da = -af(a). the function l(a) is called the inverse Mills ratio. the function 
in (19-3a) is also called the hazard function for the standard normal distribution.

Example 19.2  A Truncated Lognormal Income Distribution
An article that appeared in the New York Post in 1987 claimed that “The typical ‘upper affluent 
American’ . . . makes $142,000 per year . . . The people surveyed had household income 
of at least $100,000.” Would this statistic tell us anything about the typical American? As it 
stands, it probably does not (popular impressions notwithstanding). The 1987 article where 
this appeared went on to state, “If you’re in that category, pat yourself on the back—only 2% 
of American households make the grade, according to the survey.” Because the degree of 
truncation in the sample is 98%, the $142,000 was probably quite far from the mean in the 
full population.

Suppose that incomes, x, in the population were lognormally distributed—see Section B.4.4. 
Then the log of income, y, had a normal distribution with, say, mean m and standard deviation, s. 

4details may be found in Johnson, Kotz, and balakrishnan (1994, pp. 156–158). proofs appear in cameron and 
trivedi (2005).

THEOREM 19.2 Moments of the Truncated Normal Distribution
If x ∼ N[m, s2] and a is a constant, then

 E[x � truncation] = m + sl(a), (19-1)

 Var[x � truncation] = s2[1 - d(a)], (19-2)

where a = (a - m)/s, f(a) is the standard normal density and

 l(a) = f(a)/[1 - Φ(a)] if truncation is x 7 a, (19-3a)

 l(a) = -f(a)/Φ(a)   if truncation is x 6 a, (19-3b)

and

 d(a) = l(a)[l(a) - a]. (19-4)
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922 PART IV  ✦   Cross Sections, Panel Data, and Microeconometrics

Suppose that the survey was large enough for us to treat the sample average as the true mean. 
Assuming so, we’ll deduce m and s and then determine the population mean income.

Two useful numbers for this example are In 100 = 4.605 and In 142 = 4.956. The article 
states that Prob[x Ú 100] = Prob[exp(y) Ú 100] = 0.02, or Prob(y 6 4.605) = 0.98. This 
implies that

Prob[(y - m)/s 6 (4.605 - m)/s] = 0.98.

Because Φ[(4.605 - m)/s] = 0.98, we know that Φ-1(0.98) = 2.054 = (4.605 - m)/s, or

4.605 = m + 2.054s.

The article also states that

E[x � x 7 100] = E[exp(y) � exp(y) 7 100] = 142,

or
E[exp(y) � y 7 4.645] = 142.

To proceed, we need another result for the lognormal distribution:5

If y ∼ N[m, s2], then E[exp(y) � y 7 a] = exp(m + s2/2) *
Φ(s - (a - m)/s)
1 - Φ((a - m)/s)

.

For our application, we would equate this expression to 142, and a to In 100 = 4.605. 
This provides a second equation. To estimate the two parameters, we used the method of 
moments. We solved the minimization problem,

Minimizem, s[4.605 - (m + 2.054s)]2

+ [142Φ((m - 4.605)/s) - exp(m + s2/2)Φ(s - (4.605 - m)/s)]2.

The two solutions are 2.89372 and 0.83314 for m and s, respectively. To obtain the mean 
income, we now use the result that if y ∼ N[m, s2] and x = exp(y), then E[x] = exp(m + s2/2). 
Inserting our values for m and s gives E[x] = $25,554. The 1987 Statistical Abstract of the 
United States gave the mean of household incomes across all groups for the United States 
was about $25,000. So, the estimate based on surprisingly little information would have 
been relatively good. These meager data did, indeed, tell us something about the average 
American. To recap, we were able to deduce the overall mean from estimates of the truncated 
mean and variance and the theoretical relationships between the truncated and untruncated 
mean and variance.

19.2.3  THE TRUNCATED REGRESSION MODEL

in the model of the earlier examples, we now assume that

m = x′B

is the deterministic part of the classical regression model. then

y = x′B + e,

where

e � x ∼ N[0, s2],

5see Johnson, Kotz, and balakrishnan (1995, p. 241).
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so that

 y � x ∼ N[x′B, s2]. (19-5)

We are interested in the distribution of y given that y is greater than the truncation point 
a. this is the result described in theorem 19.2. it follows that

 E[y � y 7 a] = x′B + s 
f[(a - x′B)/s]

1 - Φ[(a - x′B)/s]
. (19-6)

the conditional mean is therefore a nonlinear function of a, s, x, and B.
the partial effects in this model in the subpopulation can be obtained by writing

 E[y � y 7 a] = x′B + sl(a), (19-7)

where now a = (a - x′B)/s. For convenience, let l = l(a) and d = d(a). then

 
0E[y � y 7 a]

0x
= B + s(dl/da) 

0A
0x

 = B + s(l2 - al)(-B/s)

 = B(1 - l2 + al)

 = B(1 - d).  

(19-8)

note the appearance of the scale factor 1 - d from the truncated variance. because 
(1 - d) is between zero and one, we conclude that for every element of x, the partial 
effect is less than the corresponding coefficient. there is a similar attenuation of the 
variance. in the subpopulation y 7 a, the regression variance is not s2 but

 Var[y � y 7 a] = s2(1 - d). (19-9)

Whether the partial effect in (19-7) or the coefficient B itself is of interest depends on the 
intended inferences of the study. if the analysis is to be confined to the subpopulation, 
then (19-7) is of interest. if the study is intended to extend to the entire population, 
however, then it is the coefficients B that are actually of interest.

one’s first inclination might be to use ordinary least squares (oLs) to estimate the 
parameters of this regression model. For the subpopulation from which the data are 
drawn, we could write (19-6) in the form

 y � y 7 a = E[y � y 7 a] + u = x′B + sl + u, (19-10)

where u is y minus its conditional expectation. by construction, u has a zero mean, but 
it is heteroscedastic,

Var[u] = s2(1 - l2 + la) = s2(1 - d),

which is a function of x. if we estimate (19-10) by least squares regression of y on X, then 
we have omitted a variable, the nonlinear term l. all the biases that arise because of an 
omitted variable can be expected.6

Without some knowledge of the distribution of x, it is not possible to determine how 
serious the bias is likely to be. a result obtained by chung and goldberger (1984) is 

6see Heckman (1979) who formulates this as a “specification error.”
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broadly suggestive. if E[x � y] in the full population is a linear function of y, then plim 
b = Bt for some proportionality constant t. this result is consistent with the widely 
observed (albeit rather rough) proportionality relationship between least squares 
estimates of this model and maximum likelihood estimates.7 the proportionality result 
appears to be quite general. in applications, it is usually found that, compared with 
consistent maximum likelihood estimates, the oLs estimates are biased toward zero. 
(see example 19.5.)

19.2.4  THE STOCHASTIC FRONTIER MODEL

a lengthy literature commencing with theoretical work by Knight (1933), debreu (1951), 
and Farrell (1957) and the pioneering empirical study by aigner, Lovell, and schmidt 
(1977) has been directed at models of production that specifically account for the 
textbook proposition that a production function is a theoretical ideal.8 if y = f(x) 
defines a production relationship between inputs, x, and an output, y, then for any given 
x, the observed value of y must be less than or equal to f(x). the implication for an 
empirical regression model is that in a formulation such as y = h(x, B) + u, u must be 
negative. because the theoretical production function is an ideal—the frontier of 
efficient production—any nonzero disturbance must be interpreted as the result of 
inefficiency. a strictly orthodox interpretation embedded in a cobb–douglas production 
model might produce an empirical frontier production model such as

ln y = b1 + a
k
bk ln xk - u, u Ú 0.9

one-sided disturbances such as this one present a particularly difficult estimation 
problem. the primary theoretical problem is that any measurement error in ln y must 
be embedded in the disturbance. the practical problem is that the entire estimated 
function becomes a slave to any single errantly measured data point.

aigner, Lovell, and schmidt proposed instead a formulation within which observed 
deviations from the production function could arise from two sources: (1) productive 
inefficiency, as we have defined it earlier and that would necessarily be negative, and 
(2) idiosyncratic effects that are specific to the firm and that could enter the model with 
either sign. the end result was what they labeled the stochastic frontier:

 ln y = b1 + a
k
bk ln xk - u + v, u Ú 0, v ∼ N30, sv

24
 = b1 + a

k
bk ln xk + e.

the frontier for any particular firm is h(x, B) + v, hence the name stochastic frontier. 
the inefficiency term is u, a random variable of particular interest in this setting. 
because  the  data are in log terms, u is a measure of the percentage by which the 
particular observation fails to achieve the frontier, ideal production rate.

7see the appendix in Hausman and Wise (1977), greene (1983), stoker (1986, 1992), and powell (1994).
8a survey by greene (2007a) appears in Fried, Lovell, and schmidt (2008). Kumbhakar and Lovell (2000) and 
Kumbhakar and parmeter (2014) are comprehensive references on the subject.
9For example, greene (1990).

M19_GREE1366_08_SE_C19.indd   924 2/24/17   10:11 PM



 CHAPTER 19  ✦  Limited Dependent Variables 925

to complete the specification, they suggested two possible distributions for the 
inefficiency term: the absolute value of a normally distributed variable, which has the 
truncated at zero distribution shown in Figure 19.1, and an exponentially distributed 
variable. the density functions for these two compound variables are given by aigner, 
Lovell, and schmidt; let e = v - u, l = su/sv, s = (su

2 + sv
2)1/2, and Φ(z) = the 

probability to the left of z in the standard normal distribution (see section b.4.1). the 
random variable that is obtained as v – u where v and u are normal and half normal has 
a skew normal density,

f(e) =
2
s

 fa e
s
bΦa -le

s
b .

this implies the log likelihood for the “half-normal” model,

a
n

i = 1
 ln h(ei �B, l, s) = a

n

i = 1
J - ln s + a 1

2
b  ln 

2
p

-
1
2

 a ei

s
b

2

+ ln Φa -eil

s
b R .

For the normal-exponential model with parameter u, the log likelihood is

a
n

i = 1
 ln h(ei �B, u, sv) = a

n

i = 1
J ln u +

1
2

 u2 sv
2 + uei + ln Φa -

ei

sv
- u svb R .

both distributions are asymmetric. We thus have a regression model with a nonnormal 
distribution specified for the disturbance. the disturbance, e, has a nonzero mean as 
well; E[e] = -su(2/p)1/2 for the half-normal model and -1/u for the exponential model. 
Figure 19.2 illustrates the density for the half-normal model with s = 1 and l = 2. by 
writing b0 = b1 + E[e] and e* = e - E[e], we obtain a more conventional formulation,

ln y = b0 + a
k
bk ln xk + e*,

FIGURE 19.2   Skew Normal Density for the Disturbance in the Stochastic Frontier 
Model.
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926 PART IV  ✦   Cross Sections, Panel Data, and Microeconometrics

which does have a disturbance with a zero mean but an asymmetric, nonnormal 
distribution. the asymmetry of the distribution of e* does not negate our basic results 
for least squares in this classical regression model. this model satisfies the assumptions 
of the gauss–markov theorem, so least squares is unbiased and consistent (save for the 
constant term) and efficient among linear unbiased estimators. in this model, however, 
the maximum likelihood estimator is not linear, and it is more efficient than least squares.

the log-likelihood function for the half-normal model is given in aigner, Lovell, 
and schmidt (1977),

 ln L = -n ln s +
n
2

 ln 
2
p

-
1
2

 a
n

i = 1
a ei

s
b

2

+ a
n

i = 1
 ln Φa -eil

s
b . (19-11)

maximization programs for this model are built into modern software packages such as 
Stata, SAS and NLOGIT. the log likelihood is simple enough that it can also be readily 
adapted to the generic optimization routines in, for example, Gauss. some treatments in 
the literature use the parameterization employed by battese and coelli (1992) and coelli 
(1996), g = su

2/s2. this is a one-to-one transformation of l; l = (g/(1 - g))1/2, so which 
parameterization is employed is a matter of convenience; the empirical results will be the 
same. the log-likelihood function for the exponential model can be built up from the 
density given earlier. For the half-normal model, we would also rely on the invariance of 
maximum likelihood estimators to recover estimates of the structural variance parameters, 
sv

2 = s2/(1 + l2) and su
2 = s2l2/(1 + l2).10 (note, the variance of the truncated variable, 

u, is not su
2; using (19-2), it reduces to [(1 - 2/p)su

2].) in addition, a structural parameter 
of interest is the proportion of the total variance of e that is due to the inefficiency term. 
For the half-normal model, Var[e] = Var[u] + Var[v] =(1 - 2/p)su

2 + sv
2, whereas for 

the exponential model, the counterpart is 1/u2 + sv
2.

modeling in the stochastic frontier setting is rather unlike what we are accustomed 
to up to this point, in that the inefficiency part of the disturbance, specifically u, not the 
model parameters, is the central focus of the analysis. the reason is that in this context, 
the disturbance, u, rather than being the catchall for the unknown and unknowable 
factors omitted from the equation, has a particular interpretation—it is the firm-specific 
inefficiency. ideally, we would like to estimate ui for each firm in the sample to compare 
them on the basis of their productive efficiency. unfortunately, the data do not permit 
a direct estimate, because with estimates of B in hand, we are only able to compute a 
direct estimate of ei = yi - xi

=B. Jondrow et al. (1982), however, have derived a useful 
approximation that is now the standard measure in these settings,

E[ui � ei] =
sl

1 + l2 c f(zi)

1 - Φ(zi)
- zi d , zi =

eil

s

for the half-normal model, and

E[ui � ei] = zi + sv 
f(zi/sv)

Φ(zi/sv)
, zi = -(ei + usv

2)

10a vexing problem for estimation of the model is that if the oLs residuals are skewed in the positive (wrong) 
direction (see Figure 19.2), oLs with ln = 0 will be the mLe. oLs residuals with a positive skew are apparently 
inconsistent with a model in which, in theory, they should have a negative skew. [see Waldman (1982) for 
theoretical development of this result.] there is a substantial literature on this issue, including, for example, 
Hafner, manner, and simar (2013).
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for the exponential model. these values can be computed using the maximum likelihood 
estimates of the structural parameters in the model. in some cases in which researchers 
are interested in discovering best practice, the estimated values are sorted and the ranks 
of the individuals in the sample become of interest.11

research in this area since the methodological developments beginning in the 1930s 
and the building of the empirical foundations in 1977 and 1982 has proceeded in several 
directions. most theoretical treatments of inefficiency as envisioned here attribute it to 
aspects of management of the firm. it remains to establish a firm theoretical connection 
between the theory of firm behavior and the stochastic frontier model as a device for 
measurement of inefficiency.

in the context of the model, many studies have developed alternative, more flexible 
functional forms that (it is hoped) can provide a more realistic model for inefficiency. two 
that are relevant in this chapter are stevenson’s (1980) truncated normal model and the 
normal-gamma frontier. one intuitively appealing form of the truncated normal model is

Ui ∼ N[m + zi
=A, su

2], ui = � Ui � .

the original normal–half-normal model results if m equals zero and A equals zero. this 
is a device by which the environmental variables noted in the next paragraph can enter 
the model of inefficiency. a truncated normal model is presented in example 19.3. the 
half-normal, truncated normal, and exponential models all take the form of distribution 
shown in Figure 19.1. the gamma model,

f(u) = [uP/Γ(P)]exp(-uu)uP - 1,

is a flexible model that presents the advantage that the distribution of inefficiency can 
move away from zero. if P is greater than one, then the density at u = 0 equals zero and 
the entire distribution moves away from the origin. the implication is that the distribution 
of inefficiency among firms can move away from zero. the gamma model is estimated 
by simulation methods—either bayesian mcmc12 or maximum simulated likelihood.13 
many other functional forms have been proposed.14

there are usually elements in the environment in which the firm operates that 
impact the firm’s output and/or costs but are not, themselves, outputs, inputs, or input 
prices. in example 19.3, the costs of the swiss railroads are affected by three variables: 
track width, long tunnels, and curvature. it is not yet specified how such factors should 
be incorporated into the model; four candidates are in the mean and variance of ui, 
directly in the function, or in the variance of vi.15 all of these can be found in the received 
studies. this aspect of the model was prominent in the discussion of the famous World 
Health organization (WHo) efficiency study of world health systems.16 in example 19.3, 
we have placed the environmental factors in the mean of the inefficiency distribution. 
this produces a rather extreme set of results for the JLms estimates of 

11For example, the World Health organization (2000) and tandon et al. (2000).
12Huang (2003) and tsionas (2002).
13greene (2003).
14see greene (2007a) for a survey.
15see Hadri, guermat, and Whittaker (2003) and Kumbhakar (1997a).
16WHo (2000), tandon et al. (2000), and greene (2004b).
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inefficiency—many railroads are estimated to be extremely inefficient. an alternative 
formulation would be a heteroscedastic model in which su,i = su exp(z=iD) or 
sv,i = sv exp(z=iH), or both. We can see from the JLms formula that the term 
heteroscedastic is actually a bit misleading, because both standard deviations enter 
(now) li, which is, in turn, a crucial parameter in the mean of inefficiency.

How should inefficiency be modeled in panel data, such as in our example? it might 
be tempting to treat it as a time-invariant effect.17 a string of studies, including battese 
and coelli (1992, 1995), cuesta (2000), Kumbhakar (1997a), Kumbhakar and orea 
(2004), and many others have proposed hybrid forms that treat the core random part of 
inefficiency as a time-invariant firm-specific effect that is modified over time by a 
deterministic, possibly firm-specific, function. the battese–coelli form,

uit = exp[-h(t - T)] � Ui � where UiN[0, su
2],

has been used in a number of applications. cuesta (2000) suggests allowing h to 
vary across firms, producing a model that bears some relationship to a fixed-effects 
specification. greene (2004b) argued that a preferable approach would be to allow 
inefficiency to vary freely over time in a panel, and to the extent that there is a common 
time-invariant effect in the model, that should be treated as unobserved heterogeneity, 
not inefficiency. this produces the “true random effects model,”

ln yit = a + wi + xit
 =B + vit - uit.

this is simply a random effects stochastic frontier model, as opposed to a random effects 
linear regression analyzed in chapter 10. at first glance, it appears to be an extremely 
optimistic specification with three disturbances. the key to estimation and inference is 
to note that it is only a familiar two-part disturbance, the sum of a time-varying skew 
normal variable, eit = vit - uit, and a time-invariant normal variable wi. maximum 
simulated likelihood estimation of the model is developed in greene (2004b).18

is it reasonable to use a possibly restrictive parametric approach to modeling 
inefficiency? sickles (2005) and Kumbhakar et al. (2007) are among numerous studies 
that have explored less parametric approaches to efficiency analysis. proponents of data 
envelopment analysis have developed methods that impose absolutely no parametric 
structure on the production function.19 among the costs of this high degree of flexibility 
is a difficulty to include environmental effects anywhere in the analysis, and the 
uncomfortable implication that any unmeasured heterogeneity of any sort is necessarily 
included in the measure of inefficiency. that is, data envelopment analysis returns to the 
deterministic frontier approach where this section began.

Example 19.3  Stochastic Cost Frontier for Swiss Railroads
Farsi, Filippini, and Greene (2005) analyzed the cost efficiency of Swiss railroads. In order to 
use the stochastic frontier approach to analyze costs of production, rather than production, 
they rely on the fundamental duality of production and cost.20 An appropriate cost frontier 

17as in schmidt and sickles (1984) and pitt and Lee (1984) in two pioneering papers.
18colombi et al. (2014) and Filippini and greene (2016) have extended this approach to a “generalized true random 
effects model,” yit = a + xit

 =B + wi - hi + vit - uit. in this case, both components of the random effects model have 
skew normal, rather than normal distributions. estimation is carried out using maximum simulated likelihood.
19see, for example, simar and Wilson (2000, 2007).
20see samuelson (1938), shephard (1953), and Kumbhakar and Lovell (2000).
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model for a firm that produces more than one output—the Swiss railroads carry both freight 
and passengers—will appear as the following:

ln(C/PK) = a + a
K - 1

k = 1
 bk ln (Pk/PK) + a

M

m = 1
 gm ln Qm + v + u.

The requirement that the cost function be homogeneous of degree one in the input prices 
has been imposed by normalizing total cost, C, and the first K - 1 prices by the Kth input 
price. In this application, the three factors are labor, capital, and electricity—the third is used 
as the numeraire in the cost function. Notice that the inefficiency term, u, enters the cost 
function positively; actual cost is above the frontier cost. [The MLE is modified simply by 
replacing ei with -ei in (19-11).] In analyzing costs of production, we recognize that there is 
an additional source of inefficiency that is absent when we analyze production. On the 
production side, inefficiency measures the difference between output and frontier output, 
which arises because of technical inefficiency. By construction, if output fails to reach the 
efficient level for the given input usage, then costs must be higher than frontier costs. 
However, costs can be excessive even if the firm is technically efficient if it is allocatively 
inefficient. That is, the firm can be technically efficient while not using inputs in the cost 
minimizing mix (equating the ratio of marginal products to the input price ratios). It follows 
that on the cost side, “u” can contain both elements of inefficiency while on the production 
side, we would expect to measure only technical inefficiency.21

The data for this study are an unbalanced panel of 50 railroads with Ti ranging from 1 to 13. 
(Thirty-seven of the firms are observed 13 times, 8 are observed 12 times, and the remaining 
5 are observed 10, 7, 7, 3, and 1 times, respectively.) The variables we will use here are:

CT: Total costs adjusted for inflation (1,000 Swiss francs),
QP: Total passenger-output in passenger-kilometers,
QF: Total goods-output in ton-kilometers,
PL: Labor price adjusted for inflation (in Swiss francs per person per year),
PK: Capital price with capital stock proxied by total number of seats,
PE: Price of electricity (Swiss francs per kWh).

Logs of costs and prices (ln CT, ln PK, ln PL) are normalized by PE. We will also use these 
environmental variables:

NARROW_T:  Dummy for the networks with narrow track (1 meter wide) The usual width 
is 1.435 meters;

TUNNEL:  Dummy for networks that have tunnels with an average length of more than 
300 meters;

VIRAGE:  Dummy for the networks whose minimum radius of curvature is 100 meters 
or less.

The full data set is given in Appendix Table F19.1. Several other variables not used here are 
presented in the appendix table. In what follows, we will ignore the panel data aspect of the 
data set. This would be a focal point of a more extensive study.

There have been dozens of models proposed for the inefficiency component of the 
stochastic frontier model. Table 19.1 presents several different forms. The basic half-normal 
model is given in the first column. The estimated cost function parameters across the different 
forms are broadly similar, as might be expected as (a, B) are consistently estimated in all 
cases. There are fairly pronounced differences in the implications for the components of e, 
however. There is an ambiguity in the model as to whether modifications to the distribution 
of ui will affect the mean of the distribution, the variance, or both. The following results 

21see Kumbhakar (1997b).
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suggest that it is both for these data. The gamma and exponential models appear to remove 
most of the inefficiency from the data. Note that the estimates of su are considerably smaller 
under these specifications, and sv is correspondingly larger. The second-to-last row shows 
the sample averages of the Jondrow estimators—this estimates EeE[u � e] = E[u]. There is 
substantial difference across the specifications.

The estimates in the rightmost two columns illustrate two different placements of the 
measured heterogeneity: in the variance of ui and directly in the cost function. The log-likelihood 
function appears to favor the first of these. However, the models are not nested and involve 
the same number of parameters. We used the Vuong test (see Section 14.6.6), instead and 
obtained a value of -2.65 in favor of the heteroscedasticity model. Figure 19.3 describes the 
values of E[ui � ei] estimated for the sample observations for the half-normal, heteroscedastic, 
and heterogeneous models. The smaller estimate of su for the third of these is evident in the 
figure, which suggests a somewhat tighter concentration of values than the other two.

19.3 CENSORED DATA

a very common problem in microeconomic data is censoring of the dependent variable. 
When the dependent variable is censored, values in a certain range are all transformed 
to (or reported as) a single value. some examples that have appeared in the empirical 
literature are as follows:22

22more extensive listings may be found in amemiya (1984) and maddala (1983).

Model

Variable
Half 

Normal
Truncated 
Normal Exponential Gamma Heterosced. Heterogen.

constant -10.0799 -9.80624 -10.1838 -10.1944 -9.82189 -10.2891
ln QP 0.64220 0.62573 0.64403 0.64401 0.61976 0.63576
ln QF 0.06904 0.07708 0.06803 0.06810 0.07970 0.07526
ln PK 0.26005 0.26625 0.25883 0.25886 0.25464 0.25893
ln PL 0.53845 0.50474 0.56138 0.56047 0.53953 0.56036
Constant 0.44116 -2.48218b

Narrow 0.29881 2.16264b 0.14355
Virage -0.20738 -1.52964b -0.10483
Tunnel 0.01118 0.35748b -0.01914
s 0.44240 0.38547 (0.34325) (0.34288) 0.45392c 0.40597
l 1.27944 2.35055 0.91763
P 1.0000 1.22920
u 13.2922 12.6915
su (0.34857) (0.35471) (0.07523) (0.09685) 0.37480c 0.27448
sv (0.27244) (0.15090) 0.33490 0.33197 0.25606 0.29912
mean E[u � e] 0.27908 0.52858 0.075232 0.096616 0.29499 0.21926
ln L -210.495 -200.67 -211.42 -211.091 -201.731 -208.349

aestimates in parentheses are derived from other mLes.
bestimates used in computation of su.
cobtained by averaging l = su,i /sv over observations.

TABLE 19.1 Estimated Stochastic Frontier Cost Functionsa
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1. Household purchases of durable goods [tobin (1958)],
2. the number of extramarital affairs [Fair (1977, 1978)],
3. the number of hours worked by a woman in the labor force [Quester and greene 

(1982)],
4. the number of arrests after release from prison [Witte (1980)],
5. Household expenditures on various commodity groups [Jarque (1987)],
6. Vacation expenditures [melenberg and van soest (1996)],
7. charitable donations [brown, Harris, and taylor (2009)].

each of these studies analyzes a dependent variable that is zero for a significant fraction 
of the observations. conventional regression methods fail to account for the qualitative 
difference between limit (zero) observations and nonlimit (continuous) observations.

19.3.1  THE CENSORED NORMAL DISTRIBUTION

the relevant distribution theory for a censored variable is similar to that for a truncated 
one. once again, we begin with the normal distribution, as much of the received work 
has been based on an assumption of normality. We also assume that the censoring point 
is zero, although this is only a convenient normalization. in a truncated distribution, 
only the part of distribution above y = 0 is relevant to our computations. to make the 
distribution integrate to one, we scale it up by the probability that an observation in 
the untruncated population falls in the range that interests us. When data are censored, 
the distribution that applies to the sample data is a mixture of discrete and continuous 
distributions. Figure 19.4 illustrates the effects.

to analyze this distribution, we define a new random variable y transformed from 
the original one, y*, by

y = 0 if y* … 0,
y = y* if y* 7 0.

FIGURE 19.3  Kernel Density Estimator for JLMS Estimates.
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the two-part distribution that applies if y* ∼ N[m, s2] is

prob(y = 0) = prob(y* … 0) = Φ(-m/s) = 1 - Φ(m/s),

 and if y* 7 0, then y has the density of y*.

this distribution is a mixture of discrete and continuous parts. the total probability 
is one, as required, but instead of scaling the second part, we simply assign the full 
probability in the censored region to the censoring point, in this case, zero.

For the special case of a = 0, the mean simplifies to

E[y � a = 0] = Φ(m/s)(m + sl), where l =
f(m/s)

Φ(m/s)
.

For censoring of the upper part of the distribution instead of the lower, it is only 
necessary to reverse the role of Φ and 1 - Φ and redefine l as in theorem 19.2.

FIGURE 19.4  Partially Censored Distribution.

Capacity Seats Demanded
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THEOREM 19.3 Moments of the Censored Normal Variable
If y* ∼ N[m, s2] and y = a if y* … a or else y = y*, then

E[y] = Φa + (1 - Φ)(m + sl),

and

Var[y] = s2(1 - Φ)[(1 - d) + (a - l)2Φ],

where

Φ[(a - m)/s] = Φ(a) = prob(y* … a) = Φ, l = f/(1 - Φ),
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Example 19.4  Censored Random Variable
We are interested in the number of tickets demanded for events at a certain arena. Our only 
measure is the number actually sold. Whenever an event sells out, however, we know that the 
actual number demanded is larger than the number sold. The number of tickets demanded 
is censored when it is transformed to obtain the number sold. Suppose that the arena in 
question has 20,000 seats and, in a recent season, sold out 25% of the time. If the average 
attendance, including sellouts, was 18,000, then what are the mean and standard deviation 
of the demand for seats? According to Theorem 19.3, the 18,000 is an estimate of

E[sales] = 20,000(1 - Φ) + (m + sl)Φ.

Because this is censoring from above, rather than below, l = -f(a)/Φ(a). The argument 
of Φ, f, and l is a = (20,000 - m)/s. If 25% of the events are sellouts, then Φ = 0.75. 
Inverting the standard normal at 0.75 gives a = 0.675. In addition, if a = 0.675, 
then -f(0.675)/0.75 = l = -0.424. This result provides two equations in m and s, 
(a) 18,000 = 0.25(20,000) + 0.75(m - 0.424s) and (b) 0.675s = 20,000 - m. The solutions 
are s = 2426 and m = 18,362.

For comparison, suppose that we were told that the mean of 18,000 applies only to the 
events that were not sold out and that, on average, the arena sells out 25% of the time. 
Now our estimates would be obtained from the equations (a) 18,000 = m - 0.424s and 
(b) 0.675s = 20,000 - m. The solutions are s = 1820 and m = 18,772.

19.3.2  THE CENSORED REGRESSION (TOBIT) MODEL

the regression model based on the preceding discussion is referred to as the censored 
regression model or the tobit model [in reference to tobin (1958), where the model 
was first proposed]. the regression is obtained by making the mean in the preceding 
correspond to a classical regression model. the general formulation is usually given in 
terms of an index function,

y* = x′B + e,

y = 0 if y* … 0,

yi = yi* if yi* 7 0.

there are potentially three conditional mean functions to consider, depending on the 
purpose of the study. For the index variable, sometimes called the latent variable, E[y* � x] 

and
d = l2 - la.

Proof: For the mean,

 E[y] = prob(y = a) * E[y � y = a] + prob(y 7 a) * E[y � y 7 a]

 = prob(y* … a) * a + prob(y* 7 a) * E[y* � y* 7 a]

 = Φa + (1 - Φ)(m + sl)

using Theorem 19.2. For the variance, we use a counterpart to the decomposition in 
(B-69); that is, Var[y] = E[conditional variance] + Var[conditional mean], and 
Theorem 19.2.
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is x′B. if the data are always censored, however, then this result will usually not be useful. 
consistent with theorem 19.3, for an observation randomly drawn from the population, 
which may or may not be censored,

E[y � x] = Φa x′B
s

b(x′B + sl),

where

 l =
f[(0 - x′B)/s]

1 - Φ[(0 - x′B)/s]
=

f(x′B/s)

Φ(x′B/s)
. (19-12)

Finally, if we intend to confine our attention to uncensored observations, then the results 
for the truncated regression model apply. the limit observations should not be discarded, 
however, because the truncated regression model is no more amenable to least squares 
than the censored data model. it is an unresolved question which of these functions 
should be used for computing predicted values from this model. intuition suggests that 
E[y � x] is correct, but authors differ on this point. For the setting in example 19.4, for 
predicting the number of tickets sold, say, to plan for an upcoming event, the censored 
mean is obviously the relevant quantity. on the other hand, if the objective is to study 
the need for a new facility, then the mean of the latent variable y* would be more 
interesting.

there are differences in the partial effects as well. For the index variable, 
0E[y* � x]

0x
= B. but this result is not what will usually be of interest, because yi* is 

unobserved. For the observed data, yi, the following general result will be useful:23

23see greene (1999) for the general result and rosett and nelson (1975) and nakamura and nakamura (1983) for 
applications based on the normal distribution.

THEOREM 19.4 Partial Effects in the Censored Regression Model
In the censored regression model with latent regression y* = x′B + e and observed 
dependent variable, y = a if y* … a, y = b if y* Ú b, and y = y* otherwise, where 
a and b are constants with b 7 a, let f(e) and F(e) denote the density and cdf of 
the standardized variable e/s where e is a continuous random variable with mean 
0 and variance s2, and f(e � x) = f(e). Then

0E[y � x]

0x
= B * prob[a 6 y* 6 b].

Proof: By definition,

 E[y � x] = a prob[y* … a � x] + b prob[y* Ú b � x]

 + prob[a 6 y* 6 b � x]E[y* � a 6 y* 6 b � x].

Let aj = (j - x′B)/s, Fj = F(aj), fj = f(aj), and j = a, b. then

E[y � x] = aFa + b(1 - Fb) + (Fb - Fa)E[y* � a 6 y* 6 b, x].
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note that this general result includes censoring in either or both tails of the distribution, 
and it does not assume that e is normally distributed. For the standard case with censoring 
at zero and normally distributed disturbances, the result specializes to

0E[y � x]

0x
= BΦa x′B

s
b .

although not a formal result, this does suggest a reason why, in general, least squares 
estimates of the coefficients in a tobit model usually resemble the mLes times the 
proportion of nonlimit observations in the sample.

mcdonald and moffitt (1980) suggested a useful decomposition of 0E[yi � xi]/0xi,

0E[y � x]

0x
= B * 5Φ[1 - l(a + l)] + f(a + l)6,

where a = x′B/s, Φ = Φ(a), and l = f/Φ. taking the two parts separately, this result 
decomposes the slope vector into

0E[y � x]

0x
= prob[y 7 0] 

0E[y � x, y 7 0]

0x
+ E[y � x, y 7 0] 

0 prob[y 7 0]

0x
.

Because y* = x′B + s[(y* - x′B)/s], the conditional mean may be written

 E[y* � a 6 y* 6 b, x] = x′B + sE c y* - x′B
s

` a - x′B
s

6
y* - x′B

s
6

b - x′B
s

d

 = x′B + sL
ab

aa

 
(e/s)f(e/s)

Fb - Fa
 da e

s
b .

Collecting terms, we have

E[y � x] = a Fa + b(1 - Fb) + (Fb - Fa)x′B + sL
ab

aa

a e
s
b  fa e

s
bda e

s
b .

Now, differentiate with respect to x. The only complication is the last term, 
for which the differentiation is with respect to the limits of integration. We use 
 Leibnitz’s theorem and use the assumption that f(e) does not involve x. Thus,

 
0E[y � x]

0x
= a -B

s
ba fa - a -B

s
bbfb + (Fb - Fa)B + (x′B)(fb - fa)a

-B

s
b

 + s[abfb - aafa]a
-B

s
b .

After inserting the definitions of aa and ab, and collecting terms, we find all terms 
sum to zero save for the desired result,

0E[y � x]

0x
= (Fb - Fa)B = B * prob[a 6 yi* 6 b].

M19_GREE1366_08_SE_C19.indd   935 2/24/17   10:11 PM



936 PART IV  ✦   Cross Sections, Panel Data, and Microeconometrics

thus, a change in x has two effects: it affects the conditional mean of y* in the 
positive part of the distribution, and it affects the probability that the observation will 
fall in that part of the distribution.

19.3.3  ESTIMATION

the tobit model has become so routine and been incorporated in so many computer 
packages that despite formidable obstacles in years past, estimation is now essentially 
on the level of ordinary linear regression. the log likelihood for the censored regression 
model is

 ln L = a
yi 7 0

-
1
2

 c ln(2p) + ln s2 +
(yi - xi

=B)2

s2 d + a
yi = 0

 ln J1 - Φa xi
=B

s
b R . (19-13)

the two parts correspond to the linear regression for the nonlimit observations and 
the relevant probabilities for the limit observations, respectively. this likelihood is a 
nonstandard type, because it is a mixture of discrete and continuous distributions. in 
a seminal paper, amemiya (1973) showed that despite the complications, proceeding 
in the usual fashion to maximize ln L would produce an estimator with all the familiar 
desirable properties attained by mLes.

the log-likelihood function is fairly involved, but Olsen’s reparameterization (1978) 
simplifies things considerably. With G = B/s and u = 1/s, the log likelihood is

 ln L = a
yi 7 0

-
1
2

 [ln(2p) - ln u2 + (uyi - xi
=G)2] + a

yi = 0
 ln[1 - Φ(xi

=G)]. (19-14)

the results in this setting are now very similar to those for the truncated regression. the 
Hessian is always negative definite, so newton’s method is simple to use and usually 
converges quickly. after convergence, the original parameters can be recovered using 
s = 1/u and b = G/u. the asymptotic covariance matrix for these estimates can be 
obtained from that for the estimates of [G, u] using the delta method:

est.asy.Var[Bn , sn ] = Jn asy.Var[Gn , Un]Jn′,

where

J = J0B/0G= 0b/0u
0s/0G= 0s/0u

R = J(1/u)I (-1/u2)g
0′ (-1/u2)

R .

researchers often compute oLs estimates despite their inconsistency. almost 
without exception, it is found that the oLs estimates are smaller in absolute value than 
the mLes. a striking empirical regularity is that the maximum likelihood estimates can 
often be approximated by dividing the oLs estimates by the proportion of nonlimit 
observations in the sample.24 the effect is illustrated in the last two columns of table 
19.2. another strategy is to discard the limit observations, but we now see that just trades 
the censoring problem for the truncation problem.

24this concept is explored further in greene (1980b), goldberger (1981), and chung and goldberger (1984).
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Example 19.5  Estimated Tobit Equations for Hours Worked
In their study of the number of hours worked in a survey year by a large sample of wives, 
Quester and Greene (1982) were interested in whether wives whose marriages were 
statistically more likely to dissolve hedged against that possibility by spending, on average, 
more time working. They reported the tobit estimates given in Table 19.2. The last figure in the 
table implies that a very large proportion of the women reported zero hours, so least squares 
regression would be inappropriate.

The figures in parentheses are the ratio of the coefficient estimate to the estimated 
asymptotic standard error. The dependent variable is hours worked in the survey year. Small 
kids is a dummy variable indicating whether there were children in the household. The 
education difference and relative wage variables compare husband and wife on these two 
dimensions. The wage rate used for wives was predicted using a previously estimated 
regression model and is thus available for all individuals, whether working or not. Second 
marriage is a dummy variable. Divorce probabilities were produced by a large microsimulation 
model presented in another study.25 The variables used here were dummy variables indicating 
mean if the predicted probability was between 0.01 and 0.03 and high if it was greater 
than 0.03. The slopes are the partial effects described earlier.

Note the partial effects compared with the tobit coefficients. Likewise, the estimate of s 
is quite misleading as an estimate of the standard deviation of hours worked. The effects of 
the divorce probability variables were as expected and were quite large. One of the questions 
raised in connection with this study was whether the divorce probabilities could reasonably be 
treated as independent variables. It might be that for these individuals, the number of hours 
worked was a significant determinant of the probability.

25orcutt, caldwell, and Wertheimer (1976).

White Wives Black Wives Least 
Squares

Scaled 
OLSCoefficient Slope Coefficient Slope

Constant -1,803.13 -2,753.87
(-8.64) (-9.68)

Small kids -1324.84 -385.89 -824.19 -376.53 -352.63 -766.56
(-19.78) (-10.14)

Education -48.08 -14.00 22.59 10.32 11.47 24.93
 difference (-4.77) (1.96)
Relative wage 312.07 90.90 286.39 130.93 123.95 269.46

(5.71) (3.32)
Second marriage 175.85 51.51 25.33 11.57 13.14 28.57

(3.47) (0.41)
Mean divorce 417.39 121.58 481.02 219.75 219.22 476.57
 robability (6.52) (5.28)
High divorce 670.22 195.22 578.66 264.36 244.17 530.80
 probability (8.40) (5.33)
s 1,559 618 1,511 826
Sample size 7459 2798
Proportion working 0.29 0.46

TABLE 19.2 Tobit Estimates of an Hours Worked Equation
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19.3.4  TWO-PART MODELS AND CORNER SOLUTIONS

the tobit model contains a restriction that might be unreasonable in an economic setting. 
consider a behavioral outcome, y =  charitable donation. two implications of the tobit 
model are that

prob(y 7 0 � x) = prob(x′B + e 7 0 � x) = Φ(x′B/s)

and [from (19-7)]

E[y � y 7 0, x] = x′B + s f(x′B/s)/Φ(x′B/s).

differentiating both of these, we find from (17-11) and (19-8),

0 prob(y 7 0 � x)/0x = [f(x′B/s)/s]B = a positive multiple of B,

0E[y � y 7 0, x]/0x = 5[1 - d(x′B/s)]/s6B = a positive multiple of B.

thus, any variable that appears in the model affects the participation probability and the 
intensity equation with the same sign. in the case suggested, for example, it is conceivable 
that age might affect participation and intensity in different directions. Fin and schmidt 
(1984) suggest another application, loss due to fire in buildings; older buildings might be 
more likely to have fires but, because of the greater value of newer buildings, the actual 
damage might be greater in newer buildings. this fact would require the coefficient on 
age to have different signs in the two functions, which is impossible in the tobit model 
because they are the same coefficient.

in an early study in this literature, cragg (1971) proposed a somewhat more general 
model in which the probability of a limit observation is independent of the regression 
model for the nonlimit data. one can imagine, for instance, the decision of whether or 
not to purchase a car as being different from the decision of how much to spend on the 
car, having decided to buy one.

a more general, two-part model that accommodates these objections is as follows:

1. Participation equation:

prob[y* 7 0] = Φ(x′G), d = 1 if y* 7 0,

prob[y* … 0] = 1 - Φ(x′G), d = 0 if y* … 0. 
(19-15)

2. Intensity equation for nonlimit observations:

E[y � d = 1] = x′B + sl,

according to theorem 19.2. this two-part model is a combination of the truncated 
regression model of section 19.2 and the univariate probit model of section 17.3, 
which suggests a method of analyzing it. note that it is precisely the same approach we 
considered in section 18.4.8 and example 18.21 where we used a hurdle model to model 
doctor visits. the tobit model returns if G =  B/s. the parameters of the regression 
(intensity) equation can be estimated independently using the truncated regression 
model of section 19.2. an application is melenberg and van soest (1996).

based only on the tobit model, Fin and schmidt (1984) devised a Lagrange 
multiplier test of the restriction of the tobit model that, although a bit cumbersome 
algebraically, can be computed without great difficulty. if one is able to estimate the 
truncated regression model, the tobit model, and the probit model separately, then 
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there is a simpler way to test the hypothesis. the tobit log likelihood is the sum of 
the log likelihoods for the truncated regression and probit models. to show this result, 
add and subtract a yi = 1ln Φ(xi

=B) in (19-13). this produces the log likelihood for the 
truncated regression model (considered in the exercises) plus (17-19) for the probit 
model. therefore, a likelihood ratio statistic can be computed using

l = -2[ln LT - (ln LP + ln LTR)],

where

 LT = likelihood for the tobit model in (19@13), with the same coefficients,

 LP = likelihood for the probit model in (17@16), fit separately,

 LTR = likelihood for the truncated regression model, fit separately.

the two-part model just considered extends the tobit model, but it stops a bit short 
of the generality we might achieve. in the preceding hurdle model, we have assumed 
that the same regressors appear in both equations. although this produces a convenient 
way to retreat to the tobit model as a parametric restriction, it couples the two decisions 
perhaps unreasonably. in our example to follow, where we model extramarital affairs, the 
decision whether or not to spend any time in an affair may well be an entirely different 
decision from how much time to spend having once made that commitment. the obvious 
way to proceed is to reformulate the hurdle model as

1. Participation equation

prob[d* 7 0] = Φ(z′G),      d = 1 if d* 7 0,
prob[d* … 0] = 1 - Φ(z′G),  d = 0 if d* … 0. (19-16)

2. Intensity equation for nonlimit observations

E[y � d = 1] = x′B + s l.

this extension, however, omits an important element; it seems unlikely that the two decisions 
would be uncorrelated; that is, the implicit disturbances in the equations should be correlated. 
the combination of these produces what has been labeled a type II tobit model. [amemiya 
(1985) identified five possible permutations of the model specification and observation 
mechanism. the familiar tobit model is type i; this is type ii.] the full model is:

1. participation equation

 d* = z′G + u,   u ∼ N[0, 1]
 d = 1 if d* 7 0,  0 otherwise.

2. intensity equation

y* = x′B + e, e ∼ N[0, s2].

3. observation mechanism

(a) y* = 0 if d = 0 and y = y* if d = 1.
(b) y = y* if d = 1 and y is unobserved if d = 0.

4. endogeneity

(u, e) ∼ bivariate normal with correlation r.
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mechanism (a) produces amemiya’s type ii model. amemiya (1984) blends these two 
interpretations. in the statement of the model, he presents (a), but in the subsequent 
discussion, assumes (b). the difference is substantive if x is observed in case (b). 
otherwise, they are the same, and “y = 0” is not actually meaningful. amemiya notes, 
“y* = 0 merely signifies the event d* … 0.” if x is observed when d = 0, then these 
observations will contribute to the likelihood for the full sample. if not, then they will 
not. We will develop this idea later when we consider Heckman’s selection model [which 
is case (b) without observed x when d = 0].

there are two estimation strategies that can be used to fit the type ii model. a two-
step method can proceed as follows: the probit model for d can be estimated using 
maximum likelihood as shown in section 17.3. For the second step, we make use of our 
theorems on truncation (and theorem 19.5 that will appear later) to write

 E[y � d = 1, x, z] = x′B + E[e � d = 1, x, z]

 = x′B + rs 
f(z′G)

Φ(z′G)

 = x′B + rsl.  (19-17)

since we have estimated G at step 1, we can compute ln = f(z′Gn )/Φ(z′Gn ) using the 
first-step estimates, and we can estimate B and u = (rs) by least squares regression 
of y on x and ln. it will be necessary to correct the asymptotic covariance matrix that 
is computed for (Bn , un). this is a template application of the murphy and topel (2002) 
results that appear in section 14.7. the second approach is full information maximum 
likelihood, estimating all the parameters in both equations simultaneously. We will return 
to the details of estimation of the type ii tobit model in section 19.4 where we examine 
Heckman’s model of “sample selection” model (which is the type ii tobit model).

many of the applications of the tobit model in the received literature are 
constructed not to accommodate censoring of the underlying data, but, rather, to model 
the appearance of a large cluster of zeros. cragg’s application is clearly related to this 
phenomenon. consider, for example, survey data on purchases of consumer durables, 
firm expenditure on research and development, household charitable contributions, or 
consumer savings. in each case, the observed data will consist of zero or some positive 
amount. arguably, there are two decisions at work in these scenarios: First, whether to 
engage in the activity or not, and second, given that the answer to the first question is 
yes, how intensively to engage in it—how much to spend, for example. this is precisely 
the motivation behind the hurdle model. this specification has been labeled a “corner 
solution model”; see Wooldridge (2010, chapter 17).

in practical terms, the difference between the hurdle model and the tobit model 
should be evident in the data. often overlooked in tobit analyses is that the model predicts 
not only a cluster of zeros (or limit observations), but also a grouping of observations 
near zero (or the limit point). For example, the tobit model is surely misspecified for 
the sort of (hypothetical) spending data shown in Figure 19.5 for a sample of 1,000 
observations. neglecting for the moment the earlier point about the underlying decision 
process, Figure 19.6 shows the characteristic appearance of a (substantively) censored 
variable. the implication for the model builder is that an appropriate specification would 
consist of two equations, one for the “participation decision,” and one for the distribution 
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FIGURE 19.5   Hypothetical Spending Data; Vertical Axis Is Sample 
Proportions.
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FIGURE 19.6   Hypothetical Censored Data; Vertical Axis Is Sample 
Proportions.
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of the positive dependent variable. Formally, we might, continuing the development of 
cragg’s specification, model the first decision with a binary choice (e.g., probit or logit 
model). the second equation is a model for y � y 7 0, for which the truncated regression 
model of section 19.2.3 is a natural candidate. as we will see, this is essentially the model 
behind the sample selection treatment developed in section 19.4.

two practical issues frequently intervene at this point. First, one might well have 
a model in mind for the intensity (regression) equation, but none for the participation 
equation. this is the usual backdrop for the uses of the tobit model, which produces the 
considerations in the previous section. the second issue concerns the appropriateness of 
the truncation or censoring model to data such as those in Figure 19.6. if we consider only 
the nonlimit observations in Figure 19.5, the underlying distribution does not appear to be 
truncated at all. the truncated regression model in section 19.2.3 fit to these data will not 
depart significantly from the linear model fit by oLs [because the underlying probability 
in the denominator of (19-6) will equal one and the numerator will equal zero]. but this is 
not the case of a tobit model forced on these same data. Forcing the model in (19-13) on 
data such as these will significantly distort the estimator—all else equal, it will significantly 
attenuate the coefficients, the more so the larger the proportion of limit observations in 
the sample. once again, this stands as a caveat for the model builder. the tobit model is 
manifestly misspecified for data such as those in Figure 19.5.

Example 19.6  Two-Part Model for Extramarital Affairs
In Example 18.18, we examined Fair’s (1977) Psychology Today survey data on extramarital 
affairs. The 601 observations in the data set are mostly zero—451 of the 601. This feature 
of the data motivated the author to use a tobit model to analyze these data. In our example, 
we reconsidered the model, because the nonzero observations were a count, not a 
continuous variable. Another data set in Fair’s study was the Redbook Magazine survey 
of 6,366 married women. Once again, the outcome variable of interest was extramarital 
affairs. However, in this instance, the outcome data were transformed to a measure of 
time spent, which, being continuous, lends itself more naturally to the tobit model we are 
studying here. The variables in the data set are as follows (excluding three unidentified 
and not used):

id = identification number,
C = constant, value = 1

yrb = constructed measure of time spent in extramarital affairs,
v1 = rating of the marriage, coded 1 to 5,
v2 = age, in years, aggregated,
v3 = number of years married,
v4 = number of children, top coded at 5,
v5 = religiosity, 1 to 4, 1 = not, 4 = very,
v6 = education, coded 9, 12, 14, 16, 17, 20,
v7 = Wife’s occupation—Hollingshead scale,
v8 = Husband’s occupation—Hollingshead scale.

This is a cross section of 6,366 observations with 4,313 zeros and 2,053 positive values.
Table 19.3 presents estimates of various models for yrb. The leftmost column presents 

the OLS estimates. The least squares estimator is inconsistent in this model. The empirical 
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regularity is that the OLS estimator appears to be biased toward zero, the more so the larger 
the proportion of limit observations. Here, the ratio, based on the tobit estimates in the 
second column, appears to be about 4 or 5 to 1. Likewise, the OLS estimator of s appears 
to be greatly underestimated. This would be expected, as the OLS estimator is treating the 
limit observations, which have no variation in the dependent variable, as if they were nonlimit 
observations. The third set of results is the truncated regression estimator. In principle, the 
truncated regression estimator is also consistent. However, it will be less efficient as it is 
based on less information. In our example, this estimator seems to be quite erratic, again 
compared to the tobit estimator. Note, for example, the coefficient on years married, which, 
although it is “significant” in both cases, changes sign. The t ratio on Religiousness falls from 
-11.11 to -1.29 in the truncation model. The probit estimator based on yrb 7 0 appears 
next. As a rough check on the corner solution aspect of our model, we would expect the 
normalized tobit coefficients (B/s) to approximate the probit coefficients, which they appear 
to. However, the likelihood ratio statistic for testing the internal consistency based on the 
three estimated models is 2[7,804.38 - 3,463.71 - 3,469.58] = 1,742.18 with nine degrees 
of freedom. The hypothesis of parameter constancy implied by the tobit model is rejected. 
The last two sets of results are for a hurdle model in which the intensity equation is fit by the 
two-step method.

Model

Linear 
OLS

Tobit Truncated 
Regression

Probit Tobit/S Hurdle 
Participation

Hurdle 
Intensity

Constant 3.62346 7.83653 8.89449 2.21010 1.74189 1.56419 4.84602
(13.63) (10.98) (2.90) (12.60) (17.75) (5.87)

RateMarr -0.42053 -1.53071 -0.44303 -0.42874 -0.34024 -0.42582 -0.24603
(-14.79) (-20.85) (-1.45) (-23.40) (-23.61) (- .46)

Age -0.01457 -0.10514 -0.22394 -0.03542 -0.02337 -0.01903
(-1.59) (-4.24) (-1.83) (-5.87) (- .77)

YrsMarr -0.01599 0.12829 -0.94437 0.06563 0.02852 -0.16822
(-1.62) (4.86) (-7.27) (10.18) (-6.52)

NumKids -0.01705 -0.02777 -0.02280 -0.00394 -0.00617 0.14024 -0.28365
(- .57) (-0.36) (-0.06) (-0.21) (11.55) (-1.49)

Religious -0.24374 -0.94350 -0.50490 -0.22281 -0.20972 -0.21466 -0.05452
(-7.83) (-11.11) (-1.29) (-10.88) (-10.64) (-0.19)

Education -0.01743 -0.08598 -0.06406 -0.02373 -0.01911 0.00338
(-1.24) (-2.28) (-0.38) (-2.60) (0.09)

Wife Occ. 0.06577 0.31284 0.00805 0.09539 0.06954 0.01505
(2.10) (3.82) (0.02) (4.75) (0.19)

Hus. Occ. 0.00405 0.01421 -0.09946 0.00659 0.00316 -0.02911
(0.19) (0.26) (-0.41) (0.49) (-0.53)

s 2.14351 4.49887 5.46846 3.43748
ln L r2 = 0.05479 -7,804.38 -3,463.71 -3,469.58

TABLE 19.3 Estimated Censored Regression Models (t ratios in parentheses)
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19.3.5  SPECIFICATION ISSUES

three issues that commonly arise in microeconomic data, endogeneity, heteroscedasticity, 
and nonnormality, have been analyzed at length in the tobit setting.26

19.3.5a  Endogenous Right-Hand-Side Variables

We consider the case of an endogenous variable on the right-hand side of the tobit 
model. the structure is

(latent variable) y* = x=B + gT + e, (observed variable)y = max(0,y*)

(latent variable) T* = z=A + u, (observed variable)T = h(T*)

(u,e) ∼ bivariate normal [(0, 1), (su
 2, sue, se

 2)], r = sue/(suse).

as usual, there are two cases to consider, the continuous variable, h(T*) = T*, and 
the endogenous dummy variable, h(T*) = 1(T* 7 0). (a probit model governs the 
observation of T.)

For the continuous case, again as usual, there are two-step and FimL estimators. We 
can use the reduced form to set up the two-step estimator. if (u,e) are bivariate normally 
distributed, then e = du + w where w is independent of u, Var[w] = se

 2(1 - r2) and 
d = sue/su

 2 = rse/su. insert this in the tobit equation,

y* = x=B + gT + du + w, y = max(0, y*),

and recall u = T - z=A, so

y* = x=B + gT + d(T - z=A) + w, y = max(0, y*).

the model can now be estimated in two steps: (1) Least squares regression of T on z 
consistently estimates A. use these oLs estimates to construct residuals (control 
functions), un i for each observation. (2) the second step consists of mL estimation of B, g 
and d by mL tobit estimation of y on (x, T, un). the original parameters can be deduced 
from the second-step estimators, using d = rse/su, the mL estimator of sw

 2, which 
estimates se

 2(1 - r2), and sn u
2 = (1/n)Σi = 1

n un i
2. 27 For inference purposes, the covariance 

matrix at the second step must be corrected for the presence of An . the murphy and topel 
correction promises to be quite complicated; bootstrapping would seem to be an 
appealing alternative.28

blundell and smith (1986) have devised an FimL estimator by reparameterizing 
the bivariate normal f(u, e) = f(e � u)f(u) and concentrating the log-likelihood function 

26two symposia that contain numerous results on these subjects are blundell (1987) and duncan (1986b). an 
application that explores these two issues in detail is melenberg and van soest (1996). developing specification 
tests for the tobit model has been a popular enterprise. a sampling of the received literature includes nelson 
(1981), bera, Jarque, and Lee (1982), chesher and irish (1987), chesher, Lancaster, and irish (1985), gourieroux 
et al. (1984, 1987), newey (1985a,b, 1986), rivers and Vuong (1988), Horowitz and neumann (1989), and pagan 
and Vella (1989) are useful references on the general subject of conditional moment testing. more general 
treatments of specification testing are godfrey (1988) and ruud (1982).

27For example, tn2 = dn2sn u
2/sn w

2  then rn = sgn(dn)tn/21 + tn2.
28a test for endogeneity can be carried out in the tobit model without correcting the covariance matrix with a 
simple t test of the hypothesis that d equals zero.
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over sn u
2 = (1/n)Σi = 1

n (Ti - z=iA)2 = (1/n)Σi = 1
n ui

2. However A is estimated, this will be 
the estimator of su

 2 .  this is inserted into the log likelihood to concentrate su out of 
this estimation step. then, define ei = (yi - xi

=B - gTi - cui), where c = sue/su
 2 and 

v = [se
2(1 - r2)]1/2. assembling the parts,

ln Lc(B, g, A, c, v) =
-n
2

 ln 
1
n

 a
n

i = 1
(Ti - z=iA)2 + a

yi 7 0
lnJ 1

c
 fa ei

c
b R + a

yi = 0
 ln Φ c ei - yi

v
d .

the function is maximized over B, g, A, c, and v; su is estimated residually with the 
mean squared residual from Ti. estimates of r and se can be recovered by the method 
of moments.

there is no simple two-step approach when h(T*) = 1(T* 7 0), the endogenous 
treatment case. However, there is a straightforward FimL estimator. there are four 
terms in the log likelihood for (yi,Ti). For the two “limit” cases when y = 0, the terms 
are exactly those in the log likelihood for the bivariate probit with endogenous treatment 
effect in section 17.6.1. thus, for these two cases, (y = 0, T = 0) and (y = 0, T = 1),

ln Li = ln Φ2 c
-x=

iB - gTi

se
, (2Ti - 1)z=iA, - (2Ti - 1)r d .

For the cases when y* is observed, the terms in the log likelihood are exactly those in 
the FimL estimator for the sample selection model in (19-25) (section 19.4.3). For these 
cases with (y,T = 0) and (y,T = 1),

ln Li = lnJexp(-(yi - x=
iB - gTi)

2/(2se
2))

se22p
 Φar(yi - x=

iB - gTi)/se + (2T - 1)z=iA21 - r2
bR .

With any of these consistent estimators in hand, estimates of the average partial 
effects can be estimated based on 0E[y � x,T]/0T = gΦ[(x=B + gT)/se] and likewise for 
the variables in x. For the treatment effect case, we would use

∆E[y � x,T] =J(x=B + g)Φa x=B + g

se
b + sefa x=B + g

se
b R - J ax=BbΦa x=B

se
b + sefa x=B

se
b R .

19.3.5.b  Heteroscedasticity

maddala and nelson (1975), Hurd (1979), arabmazar and schmidt (1982a,b), and brown 
and moffitt (1982) all suggest varying degrees of pessimism regarding how inconsistent the 
maximum likelihood estimator will be when heteroscedasticity occurs. not surprisingly, 
the degree of censoring is the primary determinant. unfortunately, all the analyses have 
been carried out in the setting of very specific models—for example, involving only a single 
dummy variable or one with groupwise heteroscedasticity—so the primary lesson is the 
very general conclusion that heteroscedasticity emerges as a potentially serious problem.

one can approach the heteroscedasticity problem directly. petersen and Waldman 
(1981) present the computations needed to estimate a tobit model with heteroscedasticity 
of several types. replacing s with si in the log-likelihood function and including si

2 in 
the summations produces the needed generality. specification of a particular model for 
si provides the empirical model for estimation.
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Example 19.7 Multiplicative Heteroscedasticity in the Tobit Model
Petersen and Waldman (1981) analyzed the volume of short interest in a cross section 
of common stocks. The regressors included a measure of the market component of 
heterogeneous expectations as measured by the firm’s BETA coefficient; a company-specific 
measure of heterogeneous expectations, NONMARKET; the NUMBER of analysts making 
earnings forecasts for the company; the number of common shares to be issued for the 
acquisition of another firm, MERGER; and a dummy variable for the existence of OPTIONs. 
They report the results listed in Table 19.4 for a model in which the variance is assumed to 
be of the form si

2 = exp(x=
iA). The values in parentheses are the ratio of the coefficient to the 

estimated asymptotic standard error.
The effect of heteroscedasticity on the estimates is extremely large. We do note, however, 

a common misconception in the literature. The change in the coefficients is often misleading. 
The average partial effects in the heteroscedasticity model will generally be very similar 
to those computed from the model which assumes homoscedasticity. (The calculation is 
pursued in the exercises.)

A test of the hypothesis that A = 0  (except for the constant term) can be based on the 
likelihood ratio statistic. For these results, the statistic is -2[-547.30 - (-466.27)] = 162.06. 
This statistic has a limiting chi-squared distribution with five degrees of freedom. The sample 
value exceeds the critical value in the table of 11.07, so the hypothesis can be rejected.

in the preceding example, we carried out a likelihood ratio test against the 
hypothesis of homoscedasticity. it would be desirable to be able to carry out the 
test without having to estimate the unrestricted model. a Lagrange multiplier test 
can be used for that purpose. consider the heteroscedastic tobit model in which we 
specify that

 si
2 = s2[exp(w=

iA)]2. (19-18)

this model is a fairly general specification that includes many familiar ones as special 
cases. the null hypothesis of homoscedasticity is A = 0. (We used this specification in the 
probit model in section 17.5.5 and in the linear regression model in section 9.7.1) using 
the bHHH estimator of the Hessian as usual, we can produce a Lagrange multiplier 
statistic as follows: Let zi = 1 if yi is positive and 0 otherwise and

Homoscedastic Heteroscedastic

B B A

Constant -18.28 (5.10) -4.11 (3.28) -0.47 (0.60)
Beta 10.97 (3.61) 2.22 (2.00) 1.20 (1.81)
Nonmarket 0.65 (7.41) 0.12 (1.90) 0.08 (7.55)
Number 0.75 (5.74) 0.33 (4.50) 0.15 (4.58)
Merger 0.50 (5.90) 0.24 (3.00) 0.06 (4.17)
Option 2.56 (1.51) 2.96 (2.99) 0.83 (1.70)
ln L -547.30 -466.27
Sample size 200 200

TABLE 19.4  Estimates of a Tobit Model (Standard errors in  
parentheses)
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 ai = zia
ei

s2 b           + (1 - zi)a
(-1)li

s
b ,

 bi = zia
(ei

2/s2 - 1)

2s2 b  + (1 - zi)a
(x=

iB)li

2s3 b ,

 ei = yi - x=
iB,    li =

f(x=
iB/s)

1 - Φ(x=
iB/s)

.  (19-19)

the data vector is gi = [aix
=
i, bi, biw

=
i]′. the sums are taken over all observations, and 

all functions involving unknown parameters (ei, fi, Φi, x
=
iB, s, li) are evaluated at the 

restricted (homoscedastic) maximum likelihood estimates. then,

 Lm = i′G[G′G]-1G′i = nR2 (19-20)

in the regression of a column of ones on the K + 1 + P derivatives of the log-likelihood 
function for the model with multiplicative heteroscedasticity, evaluated at the estimates 
from the restricted model. (if there were no limit observations, then it would reduce to 
the breusch–pagan statistic discussed in section 9.6.2.) given the maximum likelihood 
estimates of the tobit model coefficients, it is quite simple to compute. the statistic has 
a limiting chi-squared distribution with degrees of freedom equal to the number of 
variables in wi.

19.3.5.c  Nonnormality

nonnormality is an especially difficult problem in this setting. it has been shown that if 
the underlying disturbances are not normally distributed, then the estimator based on 
(19-13) may be inconsistent. of course, the pertinent question is how the misspecification 
affects estimation of the quantities of interest, usually the partial effects. Here, the issue 
is less clear, as we saw for the binary choice models in section 17.2.4. research is ongoing 
both on alternative estimators and on methods for testing for this type of 
misspecification.29

one approach to the estimation is to use an alternative distribution. Kalbfleisch 
and prentice (2002) present a unifying treatment that includes several distributions 
such as the exponential, lognormal, and Weibull. (their primary focus is on survival 
analysis in a medical statistics setting, which is an interesting convergence of the 
techniques in very different disciplines.) of course, assuming some other specific 
distribution does not necessarily solve the problem and may make it worse. a preferable 
alternative would be to devise an estimator that is robust to changes in the distribution. 
powell’s (1981, 1984) least absolute deviations (Lad) estimator offers some promise.30 
the main drawback to its use is its computational complexity. an extensive application 
of the Lad estimator is melenberg and van soest (1996). although estimation in the 
nonnormal case is relatively difficult, testing for this failure of the model is worthwhile 
to assess the estimates obtained by the conventional methods. among the tests that 

29see duncan (1986a,b), goldberger (1983), pagan and Vella (1989), Lee (1996), and Fernandez (1986).
30see duncan (1986a,b) for a symposium on the subject and amemiya (1984). additional references are newey, 
powell, and Walker (1990), Lee (1996), and robinson (1988).
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have been developed are Hausman tests, Lagrange multiplier tests [bera and Jarque 
(1981, 1982) and bera, Jarque, and Lee (1982)], and conditional moment tests [nelson 
(1981)].

19.3.6  PANEL DATA APPLICATIONS

extension of the familiar panel data results to the tobit model parallel the probit model, 
with the attendant problems. the random effects or random parameters models discussed 
in chapter 17 can be adapted to the censored regression model using simulation or 
quadrature. the same reservations with respect to the orthogonality of the effects and 
the regressors will apply here, as will the applicability of the mundlak (1978) correction 
to accommodate it.

much of the attention in the theoretical literature on panel data methods for 
the tobit model has been focused on fixed effects. the departure point would be the 
maximum likelihood estimator for the static fixed effects model,

 yit* = ai + xit
=b + eit, eit ∼ n[0, s2],

 yit = max(0, yit).

However, there are no firm theoretical results on the behavior of the mLe in this 
model. intuition might suggest, based on the findings for the binary probit model, that 
the mLe would be biased in the same fashion, away from zero. perhaps surprisingly, 
the results in greene (2004a) persistently found that not to be the case in a variety 
of model specifications. rather, the incidental parameters, such as it is, manifests in a 
downward bias in the estimator of s, not an upward (or downward) bias in the mLe of 
B. However, this is less surprising when the tobit estimator is juxtaposed with the mLe 
in the linear regression model with fixed effects. in that model, the mLe is the within-
groups (LsdV) estimator, which is unbiased and consistent. but, the mL estimator 
of the disturbance variance in the linear regression model is e=

LsdVeLsdV/(nT), which 
is biased downward by a factor of (T - 1)/T. [this is the result found in the original 
source on the incidental parameters problem, neyman and scott (1948).] so, what 
evidence there is suggests that unconditional estimation of the tobit model behaves 
essentially like that for the linear regression model. that does not settle the problem, 
however; if the evidence is correct, then it implies that although consistent estimation 
of B is possible, appropriate statistical inference is not. the bias in the estimation of s 
shows up in the computation of partial effects.

there is no conditional estimator of B for the tobit (or truncated regression) 
model. First differencing or taking group mean deviations does not preserve the model. 
because the latent variable is censored before observation, these transformations are 
not meaningful. some progress has been made on theoretical, semiparametric estimators 
for this model. see, for example, Honoré and Kyriazidou (2000) for a survey. much 
of the theoretical development has also been directed at dynamic models where the 
benign result of the previous paragraph (such as it is) is lost once again. arellano (2001) 
contains some general results. Hahn and Kuersteiner (2004) have characterized the bias 
of the mLe and suggested methods of reducing the bias of the estimators in dynamic 
binary choice and censored regression models.
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19.4 SAMPLE SELECTION AND INCIDENTAL TRUNCATION

the topic of sample selection, or incidental truncation, has been the subject of an 
enormous literature, both theoretical and applied.31 this analysis combines both of the 
previous topics.

Example 19.8  Incidental Truncation
In the high-income survey discussed in Example 19.2, respondents were also included in 
the survey if their net worth, not including their homes, was at least $500,000. Suppose 
that the survey of incomes was based only on people whose net worth was at least 
$500,000. This selection is a form of truncation, but not quite the same as in Section 19.2. 
This selection criterion does not necessarily exclude individuals whose incomes might 
be quite low. Still, one would expect that individuals with higher than average high net 
worth would have higher than average incomes as well. Thus, the average income in this 
subpopulation would in all likelihood also be misleading as an indication of the income 
of the typical American. The data in such a survey would be nonrandomly selected or 
incidentally truncated.

econometric studies of nonrandom sampling have analyzed the deleterious effects 
of sample selection on the properties of conventional estimators such as least squares; 
have produced a variety of alternative estimation techniques; and, in the process, 
have yielded a rich crop of empirical models. in some cases, the analysis has led to a 
reinterpretation of earlier results.

19.4.1  INCIDENTAL TRUNCATION IN A BIVARIATE DISTRIBUTION

suppose that y and z have a bivariate distribution with correlation r. We are interested in 
the distribution, in particular, the mean of y given that z exceeds a particular value. intuition 
suggests that if y and z are positively correlated, then the truncation of z should push the 
distribution and the mean of y to the right. as before, we are interested in (1) the form of 
the incidentally truncated distribution and (2) the mean and variance of the incidentally 
truncated random variable. We will develop some generalities, and then, because it has 
dominated the empirical literature, focus on the bivariate normal distribution.

the truncated joint density of y and z is

f(y, z � z 7 a) =
f(y, z)

prob(z 7 a)
.

to obtain the incidentally truncated marginal density for y, we would then integrate z 
out of this expression. the moments of the incidentally truncated normal distribution 
are given in theorem 19.5.32

31a large proportion of the analysis in this framework has been in the area of labor economics. see, for example, 
Vella (1998), which is an extensive survey for practitioners. the results, however, have been applied in many other 
fields, including, for example, long series of stock market returns by financial economists (“survivorship bias”) and 
medical treatment and response in long-term studies by clinical researchers (“attrition bias”). some studies that 
comment on methodological issues are barnow, cain, and goldberger (1981), Heckman (1990), manski (1989, 
1990, 1992), newey, powell, and Walker (1990), and Wooldridge (1995).
32more general forms of the result that apply to multivariate distributions are given in Kotz, balakrishnan, and 
Johnson (2000).
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note that the expressions involving z are analogous to the moments of the truncated 
distribution of x given in theorem 19.2. if the truncation is z 6 a, then we make the 
replacement l(az) = -f(az)/Φ(az). it is clear that if r is positive, then E[y � z 7 a] 7 E[y] 
as sy and l(az) are both positive. as expected, the truncated mean is pushed in the 
direction of the correlation if the truncation is from below and in the opposite direction if 
it is from above. in addition, the incidental truncation reduces the variance, because both 
d(a) and r2 are between zero and one. this second result is less obvious, but essentially 
it follows from the general principle that conditioning reduces variance.

19.4.2  REGRESSION IN A MODEL OF SELECTION

to motivate a regression model that corresponds to the results in theorem 19.5, we 
consider the following example.

Example 19.9  A Model of Labor Supply
A simple model of female labor supply consists of two equations:33

1. Wage equation. The difference between a person’s market wage, what she could command 
in the labor market, and her reservation wage, the wage rate necessary to make her choose 
to participate in the labor market, is a function of characteristics such as age and education 
as well as, for example, number of children and where a person lives.

2. Hours equation. The desired number of labor hours supplied depends on the wage, home 
characteristics such as whether there are small children present, marital status, and so on.

The problem of truncation surfaces when we consider that the second equation describes 
desired hours, but an actual figure is observed only if the individual is working. (In most 
such studies, only a participation equation, that is, whether hours are positive or zero, is 
observable.) We infer from this that the market wage exceeds the reservation wage. Thus, 
the hours variable in the second equation is incidentally truncated based on (offered wage – 
reservation wage).

to put the preceding examples in a general framework, let the equation that 
determines the sample selection be

z* = w′G + u,

33see, for example, Heckman (1976). this strand of literature begins with an exchange by gronau (1974) and 
Lewis (1974).

THEOREM 19.5 Moments of the Incidentally Truncated Bivariate Normal 
Distribution
If y and z have a bivariate normal distribution with means my and mz, standard 
deviations sy and sz, and correlation r, then

E[y � z 7 a] = my + rsyl(az),

Var[y � z 7 a] = sy
2[1 - r2d(az)],

where

az = (a - mz)/sz, l(az) = f(az)/[1 - Φ(az)], and d(az) = l(az)[l(az) - az].
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where w is exogenous (mean independent of u and e), and let the equation of primary 
interest be

y = x′B + e.

the sampling rule is that y is observed only when z* is greater than zero. the conditional 
mean that applies to the “selected” observations is

 E[y � x,z* 7 0] = x′B +  E[e � w′G +  u 7 0]

 = x′B +  E[e � u 7 -w′G].

if e and u are uncorrelated, then E[e � u 7 a] = E[e] = 0. but, if they are correlated, 
then we would expect E[e � u 7 a] to be a function of a, as in theorem 9.5 for the 
bivariate normal distribution. For this case, if E[e � u 7 -w′G] = h(w′G,su), then the 
relevant regression is

E[y � x,z* 7 0] = x′B + h(w′G, r, su, se) + v,

where E[v � x, h(w′G, r, su, se)] = 0. the immediate implication is that simple linear 
regression of y on x will not consistently estimate B because of the omitted variable(s) 
contained in h(w′G, r, su, se). in our example, the suggested wage equation contains age 
and education. but, conditioned on positive hours, which are being determined by 
children and marital status, the simple regression conditioned on positive hours is 
missing (a function of) these two variables. this omitted variables bias of least squares 
in this setting is “selection bias.”34

in order to progress from this point, it will be necessary to be more specific about 
the omitted term in the tainted regression. if e and u have a bivariate normal distribution 
with zero means and correlation r, then we may insert these in theorem 19.5 to obtain 
the specific model that applies to the observations in the selected sample:

 E[y � y is observed] = E[y � z* 7 0]

 = E[y � u 7 -w′G]

 = x′B + E[e � u 7 -w′G]

 = x′B + rsel(au)

 = x′B + bll(au),

where au = (-w′G - 0)/su and

 l(au) = f(-w′G/su)/[1 - Φ(-w′G/su)] = f(w′G/su)/Φ(w′G/su). (19-21)

[We have used the symmetry of the normal distribution, f(-b) = f(b) and (1 - Φ(-b)) =
Φ(b).] so,

 y � z* 7 0 = E[y � z* 7 0] + vi

 = x′B + bll(w′G/su) + v.

Least squares regression using the observed data—for instance, oLs regression of hours 
on its determinants, using only data for women who are working—produces inconsistent 

34any number of commentators have suggested in a given context that “the data are subject to selection bias.” as we 
can see in the preceding, it is the oLs estimator, not the data, that is biased. We will find shortly that under suitable 
assumptions, there is a different estimator, based on the same data, that is not biased. (or at least is consistent.)
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estimates of B. once again, we can view the problem as an omitted variable. Least squares 
regression of y on x and l would be a consistent estimator, but if l is omitted, then the 
specification error of an omitted variable is committed. Finally, note that the second 
part of theorem 19.5 implies that even if l(w′G/su) were observed and included in the 
regression, then least squares would be inefficient. the disturbance, v, is heteroscedastic.

the partial effect of the regressors on E[y � x, w] in the observed sample consists of 
two components. there is the direct effect on the mean of y, which is B. in addition, for 
a particular independent variable, if it appears in the probability that z* is positive, then 
it will influence E[y � x, w] through its presence in l(w′G/su). the full effect of changes 
in a regressor that appears in both xi and wi on y is

0E[y � z* 7 0]

0xk
= bk - gkb arsesu

b [d(w′G/su)] r ,

d(w′G/su) = l2 - a l,

where l is defined in (19-21) and a = -w′G/su. suppose that r is positive and E[y � x, w] 
is greater when z* is positive than when it is negative. because 0 6 d 6 1, the additional 
term serves to reduce the partial effect. the change in the probability affects the mean 
of y in that the mean in the group z* 7 0 is higher. the second term in the derivative 
compensates for this effect, leaving only the partial effect of a change given that zi* 7 0 to 
begin with. consider example 19.11, and suppose that education affects both the probability 
of migration and the income in either state. if we suppose that the income of migrants 
is higher than that of otherwise identical people who do not migrate, then the partial 
effect of education has two parts, one due to its influence in increasing the probability of 
the individual’s entering a higher-income group and one due to its influence on income 
within the group. as such, the coefficient on education in the regression overstates the 
partial effect of the education of migrants and understates it for nonmigrants. the sizes of 
the various parts depend on the setting. it is quite possible that the magnitude, sign, and 
statistical significance of the effect might all be different from those of the estimate of B, 
a point that appears frequently to be overlooked in empirical studies.

in most cases, the selection variable z* is not observed. rather, we observe only its 
sign. to consider our two examples, the observation might be only whether someone is 
working outside the home or whether an individual migrated or not. We can infer the sign 
of z*, but not its magnitude, from such information. because there is no information on the 
scale of z*, the disturbance variance in the selection equation cannot be estimated. (We 
encountered this problem in chapter 17 in connection with the binary choice models.) 
thus (retaining the joint normality assumption), we reformulate the model as follows:

selection mechanism: z* = w′G + u, z = 1(z* 7 0),

prob(z = 1 � w) = Φ(w′G),

prob(z = 0 � w) = 1 - Φ(w′G). (19-22)

regression model  y = x′B + e observed only if z = 1,

(e,u) ∼ bivariate normal[0, 0, se, 1, r].35

35in some treatments of this model, it is noted (invoking occam’s razor) that this specification actually relies 
only on the marginal normality of u and E[e � u 7 -w′G] = u l(w′G). neither joint normality nor even marginal 
normality of e is essential. it is debatable how narrow the bivariate normality assumption is given the very specific 
assumption made about E[e � u 7 -w′G].
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suppose that zi and wi are observed for a random sample of individuals but yi is observed 
only when zi = 1. this model is precisely the one we examined earlier, with

E[yi � zi = 1, xi, wi] = xi
=B + rsel(wi

=G).

19.4.3  TWO-STEP AND MAXIMUM LIKELIHOOD ESTIMATION

the parameters of the sample selection model in (19-22) can be estimated by maximum 
likelihood.36 However, Heckman’s (1979) two-step estimation procedure is usually used 
instead. Heckman’s method is as follows:37

1. estimate the probit equation by maximum likelihood to obtain estimates of G. 
For each observation in the selected sample, compute lni = f(wi

=Gn )/Φ(wi
=Gn ) and 

dni = lni(lni + wi
=Gn ).

2. estimate B and bl = rse by least squares regression of y on x and ln.38

it is possible also to construct consistent estimators of the individual parameters r and se 
(again, assuming bivariate normality). at each observation, the true conditional variance 
of the disturbance would be

si
2 = se

2(1 - r2di).

the average conditional variance for the sample would converge to

plim 
1
n

 a
n

i = 1
si

2 = se
2(1 - r2d),

which is what is estimated by the least squares residual variance e′e/n. For the square 
of the coefficient on ln, we have

plim bl
2 = r2se

2,

whereas based on the probit results we have

plim 
1
n

 a
n

i = 1
dni = d.

We can then obtain a consistent estimator of se
2 using

sn e
2 =

e′e
n

+ d
n

bl
2.

Finally, an estimator of r2 is

 rn = sgn(bl)Bbl
2

sn e
2, (19-23)

36see greene (1995a). note in view of footnote 39, the mLe is only appropriate under the specific assumption of 
bivariate normality. absent that assumption, we would use two-step least squares or instrumental variables in all 
cases. see, also, newey (1991) for details.
37perhaps in a mimicry of the “tobit” estimator described earlier, this procedure has come to be known as the 
“Heckit” estimator.
38as a modest first step, it is possible to “test for selectivity,” that is, the null hypothesis that bl equals zero, simply 
by regressing y on (x, ln) using the selected sample and using a conventional t test based on the usual estimator of 
the asymptotic covariance matrix. under the null hypothesis, this amounts to an ordinary test of the specification 
of the linear regression. upon rejection of the null hypothesis, one would proceed with the additional calculations 
about to be suggested.
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which provides a complete set of estimators of the model’s parameters.39

to test hypotheses, an estimator of the asymptotic covariance matrix of [b′, bl]′ is 
needed. We have two problems to contend with. First, we can see in theorem 19.5 that 
the disturbance term in

(yi � zi = 1, xi, wi) = xi
=B + rseli + vi (19-24)

is heteroscedastic;

Var[vi � zi = 1, xi, wi] = se
2(1 - r2di).

second, there are estimated parameters in lni. suppose that we assume for the moment 
that li and di are known (i.e., we do not have to estimate G). For convenience, let 
xi* = [xi, li], and let b* be the least squares coefficient vector in the regression of y on 
x* in the selected data. then, using the appropriate form of the variance of oLs in a 
heteroscedastic model from chapter 9, we would have to estimate

 Var[b* � X*] = se
2[X*

=X*]
-1 c a

n

i = 1
(1 - r2di)xi*xi*

= d [X=
*X*]

-1

 = se
2[X*

=X*]
-1[X*

=(I - r2�)X*][X*
=X*]

-1,

where I - r2∆ is a diagonal matrix with (1 - r2di) on the diagonal. (note that this 
collapses to the simple least squares result if r equals zero, which motivates the test in 
Footnote 38.) Without any other complications, this result could be computed fairly easily 
using X, the sample estimates of se

2 and r2, and the assumed known values of li and di.
the parameters in G do have to be estimated using the probit equation. rewrite 

(19-24) as

(yi � zi = 1, xi, wi) = xi
=B + bll

n

i + vi - bl(lni - li).

in this form, we see that in the preceding expression we have ignored both an additional 
source of variation in the compound disturbance and correlation across observations; the 
same estimate of G is used to compute lni for every observation. Heckman has shown that the 
earlier covariance matrix can be appropriately corrected by adding a term inside the brackets,

Q = rn2(X=
*�n W)est.asy.Var[Gn ](W′�n X*) = rn2FnVn Fn′,

where Vn = est.asy.Var[Gn ], the estimator of the asymptotic covariance of the probit 
coefficients. any of the estimators in (17-22) to (17-24) may be used to compute Vn . the 
complete expression is

est.asy.Var[b, bl] = sn e
2[X*

=X*]
-1[X*

′ (I - rn2∆n )X* + Q][X*
′ X*]

-1.

this is the estimator that is embedded in contemporary software such as Stata. We note 
three useful further aspects of the two-step estimator:

1. this is an application of the two-step procedures we developed in section 8.4.1 and 
14.7 and that were formalized by murphy and topel (1985).40

39the proposed estimator is suggested in Heckman (1979). note that rn  is not a sample correlation and, as such, is 
not limited to [0, 1]. see greene (1981) for discussion.
40this matrix formulation is derived in greene (1981). note that the murphy and topel (2002) results for two-
step estimators given in theorem 14.8 would apply here as well. asymptotically, this method would give the same 
answer. the Heckman formulation has become standard.
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2. the two-step estimator is a control function estimator. see section 14.7. the control 
function is a generalized residual [see chesher, Lancaster, and irish (1985)] so this 
estimator is an example for terza, basu, and rathouz’s (2008) residual inclusion 
method.

3. absent the bivariate normality assumption (or with it), the appropriate asymptotic 
covariance matrix could be estimated by bootstrapping the two-step least squares 
estimator.

the sample selection model can also be estimated by maximum likelihood. the 
full log-likelihood function for the data is built up from the two components for the 
observed data:

prob(selection) * density � selection for observations with zi = 1,

and

prob(nonselection) for observations with zi = 0.

combining the parts produces the full log-likelihood function,

ln L = a
z = 1

lnJexp(-(1/2)ei
2/se

2)

se22p
 Φarei/se + wi

=G21 - r2
b R + a

z = 0
ln [1 - Φ (wi

=G)], (19-25)

where ei = yi - xi
=B.41

two virtues of the FimL estimator will be the greater efficiency brought by using 
the full likelihood function rather than the method of moments and, second, the 
estimation of r subject to the constraint -1 6 r 6 1. (this is typically done by 
reparameterizing the model in terms of the monotonic inverse hyperbolic tangent, 
t = (1/2) ln[(1 + r)/(1 - r)] = atanh(r). the transformed parameter, t, is unrestricted. 
the inverse transformation is r = [exp(2t) - 1]/[exp(2t) + 1] which is bounded 
between zero and one.) one possible drawback (it might be argued) could be the 
complexity of the likelihood function that would make estimation more difficult than 
the two-step estimator. However, the mLe for the selection model appears as a built-in 
procedure in modern software such as Stata and NLOGIT, and it is straightforward to 
implement in Gauss, so this might be a moot point. surprisingly, the mLe is by far less 
common than the two-step estimator in the received applications. the estimation of r is 
the difficult part of the estimation process (this is often the case). it is quite common for 
the method of moments estimator and the FimL estimator to be very different—our 
application in example 19.10 is such a case. perhaps surprisingly so, the moment-based 
estimator of r in (19-23) is not bounded by zero and one.42 this would seem to recommend 
the mLe.

the fully parametric bivariate normality assumption of the model has been viewed 
as a potential drawback. However, relatively little progress has been made on devising 
informative semi- and nonparametric estimators—see, for one example, gallant and 

41note the FimL estimator does suggest an alternative two-step estimator. because G can be estimated by the 
probit estimator at a first step, the index wi

=Gn  can be inserted into the log likelihood, then B, r, and se can be 
estimated by maximizing only the first sum (over the selected observations). the usefulness of this third approach 
remains to be investigated.
42see greene (1981).
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nychka (1987). the obstacle here is that, ultimately, the model hangs on a parameterization 
of the correlation of the unobservables in the two equations. so, method of moment 
estimators, iV or kernel-based estimators must still incorporate some feature of a 
bivariate distribution. some results have been obtained using the method of copula 
functions.43 martins (2001) considers other semiparametric approaches.

Example 19.10  Female Labor Supply
Example 17.15 proposed a labor force participation model for a sample of 753 married women 
in a sample analyzed by Mroz (1987). The data set contains wage and hours information 
for the 428 women who participated in the formal market (LFP = 1). Following Mroz, we 
suppose that for these 428 individuals, the offered wage exceeded the reservation wage 
and, moreover, the unobserved effects in the two wage equations are correlated. As such, a 
wage equation based on the market data should account for the sample selection problem. 
We specify a simple wage model:

ln Wage = b1 + b2 Exper + b3 Exper2 + b4 Education + e44,

where Exper is labor market experience. Maximum likelihood, Heckman two-step, and OLS 
estimates of the wage equation are shown in Table 19.5. The maximum likelihood estimates 
are FIML estimates—the labor force participation equation is reestimated at the same time. 
Only the parameters of the wage equation are shown next. Note as well that the two-step 
estimator estimates the single coefficient on li and the structural parameters s and r are 
deduced by the method of moments. The maximum likelihood estimator computes estimates 
of these parameters directly.

The two-step and ML estimators both provide a direct test of “selectivity,” that is, r = 0. 
In both cases, the estimate is small and the standard error is large. Both tests fail to reject 
the hypothesis. The correction to the standard errors in the two-step estimator is also minor. 
This is to be expected. Both terms in the adjustment involve r2, which is small here—the 
unadjusted OLS standard error for the two-step estimator is essentially the same, 0.13439. (It 
does not follow algebraically that the adjustment will increase the estimated standard errors.) 
Because there is scant impact of the sample selection correction in this model, the OLS 
estimates will provide reasonable values for the average partial effects. The OLS education 
coefficient, in particular, is 0.107. The average partial effects from the two-step and ML results 
are 0.10668 and 0.10821, respectively.

43see smith (2003, 2005) and trivedi and Zimmer (2007). extensive commentary appears in Wooldridge (2010).
44as in example 17.15, for comparison purposes, we have replicated the specification in Wooldridge (2010, p. 807).

Two-Step Maximum Likelihood Least Squares

Estimate Std. Error Estimate Std. Error Estimate Std. Error

Constant -0.57810 (0.30502) -0.55270 (0.32495) -0.52204 (0.19863)
Experience 0.04389 (0.01626) 0.04284 (0.01729) 0.04157 (0.01318)

Experience2 -0.00086 (0.00044) -0.00084 (0.00048) -0.00081 (0.00039)

Education 0.10907 (0.01552) 0.10835 (0.01674) 0.10749 (0.01415)
(rs) 0.03226 (0.13362)
r 0.04861 0.02661 (0.18227) 0.00000
s 0.66363 0.66340 (0.01445) 0.66642

TABLE 19.5 Estimated Selection Corrected Wage Equation
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Example 19.11  A Mover-Stayer Model for Migration
The model of migration analyzed by Nakosteen and Zimmer (1980) fits into the framework 
described in this section. The equations of the model are

Net benefit of moving:  M* = w=G + u,
Income if moves:    I1  = x1

 =B1 + e1,
Income if stays:     I0  = x0

 =B0 + e0.

One component of the net benefit is the market wage individuals could achieve if they move, 
compared with what they could obtain if they stay. Therefore, among the determinants of 
the net benefit are factors that also affect the income received in either place. An analysis 
of income in a sample of migrants must account for the incidental truncation of the mover’s 
income on a positive net benefit. Likewise, the income of the stayer is incidentally truncated 
on a nonpositive net benefit. The model implies an income after moving for all observations, 
but we observe it only for those who actually do move. Nakosteen and Zimmer (1980) applied 
the selectivity model to a sample of 9,223 individuals with data for two years (1971 and 1973) 
sampled from the Social Security Administration’s Continuous Work History Sample. Over the 
period, 1,078 individuals migrated and the remaining 8,145 did not. The independent variables 
in the migration equation were as follows:

SE  = self@employment dummy variable; 1 if yes,
∆EMP = rate of growth of state employment,

∆PCI  = growth of per capita income
x  = age, race (nonwhite = 1), sex (female = 1),
∆SIC  = 1 if individual changes industry.

The earnings equations included ∆SIC and SE. The authors reported the results in Table 19.6.

19.4.4  SAMPLE SELECTION IN NONLINEAR MODELS

the preceding analysis has focused on an extension of the linear regression (or the 
estimation of simple averages of the data). the method of analysis changes in nonlinear 
models. to begin, it is not necessarily obvious what the impact of the sample selection 
is on the response variable, or how it can be accommodated in a model. consider the 
model analyzed by boyes, Hoffman, and Low (1989):

yi1 = 1 if individual i defaults on a loan, 0 otherwise,

yi2 = 1 if the individual is granted a loan, 0 otherwise.

Migration Migrant Earnings Nonmigrant Earnings

Constant -1.509 9.041 8.593
SE -0.708 (-5.72) -4.104 (-9.54) -4.161 (-57.71)
∆EMP -1.488 (-2.60) — —
∆PCI 1.455 (3.14) — —
Age -0.008 (-5.29) — —
Race -0.065 (-1.17) — —
Sex -0.082 (-2.14) — —
∆SIC 0.948 (24.15) -0.790 (-2.24) -0.927 (-9.35)
l — 0.212 (0.50) 0.863 (2.84)

TABLE 19.6 Estimated Earnings Equations (Asymptotic t ratios in parentheses)
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Wynand and van praag (1981) also used this framework to analyze consumer insurance 
purchases in the first application of the selection methodology in a nonlinear model. 
greene (1992) applied the same model to y1 = default on credit card loans, in which yi2 
denotes whether an application for the card was accepted or not. [mohanty (2002) also 
used this model to analyze teen employment in california.] For a given individual, y1 is 
not observed unless y2 = 1. Following the lead of the linear regression case in section 
19.4.3, a natural approach might seem to be to fit the second (selection) equation using a 
univariate probit model, compute the inverse mills ratio, li, and add it to the first equation 
as an additional “control” variable to accommodate the selection effect. [this is the 
approach used by Wynand and van praag (1981) and greene (1994).] the problems with 
this control function approach are, first, it is unclear what in the model is being “controlled” 
and, second, assuming the first model is correct, the appropriate model conditioned on 
the sample selection is unlikely to contain an inverse mills ratio anywhere in it. [see 
terza (2009) for discussion.] that result is specific to the linear model, where it arises as 
E[ei � selection]. What would seem to be the apparent counterpart for this probit model,

prob(yi1 = 1 � selection on yi2 = 1) = Φ(xi1
=  B1 + u li),

is not, in fact, the appropriate probability.45 For this particular application, the appropriate 
conditional probability (extending the bivariate probit model of section 17.9) would be

prob[yi1 = 1 � yi2 = 1] =
Φ2(x=

i1B1, x
=
i2B2, r)

Φ(x=
i2B2)

.

We would use this result to build up the likelihood function for the three observed 
outcomes, as follows: the three types of observations in the sample, with their 
unconditional probabilities, are

 yi2 = 0: prob(yi2 = 0     � xi1, xi2) = 1 - Φ(x=
i2B2),

 yi1 = 0, yi2 = 1: prob(yi1 = 0, yi2 = 1) � xi1, xi2)  = Φ2(-x=
i1B1, x

=
i2B2, -r),

 yi1 = 1, yi2 = 1: prob(yi1 = 1, yi2 = 1 � xi1, xi2)  = Φ2(x=
i1B1, x

=
i2b2, r).  

(19-26)

the log-likelihood function is based on these probabilities.46 an application appears in 
section 17.6.

Example 19.12  Doctor Visits and Insurance
Continuing our analysis of the utilization of the German health care system, we observe 
that the data set contains an indicator of whether the individual subscribes to the “Public” 
health insurance or not. Roughly 87% of the observations in the sample do. We might ask 
whether the selection on public insurance reveals any substantive difference in visits to the 
physician. We estimated a logit specification for this model in Example 17.19. Using (19-26) 
as the framework, we define yi2 to be presence of insurance and yi1 to be the binary variable 
defined to equal 1 if the individual makes at least one visit to the doctor in the survey year.

45as in the linear case, the augmented single-equation model does provide a valid framework for a simple t test of 
the null hypothesis that u equals zero, but if the test rejects the null hypothesis, an altogether different approach is 
called for.
46extensions of the bivariate probit model to other types of censoring are discussed in poirier (1980) and abowd 
and Farber (1982).
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The estimation results are given in Table 19.7. Based on these results, there does appear 
to be a very strong relationship. The coefficients do change somewhat in the conditional 
model. A Wald test for the presence of the selection effect against the null hypothesis that r 
equals zero produces a test statistic of (-7.188)2 = 51.667, which is larger than the critical 
value of 3.84. Thus, the hypothesis is rejected. A likelihood ratio statistic is computed as the 
difference between the log likelihood for the full model and the sum of the two separate log 
likelihoods for the independent probit models when r equals zero. The result is

lLR = 2[-23969.58 - (-15536.39 + (-8471.508)) = 77.796.

The hypothesis is rejected once again. Partial effects were computed using the results in 
Section 17.6.

The large correlation coefficient can be misleading. The estimated -0.9299 does not 
state that the presence of insurance makes it much less likely to go to the doctor. This is the 
correlation among the unobserved factors in each equation. The factors that make it more 
likely to purchase public insurance make it less likely to use a physician. (In this system, 
everyone has insurance. We are actully examining the difference between those who obtain 
the public insurance and those who obtain private insurance.) To obtain a simple correlation 
between the two variables, we might use the tetrachoric correlation defined in Example 17.31. 
This would be computed by fitting a bivariate probit model for the two binary variables without 
any other variables. The estimated value is 0.120.

more general cases are typically much less straightforward. greene (2005, 2007d) 
and terza (1998, 2010) present sample selection models for nonlinear specifications 
based on the underlying logic of the Heckman model in section 19.4.3, that the influence 
of the incidental truncation acts on the unobservable variables in the model. (that is 
the source of the “selection bias” in conventional estimators.) the modeling extension 
introduces the unobservables into the model in a natural fashion that parallels the 
regression model. terza (1985b, 2009) presents a survey of the general results.

Independent: No Selection Sample Selection Model

Variable Estimate
Std. 

Error
Partial 
Effect Estimate

Std. 
Error Partial Effect

Constant 0.05588 0.0656 -9.4366 0.0676
Age 0.01331 0.0008 0.0050 0.0128 0.0008 0.0050
Income -0.1034 0.0509 -0.0386 -0.1030 0.0458 -0.0406
Kids -0.1349 0.0195 -0.0506 -0.1264 0.0179 -0.0498
Education -0.0192 0.0043 -0.0072 0.0366 0.0047 0.0027
Married 0.03586 0.0217 0.0134 0.0356 0.0202 0.0140
ln L -15,536.39
Constant 3.3585 0.0700 3.2699 0.0692
Age 0.0002 0.0010 -0.0003 0.0010
Education -0.1854 0.0039 -0.1807 0.0039
Female 0.1150 0.0219 0.0000a 0.2230 0.0210 0.0145a
ln L -8,471.51
r 0.0000 0.0000 -0.9299 0.1294
ln L -24,007.91 -23,969.58

aindirect effect from second equation.

TABLE 19.7 Estimated Probit Equations for Doctor Visits
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the generic model will take the form

1. probit selection equation:

 z* = w=A + u in which u ∼ n[0, 1],

 z = 1(z* 7 0),

2. nonlinear index function model with unobserved heterogeneity and sample 
selection:

m � e = x=B + se, e ∼ n[0, 1],

y � x, e ∼ density g(y � x, e) = f(y � x=B + se), (19-27)

y, x are observed only when z = 1,

[u, e] ∼ n[(0, 1), (1, r, 1)].

For example, in a poisson regression model, the conditional mean function becomes 
E(y � x) = l = exp(x′B + se) = exp(m). (We used this specification of the model in 
chapter 18 to introduce random effects in the poisson regression model for panel data.)

the log-likelihood function for the full model is the joint density for the observed 
data. When z equals one, (y, x, z, w) are all observed. to obtain the joint density 
p(y, z = 1 � x, w), we proceed as follows:

p(y, z = 1 � x, w) = L
∞

-∞
 p(y, z = 1 � x, w, e)f(e)de.

conditioned on e, z and y are independent. therefore, the joint density is the product,

p(y, z = 1 � x, w, e) = f(y � x′B + se)prob(z = 1 � w, e).

the first part, f(y � x′B + se) is the conditional index function model in (19-27). by 
joint normality, f(u � e) = N[re, (1 - r2)], so u � e = re + (u - re) = re + vi where 
E[v] = 0 and Var[v] = (1 - r2). therefore,

prob(z = 1 � w, e) = Φaw′A + re21 - r2
b .

combining terms and using the earlier approach, the unconditional joint density is

 p(y, z = 1 � x, w) = L
∞

-∞
 f(y � x=B + se)Φaw=A + re21 - r2

b  
exp(-e2/2)22p

 de. (19-28)

the other part of the likelihood function for the observations with zi = 0 will be

 prob(z = 0 � w) = L
∞

-∞
prob(z = 0 � w, e)f(e)de.

 = L
∞

-∞
 J1 - Φaw=A + re21 - r2

b R  f(e)de  (19-29)

 = L
∞

-∞
 Φa -(w=A + re)21 - r2

b  
exp(-e2/2)22p

 de.
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For convenience, we can use the invariance principle to reparameterize the log-likelihood 

function in terms of G = A/21 - r2 and t = r/21 - r2. combining all the preceding 
terms, the log-likelihood function to be maximized is

 ln L = a
n

i = 1
lnL

∞

-∞
[(1 - zi) + zif(yi � x=

iB + sei)]Φ[(2zi - 1)(w=
iG + tei)]f(ei)dei.

 (19-30)

this can be maximized with respect to (B, s, G, T) using quadrature or simulation. When 
done, r can be recovered from r = t/(1 + t2)1/2 and A = (1 - r2)1/2G. all that differs 
from one model to another is the specification of f(yi � x=

iB + sei). this is the specification 
used in terza (1998) and terza and Kenkel (2001). (in these two papers, the authors also 
analyzed E[y � z = 1]. this estimator was based on nonlinear least squares, but as earlier, 
it is necessary to integrate the unobserved heterogeneity out of the conditional mean 
function.) greene (2010a) applies the method to a stochastic frontier model.

19.4.5  PANEL DATA APPLICATIONS OF SAMPLE SELECTION MODELS

the development of methods for extending sample selection models to panel data 
settings parallels the literature on cross-section methods. it begins with Hausman and 
Wise (1977, 1979) who devised a maximum likelihood estimator for a two-period model 
with attrition—the “selection equation” was a formal model for attrition from the sample. 
subsequent research has drawn the analogy between attrition and sample selection in a 
variety of applications, such as Keane et al. (1988) and Verbeek and nijman (1992), and 
produced theoretical developments including Wooldridge (1995, 2010, section 19.9). We 
have noted some of these issues in section 11.2.5.

the direct extension of panel data methods to sample selection brings several new 
issues for the modeler. an immediate question arises concerning the nature of the selection 
itself. although much of the theoretical literature [For example, Kyriazidou (1997, 2001) 
and Honoré and Kyrizadou (1997, 2000)] treat the panel as if the selection mechanism is run 
anew in every period, in practice, the selection process often comes in two very different 
forms. First, selection may take the form of selection of the entire group of observations 
into the panel data set. thus, the selection mechanism operates once, perhaps even before 
the observation window opens. consider the entry (or not) of eligible candidates for a job 
training program. in this case, it is not appropriate to build the model to allow entry, exit, 
and then reentry. second, for most applications, selection comes in the form of attrition 
or retention. once an observation is “deselected,” it does not return. Leading examples 
would include “survivorship” in time-series–cross-section models of firm performance and 
attrition in medical trials and in panel data applications involving large national survey 
data bases, such as contoyannis et al. (2004). each of these cases suggests the utility of a 
more structured approach to the selection mechanism.

19.4.5.a  Common Effects in Sample Selection Models 
a formal “effects” treatment for sample selection was first suggested in complete form 
by Verbeek (1990), who formulated a random effects model for the probit equation and 
a fixed effects approach for the main regression. Zabel (1992) criticized the specification 
for its asymmetry in the treatment of the effects in the two equations. He also argued that 
the likelihood function that neglected correlation between the effects and regressors in 
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the probit model would render the FimL estimator inconsistent. His proposal involved 
fixed effects in both equations. recognizing the difficulty of fitting such a model, he then 
proposed using the mundlak correction (section 11.5.7). the full model is

yit* = hi + x=
itB + eit,  hi = x=

iP + twi, wi ∼ N[0, 1],

dit
* = ui + z=ita + uit,  ui = z=iD + vvi, vi ∼ N[0, 1], (19-31)

(eit, uit) ∼ N2[(0, 0), (s2, 1, rs)].

the selectivity in the model is carried through the correlation between eit and uit. the 
resulting log likelihood is built up from the contribution of individual i,

Li = L
∞

-∞
 q
dit = 0

Φ[-zit
=A - zi

=D - vvi]f(vi)dvi

* L
∞

-∞ L
∞

-∞
 q
dit = 1

Φ c zit
=A + zi

=D + vvi + (r/s)eit21 - r2
d

*
1
s

 fa eit

s
bf2(vi, wi) dvidwi,  (19-32)

eit = yit - x=
itB - x=

iP - twi.

the log likelihood is then ln L = a iln Li.
the log likelihood requires integration in two dimensions for any selected 

observations. Vella (1998) suggested two-step procedures to avoid the integration. 
However, the bivariate normal integration is actually the product of two univariate 
normals, because in the preceding specification, vi and wi are assumed to be uncorrelated. 
as such, the likelihood function in (19-32) can be readily evaluated using familiar 
simulation or quadrature techniques.47 to show this, note that the first line in the log 

likelihood is of the form Ev c q d = 0Φ( c) d  and the second line is of the form 

Ew[Ev[Φ( c)f( c)/s]]. either of these expectations can be satisfactorily 
approximated with the average of a sufficient number of draws from the standard normal 
populations that generate wi and vi. the term in the simulated likelihood that follows 
this prescription is

Li
S =

1
R

 a
R

r = 1
q

dit = 0
[Φ - z=itA - z=iD - vvi,r]

*
1
R

 a
R

r = 1
 q
dit = 1

ΦJ zit
=A + zi

=D + vvi,r + (r/s)eit,r21 - r2
R  

1
s

 fa eit,r

s
b  (19-33)

eit,r = yit - xit
=B - xi

=P - Twi,r.

maximization of this log likelihood with respect to (B, s, r, A, D, P, t, v) by conventional 
gradient methods is quite feasible. indeed, this formulation provides a means by which 
the likely correlation between vi and wi can be accommodated in the model. suppose 

47see sections 14.14.4 and 15.6.2.b. Vella and Verbeek (1999) suggest this in a footnote, but do not pursue it.
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that wi and vi are bivariate standard normal with correlation rvw. We can project wi on 
vi and write

wi = rvwvi + 11 - rvw
2 21/2hi,

where hi has a standard normal distribution. to allow the correlation, we now simply 
substitute this expression for wi in the simulated (or original) log likelihood and add 
rvw to the list of parameters to be estimated. the simulation is still over independent 
normal variates, vi and hi.

notwithstanding the preceding derivation, much of the recent attention has focused 
on simpler two-step estimators. building on ridder and Wansbeek (1990) and Verbeek 
and nijman (1992),48 Vella and Verbeek (1999) propose a two-step methodology that 
involves a random effects framework similar to the one in (19-31). as they note, there 
is some loss in efficiency by not using the FimL estimator. but, with the sample sizes 
typical in contemporary panel data sets, that efficiency loss may not be large. as they 
note, their two-step template encompasses a variety of models including the tobit model 
examined in the preceding sections and the mover-stayer model noted earlier.

the Vella and Verbeek model requires some fairly intricate maximum likelihood 
procedures. Wooldridge (1995) proposes an estimator that, with a few probably—but 
not necessarily—innocent assumptions, can be based on straightforward applications of 
conventional, everyday methods. We depart from a fixed effects specification,

yit* = hi + x=
iTB + eit,

dit
* = ui + z=iT 

A + uit,

(eit, uit) ∼ N2[(0, 0), (s2, 1, rs)].

under the mean independence assumption,

E[eit �hi, ui, zi1, c, ziT, vi1, c, vit, di1, c, dit] = ruit,

it will follow that

E[yit � xi1, c, xiT, hi, ui, zi1, c, ziT, vi1, c, viT, di1, c, diT] = hi + x=
itB + ruit.

this suggests an approach to estimating the model parameters; however, it requires 
computation of uit. that would require estimation of ui, which cannot be done, at least 
not consistently—and that precludes simple estimation of uit. to escape the dilemma, 
Wooldridge (2002c) suggests chamberlain’s approach to the fixed effects model,

ui = f0 + z=i1f1 + z=i2f2 + g + z=iTfT + hi.

With this substitution,

 dit
* = z=iT 

A + f0 + z=i1f1 + z=i2f2 + g + z=iTfT + hi + uit

 = z=iT 

A + f0 + z=i1f1 + z=i2f2 + g + z=iTfT + wit,

where wit is independent of ziT, t = 1, c, T. this now implies that

E[yit � xi1, c, xiT, hi, ui, zi1, c, ziT, vi1, c, viT, di1, c, diT] = hi + x=
itB + r(wit - hi)

= (hi - rhi) + x=
itB + rwit.

48see Vella (1998) for numerous additional references.
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to complete the estimation procedure, we now compute T cross-sectional probit models 
(reestimating f0, f1, c each time) and compute lnit from each one. the resulting 
equation,

yit = ai + x=
itB + rlnit + vit,

now forms the basis for estimation of B and r by using a conventional fixed effects linear 
regression with the observed data.

19.4.5.b  Attrition 
the literature on sample selection contains numerous analyses of two-period 
models, such as Kyriazidou (1997, 2001). they generally focus on nonparametric and 
semiparametric analyses. an early parametric contribution of Hausman and Wise 
(1979) is also a two-period model of attrition, which would seem to characterize many 
of the studies suggested in the current literature. the model formulation is a two-period 
random effects specification,

yi1 = x=
i1B + ei1 + ui (first period regression),

yi2 = x=
i2B + ei2 + ui (second period regression).

attrition is likely in the second period (to begin the study, the individual must have been 
observed in the first period). the authors suggest that the probability that an observation 
is made in the second period varies with the value of yi2 as well as some other variables,

zi2* = dyi2 + x=
i2U + w=

i2A + vi2.

attrition occurs if zi2* … 0, which produces a probit model,

zi2 = 1(zi2* 7 0) (attrition indicator observed in period 2).

an observation is made in the second period if zi2 = 1, which makes this an early version 
of the familiar sample selection model. the reduced form of the observation equation is

 zi2* = x=
i2(dB + U) + w=

i2A + dei2 + vi2

 = x=
i2P + w=

i2A + hi2

 = r=i2G + hi2.

the variables in the probit equation are all those in the second period regression plus 
any additional ones dictated by the application. the estimable parameters in this model 
are B, G, s2 = Var[eit + ui], and two correlation coefficients, and r12 = corr[ei1 +
ui, ei2 + ui] = Var[ui]/s

2. all disturbances are assumed to be normally distributed. 
(readers are referred to the paper for motivation and details on this specification.)

the authors propose a full information maximum likelihood estimator. estimation 
can be simplified somewhat by using two steps. the parameters of the probit model can 
be estimated first by maximum likelihood. then the remaining parameters are estimated 
by maximum likelihood, conditionally on these first-step estimates. the murphy and 
topel adjustment is made after the second step. [see greene (2007d).]

the Hausman and Wise model covers the case of two periods in which there is a 
formal mechanism in the model for retention in the second period. it is unclear how the 
procedure could be extended to a multiple-period application such as that in contoyannis 
et al. (2004), which involved a panel data set with eight waves. in addition, in that study, 
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the variables in the main equations were counts of hospital visits and physican visits, 
which complicates the use of linear regression. a workable solution to the problem of 
attrition in a multiperiod panel is the inverse probability weighted estimator [Wooldridge 
(2010, 2006b) and rotnitzky and robins (2005)]. in the contoyannis application, there 
are eight waves in the panel. attrition is taken to be “ignorable” so that the unobservables 
in the attrition equation and in the main equation(s) of interest are uncorrelated. (note 
that Hausman and Wise do not make this assumption.) this enables contoyannis et al. 
to fit a “retention” probit equation for each observation present at wave 1, for waves 2–8, 
using characteristics observed at the entry to the panel. [this defines, then, “selection 
(retention) on observables.” see moffitt, Fitzgerald, and gottschalk (1999) for discussion.] 
defining dit to be the indicator for presence (dit = 1) or absence (dit = 0) of observation 
i in wave t, it will follow that the sequence of observations will begin at 1 and either stay 
at 1 or change to 0 for the remaining waves. Let pn it denote the predicted probability from 
the probit estimator at wave t. then, their full log likelihood is constructed as

ln L = a
n

i = 1
a
T

t = 1
 
dit

pn it
 ln Lit.

Wooldridge (2010) presents the underlying theory for the properties of this weighted 
maximum likelihood estimator. [Further details on the use of the inverse probability 
weighted estimator in the contoyannis et al. (2004) study appear in Jones, Koolman, 
and rice (2006) and in section 17.7.7.]

19.5 MODELS FOR DURATION

the leading application of the censoring models we examined in section 19.3 is models 
for durations and events. We consider the time until some kind of transition as the 
duration, and the transition, itself, as the event. the length of a spell of unemployment 
(until rehire or exit from the market), the duration of a strike, the amount of time until 
a patient ends a health-related spell in connection with a disease or operation, and 
the length of time between origination and termination (via prepayment, default, or 
some other mechanism) of a mortgage are all examples of durations and transitions. 
the role that censoring plays in these scenarios is that, in almost all cases in which we, 
as analysts, study duration data, some or even many of the spells we observe do not end 
in transitions. For example, in studying the lengths of unemployment spells, many of 
the individuals in the sample may still be unemployed at the time the study ends—the 
analyst observes (or believes) that the spell will end some time after the observation 
window closes. these data on spell lengths are, by construction, censored. models of 
duration will generally account explicitly for censoring of the duration data.

this section is concerned with models of duration. in some aspects, the regression-
like models we have studied, such as the discrete choice models, are the appropriate tools. 
as in the previous two chapters, however, the models are nonlinear, and the familiar 
regression methods are not appropriate. most of this analysis focuses on maximum 
likelihood estimators. in modeling duration, although an underlying regression model 
is, in fact, at work, it is generally not the conditional mean function that is of interest. 
more likely, as we will explore next, the objects of estimation are certain probabilities 
of events, for example in the conditional probability of a transition in a given interval 
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given that the spell has lasted up to the point of interest. these are known as hazard 
models—the probability is labeled the hazard function—and are a central focus of this 
type of analysis.

19.5.1  MODELS FOR DURATION DATA49

intuition might suggest that the longer a strike persists, the more likely it is that it will 
end within, say, the next week. or is it? it seems equally plausible to suggest that the 
longer a strike has lasted, the more difficult must be the problems that led to it in the 
first place, and hence the less likely it is that it will end in the next short time interval. 
a similar kind of reasoning could be applied to spells of unemployment or the interval 
between conceptions. in each of these cases, it is not only the duration of the event, per 
se, that is interesting, but also the likelihood that the event will end in the next period 
given that it has lasted as long as it has.

analysis of the length of time until failure has interested engineers for decades. For 
example, the models discussed in this section were applied to the durability of electric 
and electronic components long before economists discovered their usefulness. Likewise, 
the analysis of survival times—for example, the length of survival after the onset of 
a disease or after an operation such as a heart transplant—has long been a staple of 
biomedical research. social scientists have recently applied the same body of techniques 
to strike duration, length of unemployment spells, intervals between conception, time 
until business failure, length of time between arrests, length of time from purchase until 
a warranty claim is made, intervals between purchases, and so on.

this section will give a brief introduction to the econometric analysis of duration 
data. as usual, we will restrict our attention to a few straightforward, relatively 
uncomplicated techniques and applications, primarily to introduce terms and concepts. 
the reader can then wade into the literature to find the extensions and variations. We 
will concentrate primarily on what are known as parametric models. these apply familiar 
inference techniques and provide a convenient departure point. alternative approaches 
are considered at the end of the discussion.

19.5.2  DURATION DATA

the variable of interest in the analysis of duration is the length of time that elapses 
from the beginning of some event either until its end or until the measurement is taken, 
which may precede termination. observations will typically consist of a cross section of 
durations, t1, t2, c, tn. the process being observed may have begun at different points 
in calendar time for the different individuals in the sample. For example, the strike 
duration data examined in example 19.14 are drawn from nine different years.

censoring is a pervasive and usually unavoidable problem in the analysis of duration 
data. the common cause is that the measurement is made while the process is ongoing. 
an obvious example can be drawn from medical research. consider analyzing the 
survival times of heart transplant patients. although the beginning times may be known 
with precision, at the time of the measurement, observations on any individuals who 

49there are a large number of highly technical articles on this topic, but relatively few accessible sources for the 
uninitiated. a particularly useful introductory survey is Kiefer (1985, 1988), upon which we have drawn heavily 
for this section. other useful sources are Kalbfleisch and prentice (2002), Heckman and singer (1984a), Lancaster 
(1990), Florens, Fougere, and mouchart (1996), and cameron and trivedi (2005, chapters 17–19).
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are still alive are necessarily censored. Likewise, samples of spells of unemployment 
drawn from surveys will probably include some individuals who are still unemployed 
at the time the survey is taken. For these individuals, duration or survival is at least the 
observed ti, but not equal to it. estimation must account for the censored nature of the 
data for the same reasons as considered in section 19.3. the consequences of ignoring 
censoring in duration data are similar to those that arise in regression analysis.

in a conventional regression model that characterizes the conditional mean and 
variance of a distribution, the regressors can be taken as fixed characteristics at the point 
in time or for the individual for which the measurement is taken. When measuring duration, 
the observation is implicitly on a process that has been under way for an interval of time 
from zero to t. if the analysis is conditioned on a set of covariates (the counterparts to 
regressors) xt, then the duration is implicitly a function of the time path of the variable 
x(t), t = (0, t), which may have changed during the interval. For example, the observed 
duration of employment in a job may be a function of the individual’s rank in the firm. but 
that rank may have changed several times between the time of hire and when the 
observation was made. as such, observed rank at the end of the job tenure is not necessarily 
a complete description of the individual’s rank while he or she was employed. Likewise, 
marital status, family size, and amount of education are all variables that can change during 
the duration of unemployment and that one would like to account for in the duration 
model. the treatment of time-varying covariates is a considerable complication.50

19.5.3  A REGRESSION-LIKE APPROACH: PARAMETRIC MODELS OF DURATION

We will use the term spell as a catchall for the different duration variables we might 
measure. spell length is represented by the random variable T. a simple approach to 
duration analysis would be to apply regression analysis to the sample of observed spells. 
by this device, we could characterize the expected duration, perhaps conditioned on a 
set of covariates whose values were measured at the end of the period. We could also 
assume that conditioned on an x that has remained fixed from T = 0 to T = t, t has 
a normal distribution, as we commonly do in regression. We could then characterize 
the probability distribution of observed duration times. but normality turns out not to 
be particularly attractive in this setting for a number of reasons, not least of which is 
that duration is positive by construction, while a normally distributed variable can take 
negative values. (Log normality turns out to be a palatable alternative, but it is only one 
in a long list of candidates.)

19.5.3.a  Theoretical Background 
suppose that the random variable T has a continuous probability distribution f(t), where 
t is a realization of T. the cumulative probability is

F(t) = L
t

0
f(s) ds = prob(T … t).

We will usually be more interested in the probability that the spell is of length at least t, 
which is given by the survival function,

S(t) = 1 - F(t) = prob(T Ú t).

50see petersen (1986) for one approach to this problem.
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consider the question raised in the introduction: given that the spell has lasted until 
time t, what is the probability that it will end in the next short interval of time, say, ∆t? it is

l(t, ∆t) = prob(t … T … t + ∆t � T Ú t).

a useful function for characterizing this aspect of the distribution is the hazard rate,

l(t) = lim
∆tS0

 
prob(t … T … t + ∆t � T Ú t)

∆t
= lim

∆tS0
 
F(t + ∆t) - F(t)

∆t S(t)
=

f(t)

S(t)
.

roughly, the hazard rate is the rate at which spells are completed after duration t, given 
that they last at least until t. as such, the hazard function gives an answer to our original 
question.

the hazard function, the density, the cdF, and the survival function are all related. 
the hazard function is

l(t) =
-d ln S(t)

dt
,

so

f(t) = S(t)l(t).

another useful function is the integrated hazard function,

Λ(t) = L
t

0
l(s) ds,

for which

S(t) = e-Λ(t),

so

Λ(t) = - ln S(t).

the integrated hazard function is a generalized residual in this setting.51

19.5.3.b  Models of the Hazard Function 
For present purposes, the hazard function is more interesting than the survival rate or the 
density. based on the previous results, one might consider modeling the hazard function 
itself, rather than, say, modeling the survival function and then obtaining the density and 
the hazard. For example, the base case for many analyses is a hazard rate that does not 
vary over time. that is, l(t) is a constant l. this is characteristic of a process that has 
no memory; the conditional probability of failure in a given short interval is the same 
regardless of when the observation is made. thus,

l(t) = l.

From the earlier definition, we obtain the simple differential equation,

-d ln S(t)

dt
= l.

the solution is

ln S(t) = k - lt,

51see chesher and irish (1987) and example 19.13.
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or

S(t) = Ke-lt,

where K is the constant of integration. the terminal condition that S(0) = 1 implies that 
K = 1, and the solution is

S(t) = e-lt.

this solution is the exponential distribution, which has been used to model the time until 
failure of electronic components. estimation of l is simple, because with an exponential 
distribution, E[t] = 1/l. the maximum likelihood estimator of l would be the reciprocal 
of the sample mean.

a natural extension might be to model the hazard rate as a linear function, 
l(t) = a + bt. then Λ(t) = at + 1

2 bt2 and f(t) = l(t)S(t) = l(t) exp[-Λ(t)]. to avoid 
a negative hazard function, one might depart from l(t) = exp[g(t, U)], where U is a 
vector of parameters to be estimated. With an observed sample of durations, estimation 
of a and b is, at least in principle, a straightforward problem in maximum likelihood.52

a distribution whose hazard function slopes upward is said to have positive duration 
dependence. For such distributions, the likelihood of failure at time t, conditional upon 
duration up to time t, is increasing in t. the opposite case is that of decreasing hazard or 
negative duration dependence. our question in the introduction about whether the 
strike is more or less likely to end at time t given that it has lasted until time t can be 
framed in terms of positive or negative duration dependence. the assumed distribution 
has a considerable bearing on the answer. if one is unsure at the outset of the analysis 
whether the data can be characterized by positive or negative duration dependence, then 
it is counterproductive to assume a distribution that displays one characteristic or the 
other over the entire range of t. thus, the exponential distribution and our suggested 
extension could be problematic. the literature contains a variety of choices for duration 
models: normal, inverse normal,53 lognormal, F, gamma, Weibull (which is a popular 
choice), and many others.54 to illustrate the differences, we will examine a few of the 
simpler ones. table 19.8 lists the hazard functions and survival functions for four 

52Kennan (1985) used a similar approach.
53inverse gaussian; see Lancaster (1990).
54three sources that contain numerous specifications are Kalbfleisch and prentice (2002), cox and oakes (1985), 
and Lancaster (1990).

Distribution Hazard Function, l(t) Survival Function, S(t)

exponential l(t) = l S(t) = e-lt

Weibull l(t) = lp(lt)p - 1 S(t) = e-(lt)p

Lognormal f(t) = (p/t)f[p ln(lt)] S(t) = Φ[-p ln(lt)]
[ln t is normally distributed with mean - ln l and standard deviation 1/p.]

Loglogistic l(t) = lp(lt)p - 1/[1 + (lt)p] S(t) = 1/[1 + (lt)p]

[ln t has a logistic distribution with mean - ln l and variance p2/(3p2).]

TABLE 19.8 Survival Distributions
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commonly used distributions. each involves two parameters, a location parameter, l, 
and a scale parameter, p.55

all these are distributions for a nonnegative random variable. their hazard functions 
display very different behaviors, as can be seen in Figure 19.7. the hazard function for 
the exponential distribution is constant, that for the Weibull is monotonically increasing 
or decreasing depending on p, and the hazards for lognormal and loglogistic distributions 
first increase and then decrease. Which among these or the many alternatives is likely to 
be best in any application is uncertain.

19.5.3.c  Maximum Likelihood Estimation 
the parameters l and p of the models in table 19.8 can be estimated by maximum 
likelihood. For observed duration data, t1, t2, c, tn, the log-likelihood function can be 
formulated and maximized in the ways we have become familiar with in earlier chapters. 
censored observations can be incorporated as in section 19.3 for the tobit model. [see 
(19-13).] as such,

ln L(U) = a
uncensored 
observations

 ln f(t �U) + a
censored 

observations

 ln S(t �U),

where U = (l, p). For some distributions, it is convenient to formulate the log-likelihood 
function in terms of f(t) = l(t)S(t) so that

ln L(U) = a
uncensored 
observations

 ln l(t �U) + a
all 

observations

 ln S(t �U).

55Note: in the benchmark case of the exponential distribution, l is the hazard function. in all other cases, the hazard 
function is a function of l, p, and, where there is duration dependence, t as well. different authors, for example, Kiefer 
(1988), use different parameterizations of these models. We follow the convention of Kalbfleisch and prentice (2002).

FIGURE 19.7  Parametric Hazard Functions.
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inference about the parameters can be done in the usual way. either the bHHH 
estimator or actual second derivatives can be used to estimate asymptotic standard 
errors for the estimates.56 the transformation to w = p(ln t + ln l) for these distributions 
greatly facilitates maximum likelihood estimation. For example, for the Weibull model, 
by defining w = p(ln t + ln l), we obtain the very simple density f(w) = exp[w - exp(w)] 
and survival function S(w) = exp(-exp(w)).57 therefore, by using ln t instead of t, we 
greatly simplify the log-likelihood function. details for these and several other 
distributions may be found in Kalbfleisch and prentice (2002, pp. 68–70). the Weibull 
distribution is examined in detail in the next section.

19.5.3.d  Exogenous Variables 
one limitation of the models given earlier is that external factors are not given a role in the 
survival distribution. the addition of covariates to duration models is fairly straightforward, 
although the interpretation of the coefficients in the model is less so. consider, for example, 
the Weibull model. (the extension to other distributions will be similar.) Let

li = e-xi
=B,

where xi is a constant term and a set of variables that are assumed not to change from 
time T = 0 until the failure time, T = ti. making li a function of a set of covariates is 
equivalent to changing the units of measurement on the time axis. For this reason, these 
models are sometimes called accelerated failure time models. note as well that in all 
the models listed (and generally), the regressors do not bear on the question of duration 
dependence, which, when it varies, is a function of p.

Let s = 1/p and let di = 1 if the spell is completed and di = 0 if it is censored. as 
before, let

wi = p ln(liti) =
(ln ti - x=

iB)
s

,

and denote the density and survival functions f(wi) and S(wi). the observed random 
variable is ln ti = swi + x=

iB. the Jacobian of the transformation from wi to ln ti is 
dwi/d ln ti = 1/s, so the density and survival functions for ln ti are

f(ln ti � xi, B, s) =
1
s

  f a ln ti - x=
iB

s
b , and S(ln ti � xi, B, s) = Sa ln ti - x=

iB

s
b .

the log likelihood for the observed data is

ln L(B, s � data) = a
n

i = 1
[di ln f(ln ti � xi, B, s) + (1 - di) ln S(ln ti � xi, B, s)].

For the Weibull model, for example (see Footnote 57),

f(wi) = exp(wi - ewi),

56one can compute a robust covariance matrix as considered in chapter 14. it is unclear in this context what 
failures of the model assumptions would be considered.
57the transformation is exp(w) = (lt)p so t = (1/l)[exp(w)]1/p. the Jacobian of the transformation is 
dt/dw = [exp(w)]1/p/(lp). the density in table 19.8 is lp[exp(w)]-(1/p) - 1[exp(-exp(w))]. multiplying by the Jacobian 
produces the result, f(w) = exp[w - exp(w)]. the survival function is the antiderivative, [exp(-exp(w))].
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and

S(wi) = exp(-ewi).

making the transformation to ln ti and collecting terms reduces the log likelihood to

ln L(B, s � data) = a
i
Jdia

ln ti - xi
=B

s
- ln sb - expa ln ti - x=

iB

s
b R .

(many other distributions, including the others in table 19.8, simplify in the same way. the 
exponential model is obtained by setting s to one.) the derivatives can be equated to 
zero using the methods described in section e.3. the individual terms can also be used to 
form the bHHH estimator of the asymptotic covariance matrix for the estimator.58 the 
Hessian is also simple to derive, so newton’s method could be used instead.59

note that the hazard function generally depends on t, p, and x. the sign of an 
estimated coefficient suggests the direction of the effect of the variable on the hazard 
function when the hazard is monotonic. but in those cases, such as the loglogistic, in 
which the hazard is nonmonotonic, even this may be ambiguous. the magnitudes of 
the effects may also be difficult to interpret in terms of the hazard function. in a few 
cases, we do get a regression-like interpretation. in the Weibull and exponential models, 
E[t � xi] = exp(x=

iB)Γ[(1/p) + 1], whereas for the lognormal and loglogistic models, 
E[ln t � xi] = x=

iB. in these cases, bk is the derivative (or a multiple of the derivative) of 
this conditional mean. For some other distributions, the conditional median of t is easily 
obtained. numerous cases are discussed by Kiefer (1985, 1988), Kalbfleisch and prentice 
(2002), and Lancaster (1990).

19.5.3.e  Heterogeneity 
the problem of unobserved heterogeneity in duration models can be viewed essentially 
as the result of an incomplete specification. individual specific covariates are intended 
to incorporate observation specific effects. but if the model specification is incomplete 
and if systematic individual differences in the distribution remain after the observed 
effects are accounted for, then inference based on the improperly specified model is 
likely to be problematic. We have already encountered several settings in which the 
possibility of heterogeneity mandated a change in the model specification; the fixed 
and random effects regression, logit, and probit models all incorporate observation-
specific effects. indeed, all the failures of the linear regression model discussed in the 
preceding chapters can be interpreted as a consequence of heterogeneity arising from 
an incomplete specification.

there are a number of ways of extending duration models to account for 
heterogeneity. the strictly nonparametric approach of the Kaplan–meier (1958) 
estimator (see section 19.5.4) is largely immune to the problem, but it is also rather 
limited in how much information can be obtained from it. one direct approach is to 
model heterogeneity in the parametric model. suppose that we posit a survival function 
conditioned on the individual specific effect vi. We treat the survival function as S(ti � vi). 
then add to that a model for the unobserved heterogeneity f(vi). (note that this is a 

58note that the log-likelihood function has the same form as that for the tobit model in section 19.3.2. by just 
reinterpreting the nonlimit observations in a tobit setting, we can, therefore, use this framework to apply a wide 
range of distributions to the tobit model.
59see Kalbfleisch and prentice (2002) for numerous other examples.
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counterpart to the incorporation of a disturbance in a regression model and follows the 
same procedures that we used in the poisson model with random effects.) then

S(t) = Ev[S(t � v)] = Lv
S(t � v)f(v) dv.

the gamma distribution is frequently used for this purpose.60 consider, for example, 
using this device to incorporate heterogeneity into the Weibull model we used earlier. 
as is typical, we assume that v has a gamma distribution with mean 1 and variance 
u = 1/k. then

f(v) =
kk

Γ(k)
 e-kvvk - 1,

and

S(t � v) = e-(vlt)p
.

after a bit of manipulation, we obtain the unconditional distribution,

S(t) = L
∞

0
S(t � v) f(v) dv = [1 + u(lt)p]-1/u.

the limiting value, with u = 0, is the Weibull survival model, so u = 0 corresponds to 
Var[v] = 0, or no heterogeneity.61 the hazard function for this model is

l(t) = lp(lt)p - 1[S(t)]u,

which shows the relationship to the Weibull model.
this approach is common in parametric modeling of heterogeneity. in an important 

paper on this subject, Heckman and singer (1984b) argued that this approach tends 
to overparameterize the survival distribution and can lead to rather serious errors in 
inference. they gave some dramatic examples to make the point. they also expressed 
some concern that researchers tend to choose the distribution of heterogeneity more 
on the basis of mathematical convenience than on any sensible economic basis. (We 
examined Heckman and singer’s approach in a probit model in example 17.27.)

19.5.4  NONPARAMETRIC AND SEMIPARAMETRIC APPROACHES

the parametric models are attractive for their simplicity. but by imposing as much 
structure on the data as they do, the models may distort the estimated hazard rates. 
it may be that a more accurate representation can be obtained by imposing fewer 
restrictions.

the Kaplan–meier (1958) product limit estimator is a strictly empirical, 
nonparametric approach to survival and hazard function estimation. assume that the 
observations on duration are sorted in ascending order so that t1 … t2 and so on and, 
for now, that no observations are censored. suppose as well that there are K distinct 
survival times in the data, denoted Tk; K will equal n unless there are ties. Let nk denote 

60see, for example, Hausman, Hall, and griliches (1984), who use it to incorporate heterogeneity in the poisson 
regression model. the application is developed in section 18.4.7.c.
61For the strike data analyzed in Figure 19.7, the maximum likelihood estimate of u is 0.0004, which suggests that at 
least in the context of the Weibull model, latent heterogeneity does not appear to be a feature of these data.
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974 PART IV  ✦   Cross Sections, Panel Data, and Microeconometrics

the number of individuals whose observed duration is at least Tk. the set of individuals 
whose duration is at least Tk is called the risk set at this duration. (We borrow, once 
again, from biostatistics, where the risk set is those individuals still “at risk” at time Tk.) 
thus, nk is the size of the risk set at time Tk. Let hk denote the number of observed spells 
completed at time Tk. a strictly empirical estimate of the survivor function would be

Sn(Tk) = q
k

i = 1
 
ni - hi

ni
=

ni - hi

n1
.

the estimator of the hazard rate is

 ln(Tk) =
hk

nk
. (19-34)

corrections are necessary for observations that are censored. Lawless (1982), Kalbfleisch 
and prentice (2002), greene (1995a) and  Kiefer (1988) and give details. susin (2001) 
points out a fundamental ambiguity in this calculation (one which he argues appears 
in the 1958 source). the estimator in (19-34) is not a rate as such, as the width of the 
time window is undefined, and could be very different at different points in the chain of 
calculations. because many intervals, particularly those late in the observation period, 
might have zeros, the failure to acknowledge these intervals should impart an upward 
bias to the estimator. His proposed alternative computes the counterpart to (19-34) over 
a mesh of defined intervals as follows,

ln(I a
b) =

a b
j = ahj

a b
j = anjbj

,

where the interval is from t = a to t = b, hj is the number of failures in each period in 
this interval, nj is the number of individuals at risk in that period, and bj is the width of 
the period. thus, an interval (a, b) is likely to include several “periods.”

cox’s (1972) approach to the proportional hazard model is another popular, 
semiparametric method of analyzing the effect of covariates on the hazard rate. the 
model specifies that

l(ti) = exp(xi
=B)l0(ti).

the function l0 is the “baseline” hazard, which is the individual heterogeneity. in principle, 
this hazard is a parameter for each observation that must be estimated. cox’s partial 
likelihood estimator provides a method of estimating B without requiring estimation of 
l0. the estimator is somewhat similar to chamberlain’s estimator for the logit model 
with panel data in that a conditioning operation is used to remove the heterogeneity. (see 
section 17.7.3.a) suppose that the sample contains K distinct exit times, T1, c, TK. For any 
time Tk, the risk set, denoted Rk, is all individuals whose exit time is at least Tk. the risk set 
is defined with respect to any moment in time T as the set of individuals who have not yet 
exited just prior to that time. For every individual i in risk set Rk, ti Ú Tk. the probability 
that an individual exits at time Tk given that exactly one individual exits at this time (which 
is the counterpart to the conditioning in the binary logit model in chapter 17) is

prob[ti = Tk � risk setk] =
exi

=B

a j∈Rk
 exj

=B
.
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thus, the conditioning sweeps out the baseline hazard functions. For the simplest case 
in which exactly one individual exits at each distinct exit time and there are no censored 
observations, the partial log likelihood is

ln L = a
K

k = 1
Jxk

=B - ln a
j∈Rk

 exj
=BR .

if mk individuals exit at time Tk, then the contribution to the log likelihood is the sum 
of the terms for each of these individuals.

the proportional hazard model is a common choice for modeling durations because 
it is a reasonable compromise between the Kaplan–meier estimator and the possibly 
excessively structured parametric models. Hausman and Han (1990) and meyer (1988), 
among others, have devised other, semiparametric specifications for hazard models.

Example 19.13  Survival Models for Strike Duration
The strike duration data given in Kennan (1985, pp. 14–16) have become a familiar standard 
for the demonstration of hazard models. Appendix Table F19.2 lists the durations, in days, of 
62 strikes that commenced in June of the years 1968 to 1976. Each involved at least 1,000 
workers and began at the expiration or reopening of a contract. Kennan reported the actual 
duration. In his survey, Kiefer (1985), using the same observations, censored the data at 80 
days to demonstrate the effects of censoring. We have kept the data in their original form; 
the interested reader is referred to Kiefer for further analysis of the censoring problem.62

Parameter estimates for the four duration models are given in Table 19.8. The estimate 
of the median of the survival distribution is obtained by solving the equation S(t) = 0.5. 
For example, for the Weibull model, S(M ) = 0.5 = exp[- (lM)P ], or M = [(ln 2)1/P  ]/l. For 
the exponential model, p = 1. For the lognormal and loglogistic models, M = 1/l. The 
delta method is then used to estimate the standard error of this function of the parameter 
estimates. (See Section 4.6.) All these distributions are skewed to the right. As such, E[t] is 
greater than the median. For the exponential and Weibull models, E[t] = [1/l]  Γ  [(1/p) + 1]; for 
the normal, E[t] = (1/l)[exp(1/p2)]1/2. The implied hazard functions are shown in Figure 19.7.

The variable x reported with the strike duration data is a measure of unanticipated 
aggregate industrial production net of seasonal and trend components. It is computed as 
the residual in a regression of the log of industrial production in manufacturing on time, time 
squared, and monthly dummy variables. With the industrial production variable included as 
a covariate, the estimated Weibull model is

- ln l = 3.7772 - 9.3515 x, p = 1.00288,
         (0.1394)    (2.973)          (0.1217),
median strike length = 27.35(3.667) days, E [t] = 39.83 days.

62our statistical results are nearly the same as Kiefer’s despite the censoring.

L p Median Duration

exponential 0.02344 (0.00298) 1.00000 (0.00000) 29.571 (3.522)
Weibull 0.02439 (0.00354) 0.92083 (0.11086) 27.543 (3.997)
Loglogistic 0.04153 (0.00707) 1.33148 (0.17201) 24.079 (4.102)
Lognormal 0.04514 (0.00806) 0.77206 (0.08865) 22.152 (3.954)

TABLE 19.9 Estimated Duration Models (Estimated standard errors in parentheses)
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Note that the Weibull model is now almost identical to the exponential model ( p = 1). 
Because the hazard conditioned on x is approximately equal to li, it follows that the hazard 
function is increasing in unexpected industrial production. A 1% increase in x leads to a 
9.35% increase in l, which because p ≈ 1 translates into a 9.35% decrease in the median 
strike length or about 2.6 days. (Note that M = ln 2/l.)

The proportional hazard model does not have a constant term. (The baseline hazard is an 
individual specific constant.) The estimate of b is -9.0726, with an estimated standard error 
of 3.225. This is very similar to the estimate obtained for the Weibull model.

Example 19.14  Time Until Retirement
Christensen and Kallestrup-Lamb (2012) studied the duration of labor market attachment 
until retirement in a large sample of Danish workers. The observations were a sample of 
9,329 individuals who were 50 years old in 1985. They were followed until 2001. Duration is 
defined as the number of years since 1985 until retirement, with right censoring occurring 
at T = 17. This is a stock sample—all individuals enter the initial state at the same point in 
time (1985), and are observed with reference to the same absolute time interval, 1985, where 
T = 0, to 2001, where T = 17. In a flow sample, individuals would enter at different points in 
the observation window, and time T = 0 would vary with each person as he or she entered. 
Data on labor market experience were augmented with matched data on health measures 
and health shocks, as well as socioeconomic and financial information including wealth and 
own and household income. The authors were interested in controlling for a sample selection 
effect suggested by initial participation in the program, and in other forms of unobserved 
heterogeneity. For the latter, they considered discrete, semiparametric approaches based 
on Heckman and Singer (1984a,b)  (see Section 17.7.6) and the continuous forms in 
Section 19.5.3e. The primary approach involved a single “risk,” identified broadly as exit from 
the labor force for any reason. However, the authors were also interested in a competing risks 
framework. They noted that exit could be motivated by five states: early retirement, disability, 
unemployment then early retirement, unemployment then some other form of exit, some 
other form. A variety of models were investigated. The Kaplan-Meier approach suggested 
the overall pattern of retirements, but did not allow for the influence of the time-varying 
covariates, especially the health status. Formal models based on the exponential (no duration 
dependence) and the Weibill model (with variable duration dependence) were considered. The 
two noted forms of latent heterogeneity were added to the specifications. This paper provides 
a lengthy application of most of the methods discussed in this section.

19.6 SUMMARY AND CONCLUSIONS

this chapter has examined settings in which, in principle, the linear regression model of 
chapter 2 would apply, but the data-generating mechanism produces a nonlinear form: 
truncation, censoring, and sample selection or endogenous sampling. For each case, we 
develop the basic theory of the effect and then use the results in a major area of research 
in econometrics.

in the truncated regression model, the range of the dependent variable is restricted 
substantively. certainly all economic data are restricted in this way—aggregate 
income data cannot be negative, for example. but when data are truncated so that 
plausible values of the dependent variable are precluded, for example, when zero 
values for expenditure are discarded, the data that remain are analyzed with models 
that explicitly account for the truncation. the stochastic frontier model is based on 
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a composite disturbance in which one part follows the assumptions of the familiar 
regression model while the second component is built on a platform of the truncated 
regression.

When data are censored, values of the dependent variable that could in principle be 
observed are masked. ranges of values of the true variable being studied are observed 
as a single value. the basic problem this presents for model building is that in such 
a case, we observe variation of the independent variables without the corresponding 
variation in the dependent variable that might be expected. consistent estimation 
and useful interpretation of estimation results are based on maximum likelihood or 
some other technique that explicitly accounts for the censoring mechanism. the most 
common case of censoring in observed data arises in the context of duration analysis, 
or survival functions (which borrows a term from medical statistics where this style 
of model building originated). it is useful to think of duration, or survival data, as the 
measurement of time between transitions or changes of state. We examined three 
modeling approaches that correspond to the description in chapter 12, nonparametric 
(survival tables), semiparametric (the proportional hazard models), and parametric 
(various forms such as the Weibull model).

Finally, the issue of sample selection arises when the observed data are not drawn 
randomly from the population of interest. Failure to account for this nonrandom 
sampling produces a model that describes only the nonrandom subsample, not the 
larger population. in each case, we examined the model specification and estimation 
techniques which are appropriate for these variations of the regression model. maximum 
likelihood is usually the method of choice, but for the third case, a two-step estimator 
has become more common. the leading contemporary application of selection methods 
and endogenous sampling is in the measure of treatment effects that are examined in 
chapter 6.

Key Terms and Concepts

•	accelerated failure time 
model

•	attenuation
•	censored regression model
•	censored variable
•	conditional moment test
•	corner solution model
•	data envelopment analysis
•	degree of truncation
•	exponential
•	generalized residual
•	Hazard function
•	Hazard rate
•	incidental truncation
•	integrated hazard function
•	inverse mills ratio

•	mean independence 
assumption

•	negative duration 
dependence

•	olsen’s reparameterization
•	partial likelihood
•	positive duration 

dependence
•	product limit estimator
•	proportional hazard
•	risk set
•	sample selection
•	semiparametric estimator
•	stochastic frontier model
•	survival function
•	time-varying covariate

•	tobit model
•	truncated distribution
•	truncated mean
•	truncated normal 

distribution
•	truncated random variable
•	truncated standard normal 

distribution
•	truncated variance
•	truncation
•	two-part distribution
•	two-step estimation
•	Weibull model
•	Weibull survival model
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Exercises

1. the following 20 observations are drawn from a censored normal distribution:

3.8396 7.2040 0.00000 0.00000 4.4132 8.0230
5.7971 7.0828 0.00000 0.80260 13.0670 4.3211
0.00000 8.6801 5.4571 0.00000 8.1021 0.00000
1.2526 5.6016

the applicable model is

 yi* = m + ei,

 yi = yi* if m + ei 7 0, 0 otherwise,

 ei ∼ N[0, s2].

exercises 1 through 4 in this section are based on the preceding information. the 
oLs estimator of m in the context of this tobit model is simply the sample mean. 
compute the mean of all 20 observations. Would you expect this estimator to over- or 
underestimate m? if we consider only the nonzero observations, then the truncated 
regression model applies. the sample mean of the nonlimit observations is the least 
squares estimator in this context. compute it and then comment on whether this 
sample mean should be an overestimate or an underestimate of the true mean.

2. We now consider the tobit model that applies to the full data set.
a. Formulate the log likelihood for this very simple tobit model.
b. reformulate the log likelihood in terms of u = 1/s and g = m/s. then derive the 

necessary conditions for maximizing the log likelihood with respect to u and g.
c. discuss how you would obtain the values of u and g to solve the problem in 

part b.
d. compute the maximum likelihood estimates of m and s.

3. using only the nonlimit observations, repeat exercise 2 in the context of the 
truncated regression model. estimate m and s by using the method of moments 
estimator outlined in example 19.2. compare your results with those in the previous 
exercises.

4. continuing to use the data in exercise 1, consider once again only the nonzero 
observations. suppose that the sampling mechanism is as follows: y* and another 
normally distributed random variable z have population correlation 0.7. the two 
variables, y* and z, are sampled jointly. When z is greater than zero, y is reported. 
When z is less than zero, both z and y are discarded. exactly 35 draws were required 
to obtain the preceding sample. estimate m and s. (Hint: use theorem 19.5.)

5. derive the partial effects for the tobit model with heteroscedasticity that is 
described in section 19.3.5.b.

6. prove that the Hessian for the tobit model in (19-14) is negative definite after 
olsen’s transformation is applied to the parameters.

Applications

1. We examined ray Fair’s famous analysis (Journal of Political Economy, 1978) of a 
Psychology Today survey on extramarital affairs in example 18.18 using a poisson 
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regression model. although the dependent variable used in that study was a count, 
Fair (1978) used the tobit model as the platform for his study. You can reproduce 
the tobit estimates in Fair’s paper easily with any software package that contains 
a tobit estimator—most do. the data appear in appendix table F18.1. reproduce 
Fair’s least squares and tobit estimates. compute the partial effects for the model 
and interpret all results.

2. the mroz (1975) data used in example 19.10 (see appendix table F5.1) also 
describe a setting in which the tobit model has been frequently applied. the sample 
contains 753 observations on labor market outcomes for married women, including 
the following variables:

 lfp = indicator (0/1) for whether in the formal labor market (lfp = 1)

or not (lfp = 0),

 whrs = wife’s hours worked,

 kl6 = number of children under 6 years old in the household,

 k618 = number of children from 6 to 18 years old in the household,

 we = wife’s age,

 we = wife’s education,

 ww = wife’s hourly wage,

 hhrs = husband’s hours worked,

 ha = husband’s age,

 hw = husband’s wage,

 faminc = family income from other sources,

 wmed = wife’s mother’s education

 wfed = wife’s father’s education

 cit = dummy variable for living in an urban area,

 ax = labor market experience = wa - we - 5,

and several variables that will not be useful here. using these data, estimate a tobit 
model for the wife’s hours worked. report all results including partial effects and 
relevant diagnostic statistics. repeat the analysis for the wife’s labor earnings, ww 
: whrs. Which is a more plausible model?

3. continuing the analysis of the previous application, note that these data conform 
precisely to the description of corner solutions in section 19.3.4. the dependent 
variable is not censored in the fashion usually assumed for a tobit model. to 
investigate whether the dependent variable is determined by a two-part decision 
process (yes/no and, if yes, how much), specify and estimate a two-equation model 
in which the first equation analyzes the binary decision lfp = 1 if whrs 7 0 
and 0 otherwise and the second equation analyzes whrs � whrs 7 0. What is the 
appropriate model? What do you find? report all results.

4. stochastic Frontier model. section 10.3.1 presents estimates of a cobb–douglas cost 
function using nerlove’s 1955 data on the u.s. electric power industry. christensen 
and greene’s 1976 update of this study used 1970 data for this industry. the 
christensen and greene data are given in appendix table F4.4. these data have 
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provided a standard test data set for estimating different forms of production and 
cost functions, including the stochastic frontier model discussed in section 19.2.4. it 
has been suggested that one explanation for the apparent finding of economies of 
scale in these data is that the smaller firms were inefficient for other reasons. the 
stochastic frontier might allow one to disentangle these effects. use these data to 
fit a frontier cost function which includes a quadratic term in log output in addition 
to the linear term and the factor prices. then examine the estimated Jondrow et al. 
residuals to see if they do indeed vary negatively with output, as suggested. (this 
will require either some programming on your part or specialized software. the 
stochastic frontier model is provided as an option in Stata and NLOGIT. or, the 
likelihood function can be programmed easily for R, or GAUSS.) (Note: For a cost 
frontier as opposed to a production frontier, it is necessary to reverse the sign on 
the argument in the Φ function that appears in the log likelihood.)
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20

Serial Correlation

§
20.1 INTRODUCTION

time-series data often display autocorrelation or serial correlation of the disturbances 
across periods. Consider, for example, the plot of the least squares residuals in the 
following example.

Example 20.1  Money Demand Equation
Appendix Table F5.2 contains quarterly data from 1950I to 2000IV on the U.S. money stock 
(M1), output (real GDP), and the price level (CPI_U). Consider a simple (extremely) model of 
money demand,1

ln M1t = b1 + b2 ln GDPt + b3 ln CPIt + et.

A plot of the least squares residuals is shown in Figure 20.1. The pattern in the residuals 
suggests that knowledge of the sign of a residual in one period is a good indicator of 
the sign of the residual in the next period. This knowledge suggests that the effect of a 

1Because this chapter deals exclusively with time-series data, we shall use the index t for observations and T for 
the sample size throughout.

FIGURE 20.1  Autocorrelated Least Squares Residuals.
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given disturbance is carried, at least in part, across periods. This sort of memory in the 
disturbances creates the long, slow swings from positive values to negative ones that are 
evident in Figure 20.1. One might argue that this pattern is the result of an obviously naïve 
model, but that is one of the important points in this discussion. Patterns such as this usually 
do not arise spontaneously; to a large extent, they are, indeed, a result of an incomplete or 
flawed model specification.

one explanation for autocorrelation is that relevant factors omitted from the time-
series regression, like those included, are correlated across periods. this fact may be due 
to serial correlation in factors that should be in the regression model. it is easy to see 
why this situation would arise. example 20.2 shows an obvious case.

Example 20.2  Autocorrelation Induced by Misspecification of the Model
In Examples 2.3, 4.2, 4.7, and 4.8, we examined yearly time-series data on the U.S. 
gasoline market from 1953 to 2004. The evidence in the examples was convincing that a 
regression model of variation in ln G/Pop should include, at a minimum, a constant, ln PG 
and ln Income/Pop price variables and a time trend also provide significant explanatory 
power, but these two are a bare minimum. Moreover, we also found on the basis of a 
Chow test of structural change that apparently this market changed structurally after 1974. 
Figure 20.2 displays plots of four sets of least squares residuals. Parts (a) through (c) show 
clearly that as the specification of the regression is expanded, the autocorrelation in the 
“residuals” diminishes. Part (c) shows the effect of forcing the coefficients in the equation 
to be the same both before and after the structural shift. In part (d), the residuals in the 
two subperiods 1953 to 1974 and 1975 to 2004 are produced by separate unrestricted 
regressions. This latter set of residuals is almost nonautocorrelated. (Note: The range of 
variation of the residuals falls as the model is improved, i.e., as its fit improves.) The full 
equation is

FIGURE 20.2  Regression Residuals.
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 ln 
Gt

Popt
= b1 + b2 ln PGt + b3 ln 

It
Popt

+ b4 ln PNCt + b5 ln PUCt

 + b6 ln PPTt + b7 ln PNt + b8 ln PDt + b9 ln PSt + b10t + et.

Finally, we consider an example in which serial correlation is an anticipated part of the 
model.

Example 20.3  Negative Autocorrelation in the Phillips Curve
The Phillips curve [Phillips (1957)] has been one of the most intensively studied relationships 
in the macroeconomics literature. As originally proposed, the model specifies a negative 
relationship between wage inflation and unemployment in the United Kingdom over a period 
of 100 years. Recent research has documented a similar relationship between unemployment 
and price inflation. It is difficult to justify the model when cast in simple levels; labor market 
theories of the relationship rely on an uncomfortable proposition that markets persistently fall 
victim to money illusion, even when the inflation can be anticipated. Recent research2 has 
reformulated a short-run (disequilibrium) “expectations augmented Phillips curve” in terms of 
unexpected inflation and unemployment that deviates from a long-run equilibrium or “natural 
rate.” The expectations-augmented Phillips curve can be written as

∆pt - E[∆pt � Ψt - 1] = b[ut - u*] + et,

where ∆pt is the rate of inflation in year t, E[∆pt � Ψt - 1] is the forecast of ∆pt made in period 
t - 1 based on information available at time t - 1, Ψt - 1, ut is the unemployment rate, and u* 
is the natural, or equilibrium rate. (Whether u* can be treated as an unchanging parameter, as 
we are about to do, is controversial.) By construction, [ut - u*] is disequilibrium, or cyclical 
unemployment. In this formulation, et would be the supply shock (i.e., the stimulus that 
produces the disequilibrium situation). To complete the model, we require a model for the 
expected inflation. For the present, we’ll assume that economic agents are rank empiricists. 
The forecast of next year’s inflation is simply this year’s value. This produces the estimating 
equation,

∆pt - ∆pt - 1 = b1 + b2ut + et,

where b2 = b and b1 = -bu*. Note that there is an implied estimate of the natural rate of 
unemployment embedded in the equation. After estimation, u* can be estimated by -b1/b2. 
The equation was estimated with the 1950.1 to 2000.4 data in Appendix Table F5.2 that were 
used in Example 20.1 (minus two quarters for the change in the rate of inflation). Least squares 
estimates (with standard errors in parentheses) are as follows:

∆pt - ∆pt - 1 = 2.23567 (0.49213) - 0.04155 (0.08360) ut +  et, R2 = 0.00123, T = 202.

The implied estimate of the natural rate of unemployment is 5.67 percent, which is in line with 
other estimates. The estimated asymptotic covariance of b1 and b2 is -0.03964. Using the 
delta method, we obtain a standard error of 3.17524 for this estimate, so a confidence interval 
for the natural rate is 5.67% { 1.96(3.17%) = (-0.55%, 11.89%). (This seems fairly wide, 
but, again, whether it is reasonable to treat this as a parameter is at least questionable). The 
regression of the least squares residuals on their past values gives a slope of -0.51843 with 
a highly significant t ratio of -8.48. We thus conclude that the residuals (and, apparently, the 
disturbances) in this model are highly negatively autocorrelated. This is consistent with the 
striking pattern in Figure 20.3.

2For example, Staiger et al. (1996).

M20_GREE1366_08_SE_C20.indd   983 2/24/17   1:56 PM



984 Part V  ✦  time Series and Macroeconometrics

the problems for estimation and inference caused by autocorrelation are similar to 
(although, unfortunately, more involved than) those caused by heteroscedasticity. as 
before, least squares is inefficient, and inference based on the least squares estimates is 
adversely affected. Depending on the underlying process, however, GlS and FGlS 
estimators can be devised that circumvent these problems. there is one qualitative 
difference to be noted. in Section 20.10, we will examine models in which the generalized 
regression model can be viewed as an extension of the regression model to the conditional 
second moment of the dependent variable. in the case of autocorrelation, the 
phenomenon arises in almost all cases from a misspecification of the model. Views differ 
on how one should react to this failure of the classical assumptions, from a pragmatic 
one that treats it as another problem in the data to an orthodox methodological view 
that it represents a major specification issue.3

We should emphasize that the models we shall examine here are quite far removed 
from the classical regression. the exact or small-sample properties of the estimators are 
rarely known, and only their asymptotic properties have been derived.

20.2 THE ANALYSIS OF TIME-SERIES DATA

the treatment in this chapter will be the first structured analysis of time-series data in 
the text. time-series analysis requires some revision of the interpretation of both data 
generation and sampling that we have maintained thus far.

3See, for example, “a Simple Message to autocorrelation Correctors: Don’t” [Mizon (1995)].

FIGURE 20.3  Negatively Autocorrelated Residuals.
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a time-series model will typically describe the path of a variable yt in terms of 
contemporaneous (and perhaps lagged) factors xt, disturbances (innovations), et, and 
its own past, yt - 1, c. For example,

yt = b1 + b2xt + b3yt - 1 + et.

the time series is a single occurrence of a random event. For example, the quarterly series 
on real output in the United States from 1950 to 2000 that we examined in example 20.1 
is a single realization of a process, GDPt. the entire history over this period constitutes a 
realization of the process. at least in economics, the process could not be repeated. there 
is no counterpart to repeated sampling in a cross section or replication of an experiment 
involving a time-series process in physics or engineering. nonetheless, were circumstances 
different at the end of World War ii, the observed history could have been different. in 
principle, a completely different realization of the entire series might have occurred. the 
sequence of observations, {yt}t = -∞

t = ∞ , is a time-series process, which is characterized by its 
time ordering and its systematic correlation between observations in the sequence. the 
signature characteristic of a time-series process is that empirically, the data-generating 
mechanism produces exactly one realization of the sequence. Statistical results based 
on sampling characteristics concern not random sampling from a population, but from 
distributions of statistics constructed from sets of observations taken from this realization 
in a time window, t = 1, c, T. asymptotic distribution theory in this context concerns 
behavior of statistics constructed from an increasingly long window in this sequence.

the properties of yt as a random variable in a cross section are straightforward 
and are conveniently summarized in a statement about its mean and variance or the 
probability distribution generating yt. the statement is less obvious here. it is common 
to assume that innovations are generated independently from one period to the next, 
with the familiar assumptions

 E[et] = 0,

 Var[et] = se
2,

and

Cov[et, es] = 0 for t ≠ s.

in the current context, this distribution of et is said to be covariance stationary or weakly 
stationary. thus, although the substantive notion of random sampling must be extended 
for the time series et, the mathematical results based on that notion apply here. it can be 
said, for example, that et is generated by a time-series process whose mean and variance 
are not changing over time. as such, by the method we will discuss in this chapter, 
we could, at least in principle, obtain sample information and use it to characterize 
the distribution of et. Could the same be said of yt? there is an obvious difference 
between the series et and yt; observations on yt at different points in time are necessarily 
correlated. Suppose that the yt series is weakly stationary and that, for the moment, 
b2 = 0. then we could say that

E [yt] = b1 + b3E[yt - 1] + E[et] = b1/(1 - b3)

and

Var[yt] = b3
2 Var[yt - 1] + Var[et],
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or

g0 = b3
2g0 + se

2,

so that

g0 =
se

2

1 - b3
2
.

thus, g0, the variance of yt, is a fixed characteristic of the process generating yt. note 
how the stationarity assumption, which apparently includes �b3 � 6 1, has been used. 
the assumption that �b3 � 6 1 is needed to ensure a finite and positive variance.4 Finally, 
the same results can be obtained for nonzero b2 if it is further assumed that xt is a weakly 
stationary series.5

alternatively, consider simply repeated substitution of lagged values into the 
expression for yt,

 yt = b1 + b3(b1 + b3yt - 2 + et - 1) + et, (20-1)

and so on. We see that, in fact, the current yt is an accumulation of the entire history of 
the innovations, et. So if we wish to characterize the distribution of yt, then we might 
do so in terms of sums of random variables. By continuing to substitute for yt - 2, then 
yt - 3, c in (20-1), we obtain an explicit representation of this idea,

yt = a
∞

i = 0
b3

i (b1 + et - i).

Do sums that reach back into infinite past make any sense? We might view the process as 
having begun generating data at some remote, effectively infinite past. as long as distant 
observations become progressively less important, the extension to an infinite past is 
merely a mathematical convenience. the diminishing importance of past observations 
is implied by �b3 � 6 1. notice that, not coincidentally, this requirement is the same as 
that needed to solve for g0 in the preceding paragraphs. a second possibility is to assume 
that the observation of this time series begins at some time 0 [with (x0, e0) called the 
initial conditions], by which time the underlying process has reached a state such that the 
mean and variance of yt are not (or are no longer) changing over time. the mathematics 
is slightly different, but we are led to the same characterization of the random process 
generating yt. in fact, the same weak stationarity assumption ensures both of them.

except in very special cases, we would expect all the elements in the T component 
random vector (y1, c, yT) to be correlated. in this instance, said correlation is called 
autocorrelation. as such, the results pertaining to estimation with independent or 
uncorrelated observations that we used in the previous chapters are no longer usable. in 
point of fact, we have a sample of but one observation on the multivariate random variable 
[yt, t = 1, c, T]. there is a counterpart to the cross-sectional notion of parameter 
estimation, but only under assumptions (e.g., weak stationarity) that establish that 
parameters in the familiar sense even exist. even with stationarity, it will emerge that for 

4the current literature in macroeconometrics and time series analysis is dominated by analysis of cases in which 
b3 = 1 (or counterparts in different models). We will return to this subject in Chapter 21.
5See Section 20.4.1 on the stationarity assumption.
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estimation and inference, none of our earlier finite-sample results are usable. Consistency 
and asymptotic normality of estimators are somewhat more difficult to establish in time-
series settings because results that require independent observations, such as the central 
limit theorems, are no longer usable. nonetheless, counterparts to our earlier results have 
been established for most of the estimation problems we consider here.

20.3 DISTURBANCE PROCESSES

the preceding section has introduced a bit of the vocabulary and aspects of time-series 
specification. to obtain the theoretical results, we need to draw some conclusions about 
autocorrelation and add some details to that discussion.

20.3.1  CHARACTERISTICS OF DISTURBANCE PROCESSES

in the usual time-series setting, the disturbances are assumed to be homoscedastic but 
correlated across observations, so that

E[EE′ � X] = s2�,

where s2� is a full, positive definite matrix with a constant s2 = Var[et � X] on the 
diagonal. as will be clear in the following discussion, we shall also assume that �ts is 
a function of � t - s � , but not of t or s alone, which is a stationarity assumption. (See 
the preceding section.) it implies that the covariance between observations t and s is a 
function only of � t - s � , the distance apart in time of the observations. Because s2 is 
not restricted, we normalize �tt = 1. We define the autocovariances,

Cov[et, et - s � X] = Cov[et + s, et � X] = s2�t,t - s = gs = g-s.

note that s2�tt = g0. the correlation between et and et - s is their autocorrelation,

Corr[et, et - s � X] =
Cov[et, et - s � X]2Var[et � X]Var[et - s � X]

=
gs

g0
= rs = r-s.

We can then write
E[EE′ � X] = � = g0R,

where � is an autocovariance matrix and R is an autocorrelation matrix—the ts element 
is an autocorrelation coefficient,

rs =
g�t - s�

g0
.

(Note: the matrix � = g0R is the same as s2 �.) We will usually use the abbreviation 
rs to denote the autocorrelation between observations s periods apart.

Different types of processes imply different patterns in R. For example, the most 
frequently analyzed process is a first-order autoregression or AR(1) process,

et = ret - 1 + ut,

where ut is a stationary, nonautocorrelated (white noise) process and r is a parameter. We will 
verify later that for this process, rs = rs. Higher-order autoregressive processes of the form

et = u1et - 1 + u2et - 2 + g + upet - p + ut
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imply more involved patterns, including, for some values of the parameters, cyclical 
behavior of the autocorrelations.6 Stationary autoregressions are structured so that the 
influence of a given disturbance fades as it recedes into the more distant past but 
vanishes only asymptotically. For example, for the ar(1), Cov[et, et - s] is never zero, but 
it does become negligible if �r �  is less than 1. Moving-average processes, conversely, have 
a short memory. For the Ma(1) process,

et = ut - lut - 1,

the memory in the process is only one period: g0 = su
2(1 + l2), g1 = -lsu

2, but gs = 0 
if s 7 1.

Example 20.4  Autocorrelation Function for the Rate of Inflation
The autocorrelation function for a time series is a useful statistic for describing the nature of 
the underlying process. The function is computed as

ACF(s) = rs =
cs

c0
=

(1/(T - S))Σt = s + 1
T (zt - z)(zt - s - z)

(1/T)Σt = s + 1
T (zt - z)2

, s = 1, c.

The pattern of values of the ACF will help reveal the form of the time-series process. For an 
AR(1) process, the autocorrelations rs will tend to appear like a geometric series, rs. For a 
moving average series such as the MA(1), rs will show one or a few significant values, then 
fall sharply to (approximately) zero. The characteristic pattern of an MA(1) process is rs = r 
for s = 1 and rs = 0 for s 7 1.

Figure 20.4 shows the quarterly percentage change in the U.S. Consumer Price Index 
from 1950 to 2000. (We will examine these data in some detail in Chapter 21.) The first 
10 autocorrelations for this series are as follows:

6this model is considered in more detail in Section 20.9.2.

FIGURE 20.4  Rate of Inflation in the Consumer Price Index.
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Lag
ACF

1
0.657

2
0.602

3
0.624

4
0.599

5
0.469

6
0.418

7
0.390

8
0.360

9
0.302

10
0.260

The persistence of the autocorrelations indicates a strongly autoregressive process.

20.3.2  AR(1) DISTURBANCES

time-series processes such as the ones listed here can be characterized by their order, 
the values of their parameters, and the behavior of their autocorrelations.7 We shall 
consider various forms at different points. the received empirical literature is 
overwhelmingly dominated by the ar(1) model, which is partly a matter of convenience. 
Processes more involved than this model are usually extremely difficult to analyze. there 
is, however, a more practical reason. it is very optimistic to expect to know precisely the 
correct form of the appropriate model for the disturbance in any given situation. the 
first-order autoregression has withstood the test of time and experimentation as a 
reasonable model for underlying processes that probably, in truth, are impenetrably 
complex. ar(1) works as a first pass—higher-order models are often constructed as a 
refinement.

the first-order autoregressive disturbance, or ar(1) process, is represented in the 
autoregressive form as

 et = ret - 1 + ut, (20-2)

where

 E[ut � X] = 0,

 E[ut
2 � X] = su

2,

and

Cov[ut, us � X] = 0 if t ≠ s.

Because ut is white noise, the conditional moments equal the unconditional moments. 
thus E[et � X] = E[et] and so on.

By repeated substitution, we have

 et = ut + rut - 1 + r2ut - 2 + g. (20-3)

From the preceding moving-average form, it is evident that each disturbance et embodies 
the entire past history of the u’s, with the most recent observations receiving greater 
weight than those in the distant past. Depending on the sign of r, the series will exhibit 
clusters of positive and then negative observations or, if r is negative, regular oscillations 
of sign (as in example 20.3).

Because the successive values of ut are uncorrelated, the variance of et is the variance 
of the right-hand side of (20-3):

 Var[et] = su
2 + r2su

2 + r4su
2 + g. (20-4)

to proceed, a restriction must be placed on r,

 �r � 6 1, (20-5)

7See Box and Jenkins (1984) for an authoritative study.
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because otherwise, the right-hand side of (20-4) will become infinite. this result 
is the stationarity assumption discussed earlier. With (20-5), which implies that 
limsS ∞ rs = 0, E[et] = 0 and

 Var[et] =
su

2

1 - r2 = se
2. (20-6)

With the stationarity assumption, there is an easier way to obtain the variance

Var[et] = r2 Var[et - 1] + su
2

because Cov[ut, es] = 0 if t 7 s. With stationarity, Var[et - 1] = Var[et], which implies 
(20-6). Proceeding in the same fashion,

 Cov[et, et - 1] = E[etet - 1] = E[et - 1(ret - 1 + ut)] = r Var[et - 1] =
rsu

2

1 - r2
. (20-7)

By repeated substitution in (20-2), we see that for any s,

et = rset - s + a
s - 1

i = 0
riut - i

(e.g., et = r3et - 3 + r2ut - 2 + rut - 1 + ut). therefore, because es is not correlated with 
any ut for which t 7 s (i.e., any subsequent ut), it follows that

 Cov[et, et - s] = E[etet - s] =
rssu

2

1 - r2
. (20-8)

Dividing by g0 = su
2/(1 - r2) provides the autocorrelations,

 Corr[et, et - s] = rs = rs. (20-9)

With the stationarity assumption, the autocorrelations fade over time. Depending on the 
sign of r, they will either be declining in geometric progression or alternating in sign if 
r is negative. Collecting terms, we have

 s2� =
su

2

1 - r2 E1 r r2 r3 g rT - 1

r 1 r r2 g rT - 2

r2 r 1 r g rT - 3

f f f f g r

rT - 1 rT - 2 rT - 3 g r 1

U . (20-10)

20.4 SOME ASYMPTOTIC RESULTS FOR ANALYZING TIME-SERIES DATA

Because � is not equal to I, the now-familiar complications will arise in establishing the 
properties of estimators of B, in particular of the least squares estimator. the finite sample 
properties of the olS and GlS estimators remain intact. least squares will continue 
to be unbiased. the earlier general proof allows for autocorrelated disturbances. the 
aitken theorem (theorem 9.4) and the distributional results for normally distributed 
disturbances can still be established conditionally on X. (However, even these will 
be complicated when X contains lagged values of the dependent variable.) But finite 
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sample properties are of very limited usefulness in time-series contexts. nearly all that 
can be said about estimators involving time-series data is based on their asymptotic 
properties.

as we saw in our analysis of heteroscedasticity, whether least squares is consistent 
or not depends on the matrices

QT = (1/T)X′X

and

QT
* = (1/T)X′�X.

in our earlier analyses, we were able to argue for convergence of QT to a positive definite 
matrix of constants, Q, by invoking laws of large numbers. But these theorems assume 
that the observations in the sums are independent, which as suggested in Section 20.2, is 
surely not the case here. thus, we require a different tool for this result. We can expand 
the matrix QT

*  as

 QT
* =

1
T a

T

t = 1
a
T

s = 1
rtsxtxs

=, (20-11)

where xt
= and xs

= are rows of X and rts is the autocorrelation between et and es. Sufficient 
conditions for this matrix to converge are that QT converge and that the correlations 
between disturbances diminish reasonably rapidly as the observations become further 
apart in time. For example, if the disturbances follow the ar(1) process described 
earlier, then rts = r�t - s� and if xt is sufficiently well behaved, QT

*  will converge to a 
positive definite matrix Q* as T S ∞ . Asymptotic normality of the least squares and 
GlS estimators will depend on the behavior of sums such as2T wT = 2Ta 1

T a
T

t = 1
xtetb = 2T a 1

T
 X′Eb .

asymptotic normality of least squares is difficult to establish for this general model. the 
central limit theorems we have relied on thus far do not extend to sums of dependent 
observations. the results of amemiya (1985), Mann and Wald (1943), and anderson 
(1971) do carry over to most of the familiar types of autocorrelated disturbances, 
including those that interest us here, so we shall ultimately conclude that ordinary least 
squares, GlS, and instrumental variables continue to be consistent and asymptotically 
normally distributed, and, in the case of olS, inefficient. this section will provide a 
brief introduction to some of the underlying principles that are used to reach these 
conclusions.

20.4.1  CONVERGENCE OF MOMENTS—THE ERGODIC THEOREM

the discussion thus far has suggested (appropriately) that stationarity (or its absence) is 
an important characteristic of a process. the points at which we have encountered this 
notion concerned requirements that certain sums converge to finite values. in particular, 
for the ar(1) model, et = ret - 1 + ut, for the variance of the process to be finite, we 
require �r � 6 1, which is a sufficient condition. However, this result is only a byproduct. 
Stationarity (at least, the weak stationarity we have examined) is only a characteristic 
of the sequence of moments of a distribution.
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For example, in (20-2), if we add ut ∼ N[0, su
2], then the resulting process, {et}t = -∞

t = ∞ , can 
easily be shown to be strongly stationary.

DEFINITION 20.2 Weak Stationarity
A time-series process, {zt}t = -∞

t = ∞ , is weakly stationary (or covariance stationary) if 
E[zt] is finite and is the same for all t and if the covariances between any two 
observations (labeled their autocovariance), Cov[zt, zt - k], is a finite function only 
of model parameters and their distance apart in time, k, but not of the absolute 
location of either observation on the time scale.

DEFINITION 20.3 Ergodicity
A strongly stationary time-series process, {zt}t = -∞

t = ∞ , is ergodic if for any two bounded 
functions that map vectors in the a and b dimensional real vector spaces to real 
scalars, f: Ra S R1 and g: Rb S R1,

 lim
kS ∞

� E[f(zt, zt + 1, c, zt + a - 1)g(zt + k, zt + k + 1, c, zt + k + b - 1)] �

 = � E[f(zt, zt + 1, c, zt + a - 1)] � � E[g(zt + k, zt + k + 1, c, zt + k + b - 1)] � .

DEFINITION 20.1 Strong Stationarity
A time-series process, {zt}t = -∞

t = ∞ , is strongly stationary, or “stationary,” if the 
joint probability distribution of any adjacent set of k observations in the 
sequence [zt, zt + 1, c, zt + k - 1] is the same regardless of the origin, t , in the 
time scale.

Weak stationary is obviously implied by strong stationary, although it requires less 
because the distribution can, at least in principle, be changing on the time axis. the 
distinction is rarely necessary in applied work. in general, save for narrow theoretical 
examples, it will be difficult to come up with a process that is weakly but not strongly 
stationary. the reason for the distinction is that in much of our work, only weak 
stationary is required, and, as always, when possible, econometricians will dispense with 
unnecessary assumptions.

as we will discover shortly, stationarity is a crucial characteristic at this point in 
the analysis. if we are going to proceed to parameter estimation in this context, we 
will also require another characteristic of a time series, ergodicity. there are various 
ways to delineate this characteristic, none of them particularly intuitive. We borrow 
one definition from Davidson and MacKinnon (1993, p. 132) which comes close:

the definition states essentially that if events are separated far enough in time, then they 
are asymptotically independent. an implication is that in a time series, every observation 
will contain at least some unique information. ergodicity is a crucial element of our 
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theory of estimation. When a time series has this property (with stationarity), then we 
can consider estimation of parameters in a meaningful sense.8 the analysis relies heavily 
on the following theorem:

8Much of the analysis to follow will involve nonstationary series, which are the focus of most of the current 
literature—tests for nonstationarity largely dominate the recent study in time-series analysis. ergodicity is a much 
more subtle and difficult concept. For any process that we will consider, ergodicity will have to be a given, at least 
at this level. a classic reference on the subject is Doob (1953). another authoritative treatise is Billingsley (1995). 
White (2001) provides a concise analysis of many of these concepts as used in econometrics, and some useful 
commentary.

THEOREM 20.1 The Ergodic Theorem
If {zt}t = -∞

t = ∞  is a time-series process that is strongly stationary and ergodic and E[ � zt � ] 
is a finite constant, and if zT = (1/T)a T

t = 1zt, then zT ¡a.s.
m, where m = E[zt]. 

Note that the convergence is almost surely not in probability (which is implied) or 
in mean square (which is also implied). [See White (2001, p. 44) and Davidson and 
MacKinnon (1993, p. 133).]

THEOREM 20.2 Ergodicity of Functions
If {zt}t = -∞

t = ∞  is a time-series process that is strongly stationary and ergodic and if 
yt = f{zt} is a measurable function in the probability space that defines zt, then 
yt is also stationary and ergodic. Let {zt}t = -∞

t = ∞  define a K * 1 vector valued 
stochastic process—each element of the vector is an ergodic and stationary series, 
and the characteristics of ergodicity and stationarity apply to the joint distribution 
of the elements of {zt}t = -∞

t = ∞ . Then, the ergodic theorem applies to functions 
of {zt}t = -∞

t = ∞ .9

9See White (2001, pp. 44–45) for discussion.

What we have in the ergodic theorem is, for sums of dependent observations, a 
counterpart to the laws of large numbers that we have used at many points in the 
preceding chapters. note, once again, the need for this extension is that to this point, 
our laws of large numbers have required sums of independent observations. But, in this 
context, by design, observations are distinctly not independent.

For this result to be useful, we will require an extension.

theorem 20.2 produces the results we need to characterize the least squares (and other) 
estimators. in particular, by applying the assumptions of theorem 20.2 to the data series, 
[xt, et]t = -∞

t = ∞  we obtain that yt = xt
=B + et is a stationary and ergodic process.
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By analyzing terms element by element we can use these results directly to assert that 
averages of wt = xtet, Qtt = xtxt

=, and Qtt* = et
2xtxt

= will converge to their population 
counterparts, 0, Q and Q*.

20.4.2  CONVERGENCE TO NORMALITY—A CENTRAL LIMIT THEOREM

to form a distribution theory for least squares, GlS, Ml, and GMM, we will need a 
counterpart to the central limit theorem. in particular, we need to establish a large 
sample distribution theory for quantities of the form2Ta 1

T a
T

t = 1
xtetb = 2Tw.

as noted earlier, we cannot invoke the familiar central limit theorems (lindeberg–levy, 
lindeberg–Feller, liapounov) because the observations in the sum are not independent. 
But, with the assumptions already made, we do have an alternative result. Some needed 
preliminaries are as follows:

DEFINITION 20.4 Martingale Sequence
A vector sequence zt is a martingale sequence if E[zt � zt - 1, zt - 2, c] = zt - 1.

DEFINITION 20.5 Martingale Difference Sequence
A vector sequence zt is a martingale difference sequence if E[zt � zt - 1, zt - 2, c] = 0.

THEOREM 20.3 Martingale Difference Central Limit Theorem

If zt is a vector valued stationary and ergodic martingale difference sequence, with 

E[ztzt
=] = �, where � is a finite positive definite matrix, and if zT = (1/T)a T

t = 1zt, 

then 2T zT ¡d
N[0, �]. [For discussion, see Davidson and MacKinnon (1993, 

Sections. 4.7 and 4.8).]10

10For convenience, we are bypassing a step in this discussion: establishing multivariate normality requires that 
the result first be established for the marginal normal distribution of each component, then that every linear 
combination of the variables also be normally distributed. (See theorems D.17 and D.18a.) our interest at this 
point is merely to collect the useful end results. interested users may find the detailed discussions of the many 
subtleties and narrower points in White (2001) and Davidson and MacKinnon (1993, Chapter 4).

an important example of a martingale sequence is the random walk,

zt = zt - 1 + ut,

where Cov[ut, us] = 0 for all t ≠ s. then

E[zt � zt - 1, zt - 2, c] = E[zt - 1 � zt - 1, zt - 2, c] + E[ut � zt - 1, zt - 2, c] = zt - 1 + 0 = zt - 1.

With Definition 20.5, we have the following broadly encompassing result:
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theorem 20.3 is a generalization of the lindeberg–levy central limit theorem. it is not 
yet broad enough to cover cases of autocorrelation, but it does go beyond lindeberg–
levy, for example, in extending to the GarCH model of Section 20.13.3.11 But, looking 
ahead, this result encompasses what will be a very important application. Suppose in the 
classical linear regression model, {xt}t = -∞

t = ∞  is a stationary and ergodic multivariate 
stochastic process and {et}t = -∞

t = ∞  is an i.i.d. process—that is, not autocorrelated and not 
heteroscedastic. then, this is the most general case of the classical model that still 
maintains the assumptions about et that we made in Chapter 2. in this case, the process 
{wt}t = -∞

t = ∞ = {xtet}t = -∞
t = ∞  is a martingale difference sequence, so that with sufficient 

assumptions on the moments of xt we could use this result to establish consistency and 
asymptotic normality of the least squares estimator.12

We now consider a central limit theorem that is broad enough to include the case 
that interested us at the outset, stochastically dependent observations on xt and 
autocorrelation in et.13 Suppose as before that {zt}t = -∞

t = ∞  is a stationary and ergodic 
stochastic process. We consider 2T zT. the following conditions are assumed:14

1. Asymptotic uncorrelatedness: E[zt � zt - k, zt - k - 1, c] converges in mean square to 
zero as k S ∞ . note that is similar to the condition for ergodicity. White (2001) 
demonstrates that a (nonobvious) implication of this assumption is E[zt] = 0.

2. Summability of autocovariances: With dependent observations,

lim
TS ∞

Var[2T zT] = a
∞

t = 1
a
∞

s = 1
Cov[zt, zs

=] = a
∞

k = -∞
�k = �*.

to begin, we will need to assume that this matrix is finite, a condition called 
summability. note this is the condition needed for convergence of QT*  in (20-11). if 
the sum is to be finite, then the k = 0 term must be finite, which gives us a necessary 
condition,

E[ztzt
=] = Γ0, a finite matrix.

3. Asymptotic negligibility of innovations: let

rtk = E[zt � zt - k, zt - k - 1, c] - E[zt � zt - k - 1, zt - k - 2, c].

an observation zt may be viewed as the accumulated information that has entered the 
process since it began up to time t. thus, it can be shown that

zt = a
∞

s = 0
rts.

the vector rtk can be viewed as the information in this accumulated sum that entered the 
process at time t - k. the condition imposed on the process is that a ∞

s = 02E[rts
= rts] be 

11Forms of the theorem that surpass lindeberg–Feller (D.19) and liapounov (theorem D.20) by allowing for 
different variances at each time, t, appear in ruud (2000, p. 479) and White (2001, p. 133). these variants extend 
beyond our requirements in this treatment.
12See, for example, Hamilton (1994, pp. 208–212).
13Detailed analysis of this case is quite intricate and well beyond the scope of this book. Some fairly terse analysis 
may be found in White (2001, pp. 122–133) and Hayashi (2000).
14See Hayashi (2000, p. 405) who attributes the results to Gordin (1969).
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996 Part V  ✦  time Series and Macroeconometrics

finite. in words, condition 3 states that information eventually becomes negligible as it 
fades far back in time from the current observation. the ar(1) model (as usual) helps 
illustrate this point. if zt = rzt - 1 + ut, then

 rt0 = E[zt � zt, zt - 1, c] - E[zt � zt - 1, zt - 2, c] = zt - rzt - 1 = ut  ,

 rt1 = E[zt � zt - 1, zt - 2 c] - E[zt � zt - 2, zt - 3 c]

 = E[rzt - 1 + ut � zt - 1, zt - 2 c] - E[r(rzt - 2 + ut - 1) + ut � zt - 2, zt - 3, c]

 = r(zt - 1 - rzt - 2)
 = rut - 1.

By a similar construction, rtk = rkut - k from which it follows that zt = a ∞
s = 0 r

sut - s, 
which we saw earlier in (20-3). You can verify that if �r � 6 1, the negligibility condition 
will be met.

THEOREM 20.4 Gordin’s Central Limit Theorem
If zt is strongly stationary and ergodic and if conditions 1 - 3 are met, then 2T zT ¡d

N[0, �*].

With all this machinery in place, we now have the theorem we will need. We will be able 
to employ these tools when we consider the least squares, iV, and GlS estimators in the 
discussion to follow.

20.5 LEAST SQUARES ESTIMATION

the least squares estimator is

b = (X′X)-1X′y = B + aX′X
T

b
-1

aX′E
T

b .

Unbiasedness follows from the results in Chapter 4—no modification is needed. We know 
from Chapter 9 that the Gauss–Markov theorem has been lost—assuming it exists (that 
remains to be established), the GlS estimator is efficient, and olS is not. How much 
information is lost by using least squares instead of GlS depends on the data. Broadly, 
least squares fares better in data that have long periods and little cyclical variation, such 
as aggregate output series. as might be expected, the greater the autocorrelation in e, 
the greater will be the benefit to using generalized least squares (when this is possible). 
even if the disturbances are normally distributed, the usual F and t statistics do not have 
those distributions. So, not much remains of the finite sample properties we obtained in 
Chapter 4. the asymptotic properties remain to be established.

20.5.1  ASYMPTOTIC PROPERTIES OF LEAST SQUARES

the asymptotic properties of b are straightforward to establish given our earlier results. 
if we assume that the process generating xt is stationary and ergodic, then by theorems 
20.1 and 20.2, (1/T)(X′X) converges to Q and we can apply the Slutsky theorem to the 
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inverse. if et is not serially correlated, then wt = xtet is a martingale difference sequence, 
so (1/T)(X′E) converges to zero. this establishes consistency for the simple case. on the 
other hand, if [xt, et] are jointly stationary and ergodic, then we can invoke the ergodic 
theorems 20.1 and 20.2 for both moment matrices and establish consistency. asymptotic 
normality is a bit more subtle. For the case without serial correlation in et, we can employ 
theorem 20.3 for 2T w. the involved case is the one that interested us at the outset of this 
discussion, that is, where there is autocorrelation in et and dependence in xt. theorem 20.4 
is in place for this case. once again, the conditions described in the preceding section 
must apply and, moreover, the assumptions needed will have to be established both for 
xt and et. Commentary on these cases may be found in Davidson and MacKinnon (1993), 
Hamilton (1994), White (2001), and Hayashi (2000). Formal presentation extends beyond 
the scope of this text, so at this point, we will proceed, and assume that the conditions 
underlying theorem 20.4 are met. the results suggested here are quite general, albeit 
only sketched for the general case. For the remainder of our examination, at least in 
this chapter, we will confine attention to fairly simple processes in which the necessary 
conditions for the asymptotic distribution theory will be fairly evident.

there is an important exception to the results in the preceding paragraph. if the 
regression contains any lagged values of the dependent variable, then in most cases, 
least squares will no longer be unbiased or consistent. (We will examine the exceptions 
in Section 20.9.3.) to take the simplest case, suppose that

 yt = byt - 1 + et,

 et = ret - 1 + ut, (20-12)

and assume �b � 6 1, �r � 6 1. in this model, the regressor and the disturbance are 
correlated. there are various ways to approach the analysis. one useful way is to 
rearrange (20-12) by subtracting ryt - 1 from yt. then,

 yt = (b + r)yt - 1 - bryt - 2 + ut, (20-13)

which is a classical regression with stochastic regressors. Because ut is an innovation 
in period t, it is uncorrelated with both regressors, and least squares regression 
of yt on (yt - 1, yt - 2) estimates r1 = (b + r) and r2 = -br. What is estimated by 
regression of yt on yt - 1 alone? let gk = Cov[yt, yt - k] = Cov[yt, yt + k]. By stationarity, 
Var[yt] = Var[yt - 1], and Cov[yt, yt - 1] = Cov[yt - 1, yt - 2], and so on. these and (20-13) 
imply the following relationships:

 g0 = r1g1 + r2g2 + su
2,

 g1 = r1g0 + r2g1,

 g2 = r1g1 + r2g0. (20-14)

(these are the Yule–Walker equations for this model.) the slope in the simple regression 
estimates g1/g0, which can be found in the solutions to these three equations. (an 
alternative approach is to use the left-out variable formula, which is a useful way to 
interpret this estimator.) in this case, we see that the slope in the short regression is an 
estimator of (b + r) - br(g1/g0). in either case, solving the three equations in (20-14) 
for g0, g1, and g2 in terms of r1, r2, and su

2 produces

 plim b =
b + r

1 + br
. (20-15)
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998 Part V  ✦  time Series and Macroeconometrics

this result is between b (when r = 0) and 1 (when both b and r = 1). therefore, 
least squares is inconsistent unless r equals zero. the more general case that includes 
regressors, xt, involves more complicated algebra but gives essentially the same result. 
this is a general result; when the equation contains a lagged dependent variable in the 
presence of autocorrelation, olS and GlS are inconsistent. the problem can be viewed 
as one of an omitted variable.

20.5.2  ESTIMATING THE VARIANCE OF THE LEAST SQUARES ESTIMATOR

as usual, s2(X′X)-1 is an inappropriate estimator of s2(X′X)-1(X′ΩX)(X′X)-1, both 
because s2 is a biased estimator of s2 and because the matrix is incorrect. Generalities 
are scarce, but in general, for economic time series that are positively related to their 
past values, the standard errors conventionally estimated by least squares are likely to 
be too small. For slowly changing, trending aggregates such as output and consumption, 
this is probably the norm. For highly variable data such as inflation, exchange rates, 
and market returns, the situation is less clear. nonetheless, as a general proposition, 
one would normally not want to rely on s2(X′X)-1 as an estimator of the asymptotic 
covariance matrix of the least squares estimator.

in view of this situation, if one is going to use least squares, then it is desirable to 
have an appropriate estimator of the covariance matrix of the least squares estimator. 
there are two approaches. if the form of the autocorrelation is known, then one can 
estimate the parameters of � directly and compute a consistent estimator. of course, 
if so, then it would be more sensible to use feasible generalized least squares instead 
and not waste the sample information on an inefficient estimator. the second approach 
parallels the use of the White estimator for heteroscedasticity.

the extension of White’s result to the more general case of autocorrelation is 
much more difficult than in the heteroscedasticity case. the natural counterpart for 
estimating

Q* =
1
n a

n

i = 1
a
n

j = 1
sijxixj

= (20-16)

in (9-3) would be

Q* =
1
T a

T

t = 1
a
T

s = 1
etesxtxs

=.

But there are two problems with this estimator, one theoretical and one practical.
Unlike the heteroscedasticity case, the matrix in (20-16) is 1/T times a sum of T 2 terms, 

so it is difficult to conclude yet that it will converge to anything at all. this application 
is most likely to arise in a time-series setting. to obtain convergence, it is necessary to 
assume that the terms involving unequal subscripts in (20-16) diminish in importance as T 
grows. a sufficient condition is that terms with subscript pairs � t - s �  grow smaller as the 
distance between them grows larger. in practical terms, observation pairs are progressively 
less correlated as their separation in time grows. intuitively, if one can think of weights with 
the diagonal elements getting a weight of 1.0, then in the sum, the weights in the sum grow 
smaller as we move away from the diagonal. if we think of the sum of the weights rather 
than just the number of terms, then this sum falls off sufficiently rapidly that as n grows 
large, the sum is of order T rather than T 2. thus, we achieve convergence of Q* by assuming 
that the rows of X are well behaved and that the correlations diminish with increasing 
separation in time. (See Section 9.2. for a more formal statement of this condition.)
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the practical problem is that Qn * need not be positive definite. newey and West 
(1987a) have devised an estimator that overcomes this difficulty,

 Qn * = S0 +
1
T a

L

l = 1
a
T

t = l + 1
wl etet - l(xtxt - l

= + xt - lxt
=),

 wl = 1 -
l

(L + 1)
. (20-17)

[See (9-5).] [the weight in (20-17) is the Bartlett weight.] the Newey–West 
autocorrelation consistent covariance estimator is surprisingly simple and relatively easy 
to implement.15 there is a final problem to be solved. it must be determined in advance 
how large L is to be. in general, there is little theoretical guidance. Current practice 
specifies L ≈ T 1/4. Unfortunately, the result is not quite as crisp as that for the 
heteroscedasticity consistent estimator.

We have the result that b and biV are asymptotically normally distributed, and 
we have an appropriate estimator for the asymptotic covariance matrix. We have not 
specified the distribution of the disturbances, however. thus, for inference purposes, 
the F statistic is approximate at best. Moreover, for more involved hypotheses, the 
likelihood ratio and lagrange multiplier tests are unavailable. that leaves the Wald 
statistic, including asymptotic t ratios, as the main tool for statistical inference. We will 
examine a number of applications in the chapters to follow.

the White and newey–West estimators are standard in the econometrics literature. 
We will encounter them at many points in the discussion to follow.

Example 20.5  Autocorrelation Consistent Covariance Estimation
For the model shown in Example 20.1, the regression results with the uncorrected standard 
errors and the Newey–West autocorrelation robust covariance matrix for lags of five quarters 
are shown in Table 20.1. The effect of the very high degree of autocorrelation is evident.

20.6 GMM ESTIMATION

the GMM estimator in the regression model with autocorrelated disturbances is 
produced by the empirical moment equations,

 
1
T a

T

t = 1
xt(yt - xt

=BnGMM) =
1
T

 X′en(BnGMM) = m(BnGMM) = 0. (20-18)

15Both estimators are now standard features in modern econometrics computer programs. Further results on 
different weighting schemes may be found in Hayashi (2000, pp. 406–410).

Variable OLS Estimate OLS SE Corrected SE

Constant -1.6331 0.2286 0.3335
ln Output 0.2871 0.04738 0.07806
ln CPI 0.9718 0.03377 0.06585

R2 = 0.98952, r = 0.98762

TablE 20.1 Robust Covariance Estimation
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1000 Part V  ✦  time Series and Macroeconometrics

the estimator is obtained by minimizing

q = m =(BnGMM)W m(BnGMM)

where W is a positive definite weighting matrix. the optimal weighting matrix would be

W = {asy. Var[2T m(B)]}-1,

which is the inverse of

asy. Var [2T m(B)] = asy. Var c 12T
a
n

i = 1
xiei d = plim

TS ∞

1
T a

T

t = 1
a
T

s = 1
s2rtsxtxs

= = s2Q*.

the optimal weighting matrix would be [s2Q*]-1. as in the heteroscedasticity case, this 
minimization problem is an exactly identified case, so, the weighting matrix is actually 
irrelevant to the solution. The GMM estimator for the regression model with autocorrelated 
disturbances is ordinary least squares. We can use the results in Section 20.5.2 to construct 
the asymptotic covariance matrix. We will require the assumptions in Section 20.4 to 
obtain convergence of the moments and asymptotic normality. We will wish to extend 
this simple result in one instance. in the common case in which xt contains lagged values 
of yt, we will want to use an instrumental variable estimator. We will return to that 
estimation problem in Section 20.9.3.

20.7 TESTING FOR AUTOCORRELATION

the available tests for autocorrelation are based on the principle that if the true 
disturbances are autocorrelated, then this fact can be detected through the autocorrelations 
of the least squares residuals. the simplest indicator is the slope in the artificial regression

 et = ret - 1 + vt,

 et = yt - xt
=b,

 r = ¢ aT
t = 2

etet - 1≤n ¢ a
T - 1

t = 1
et

2≤. (20-19)

if there is autocorrelation, then the slope in this regression will be an estimator of 
r = Corr[et, et - 1]. the complication in the analysis lies in determining a formal means 
of evaluating when the estimator is large, that is, on what statistical basis to reject the 
null hypothesis that r equals zero. as a first approximation, treating (20-19) as a classical 
linear model and using a t or F (squared t) test to test the hypothesis is a valid way to 
proceed based on the lagrange multiplier principle. We used this device in example 20.3. 
the tests we consider here are refinements of this approach.

20.7.1  LAGRANGE MULTIPLIER TEST

the Breusch (1978)–Godfrey (1978) test is a lagrange multiplier test of H0: no auto- 
correlation versus H1: et = ar(P) or et = Ma(P). the same test is used for either 
structure. the test statistic is

 LM = T¢ e′X0(X0
=X0)

-1X0
=e

e′e
≤ = TR0

2, (20-20)
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where X0 is the original X matrix augmented by P additional columns containing the 
lagged olS residuals, et - 1, c, et - P. the test can be carried out simply by regressing 
the ordinary least squares residuals et on xt0 (filling in missing values for lagged residuals 
with zeros) and referring TR0

2 to the tabled critical value for the chi-squared distribution 
with P degrees of freedom.16 Because X′e = 0, the test is equivalent to regressing et on 
the part of the lagged residuals that is unexplained by X. there is therefore a compelling 
logic to it; if any fit is found, then it is due to correlation between the current and lagged 
residuals. the test is a joint test of the first P autocorrelations of et, not just the first.

Example 20.6  Test for Autocorrelation
For the model shown in Examples 20.1 and 20.4, the regression of the least squares residuals 
on a constant, lnGDP, lnCPI and two lagged values of the residuals (with initial values filled 
with zeros) produces R2 = 0.97632. With T = 204, the Lagrange multiplier statistic is 199.17. 
The critical value from the chi-squared table for 2 degrees of freedom is 5.99. The hypothesis 
that there is no second (or greater) degree autocorrelation is rejected.

20.7.2  BOX AND PIERCE’S TEST AND LJUNG’S REFINEMENT

an alternative test that is asymptotically equivalent to the lM test when the null 
hypothesis, r = 0, is true and when X does not contain lagged values of y is due to Box 
and Pierce (1970). the Q test is carried out by referring

 Q = Ta
P

j = 1
r j

2, (20-21)

where rj = a a T
t = j + 1etet - jbn a a T

t = 1et
2b , to the critical values of the chi-squared table 

with P degrees of freedom. a refinement suggested by ljung and Box (1979) is

 Q′ = T(T + 2)a
P

j = 1

r j
2

T - j
. (20-22)

the essential difference between the Godfrey–Breusch and the Box–Pierce tests is 
the use of partial correlations (controlling for X and the other variables) in the former and 
simple correlations in the latter. Under the null hypothesis, there is no autocorrelation in 
et, and no correlation between xt and es in any event, so the two tests are asymptotically 
equivalent. on the other hand, because it does not condition on xt, the Box–Pierce test is 
less powerful than the lM test when the null hypothesis is false, as intuition might suggest.

20.7.3  THE DURBIN–WATSON TEST

the Durbin–Watson statistic17 was the first formal procedure developed for testing for 
autocorrelation using the least squares residuals. the test statistic is

 d = a T
t = 2(et - et - 1)

2

a T
t = 1et

2
= 2(1 - r) -

e1
2 + eT

2

a T
t = 1et

2
, (20-23)

16a warning to practitioners: Current software varies on whether the lagged residuals are filled with zeros or the 
first P observations are simply dropped when computing this statistic. in the interest of replicability, users should 
determine which is the case before reporting results.
17Durbin and Watson (1950, 1951, 1971).
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where r is the same first-order autocorrelation that underlies the preceding two 
statistics. if the sample is reasonably large, then the last term will be negligible, leaving 
d ≈ 2(1 - r). the statistic takes this form because the authors were able to determine 
the exact distribution of this transformation of the autocorrelation and could provide 
tables of critical values for specific values of T and K. the one-sided test for H0: r = 0 
against H1: r 7 0 is carried out by comparing d to values dL(T, K) and dU(T, K). if 
d 6 dL, the null hypothesis is rejected; if d 7 dU, the hypothesis is not rejected. if d lies 
between dL and dU, then no conclusion is drawn.

20.7.4  TESTING IN THE PRESENCE OF A LAGGED DEPENDENT VARIABLE

the Durbin–Watson test is not likely to be valid when there is a lagged dependent 
variable in the equation.18 the statistic will usually be biased toward a finding of no 
autocorrelation. three alternatives have been devised. the LM and Q tests can be used 
whether or not the regression contains a lagged dependent variable. (in the absence of 
a lagged dependent variable, they are asymptotically equivalent.) as an alternative to 
the standard test, Durbin (1970) derived a lagrange multiplier test that is appropriate 
in the presence of a lagged dependent variable. the test may be carried out by referring

 h = r2T/(1 - Tsc
2), (20-24)

where sc
2 is the estimated variance of the least squares regression coefficient on yt - 1, to 

the standard normal tables. large values of h lead to rejection of H0. the test has the 
virtues that it can be used even if the regression contains additional lags of yt, and it can 
be computed using the standard results from the initial regression without any further 
regressions. if sc

2 7 1/T, however, then it cannot be computed. an alternative is to regress 
et on xt, yt - 1, c, et - 1, and any additional lags that are appropriate for et and then to 
test the joint significance of the coefficient(s) on the lagged residual(s) with the standard 
F test. this method is a minor modification of the Breusch–Godfrey test. Under H0, the 
coefficients on the remaining variables will be zero, so the tests are the same asymptotically.

20.7.5  SUMMARY OF TESTING PROCEDURES

the preceding has examined several testing procedures for locating autocorrelation in 
the disturbances. in all cases, the procedure examines the least squares residuals. We can 
summarize the procedures as follows:

 LM test. LM = TR2 in a regression of the least squares residuals on [xt, et - 1, c et - P]. 
reject H0 if LM 7 x*

2[P]. this test examines the covariance of the residuals with 
lagged values, controlling for the intervening effect of the independent variables.
 Q test. Q = T(T + 2)a P

j = 1r j
2/(T - j). reject H0 if Q 7 x*

2[P]. this test examines 
the raw correlations between the residuals and P lagged values of the residuals.
 Durbin–Watson test. d = 2(1 - r). reject H0: r = 0 if d 6 dL

* . this test looks 
directly at the first-order autocorrelation of the residuals.
 Durbin’s test. FD = the F statistic for the joint significance of P lags of the residuals 
in the regression of the least squares residuals on [xt, yt - 1, cyt - R, et - 1, cet - P]. 
reject H0 if FD 7 F*[P, T - K - P]. this test examines the partial correlations 
between the residuals and the lagged residuals, controlling for the intervening effect 
of the independent variables and the lagged dependent variable.

18this issue has been studied by nerlove and Wallis (1966), Durbin (1970), and Dezhbaksh (1990).
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the Durbin–Watson test has some major shortcomings. the inconclusive region 
is large if T is small or moderate. the bounding distributions, while free of the 
parameters B and s, do depend on the data (and assume that X is nonstochastic). 
an exact version based on an algorithm developed by imhof (1980) avoids the 
inconclusive region, but is rarely used. the LM and Box–Pierce statistics do not 
share these shortcomings—their limiting distributions are chi squared independently 
of the data and the parameters. For this reason, the LM test has become the standard 
method in applied research.

20.8 EFFICIENT ESTIMATION WHEN �  IS KNOWN

as a prelude to deriving feasible estimators for B in this model, we consider full 
generalized least squares estimation assuming that � is known. in the next section, we 
will turn to the more realistic case in which � must be estimated as well.

if the parameters of � are known, then the GlS estimator,

 Bn = (X′�-1X)-1(X′�-1y), (20-25)

and the estimate of its sampling variance,

 est.asy.Var[Bn] = sn e
2[X′�-1X]-1, (20-26)

where

 sn e
2 =

(y - XBn)′�-1(y - XBn)

T
 (20-27)

can be computed in one step. For the ar(1) case, data for the transformed model are

 y* = E 21 - r2y1

y2 - ry1

y3 - ry2

f
yT - ryT - 1

U ,  X* = E 21 - r2x1

x2 - rx1

x3 - rx2

f
xT - rxT - 1

U . (20-28)

these transformations are variously labeled partial differences, quasi differences, or 
pseudo-differences. note that in the transformed model, every observation except 
the first contains a constant term. What was the column of 1s in X is transformed to 
[(1 - r2)1/2, (1 - r), (1 - r), c]. therefore, if the sample is relatively small, then the 
problems with measures of fit noted in Section 3.5 will reappear.

the variance of the transformed disturbance is

Var[et - ret - 1] = Var[ut] = su
2.

the variance of the first disturbance is also su
2; [see (20-6)]. this can be estimated using 

(1 - r2)sn e
2.

Corresponding results have been derived for higher-order autoregressive processes. 
For the ar(2) model,

 et = u1et - 1 + u2et - 2 + ut, (20-29)
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the transformed data for generalized least squares are obtained by

 z*1 = J (1 + u2)[(1 - u2)
2 - u1

2]

1 - u2
R 1/2

z1,

 z*2 = (1 - u2
2)1/2z2 -

u1(1 - u1
2)1/2

1 - u2
z1,

 z*t = zt - u1zt - 1 - u2zt - 2, t 7 2, (20-30)

where zt is used for yt or xt. the transformation becomes progressively more complex 
for higher-order processes.19

note that in both the ar(1) and ar(2) models, the transformation to y* and X* 
involves starting values for the processes that depend only on the first one or two 
observations. We can view the process as having begun in the infinite past. Because the 
sample contains only T observations, however, it is convenient to treat the first one or 
two (or P) observations as shown and consider them as initial values. Whether we view 
the process as having begun at time t = 1 or in the infinite past is ultimately immaterial 
in regard to the asymptotic properties of the estimators.

the asymptotic properties for the GlS estimator are quite straightforward given the 
apparatus we assembled in Section 20.4. We begin by assuming that {xt, et} are jointly an 
ergodic, stationary process. then, after the GlS transformation, {x*t, e*t} is also stationary 
and ergodic. Moreover, e*t is nonautocorrelated by construction. in the transformed 
model, then, {w*t} = {x*te*t} is a stationary and ergodic martingale difference sequence. 
We can use the ergodic theorem to establish consistency and the central limit theorem 
for martingale difference sequences to establish asymptotic normality for GlS in this 
model. Formal arrangement of the relevant results is left as an exercise.

20.9 ESTIMATION WHEN �  IS UNKNOWN

For an unknown �, there are a variety of approaches. any consistent estimator of �(r) 
will suffice—recall from theorem 9.5 in Section 9.4.2, all that is needed for efficient 
estimation of B is a consistent estimator of �(r). the complication arises, as might be 
expected, in estimating the autocorrelation parameter(s).

20.9.1  AR(1) DISTURBANCES

the ar(1) model is the one most widely used and studied. the most common procedure 
is to begin FGlS with a natural estimator of r, the autocorrelation of the residuals. 
Because b is consistent, we can use r. others that have been suggested include theil’s 
(1971) estimator, r[(T - K)/(T - 1)] and Durbin’s (1970), the slope on yt - 1 in a 
regression of yt on yt - 1, xt and xt - 1. the second step is FGlS based on (20-25)–(20-28).  
this is the Prais and Winsten (1954) estimator. the Cochrane and Orcutt (1949) 
estimator (based on computational ease) omits the first observation.

it is possible to iterate any of these estimators to convergence. Because the estimator 
is asymptotically efficient at every iteration, nothing is gained by doing so. Unlike the 
heteroscedastic model, iterating when there is autocorrelation does not produce the 

19See Box and Jenkins (1984) and Fuller (1976).
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maximum likelihood estimator. the iterated FGlS estimator, regardless of the estimator 
of r, does not account for the term (1/2) ln(1 - r2) in the log-likelihood function [see 
the following (20-31)].

Maximum likelihood estimators can be obtained by maximizing the log likelihood 
with respect to B, su

2, and r. the log-likelihood function may be written

 ln L = - a T
t = 1ut

2

2su
2 +

1
2

 ln(1 - r2) -
T
2

 (ln 2p + ln su
2), (20-31)

where, as before, the first observation is computed differently from the others using 
(20-28). Based on the Mle, the standard approximations to the asymptotic variances 
of the estimators are

 est.asy.Var[BnML] = sn e,ML
2 [X′�n ML

-1 X]-1,

 est.asy.Var[sn u,ML
2 ] = 2sn u,ML

4 /T,

 est.asy.Var[rnML] = (1 - rnML
2 )/T.  (20-32)

all the foregoing estimators have the same asymptotic properties. the available evidence 
on their small-sample properties comes from Monte Carlo studies and is, unfortunately, 
only suggestive. Griliches and rao (1969) find evidence that if the sample is relatively 
small and r is not particularly large, say, less than 0.3, then least squares is as good as or 
better than FGlS. the problem is the additional variation introduced into the sampling 
variance by the variance of r. Beyond these, the results are rather mixed. Maximum 
likelihood seems to perform well in general, but the Prais–Winsten estimator is evidently 
nearly as efficient. Both estimators have been incorporated in all contemporary software. 
in practice, the Prais and Winsten (1954) and Beach and MacKinnon (1978a) maximum 
likelihood estimators are probably the most common choices.

20.9.2  APPLICATION: ESTIMATION OF A MODEL WITH AUTOCORRELATION

the model of the U.S. gasoline market that appears in example 6.20 is

lna G
Pop

b
t

= b1 + b2 lna Income
Pop

b
t

+ b3 ln PG, t + b4 ln PNC, t + b5 ln PUC, t + b6t + et.

the results in Figure 20.2 suggest that the specification may be incomplete, and, if so, 
there may be autocorrelation in the disturbances in this specification. least squares 
estimates of the parameters using the data in appendix table F2.2 appear in the first 
row of table 20.2. [the dependent variable is ln (Gas expenditure/(price * population)). 
these are the olS results reported in example 6.20.] the first five autocorrelations of 
the least squares residuals are 0.667, 0.438, 0.142, -0.018, and -0.198. this produces 
Box–Pierce and Box–ljung statistics of 36.217 and 38.789, respectively, both of which 
are larger than the critical value from the chi-squared table of 11.07. We regressed the 
least squares residuals on the independent variables and five lags of the residuals. (the 
missing values in the first five years were filled with zeros.) the coefficients on the lagged 
residuals and the associated t statistics are 0.741(4.635), 0.153(0.789), -0.246(-1.262), 
0.0942(0.472), and -0.125(-0.658). the R2 in this regression is 0.549086, which produces 
a chi-squared value of 28.55. this is larger than the critical value of 11.07, so once again, 
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1006 Part V  ✦  time Series and Macroeconometrics

the null hypothesis of zero autocorrelation is rejected. the plot of the residuals shown 
in Figure 20.5 seems consistent with this conclusion.

the Prais and Winsten FGlS estimates appear in the second row of table 20.2, 
followed by the Cochrane and orcutt results, then the maximum likelihood estimates. 
[the autocorrelation coefficient computed using (1 - d/2) (see Section 20.7.3) is 
0.78750. the Mle is computed using the Beach and MacKinnon algorithm.] Finally, 
we fit the ar(2) model by first regressing the least squares residuals, et, on et - 1 and 
et - 2 (without a constant term and filling the first two observations with zeros). the two 
estimates are 0.751941 and -0.022464, respectively. With the estimates of u1 and u2, we 
transformed the data using yt* = yt - u1yt - 1 - u2yt - 2 and likewise for each regressor. 
two observations are then discarded, so the ar(2) regression uses 50 observations while 

FIGURE 20.5  Least Squares Residuals.

Residual Plot for Regression of LOGG on x
(Unstandardized Residuals)
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0.0000

0.0250

0.0500

0.0750
Residual

1958 1964 1970 1976 1982 1988 1994 2000 2006
Year

b1 b2 b3 b4 b5 b6 r

olS -26.68 1.6250 -0.05392 -0.0834 -0.08467 -0.01393 0.0000

R2 = 0.96493 (2.000) (0.1952) (0.04216) (0.1765) (0.1024) (0.00477) (0.0000)

Prais– -18.58 0.7447 -0.1138 -0.1364 -0.08956 0.006689 0.9567
Winsten (1.768) (0.1761) (0.03689) (0.1528) (0.07213) (0.004974) (0.04078)
Cochrane– -18.76 0.7300 -0.1080 -0.06675 0.04190 -0.0001653 0.9695
orcutt (1.382) (0.1377) (0.02885) (0.1201) (0.05713) (0.004082) (0.03434)
Maximum -16.25 0.4690 -0.1387 -0.09682 -0.001485 0.01280 0.9792
likelihood (1.391) (0.1350) (0.02794) (0.1270) (0.05198) (0.004427) (0.02816)
ar(2) -19.45 0.8116 -0.09538 -0.09099 0.04091 -0.001374 0.8610

(1.495) (0.1502) (0.03117) (0.1297) (0.06558) (0.004227) (0.07053)

TablE 20.2 Parameter Estimates (Standard errors in parentheses)
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the Prais–Winsten estimator uses 52 and the Cochrane–orcutt regression uses 51. in 
each case, the autocorrelation of the FGlS residuals is computed and reported in the 
last column of the table.

one might want to examine the residuals after estimation to ascertain whether 
the ar(1) model is appropriate. in the results just presented, there are two large 
autocorrelation coefficients listed with the residual-based tests, and in computing the 
lM statistic, we found that the first two coefficients were statistically significant. if 
the ar(1) model is appropriate, then one should find that only the coefficient on the 
first lagged residual is statistically significant in this auxiliary, second-step regression. 
another indicator is provided by the FGlS residuals themselves. after computing the 
FGlS regression, the estimated residuals,

en = yt - xt
=Bn ,

will still be autocorrelated. in our results using the Prais–Winsten estimates, the 
autocorrelation of the FGlS residuals is 0.957. this is to be expected. However, if the 
model is correct, then the transformed residuals,

un t = ent - rnent - 1,

should be at least close to nonautocorrelated. But, for our data, the autocorrelation of 
these adjusted residuals is only 0.292. it appears on this basis that, in fact, the ar(1) 
model has largely completed the specification.

20.9.3  ESTIMATION WITH A LAGGED DEPENDENT VARIABLE

in Section 20.5.1, we encountered the problem of estimation by least squares when the 
model contains both autocorrelation and lagged dependent variable(s). Because the olS 
estimator is inconsistent, the residuals on which an estimator of r would be based are 
likewise inconsistent. therefore, rn  will be inconsistent as well. the consequence is that 
the FGlS estimators described earlier are not usable in this case. there is, however, an 
alternative way to proceed, based on the method of instrumental variables. the method 
of instrumental variables was introduced in Section 8.3.2. to review, the general problem 
is that in the regression model, if

plim(1/T)X′E ≠ 0,

then the least squares estimator is not consistent. a consistent estimator is

biV = (Z′X)-1(Z′y),

where Z is a set of K variables chosen such that plim(1/T)Z′E = 0 but plim(1/T)Z′X ≠ 0. 
For the purpose of consistency only, any such set of instrumental variables will suffice. 
the relevance of that here is that the obstacle to consistent FGlS is, at least for the 
present, the lack of a consistent estimator of r. By using the technique of instrumental 
variables, we may estimate B consistently, then estimate r and proceed.

Hatanaka (1974, 1976) has devised an efficient two-step estimator based on this 
principle. to put the estimator in the current context, we consider estimation of the 
model

 yt = x=
tB + gyt - 1 + et,

 et = ret - 1 + ut.
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1008 Part V  ✦  time Series and Macroeconometrics

to get to the second step of FGlS, we require a consistent estimator of the slope 
parameters. these estimates can be obtained using an iV estimator, where the column 
of Z corresponding to yt - 1 is the only one that need be different from that of X. an 
appropriate instrument can be obtained by using the fitted values in the regression of yt 
on xt and xt - 1. the residuals from the iV regression are then used to construct

 rn = a T
t = 3 ent ent - 1

a T
t = 3ent

2
, (20-33)

where

ent = yt - biV
= xt - ciVyt - 1.

FGlS estimates may now be computed by regressing y*t
= yt - rnyt - 1 on

 x*t
= xt - rnxt - 1,

 y*t - 1
= yt - 1 - rnyt - 2,

 ent - 1 = yt - 1 - biV
= xt - 1 - ciVyt - 2.

let d be the coefficient on ent - 1 in this regression. the efficient estimator of r is

rnn = rn + d.

appropriate asymptotic standard errors for the estimators, including rnn,  are obtained 
from the s2[X*

=X*]
-1 computed at the second step. these estimators are asymptotically 

equivalent to maximum likelihood estimators.20

one could argue that the concern about the bias of least squares is misdirected. 
Consider, again, the model in (20-12),

 yt = byt - 1 + et,

 et = ret - 1 + ut.

We established that linear regression of yt on yt - 1 estimates not b, but 
g = (b + r)/(1 - br). it would follow that

E[yt � yt - 1] = gyt - 1,

and this is what was of interest from the outset. if so, then the existence of autocorrelation 
in et is a moot point. in a more completely specified model,

yt = x=
tB + gyt - 1 + et,

what is likely to be of interest is E[yt � xt, yt - 1] = x=
tl + dyt - 1, and the question of 

autocorrelation of et is a side issue. the nature of the autocorrelation in et will determine 
whether B = L and g = d. in the simplest case, as we saw earlier, if Cov[et, et - s] = 0 
for all s, then these equalities will hold. if et is autocorrelated, then they will not. there 
is a fundamental ambiguity in this treatment, however. in the simple model, we also 
found earlier that e[yt � yt - 1,yt - 2] = g1yt - 1 + g2yt - 2. there is no argument that the 
second-order equation is more or less correct than the first. they are two different 

20See Hatanaka (2000).
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representations of the same time series.21 this idea calls into question the notion of 
“correcting” for autocorrelation in a regression. We saw in example 20.2 another 
implication. the objective of the model builder would be to build residual autocorrelation 
out of the model. the presence of autocorrelation in the disturbance suggests that the 
regression part of the equation is incomplete.

Example 20.7  Dynamically Complete Regression
Figure 20.6 shows the residuals from two specifications of the gasoline demand model from 
Section 20.9.2: a static form,

lna G
pop

b
t

= b1 + b2 lna Income
Pop

b
t

+ b3 ln PG, t + b4 ln PNC, t + b5 ln PUC, t + b6t + et,

and a dynamic form,

lna G
Pop

b
t

= b1 + b2 lna Income
Pop

b
t

+ b3 ln PG, t + b4 ln PNC, t + b5 ln PUC, t + b6t

+ g lna G
Pop

b
t - 1

+ et.

The residuals from the dynamic model are shown with the solid lines. The horizontal bars 
contain the full range of variation of these residuals. The dashed figure shows the residuals from 
the static model. The much narrower range of the first set reflects the better fit of the model 
with the additional (highly significant) regressor. Note, as well, the more substantial amount 
of fluctuation which suggests less autocorrelation of the residuals from the more dynamically 
complete regression. To test for autocorrelation of the residuals, we computed the residuals 
from each regression and regressed them on the lagged residual and the other variables in 
the equations. For the dynamic model, the LM statistic (TR2) equaled 1.641. This would be a 

21this is an implication of Wold’s Decomposition theorem. See anderson (1971) or Greene (2003b, p. 619).

FIGURE 20.6  Regression Residuals.
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1010 Part V  ✦  time Series and Macroeconometrics

chi-squared variable with one degree of freedom. The critical value is 3.84, so the hypothesis 
of no autocorrelation is not rejected. The equation would appear to be dynamically complete. 
The same computation for the static model produces a chi-squared value of 29.787.

The estimates of the parameters for the two equations are given in Table 20.3. The fit of 
the model is high in both cases, but approaches one in the dynamic case. Long-run income 
and price elasticities are computed as h = bk /(1 - g).

20.10 AUTOREGRESSIVE CONDITIONAL HETEROSCEDASTICITY

Heteroscedasticity is often associated with cross-sectional data, whereas time series are 
usually studied in the context of homoscedastic processes. in analyses of macroeconomic 
data, engle (1982, 1983) and Cragg (1982) found evidence that for some kinds of data, 
the disturbance variances in time-series models were less stable than usually assumed. 
engle’s results suggested that in models of inflation, large and small forecast errors 
appeared to occur in clusters, suggesting a form of heteroscedasticity in which the 
variance of the forecast error depends on the size of the previous disturbance. He 
suggested the autoregressive, conditionally heteroscedastic, or arCH, model as an 
alternative to the usual time-series process. More recent studies of financial markets 
suggest that the phenomenon is quite common. the arCH model has proven to be 
useful in studying the volatility of inflation,22 the term structure of interest rates,23 the 
volatility of stock market returns,24 and the behavior of foreign exchange markets,25 to 
name but a few. this section will describe specification, estimation, and testing, in the 
basic formulations of the arCH model and some extensions.26

22Coulson and robins (1985).
23engle, Hendry, and trumble (1985).
24engle, lilien, and robins (1987).
25Domowitz and Hakkio (1985) and Bollerslev and Ghysels (1996).
26engle and rothschild (1992) give a survey of this literature which describes many extensions. Mills (1993) also 
presents several applications. See, as well, Bollerslev (1986) and li, ling, and Mcaleer (2001). See McCullough 
and renfro (1999) for discussion of estimation of this model.

Dynamic Model Static Model

Std. Elasticity Std.

Variable Estimate Error S.R. L.R. Estimate Error

Constant -5.31920 1.45463 – – -26.4319 1.83501
ln Income 0.33945 0.10203 0.339 1.642 1.60170 0.17904
ln Price -0.07617 0.01463 -0.076 -0.368 -0.06167 0.03872
ln P New Cars -0.11713 0.06144 -0.117 -0.567 -0.14083 0.16284
ln P Used Cars 0.10016 0.03709 0.100 0.484 -0.01293 0.09664
Time trend -0.00362 0.00180 – – -0.01518 0.00439
ln Demand[-1] 0.79327 0.04807 – – – –

R2 0.99552 0.96780

LM Statistic (1) 1.641 29.787

TablE 20.3 Estimated Gasoline Demand Equations
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Example 20.8  Stochastic Volatility
Figure 20.7 shows Bollerslev and Ghysel’s 1974 data on the daily percentage nominal return 
for the Deutschmark/Pound exchange rate. (These data are given in Appendix Table F20.1.) 
The variation in the series appears to be fluctuating, with several clusters of large and small 
movements.

20.10.1  THE ARCH(1) MODEL

the simplest form of this model is the arCH(1) model,

 yt = xt
=B + et,

 et = ut2a0 + a1et - 1
2  . (20-34)

where ut is distributed as standard normal.27 it follows that E[et � xt, et - 1] = 0, so that 
E[et � xt] = 0 and E[yt � xt] = xt

=B. therefore, this model is a classical regression model. But

Var[et � et - 1] = E[et
2 � et - 1] = E[ut

2][a0 + a1et - 1
2 ] = a0 + a1et - 1

2 ,

so et is conditionally heteroscedastic, not with respect to xt as we considered in Chapter 9, 
but with respect to et - 1. the unconditional variance of et is

Var[et] = Var{E[et � et - 1]} + E{Var[et � et - 1]} = a0 + a1E[et - 1
2 ] = a0 + a1Var[et - 1].

if the process generating the disturbances is weakly (covariance) stationary (see 
Definition 19.2),28 then the unconditional variance is not changing over time so

27the assumption that ut has unit variance is not a restriction. the scaling implied by any other variance would be 
absorbed by the other parameters.
28this discussion will draw on the results and terminology of time-series analysis in Section 20.3. the reader may 
wish to peruse this material at this point.

FIGURE 20.7  Nominal Exchange Rate Returns.

Nominal Return, DM/Pound Exchange RateY
4

3

2

1

0

–1

–2

–3

0 395 790 1185 1580 1975

M20_GREE1366_08_SE_C20.indd   1011 2/24/17   1:57 PM



1012 Part V  ✦  time Series and Macroeconometrics

Var[et] = Var[et - 1] = a0 + a1 Var[et - 1] =
a0

1 - a1

.

For this ratio to be finite and positive, �a1 �  must be less than 1. then, unconditionally, 
et is distributed with mean zero and variance s2 = a0/(1 - a1). therefore, the model 
obeys the classical assumptions, and ordinary least squares is the most efficient linear 
unbiased estimator of B.

But there is a more efficient nonlinear estimator. the log-likelihood function for 
this model is given by engle (1982). Conditioned on starting values y0 and x0 (and e0), 
the conditional log likelihood for observations t = 1, c, T is the one we examined in 
Section 14.9.2.a for the general heteroscedastic regression model [see (14-58)],

ln L = -
T
2

 ln(2p) -
1
2 a

T

t = 1
ln(a0 + a1et - 1

2 ) -
1
2 a

T

t = 1

et
2

a0 + a1et - 1
2 , et = yt - B′xt. (20-35)

Maximization of log L can be done with the conventional methods, as discussed in 
appendix e.29

20.10.2  ARCH(q), ARCH-IN-MEAN, AND GENERALIZED ARCH MODELS

the natural extension of the arCH(1) model presented before is a more general model 
with longer lags. the arCH(q) process,

st
2 = a0 + a1et - 1

2 + a2et - 2
2 + g + aqet - q

2 ,

is a qth order moving average [Ma(q)] process.30 this section will generalize the 
arCH(q) model, as suggested by Bollerslev (1986), in the direction of an autoregressive-
moving average (arMa) model of Section 21.2. the discussion will parallel his 
development, although many details are omitted for brevity. the reader is referred to 
that paper for background and for some of the less critical details.

among the many variants of the capital asset pricing model (CaPM) is an 
intertemporal formulation by Merton (1980) that suggests an approximate linear 
relationship between the return and variance of the market portfolio. one of the possible 
flaws in this model is its assumption of a constant variance of the market portfolio. in this 
connection, then, the ARCH-in-Mean, or arCH-M, model suggested by engle, lilien, 
and robins (1987) is a natural extension. the model states that

yt = B′xt + dst
2 + et,

Var[et � Ψt] = arCH(q).

among the interesting implications of this modification of the standard model is that 
under certain assumptions, d is the coefficient of relative risk aversion. the arCH-M 
model has been applied in a wide variety of studies of volatility in asset returns, including 

29engle (1982) and Judge et al. (1985, pp. 441–444) suggest a four-step procedure based on the method of scoring 
that resembles the two-step method we used for the multiplicative heteroscedasticity model in Section 14.10.3. 
However, the full Mle is now incorporated in most modern software, so the simple regression-based methods, 
which are difficult to generalize, are less attractive in the current literature. But see McCullough and renfro 
(1999) and Fiorentini, Calzolari, and Panattoni (1996) for commentary and some cautions related to maximum 
likelihood estimation.

30once again, see engle (1982).
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the daily Standard & Poor’s index31 and weekly new York Stock exchange returns.32 a 
lengthy list of applications is given in Bollerslev, Chou, and Kroner (1992).

the arCH-M model has several noteworthy statistical characteristics. Unlike the 
standard regression model, misspecification of the variance function does affect the 
consistency of estimators of the parameters of the mean.33 recall that in the classical 
regression setting, weighted least squares is consistent even if the weights are misspecified 
as long as the weights are uncorrelated with the disturbances. that is not true here. if 
the arCH part of the model is misspecified, then conventional estimators of B and d 
will not be consistent. Bollerslev, Chou, and Kroner (1992) list a large number of studies 
that called into question the specification of the arCH-M model, and they subsequently 
obtained quite different results after respecifying the model. a closely related practical 
problem is that the mean and variance parameters in this model are no longer 
uncorrelated. in analysis up to this point, we made quite profitable use of the block 
diagonality of the Hessian of the log-likelihood function for the model of 
heteroscedasticity. But the Hessian for the arCH-M model is not block diagonal. in 
practical terms, the estimation problem cannot be segmented as we have done previously 
with the heteroscedastic regression model. all the parameters must be estimated 
simultaneously.

the generalized autoregressive conditional heteroscedasticity (GarCH) model is 
defined as follows.34 the underlying regression is the usual one in (20-34). Conditioned on 
an information set at time t, denoted Ψt, the distribution of the disturbance is assumed to be

et � Ψt ∼ N[0, st
2],

where the conditional variance is

 st
2 = a0 + d1st - 1

2 + d2st - 2
2 + g + dpst - p

2 + a1et - 1
2 + a2et - 2

2 + g + aqet - q
2 .

(20-36)

Define

zt = [1, st - 1
2 , st - 2

2 , c, st - p
2 , et - 1

2 , et - 2
2 , c, et - q

2 ]′

and

G = [a0, d1, d2, c, dp, a1, c, aq]′ = [a0, D′, A′]′.

then,

st
2 = G′zt.

notice that the conditional variance is defined by an autoregressive-moving average 
[arMa (p, q)] process in the innovations et

2. the difference here is that the mean of the 

31See French, Schwert, and Stambaugh (1987).
32See Chou (1988).
33See Pagan and Ullah (1988) for a formal analysis of this point.
34as have most areas in time-series econometrics, the line of literature on GarCH models has progressed rapidly 
in recent years and will surely continue to do so. We have presented Bollerslev’s model in some detail, despite 
many recent extensions, not only to introduce the topic as a bridge to the literature, but also because it provides a 
convenient and interesting setting in which to discuss several related topics such as double-length regression and 
pseudo-maximum likelihood estimation.
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random variable of interest yt is described completely by a heteroscedastic, but otherwise 
ordinary, regression model. the conditional variance, however, evolves over time in what 
might be a very complicated manner, depending on the parameter values and on p and q. 
the model in (20-36) is a GarCH(p,q) model, where p refers, as before, to the order of 
the autoregressive part.35 as Bollerslev (1986) demonstrates with an example, the virtue 
of this approach is that a GarCH model with a small number of terms appears to 
perform as well as or better than an arCH model with many.

the stationarity conditions are important in this context to ensure that the moments 
of the normal distribution are finite. the reason is that higher moments of the normal 
distribution are finite powers of the variance. a normal distribution with variance st

2 
has fourth moment 3st

4, sixth moment 15st
6, and so on. [the precise relationship of the 

even moments of the normal distribution to the variance is m2k = (s2)k(2k)!/(k!2k).] 
Simply ensuring that st

2 is stable does not ensure that higher powers are as well.36 
Bollerslev presents a useful figure that shows the conditions needed to ensure stability 
for moments up to order 12 for a GarCH(1,1) model and gives some additional 
discussion. For example, for a GarCH(1,1) process, for the fourth moment to exist, 
3a1

2 + 2a1d1 + d1
2 must be less than 1.

it is convenient to write (20-36) in terms of polynomials in the lag operator,

st
2 = a0 + D(L)st

2 + A(L)et
2.

the stationarity condition for such an equation is that the roots of the characteristic 
equation, 1 - D(z) = 0, must lie outside the unit circle. For the present, we will assume 
that this case is true for the model we are considering and that A(1) + D(1) 6 1. 
[this assumption is stronger than that needed to ensure stationarity in a higher-
order autoregressive model, which would depend only on D(L).] the implication is 
that the GarCH process is covariance stationary with E[et] = 0 (unconditionally), 
Var[et] = a0/[1 - A(1) - D(1)], and Cov[et, es] = 0 for all t ≠ s. thus, unconditionally 
the model is the classical regression model that we examined in Chapters 2–6.

the usefulness of the GarCH specification is that it allows the variance to evolve 
over time in a way that is much more general than the simple specification of the arCH 
model. For the example discussed in his paper, Bollerslev reports that although engle 
and Kraft’s (1983) arCH(8) model for the rate of inflation in the GnP deflator appears 
to remove all arCH effects, a closer look reveals GarCH effects at several lags. By 
fitting a GarCH(1,1) model to the same data, Bollerslev finds that the arCH effects 
out to the same eight-period lag as fit by engle and Kraft and his observed GarCH 
effects are all satisfactorily accounted for.

20.10.3  MAXIMUM LIKELIHOOD ESTIMATION OF THE GARCH MODEL

Bollerslev describes a method of estimation based on the BHHH algorithm. as he 
shows, the method is relatively simple, although with the line search and first derivative 

35We have changed Bollerslev’s notation slightly so as not to conflict with our previous presentation. He used B 
instead of our D in (20-36) and b instead of our B in (20-34).
36the conditions cannot be imposed a priori. in fact, there is no nonzero set of parameters that guarantees stability 
of all moments, even though the normal distribution has finite moments of all orders. as such, the normality 
assumption must be viewed as an approximation.
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method that he suggests, it probably involves more computation and more iterations 
than necessary. Following the suggestions of Harvey (1976), it turns out that there is a 
simpler way to estimate the GarCH model that is also very illuminating. this model is 
actually very similar to the more conventional model of multiplicative heteroscedasticity 
that we examined in Section 14.10.3.

For normally distributed disturbances, the log likelihood for a sample of T obser-
vations is37

ln L = a
T

t = 1
- 1

2
 J ln(2p) + ln st

2 +
et

2

st
2 R = a

T

t = 1
ln ft(U) = a

T

t = 1
lt(U),

where et = yt - xt
=B and U = (B′, a0, A′, D′)′ = (B′, G′)′. Derivatives of ln L are 

obtained by summation. let lt denote ln ft(U). the first derivatives with respect to the 
variance parameters are

 
0lt
0G

= -
1
2

 c 1
st

2 -
et

2

(st
2)2 d  

0st
2

0G
=

1
2

 ¢ 1
st

2 ≤  
0st

2

0G
 ¢ et

2

st
2 - 1≤ =

1
2

 ¢ 1
st

2 ≤gtvt = btvt. (20-37)

note that E[vt] = 0. Suppose, for now, that there are no regression parameters. newton’s 
method for estimating the variance parameters would be

 Gn i + 1 = Gn i - H-1g, (20-38)

where H indicates the Hessian and g is the first derivatives vector. Following 
Harvey’s suggestion (see Section 14.10.3), we will use the method of scoring instead. 
to do this, we make use of E[vt] = 0 and E[et

2/st
2] = 1. after taking expectations in  

(20-37), the iteration reduces to a linear regression of v*t
= (1/22)vt on regressors 

w*t
= (1/22)gt/st

2. that is,

 Gn i + 1 = Gn i + [W*
=W*]

-1W*
=v* = Gn i + [W*

=W*]
-1a 0 ln L

0G
b , (20-39)

where row t of W* is w*t
= . the iteration has converged when the slope vector is zero, which 

happens when the first derivative vector is zero. When the iterations are complete, the 
estimated asymptotic covariance matrix is simply

est.asy.Var[Gn ] = [Wn *
=W*]

-1

based on the estimated parameters.
the usefulness of the result just given is that E[02 ln L/0G0B′] is, in fact, zero. Because 

the expected Hessian is block diagonal, applying the method of scoring to the full 
parameter vector can proceed in two parts, exactly as it did in Section 14.10.3 for the 
multiplicative heteroscedasticity model. that is, the updates for the mean and variance 

37there are three minor errors in Bollerslev’s derivation that we note here to avoid the apparent inconsistencies. 
in his (22), 12 ht should be 12 ht

-1. in (23), -2ht
-2 should be -ht

-2. in (28), h 0h/0v should, in each case, be (1/h) 0h/0v. 
[in his (8), a0a1 should be a0 + a1, but this has no implications for our derivation.]
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1016 Part V  ✦  time Series and Macroeconometrics

parameter vectors can be computed separately. Consider then the slope parameters, B. 
the same type of modified scoring method as used earlier produces the iteration

 Bn i + 1 = Bn i + c a
T

t = 1

xtxt
=

st
2 +

1
2

 ¢ dt

st
2 ≤ ¢ dt

st
2 ≤′ R -1JaT

t = 1

xtet

st
2 +

1
2

 ¢ dt

st
2 ≤vtR

 = Bn i + JaT
t = 1

xtxt
=

st
2 +

1
2

 ¢ dt

st
2 ≤ ¢ dt

st
2 ≤′ R -1

a 0 ln L
0B

b

 = Bn i + hi,  (20-40)

which has been referred to as a double-length regression.38 the update vector hi is the 
vector of slopes in an augmented or double-length generalized regression,

 hi = [C′�-1C]-1[C′�-1a], (20-41)

where C is a 2T * K matrix whose first T rows are the X from the original regression 
model and whose next T rows are (1/22)dt

=/st
2, t = 1, c, T; a is a 2T * 1 vector whose 

first T elements are et and whose next T elements are (1/22)vt/st
2, t = 1, c, T; and 

� is a diagonal matrix with 1/st
2 in positions 1, . . . , T and ones below observation T. at 

convergence, [C′�-1C]-1 provides the asymptotic covariance matrix for the Mle. the 
resemblance to the familiar result for the generalized regression model is striking, but 
note that this result is based on the double-length regression.

the iteration is done simply by computing the update vectors to the current 
parameters as defined earlier.39 an important consideration is that to apply the scoring 
method, the estimates of B and G are updated simultaneously. that is, one does not use 
the updated estimate of G in (20-39) to update the weights for the GlS regression to 
compute the new B in (20-40). the same estimates (the results of the prior iteration) 
are used on the right-hand sides of both (20-39) and (20-40). the remaining problem is 
to obtain starting values for the iterations. one obvious choice is b, the olS estimator, 
for B, e′e/T = s2 for a0, and zero for all the remaining parameters. the olS slope 
vector will be consistent under all specifications. a useful alternative in this context 
would be to start A at the vector of slopes in the least squares regression of et

2, the 
squared olS residual, on a constant and q lagged values.40 as discussed later, an lM 
test for the presence of GarCH effects is then a byproduct of the first iteration. in 
principle, the updated result of the first iteration is an efficient two-step estimator of all 
the parameters. But having gone to the full effort to set up the iterations, nothing is 
gained by not iterating to convergence. one virtue of allowing the procedure to iterate 
to convergence is that the resulting log-likelihood function can be used in likelihood 
ratio tests.

38See orme (1990) and Davidson and MacKinnon (1993, Chapter 14).
39See Fiorentini et al. (1996) on computation of derivatives in GarCH models.
40a test for the presence of arCH(q) effects against none can be carried out by carrying TR2 from this regression 
into a table of critical values for the chi-squared distribution. But in the presence of GarCH effects, this 
procedure loses its validity.
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20.10.4  TESTING FOR GARCH EFFECTS

the preceding development appears fairly complicated. in fact, it is not, because at each 
step, nothing more than a linear least squares regression is required. the intricate part 
of the computation is setting up the derivatives. on the other hand, it does take a fair 
amount of programming to get this far.41 as Bollerslev suggests, it might be useful to test 
for GarCH effects first.

the simplest approach is to examine the squares of the least squares residuals. 
the autocorrelations (correlations with lagged values) of the squares of the residuals 
provide evidence about arCH effects. an lM test of arCH(q) against the hypothesis 
of no arCH effects [arCH(0), the classical model] can be carried out by computing 
x2 = TR2 in the regression of et

2 on a constant and q lagged values. Under the null 
hypothesis of no arCH effects, the statistic has a limiting chi-squared distribution with 
q degrees of freedom. Values larger than the critical table value give evidence of the 
presence of arCH (or GarCH) effects.

Bollerslev suggests a lagrange multiplier statistic that is, in fact, surprisingly simple 
to compute. the lM test for GarCH(p,0) against GarCH(p,q) can be carried out by 
referring T times the R2 in the linear regression defined in (20-42) to the chi-squared 
critical value with q degrees of freedom. there is, unfortunately, an indeterminacy in this 
test procedure. the test for arCH(q) against GarCH(p,q) is exactly the same as that 
for arCH(p) against arCH(p + q). For carrying out the test, one can use as starting 
values a set of estimates that includes D = 0 and any consistent estimators for B and A. 
then TR2 for the regression at the initial iteration provides the test statistic.42 a number 
of recent papers have questioned the use of test statistics based solely on normality. 
Wooldridge (1991) is a useful summary with several examples.

Example 20.9  GARCH Model for Exchange Rate Volatility
Bollerslev and Ghysels analyzed the exchange rate data in Appendix Table F20.1 using a 
GARCH(1,1) model,

yt = m + et,
E[et � et - 1] = 0,

Var[et � et - 1] = st
2 = a0 + a1et - 1

2 + dst - 1
2 .

The least squares residuals for this model are simply et = yt - y. Regression of the squares 
of these residuals on a constant and 10 lagged squared values using observations 11–1974 
produces an R2 = 0.09795. With T = 1964, the chi-squared statistic is 192.37, which is larger 
than the critical value from the table of 18.31. We conclude that there is evidence of GARCH 
effects in these residuals. The maximum likelihood estimates of the GARCH model are given 
in Table 20.4. Note the resemblance between the OLS unconditional variance (0.221128) and 
the estimated equilibrium variance from the GARCH model, 0.2631.

41Because this procedure is available as a preprogrammed procedure in many computer programs, including 
EViews, Stata, RATS, NLOGIT, Shazam, and other programs, this warning might itself be overstated.
42Bollerslev argues that, in view of the complexity of the computations involved in estimating the GarCH model, 
it is useful to have a test for GarCH effects. this case is one (as are many other maximum likelihood problems) 
in which the apparatus for carrying out the test is the same as that for estimating the model. Having computed the 
lM statistic for GarCH effects, one can proceed to estimate the model just by allowing the program to iterate to 
convergence. there is no additional cost beyond waiting for the answer.
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1018 Part V  ✦  time Series and Macroeconometrics

20.10.5  PSEUDO–MAXIMUM LIKELIHOOD ESTIMATION

We now consider an implication of nonnormality of the disturbances. Suppose that the 
assumption of normality is weakened to only

E[et � Ψt] = 0,  EJ et
2

st
2
2 ΨtR = 1,  EJ et

4

st
4
2 ΨtR = k 6 ∞ ,

where st
2 is as defined earlier. now the normal log-likelihood function is inappropriate. 

in this case, the nonlinear (ordinary or weighted) least squares estimator would have 
the properties discussed in Chapter 7. it would be more difficult to compute than the 
Mle discussed earlier, however. it has been shown44 that the pseudo-Mle obtained by 
maximizing the same log likelihood as if it were correct produces a consistent estimator 
despite the misspecification.45 the asymptotic covariance matrices for the parameter 
estimators must be adjusted, however.

the general result for cases such as this one46 is that the appropriate asymptotic 
covariance matrix for the pseudo-Mle of a parameter vector U would be

 asy. Var [Un] = H-1FH-1, (20-42)

where

H = -EJ 02 ln L
0U 0U′

R ,

and

F = EJ a 0 ln L
0U

b a 0 ln L
0U′

b R ,

(i.e., the BHHH estimator), and ln L is the used but inappropriate log-likelihood 
function. For current purposes, H and F are still block diagonal, so we can treat the 
mean and variance parameters separately. in addition, E[vt] is still zero, so the second 
derivative terms in both blocks are quite simple. (the parts involving 02st

2/0G 0G′ and 

44See White (1982a) and Weiss (1982).
45White (1982a) gives some additional requirements for the true underlying density of et. Gourieroux, Monfort, 
and trognon (1984) also consider the issue. Under the assumptions given, the expectations of the matrices in 
(20-36) and (20-41) remain the same as under normality. the consistency and asymptotic normality of the pseudo-
Mle can be argued under the logic of GMM estimators.
46See Gourieroux, Monfort, and trognon (1984).

M A0 A1 D A0 /(1 − A1 − D)

estimate -0.006190 0.01076 0.1531 0.8060 0.2631
Std. error 0.00873 0.00312 0.0273 0.0302 0.594
t ratio -0.709 3.445 5.605 26.731 0.443

ln L = -1106.61, ln LolS = -1311.09, y = -0.01642, s2 = 0.221128

TablE 20.4 Maximum Likelihood Estimates of a GARCH(1,1) Model43

43these data have become a standard data set for the evaluation of software for estimating GarCH models. the 
values given are the benchmark estimates. Standard errors differ substantially from one method to the next. those 
given are the Bollerslev and Wooldridge (1992) results. See McCullough and renfro (1999).
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02st
2/0B 0B′ fall out of the expectation.) taking expectations and inserting the parts 

produces the corrected asymptotic covariance matrix for the variance parameters,

est.asy.Var[GnPMle] = [W*
=W*]

-1B′B[W*
=W*]

-1,

where the rows of W* are defined in (20-39) and those of B are in (20-37). For the slope 
parameters, the adjusted asymptotic covariance matrix would be

est.asy.Var[BnPMle] = [C′�-1C]-1JaT
t = 1

bt bt
= R [C′�-1C]-1,

where the outer matrix is defined in (20-41) and, from the first derivatives given in 
(20-37) and (20-40),47

bt =
xtet

st
2 +

1
2

 ¢ vt

st
2 ≤dt.

20.11 SUMMARY AND CONCLUSIONS

this chapter has examined the generalized regression model with serial correlation in 
the disturbances. We began with some general results on analysis of time-series data. 
When we consider dependent observations and serial correlation, the laws of large 
numbers and central limit theorems used to analyze independent observations no longer 
suffice. We presented some useful tools that extend these results to time-series settings. 
We then considered estimation and testing in the presence of autocorrelation. as usual, 
olS is consistent but inefficient. the newey–West estimator is a robust estimator for 
the asymptotic covariance matrix of the olS estimator. this pair of estimators also 
constitute the GMM estimator for the regression model with autocorrelation. We 
then considered two-step feasible generalized least squares and maximum likelihood 
estimation for the special case usually analyzed by practitioners, the ar(1) model. the 
model with a correction for autocorrelation is a restriction on a more general model with 
lagged values of both dependent and independent variables. We considered a means of 
testing this specification as an alternative to fixing the problem of autocorrelation. the 
final section, on arCH and GarCH effects, describes an extension of the models of 
autoregression to the conditional variance of e as opposed to the conditional mean. this 
model embodies elements of both autocorrelation and heteroscedasticity. the set of 
methods plays a fundamental role in the modern analysis of volatility in financial data.

47McCullough and renfro (1999) examined several approaches to computing an appropriate asymptotic 
covariance matrix for the GarCH model, including the conventional Hessian and BHHH estimators and three 
sandwich-style estimators, including the one suggested earlier and two based on the method of scoring suggested 
by Bollerslev and Wooldridge (1992). none stands out as obviously better, but the Bollerslev and QMle 
estimator based on an actual Hessian appears to perform well in Monte Carlo studies.

Key Terms and Concepts

•	ar(1)
•	arCH
•	arCH-in-mean
•	asymptotic negligibility

•	asymptotic normality
•	autocorrelation coefficient
•	autocorrelation function
•	autocorrelation matrix

•	autocovariance
•	autocovariance matrix
•	autoregressive form
•	autoregressive processes
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1020 Part V  ✦  time Series and Macroeconometrics

Exercises

1. Does first differencing reduce autocorrelation? Consider the models yt = B′xt + et, 
where et = ret - 1 + ut and et = ut - lut - 1. Compare the autocorrelation of et 
in the original model with that of vt in yt - yt - 1 = B′(xt - xt - 1) + vt, where 
vt = et - et - 1.

2. Derive the disturbance covariance matrix for the model

 yt = B′xt + et,

 et = ret - 1 + ut - lut - 1.

What parameter is estimated by the regression of the olS residuals on their lagged 
values?

3. it is commonly asserted that the Durbin–Watson statistic is only appropriate for 
testing for first-order autoregressive disturbances. the Durbin–Watson statistic 
estimates 2(1 - r) where r is the first-order autocorrelation of the residuals. What 
combination of the coefficients of the model is estimated by the Durbin–Watson 
statistic in each of the following cases: ar(1), ar(2), Ma(1)? in each case, assume 
that the regression model does not contain a lagged dependent variable. Comment 
on the impact on your results of relaxing this assumption.

applications

1. the data used to fit the expectations augmented Phillips curve in example 20.3 
are given in appendix table F5.2. Using these data, reestimate the model given in 
the example. Carry out a formal test for first-order autocorrelation using the lM 
statistic. then, reestimate the model using an ar(1) model for the disturbance 
process. Because the sample is large, the Prais–Winsten and Cochrane–orcutt 
estimators should give essentially the same answer. Do they? after fitting the model, 
obtain the transformed residuals and examine them for first-order autocorrelation. 
Does the ar(1) model appear to have adequately fixed the problem?

2. Data for fitting an improved Phillips curve model can be obtained from many 
sources, including the Bureau of economic analysis’s (Bea) own Web site, www.
economagic.com, and so on. obtain the necessary data and expand the model of 

•	Cochrane–orcutt estimator
•	Covariance stationarity
•	Double-length regression
•	Durbin–Watson test
•	efficient two-step estimator
•	ergodicity
•	expectations-augmented 

Phillips curve
•	First-order autoregression
•	innovation
•	lM test

•	Martingale sequence
•	Martingale difference 

sequence
•	Moving-average form
•	Moving-average process
•	newey–West 

autocorrelation consistent 
covariance estimator

•	Partial difference
•	Prais–Winsten estimator
•	Pseudo-differences

•	Q test
•	Quasi differences
•	random walk
•	Stationarity
•	Stationarity conditions
•	Summability
•	time-series process
•	time window
•	Weakly stationary
•	White noise
•	Yule–Walker equations
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example 20.3. Does adding additional explanatory variables to the model reduce 
the extreme pattern of the olS residuals that appears in Figure 20.3?

3. (this exercise requires appropriate computer software. the computations required 
can be done with RATS, EViews, Stata, LIMDEP, and a variety of other software 
using only preprogrammed procedures.) Quarterly data on the consumer price 
index for 1950.1 to 2000.4 are given in appendix table F5.2. Use these data to fit 
the model proposed by engle and Kraft (1983). the model is

pt = b0 + b1pt - 1 + b2pt - 2 + b3pt - 3 + b4pt - 4 + et,

where pt = 100 ln[pt/pt - 1] and pt is the price index.
a. Fit the model by ordinary least squares, then use the tests suggested in the text 

to see if arCH effects appear to be present.
b. the authors fit an arCH(8) model with declining weights,

st
2 = a0 + a

8

i = 1
a 9 - i

36
bet - i

2 .

Fit this model. if the software does not allow constraints on the coefficients, you 
can still do this with a two-step least squares procedure, using the least squares 
residuals from the first step. What do you find?

c. Bollerslev (1986) recomputed this model as a GarCH(1, 1). Use the GarCH(1, 1) 
to form and refit your model.
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21

NoNstatioNary Data

§
21.1 IntroductIon

Most economic variables that exhibit strong trends, such as GDP, consumption, or the 
price level, are not stationary and are thus not amenable to the analysis of the previous 
chapter. in many cases, stationarity can be achieved by simple differencing or some other 
simple transformation. But new statistical issues arise in analyzing nonstationary series 
that are understated by this superficial observation. this chapter will survey a few of the 
major issues in the analysis of nonstationary data.1 We begin in section 21.2 with results 
on analysis of a single nonstationary time series. section 21.3 examines the implications 
of nonstationarity for analyzing regression relationship. Finally, section 21.4 turns to the 
extension of the time-series results to panel data.

21.2 nonstatIonary Processes and unIt roots

this section will begin the analysis of nonstationary time series with some basic results 
for univariate time series. the fundamental results concern the characteristics of 
nonstationary series and statistical tests for identification of nonstationarity in observed 
data.

21.2.1  the Lag and dIfference oPerators

the lag operator, L, is a device that greatly simplifies the mathematics of time-series 
analysis. the operator defines the lagging operation,

Lyt = yt - 1.

From the definition,

L2yt = L(Lyt) = Lyt - 1 = yt - 2.

it follows that

LPyt = yt - P,

(LP)Qyt = LPQyt = yt - PQ,

(LP)(LQ)yt = LPyt - Q = LQ + Pyt = yt - Q - P.

1With panel data, this is one of the rapidly growing areas in econometrics, and the literature advances rapidly. We 
can only scratch the surface. several surveys and books provide useful extensions. three that will be very helpful 
are Hamilton (1994), Enders (2004), and tsay (2005).
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Finally, for the autoregressive series yt = byt - 1 + et, where �b � 6 1, we find 
(1 - bL)yt = et or

yt = a 1
1 - bL

bet = [1 + bL + b2L2 + c]et = a
∞

s = 0
 bset - s.

the first difference operator is a useful shorthand that follows from the definition of L,

(1 - L)yt = yt - yt - 1 = ∆yt .

so, for example,

∆2yt = ∆(∆yt) = ∆(yt - yt - 1) = (yt - yt - 1) - (yt - 1 - yt - 2).

21.2.2  Integrated Processes and dIfferencIng

a process that figures prominently in this setting is the random walk with drift,

yt = m + yt - 1 + et.

By direct substitution,

yt =
m + et

1 - L
= a

∞

s = 0
(m + et - s).

that is, yt is the simple sum of what will eventually be an infinite number of random 
variables, possibly with nonzero mean. if the innovations, et, are being generated by the 
same zero-mean, constant-variance process, then the variance of yt would obviously be 
infinite. as such, the random walk is clearly a nonstationary process, even if m equals 
zero. on the other hand, the first difference of yt,

zt = yt - yt - 1 = ∆yt = m + et,

is simply the innovation plus the mean of zt, which we have already assumed is 
stationary.

the series yt is said to be integrated of order one, denoted I(1), because taking a 
first difference produces a stationary process. a nonstationary series is integrated of 
order d, denoted I(d), if it becomes stationary after being first differenced d times. a 
generalization of the autoregressive moving average model, yt = gyt - 1 + et - uet - 1, 
would be the series

zt = (1 - L)dyt = ∆dyt.

the resulting model is denoted an autoregressive integrated moving-average model, or 
ARIMA (p, d, q).2 in full, the model would be

∆dyt = m + g1∆dyt - 1 + g2∆dyt - 2 + g + gp∆dyt - p + et - u1et - 1 - g - uqet - q,

2there are yet further refinements one might consider, such as removing seasonal effects from zt by differencing 
by quarter or month. see Harvey (1990) and Davidson and MacKinnon (1993). some recent work has relaxed the 
assumption that d is an integer. the fractionally integrated series or arFiMa has been used to model series in 
which the very long-run multipliers decay more slowly than would be predicted otherwise.
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1024 PART V  ✦  Time Series and Macroeconometrics

where

∆yt = yt - yt - 1 = (1 - L)yt.

this result may be written compactly as

C(L)[(1 - L)dyt] = m + D(L)et,

where C(L) and D(L) are the polynomials in the lag operator and (1 - L)dyt = ∆dyt 
is the dth difference of yt.

an I(1) series in its raw (undifferenced) form will typically be constantly growing or 
wandering about with no tendency to revert to a fixed mean. Most macroeconomic flows 
and stocks that relate to population size, such as output or employment, are I(1). an I(2) 
series is growing at an ever-increasing rate. the price-level data in appendix table F5.2 
and shown later appear to be I(2). series that are I(3) or greater are extremely unusual, 
but they do exist. among the few manifestly I(3) series that could be listed, one would 
find, for example, the money stocks or price levels in hyperinflationary economies such 
as interwar Germany or Hungary after World War ii.

Example 21.1  A Nonstationary Series
The nominal GDP and consumer price index variables in Appendix Table F5.2 are strongly 
trended, so the mean is changing over time. Figures 21.1–21.3 plot the log of the consumer 
price index series in Table F5.2 and its first and second differences. The original series and 
first differences are obviously nonstationary, but the second differencing appears to have 
rendered the series stationary.

The first 10 autocorrelations of the log of the GNP deflator series are shown in 
Table 21.1. (See Example 20.4 for details on the ACF.) The autocorrelations of the original 
series show the signature of a strongly trended, nonstationary series. The first difference 
also exhibits nonstationarity, because the autocorrelations are still very large after a lag of 10 
periods. The second difference appears to be stationary, with mild negative autocorrelation 

FIGURE 21.1  Quarterly Data on Log Consumer Price Index.
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at the first lag, but essentially none after that. Intuition might suggest that further differencing 
would reduce the autocorrelation further, but that would be incorrect. We leave as an exercise 
to show that, in fact, for values of g less than about 0.5, first differencing of an AR(1) process 
actually increases autocorrelation.

FIGURE 21.2  First Difference of Log Consumer Price Index.
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FIGURE 21.3  Second Difference of Log Consumer Price Index.
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1026 PART V  ✦  Time Series and Macroeconometrics

21.2.3  random WaLks, trends, and sPurIous regressIons

in a seminal paper, Granger and Newbold (1974) argued that researchers had not paid 
sufficient attention to the warning of very high autocorrelation in the residuals from 
conventional regression models. among their conclusions were that macroeconomic 
data, as a rule, were integrated and that in regressions involving the levels of such data, 
the standard significance tests were usually misleading. the conventional t and F tests 
would tend to reject the hypothesis of no relationship when, in fact, there might be none. 
the general result at the center of these findings is that conventional linear regression, 
ignoring serial correlation, of one random walk on another is virtually certain to suggest 
a significant relationship, even if the two are, in fact, independent. among their extreme 
conclusions, Granger and Newbold suggested that researchers use a critical t value of 11.2 
rather than the standard normal value of 1.96 to assess the significance of a coefficient 
estimate. Phillips (1986) took strong issue with this conclusion. Based on a more general 
model and on an analytical rather than a Monte Carlo approach, he suggested that the 
normalized statistic tb/2T be used for testing purposes rather than tB itself. For the 50 
observations used by Granger and Newbold, the appropriate critical value would be 
close to 15! if anything, Granger and Newbold were too optimistic

the random walk with drift,

 zt = m + zt - 1 + et, (21-1)

and the trend stationary process,

 zt = m + bt + et, (21-2)

where, in both cases, et is a white noise process, appear to be reasonable characterizations 
of many macroeconomic time series.3 Clearly, both of these will produce strongly trended, 

3the analysis to follow has been extended to more general disturbance processes, but that complicates matters 
substantially. in this case, in fact, our assumption does cost considerable generality, but the extension is beyond the 
scope of our work. some references on the subject are Phillips and Perron (1988) and Davidson and MacKinnon 
(1993).

Lag
Autocorrelation Function 
Original Series, log Price

Autocorrelation Function 
First Difference of log  
Price

Autocorrelation Function 
Second Difference of log 
Price

1 0.989 ••••••••••• 0.654 ••••••• -0.422 ••••••
2 0.979 ••••••••••• 0.600 ••••••• -0.111 •
3 0.968 ••••••••••• 0.621 ••••••• 0.075 •
4 0.958 ••••••••••• 0.600 ••••••• 0.147 •
5 0.947 •••••••••• 0.469 •••••• -0.112 •
6 0.936 •••••••••• 0.418 •••••• -0.037 •
7 0.925 •••••••••• 0.393 ••••• 0.008 •
8 0.914 •••••••••• 0.361 ••••• 0.034 •
9 0.903 •••••••••• 0.303 ••••• -0.023 •

10 0.891 •••••••••• 0.262 ••• -0.041 •

TablE 21.1 Autocorrelations for ln Consumer Price Index
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nonstationary series,4 so it is not surprising that regressions involving such variables 
almost always produce significant relationships. the strong correlation would seem to 
be a consequence of the underlying trend, whether or not there really is any regression 
at work. But Granger and Newbold went a step further. the intuition is less clear if there 
is a pure random walk at work,

 zt = zt - 1 + et, (21-3)

but even here, they found that regression “relationships” appear to persist even in 
unrelated series.

Each of these three series is characterized by a unit root. in each case, the data-
generating process (DGP) can be written

 (1 - L)zt = a + vt, (21-4)

where a = m, b, and 0, respectively, and vt is a stationary process. thus, the characteristic 
equation has a single root equal to one, hence the name. the upshot of Granger and 
Newbold’s and Phillips’s findings is that the use of data characterized by unit roots has 
the potential to lead to serious errors in inferences.

in all three settings, differencing or detrending would seem to be a natural first step. 
on the other hand, it is not going to be immediately obvious which is the correct way to 
proceed—the data are strongly trended in all three cases—and taking the incorrect 
approach will not necessarily improve matters. For example, first differencing in (21-1) 
or (21-3) produces a white noise series, but first differencing in (21-2) trades the trend 
for autocorrelation in the form of an Ma(1) process. on the other hand, detrending—
that is, computing the residuals from a regression on time—is obviously counterproductive 
in (21-1) and (21-3), even though the regression of zt on a trend will appear to be 
significant for the reasons we have been discussing, whereas detrending in (21-2) appears 
to be the right approach.5 Because none of these approaches is likely to be obviously 
preferable at the outset, some means of choosing is necessary. Consider nesting all three 
models in a single equation,

zt = m + bt + zt - 1 + et.

Now subtract zt - 1 from both sides of the equation and introduce the artificial 
parameter g , then,

 zt - zt - 1 = mg + bgt + (g - 1)zt - 1 + et

  = a0 + a1t + (g - 1)zt - 1 + et,  (21-5)

where, by hypothesis, g = 1. Equation (21-5) provides the basis for a variety of tests for 
unit roots in economic data. in principle, a test of the hypothesis that g - 1 equals zero 
gives confirmation of the random walk with drift, because if g equals 1 (and a1 equals 
zero), then (21-1) results. if g - 1 is less than zero, then the evidence favors the trend 
stationary (or some other) model, and detrending (or some alternative) is the preferable 

4the constant term m produces the deterministic trend in the random walk with drift. For convenience, suppose 
that the process starts at time zero. then zt = a t

s = 0(m + es) = mt + a t
s = 0es. thus, zt consists of a deterministic 

trend plus a stochastic trend consisting of the sum of the innovations. the result is a variable with increasing 
variance around a linear trend.
5see Nelson and Kang (1984).
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1028 PART V  ✦  Time Series and Macroeconometrics

approach. the practical difficulty is that standard inference procedures based on least 
squares and the familiar test statistics are not valid in this setting. the issue is discussed 
in the next section.

21.2.4  tests for unIt roots In economIc data

the implications of unit roots in macroeconomic data are, at least potentially, profound. 
if a structural variable, such as real output, is truly I(1), then shocks to it will have 
permanent effects. if confirmed, then this observation would mandate some rather 
serious reconsideration of the analysis of macroeconomic policy. For example, the 
argument that a change in monetary policy could have a transitory effect on real output 
would vanish.6 the literature is not without its skeptics, however. this result rests on a 
razor’s edge. although the literature is thick with tests that have failed to reject the 
hypothesis that g = 1, many have also not rejected the hypothesis that g Ú 0.95, and 
at 0.95 (or even at 0.99), the entire issue becomes moot.7

Consider the simple ar(1) model with zero-mean, white noise innovations,

yt = gyt - 1 + et.

the downward bias of the least squares estimator when g approaches one has been 
widely documented.8 For �g � 6 1, however, the least squares estimator,

c = a T
t = 2ytyt - 1

a T
t = 2yt - 1

2
,

does have

plim c = g

and 2T(c - g) ¡d
N[0, 1 - g2].

Does the result hold up if g = 1? the case is called the unit root case, because in the 
arMa representation C(L)yt = et, the characteristic equation 1 - gz = 0 has one 
root equal to one. that the limiting variance appears to go to zero should raise suspicions. 
the literature on the question dates back to Mann and Wald (1943) and rubin (1950). 
But for econometric purposes, the literature has a focal point at the celebrated papers 
of Dickey and Fuller (1979, 1981). they showed that if g equals one, then

T(c - g) ¡d
v,

where v is a random variable with finite, positive variance, and in finite samples, E[c] 6 1.9

there are two important implications in the Dickey–Fuller results. First, the estimator 
of g is biased downward if g equals one. second, the oLs estimator of g converges to its 

6the 1980s saw the appearance of literally hundreds of studies, both theoretical and applied, of unit roots 
in economic data. an important example is the seminal paper by Nelson and Plosser (1982). there is little 
question but that this observation is an early part of the radical paradigm shift that has occurred in empirical 
macroeconomics.
7a large number of issues are raised in Maddala (1992, pp. 582–588).
8see, for example, Evans and savin (1981, 1984).
9a full derivation of this result is beyond the scope of this book. For the interested reader, a fairly comprehensive 
treatment at an accessible level is given in Chapter 17 of Hamilton (1994, pp. 475–542).
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probability limit more rapidly than the estimators to which we are accustomed. that is, 
the variance of c under the null hypothesis is O(1/T 2), not O(1/T). (in a mean squared 
error sense, the oLs estimator is superconsistent.) it turns out that the implications of 
this finding for the regressions with trended data are considerable.

We have already observed that in some cases, differencing or detrending is 
required to achieve stationarity of a series. suppose, though, that the preceding ar(1) 
model is fit to an I(1) series, despite that fact. the upshot of the preceding discussion 
is that the conventional measures will tend to hide the true value of g; the sample 
estimate is biased downward, and by dint of the very small true sampling variance, 
the conventional t test will tend, incorrectly, to reject the hypothesis that g = 1. the 
practical solution to this problem devised by Dickey and Fuller was to derive, through 
Monte Carlo methods, an appropriate set of critical values for testing the hypothesis 
that g equals one in an ar(1) regression when there truly is a unit root. one of their 
general results is that the test may be carried out using a conventional t statistic, but 
the critical values for the test must be revised: the standard t table is inappropriate. 
a number of variants of this form of testing procedure have been developed. We will 
consider several of them.

21.2.5  the dIckey–fuLLer tests

the simplest version of the model to be analyzed is the random walk,

yt = gyt - 1 + et, et ∼ N[0, s2], and Cov[et, es] = 0 5 t ≠ s.

Under the null hypothesis that g = 1, there are two approaches to carrying out the 
test. the conventional t ratio, DFt = (gn - 1)/Est. std. Error(gn), with the revised set of 
critical values may be used for a one-sided test. Critical values for this test are shown in 
the top panel of table 21.2. Note that, in general, the critical value is considerably larger 
in absolute value than its counterpart from the t distribution. the second approach is 
based on the statistic DFg = T(gn - 1). Critical values for this test are shown in the top 
panel of table 21.3.

the simple random walk model is inadequate for many series. Consider the rate 
of inflation from 1950.2 to 2000.4 (plotted in Figure 21.4) and the log of GDP over the 
same period (plotted in Figure 21.5). the first of these may be a random walk, but it is 
clearly drifting. the log GDP series, in contrast, has a strong trend. For the first of these, 
a random walk with drift may be specified,

 yt = m + zt,

 zt = gzt - 1 + et,

or

yt = m(1 - g) + gyt - 1 + et.

For the second type of series, we may specify the trend stationary form,

 yt = m + bt + zt,

 zt = gzt - 1 + et

or

yt = [m(1 - g) + gb] + b(1 - g)t + gyt - 1 + et.
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Sample Size

25 50 100 H
F ratio (D–F)a 7.24 6.73 6.49 6.25
F ratio (standard) 3.42 3.20 3.10 3.00
ar modelb (random walk)
0.01 -2.66 -2.62 -2.60 -2.58
0.025 -2.26 -2.25 -2.24 -2.23
0.05 -1.95 -1.95 -1.95 -1.95
0.10 -1.60 -1.61 -1.61 -1.62
0.975 1.70 1.66 1.64 1.62
ar model with constant (random walk with drift)
0.01 -3.75 -3.59 -3.50 -3.42
0.025 -3.33 -3.23 -3.17 -3.12
0.05 -2.99 -2.93 -2.90 -2.86
0.10 -2.64 -2.60 -2.58 -2.57
0.975 0.34 0.29 0.26 0.23
ar model with constant and time trend (trend stationary)
0.01 -4.38 -4.15 -4.04 -3.96
0.025 -3.95 -3.80 -3.69 -3.66
0.05 -3.60 -3.50 -3.45 -3.41
0.10 -3.24 -3.18 -3.15 -3.13
0.975 -0.50 -0.58 -0.62 -0.66

aFrom Dickey and Fuller (1981, p. 1063). Degrees of freedom are 2 and T - p - 3.
bFrom Fuller (1976, p. 373 and 1996, table 10.a.2).

TablE 21.2 Critical Values for the Dickey–Fuller DFt Test.

the tests for these forms may be carried out in the same fashion. For the model with 
drift only, the center panels of tables 21.2 and 21.3 are used. When the trend is included, 
the lower panel of each table is used.

Example 21.2  Tests for Unit Roots
Cecchetti and Rich (2001) studied the effect of monetary policy on the U.S. economy. The 
data used in their study were the following variables:

 p = one period rate of inflation = the rate of change in the CPI,
 y = log of real GDP,
 i = nominal interest rate = the quarterly average yield on a 90@day T@bill,

 ∆m = change in the log of the money stock, M1,
 i - p = ex-post real interest rate,

 ∆m - p = real growth in the money stock,

Data used in their analysis were from the period 1959.1 to 1997.4. As part of their analysis, 
they checked each of these series for a unit root and suggested that the hypothesis of a unit 
root could only be rejected for the last two variables. We will reexamine these data for the 
longer interval, 1950II to 2000IV. The data are in Appendix Table F5.2. Figures 21.6–21.9 show 
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FIGURE 21.4  Rate of Inflation in the Consumer Price Index.
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Sample Size

25 50 100 H
ar modela (random walk)
0.01 -11.8 -12.8 -13.3 -13.8
0.025 -9.3 -9.9 -10.2 -10.5
0.05 -7.3 -7.7 -7.9 -8.1
0.10 -5.3 -5.5 -5.6 -5.7
0.975 1.78 1.69 1.65 1.60
ar model with constant (random walk with drift)
0.01 -17.2 -18.9 -19.8 -20.7
0.025 -14.6 -15.7 -16.3 -16.9
0.05 -12.5 -13.3 -13.7 -14.1
0.10 -10.2 -10.7 -11.0 -11.3
0.975 0.65 0.53 0.47 0.41
ar model with constant and time trend (trend stationary)
0.01 -22.5 -25.8 -27.4 -29.4
0.025 -20.0 -22.4 -23.7 -24.4
0.05 -17.9 -19.7 -20.6 -21.7
0.10 -15.6 -16.8 -17.5 -18.3
0.975 -1.53 -1.667 -1.74 -1.81

a From Fuller (1976, p. 373 and 1996, table 10.a.1).

TablE 21.3 Critical Values for the Dickey–Fuller DFt Test.
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FIGURE 21.6  T-Bill Rate.

1950

16

14

12

10

8

6

4

2

0

T-
B

ill
 R

at
e

1963 1976 1989 2002
Quarter

the behavior of the last four variables. The first two are shown in Figures 21.4 and 21.5. Only 
the real output figure shows a strong trend, so we will use the random walk with drift for all 
the variables except this one.

The Dickey–Fuller tests are carried out in Table 21.4. There are 203 observations used in 
each one. The first observation is lost when computing the rate of inflation and the change in 
the money stock, and one more is lost for the difference term in the regression. The critical 
values from interpolating to the second row, last column in each panel for 95% significance 

FIGURE 21.5  Log of Gross Domestic Product.
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FIGURE 21.7  Percentage Change in the Money Stock.
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FIGURE 21.8  Ex-Post Real T-Bill Rate.
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and a one-tailed test are -3.68 and -24.2, respectively, for DFt and DFg for the output 
equation, which contains the time trend, and -3.14 and -16.8 for the other equations, which 
contain a constant but no trend. For the output equation (y), the test statistics are

DFt =
0.9584940384 - 1

.017880922
= -2.32 7 -3.44,

M21_GREE1366_08_SE_C21.indd   1033 2/24/17   10:19 PM



1034 PART V  ✦  Time Series and Macroeconometrics

FIGURE 21.9  Change in the Real Money Stock.
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and

DFg = 202(0.9584940384 - 1) = -8.38 7 -21.2.

Neither is less than the critical value, so we conclude (as have others) that there is a unit root 
in the log GDP process. The results of the other tests are shown in Table 21.4. Surprisingly, 
these results do differ sharply from those obtained by Cecchetti and Rich (2001) for p and 
∆m. The sample period appears to matter; if we repeat the computation using Cecchetti 
and Rich’s interval, 1959.4 to 1997.4, then DFt equals -3.51. This is borderline, but less 
contradictory. For ∆m, we obtain a value of -4.204 for DFt when the sample is restricted to 
the shorter interval.

TablE 21.4  Unit Root Tests (standard errors of estimates in parentheses).

M B G DFT DFG Conclusion

P 0.332 0.659 -6.40 -68.88 reject H0

(0.0696) (0.0532) R2 = 0.432 s = 0.643

y 0.320 0.00033 0.958 -2.35 -8.48 Do not reject H0

(0.134) (0.00015) (0.0179) R2 = 0.999 s = 0.001

i 0.228 0.961 -2.14 -7.88 Do not reject H0

(0.109) (0.0182) R2 = 0.933 s = 0.743

�m 0.448 0.596 -7.05 -81.61 reject H0

(0.0923) (0.0573) R2 = 0.351 s = 0.929

i − P 0.615 0.557 -7.57 -89.49 reject H0

(0.185) (0.0585) R2 = 0.311 s = 2/395

�m − P 0.0700 0.490 -8.25t -103.02 reject H0

(0.0833) (0.0618) R2 = 0.239 s = 1.176

M21_GREE1366_08_SE_C21.indd   1034 2/24/17   10:19 PM



 CHAPTER 21  ✦  Nonstationary Data 1035

the Dickey–Fuller tests described in this section assume that the disturbances in 
the model as stated are white noise. an extension which will accommodate some forms 
of serial correlation is the augmented Dickey–Fuller test. the augmented Dickey–Fuller 
test is the same one as described earlier, carried out in the context of the model

yt = m + bt + gyt - 1 + g1∆yt - 1 + g + gp∆yt - p + et.

the random walk form is obtained by imposing m = 0 and b = 0; the random walk 
with drift has b = 0; and the trend stationary model leaves both parameters free. the 
two test statistics are

DFt =
gn - 1

Est. std. Error(gn)
,

exactly as constructed before, and

DFg =
T(gn - 1)

1 - gn1 - g - gnp

.

the advantage of this formulation is that it can accommodate higher-order autoregressive 
processes in et.

an alternative formulation may prove convenient. By subtracting yt - 1 from both 
sides of the equation, we obtain

∆yt = m + bt + g*yt - 1 + a
p

j = 1
fj∆yt - j + et,

where

fj = - a
p

k = j + 1
gk  and   g* = a a

p

i = 1
gib - 1.

the unit root test is carried out as before by testing the null hypothesis g* = 0 
against g* 6 0.10 the t test, DFt, may be used. if the failure to reject the unit root is taken 
as evidence that a unit root is present, that is, g* = 0, then the model specializes to the 
ar(p - 1) model in the first differences, which is an ariMa(p - 1, 1, 0) model for 
yt. For a model with a time trend,

∆yt = m + bt + g*yt - 1 + a
p - 1

j = 1
fj∆yt - j + et,

the test is carried out by testing the joint hypothesis that b = g* = 0. Dickey and Fuller 
(1981) present counterparts to the critical F statistics for testing the hypothesis. some of 
their values are reproduced in the first row of table 21.2. (authors frequently focus on g* 
and ignore the time trend, maintaining it only as part of the appropriate formulation. in 
this case, one may use the simple test of g* = 0 as before, with the DFt critical values.)

the lag length, p, remains to be determined. as usual, we are well advised to 
test down to the right value instead of up. one can take the familiar approach and 
sequentially examine the t statistic on the last coefficient—the usual t test is appropriate. 

10it is easily verified that one of the roots of the characteristic polynomial is 1/(g1 + g2 + c + gP).
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an alternative is to combine a measure of model fit, such as the regression s2, with one 
of the information criteria. the akaike and schwarz (Bayesian) information criteria 
would produce the two information measures

 IC(p) = lna e′e
T - pmax - K*

b + (p + K*)a A*
T - pmax - K*

b ,

 K* = 1 for random walk, 2 for random walk with drift, 3 for trend stationary,

 A* = 2 for akaike criterion, ln(T - pmax - K*) for Bayesian criterion,

 pmax = the largest lag length being considered.

the remaining detail is to decide upon pmax. the theory provides little guidance here. 
on the basis of a large number of simulations, schwert (1989) found that

pmax = integer part of [12 * (T/100).25]

gave good results.
Many alternatives to the Dickey–Fuller tests have been suggested, in some cases to 

improve on the finite sample properties and in others to accommodate more general 
modeling frameworks. the Phillips (1987) and Phillips and Perron (1988) statistic may 
be computed for the same three functional forms,

 yt = dt + gyt - 1 + g1∆yt - 1 + g + gp∆yt - p + et, (21-6)

where dt may be 0, m, or m + bt. the procedure modifies the two Dickey–Fuller statistics 
we previously examined,

 Zt = Ac0

a
 agn - 1

v
b -

1
2

 (a - c0) 
Tv2as2

,

 Zg =
T(gn - 1)

1 - gn1 - g - gnp
-

1
2

 aT 2v2

s2 b(a - c0),

where

 s2 = a T
t = 1et

2

T - K
,

 v2 = estimated asymptotic variance of gn ,

 cj =
1
T

 a
T

s = j + 1
etet - s, j = 0, c, L = jth autocovariance of residuals,

 c0 = [(T - K)/T]s2,

 a = c0 + 2a
L

j = 1
a1 -

j

L + 1
bcj.

[Note the Newey–West (Bartlett) weights in the computation of a. as before, the analyst 
must choose L.] the test statistics are referred to the same Dickey–Fuller tables we have 
used before.
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Elliot, rothenberg, and stock (1996) have proposed a method they denote the aDF-
GLs procedure, which is designed to accommodate more general formulations of e; the 
process generating et is assumed to be an I(0) stationary process, possibly an arMa(r, s). 
the null hypothesis, as before, is g = 1 in (21-6) where dt = m or m + bt. the method 
proceeds as follows:

Step 1. Linearly regress

y* = D y1

y2 - r y1

g
yT - r yT - 1

T on X* = D 1
1 - r

g
1 - r

T or X* = D 1 1
1 - r 2 - r

g
1 - r T - r(T - 1)

T
for the random walk with drift and trend stationary cases, respectively. (Note that the 
second column of the matrix is simply r + (1 - r)t.) Compute the residuals from this 
regression, y∼t = yt - dnt. r = 1 - 7/T for the random walk model and 1 - 13.5/T for 
the model with a trend.

Step 2. the Dickey–Fuller DFt test can now be carried out using the model

y∼t = gy∼t - 1 + g1∆y∼t - 1 + g + gp∆y∼t - p + ht.

if the model does not contain the time trend, then the t statistic for (g - 1) may be 
referred to the critical values in the center panel of table 21.2. For the trend stationary 
model, the critical values are given in a table presented in Elliot et al. the 97.5% critical 
values for a one-tailed test from their table is -3.15.

as in many such cases of a new technique, as researchers develop large and small 
modifications of these tests, the practitioner is likely to have some difficulty deciding 
how to proceed. the Dickey–Fuller procedures have stood the test of time as robust tools 
that appear to give good results over a wide range of applications. the Phillips–Perron 
tests are very general but appear to have less than optimal small sample properties. 
researchers continue to examine it and the others such as the Elliot et al. method. other 
tests are catalogued in Maddala and Kim (1998).

Example 21.3  Augmented Dickey–Fuller Test for a Unit Root in GDP
Dickey and Fuller (1981) apply their methodology to a model for the log of a quarterly series 
on output, the Federal Reserve Board Production Index. The model used is

 yt = m + bt + gyt - 1 + f(yt - 1 - yt - 2) + et. (21-7)

The test is carried out by testing the joint hypothesis that both b and g* are zero in the 
model

yt - yt - 1 = m* + bt + g*yt - 1 + f(yt - 1 - yt - 2) + et.

(If g = 0, then m* will also by construction.) We will repeat the study with our data on real 
GDP from Appendix Table F5.2 using observations 1950.1–2000.4.

We will use the augmented Dickey–Fuller test first. Thus, the first step is to determine the 
appropriate lag length for the augmented regression. Using Schwert’s suggestion, we find that the 
maximum lag length should be allowed to reach pmax = [integer part of 12(204/100)0.25] = 14. 
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The specification search uses observations 18 to 204, because as many as 17 coefficients 
will be estimated in the equation

yt = m + bt + gyt - 1 + a
p

j = 1
gj∆yt - j + et.

In the sequence of 14 regressions with j = 14, 13, c, the only statistically significant lagged 
difference is the first one, in the last regression, so it would appear that the model used by 
Dickey and Fuller would be chosen on this basis. The two information criteria produce a similar 
conclusion. Both of them decline monotonically from j = 14 all the way down to j = 1, so on 
this basis, we end the search with j = 1, and proceed to analyze Dickey and Fuller’s model.

The linear regression results for the equation in (21-7) are

yt = 0.368 + 0.000391t + 0.952yt - 1 + 0.36025∆yt - 1 + et, s = 0.00912
 (0.125) (0.000138) (0.0167) (0.0647) R2 = 0.999647.

The two test statistics are

DFt =
0.95166 - 1

0.016716
= -2.892

and

DFg =
201(0.95166 - 1)

1 - 0.36025
= -15.263.

Neither statistic is less than the respective critical value, -3.70 and -24.5. On this basis, we 
conclude, as have many others, that there is a unit root in log GDP.

For the Phillips and Perron statistic, we need several additional intermediate statistics. Following 
Hamilton (1994, p. 512), we choose L = 4 for the long-run variance calculation. Other values 
we need are T = 202, gn = 0.9516613, s2 = 0.00008311488, v2 = 0.00027942647, and the 
first five autocovariances, c0 = 0.000081469,  c1 = -0.00000351162, c2 = 0.00000688053,
 c3 = 0.000000597305, and c4 = -0.00000128163. Applying these to the weighted sum 
produces a = 0.0000840722, which is only a minor correction to c0. Collecting the results, we 
obtain the Phillips–Perron statistics, Zt = -2.89921 and Zg = -15.44133. Because these are 
applied to the same critical values in the Dickey–Fuller tables, we reach the same conclusion 
as before—we do not reject the hypothesis of a unit root in log GDP.

21.2.6  the kPss test of statIonarIty

Kwiatkowski et al. (1992) (KPss) have devised an alternative to the Dickey–Fuller test 
for stationarity of a time series. the procedure is a test of nonstationarity against the 
null hypothesis of stationarity in the model

 yt = a + bt + ga
t

i = 1
zi + et,  t = 1, c, T

 = a + bt + gZt + et,

where et is a stationary series and zt is an i.i.d. stationary series with mean zero and 
variance one. (these are merely convenient normalizations because a nonzero mean 
would move to a and a nonunit variance is absorbed in g.) if g equals zero, then the 
process is stationary if b = 0 and trend stationary if b ≠ 0. Because Zt, is I(1), yt is 
nonstationary if g is nonzero.
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the KPss test of the null hypothesis, H0 : g = 0, against the alternative that g 
is nonzero reverses the strategy of the Dickey–Fuller statistic (which tests the null 
hypothesis g 6 1 against the alternative g = 1). Under the null hypothesis, a and b 
can be estimated by oLs. Let et denote the tth oLs residual,

et = yt - a - bt,

and let the sequence of partial sums be

Et = a
t

s = 1
es, t = 1, c, T.

(Note ET = 0.) the KPss statistic is

KPss = a T
t = 1Et

2

T 2sn 2
,

where

 sn 2 = a T
t = 1et

2

T
+ 2a

L

j = 1
a1 -

j

L + 1
brj,

 rj =
a T

s = j + 1eses - j

T
,

and L is chosen by the analyst. [see (20-17).] Under normality of the disturbances, et, 
the KPss statistic is an LM statistic. the authors derive the statistic under more general 
conditions. Critical values for the test statistic are estimated by simulation. the 0.05 
upper-tail values reported by the authors (in their table 1, p. 166) for b = 0 and b ≠ 0 
are 0.463 and 0.146, respectively.

Example 21.4  Is There a Unit Root in GDP?
Using the data used for the Dickey–Fuller tests in Example 21.3, we repeated the procedure 
using the KPSS test with L = 10. The two statistics are 1.953 without the trend and 0.312 
with it. Comparing these results to the values in Table 21.4 we conclude (again) that there is, 
indeed, a unit root in In GDP. Or, more precisely, we conclude that In GDP is not a stationary 
series, nor even a trend stationary series.

21.3 coIntegratIon

studies in empirical macroeconomics almost always involve nonstationary and trending 
variables, such as income, consumption, money demand, the price level, trade flows, and 
exchange rates. accumulated wisdom and the results of the previous sections suggest 
that the appropriate way to manipulate such series is to use differencing and other 
transformations (such as seasonal adjustment) to reduce them to stationarity and then 
to analyze the resulting series as Vars or with the methods of Box and Jenkins (1984). 
But recent research and a growing literature have shown that there are more interesting, 
appropriate ways to analyze trending variables.

in the fully specified regression model,

yt = bxt + et,
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there is a presumption that the disturbances et are a stationary, white noise series.11 But 
this presumption is unlikely to be true if yt and xt are integrated series. Generally, if two 
series are integrated to different orders, then linear combinations of them will be 
integrated to the higher of the two orders. thus, if yt and xt are I(1)—that is, if both are 
trending variables—then we would normally expect yt - bxt to be I(1) regardless of the 
value of b, not I(0) (i.e., not stationary). if yt and xt are each drifting upward with their 
own trend, then unless there is some relationship between those trends, the difference 
between them should also be growing, with yet another trend. there must be some kind 
of inconsistency in the model. on the other hand, if the two series are both I(1), then 
there may be a b such that

et = yt - bxt

is I(0). intuitively, if the two series are both I(1), then this partial difference between 
them might be stable around a fixed mean. the implication would be that the series are 
drifting together at roughly the same rate. two series that satisfy this requirement are 
said to be cointegrated, and the vector [1, -b] (or any multiple of it) is a cointegrating 
vector. in such a case, we can distinguish between a long-run relationship between yt and 
xt, that is, the manner in which the two variables drift upward together, and the short-run 
dynamics, that is, the relationship between deviations of yt from its long-run trend and 
deviations of xt from its long-run trend. if this is the case, then differencing of the data 
would be counterproductive, because it would obscure the long-run relationship between 
yt and xt. studies of cointegration and a related technique, error correction, are concerned 
with methods of estimation that preserve the information about both forms of 
covariation.12

Example 21.5  Cointegration in Consumption and Output
Consumption and income provide one of the more familiar examples of the phenomenon 
described previously. The logs of GDP and consumption for 1950.1 to 2000.4 are plotted 
in Figure 21.10. Both variables are obviously nonstationary. We have already verified that 
there is a unit root in the income data. We leave as an exercise for the reader to verify 
that the consumption variable is likewise I(1). Nonetheless, there is a clear relationship 
between consumption and output. Consider a simple regression of the log of consumption 
on the log of income, where both variables are manipulated in mean deviation form (so, 
the regression includes a constant). The slope in that regression is 1.056765. The residuals 
from the regression, ut = [ln Cons*, ln GDP*][1, -1.056765]′ (where the “*” indicates mean 
deviations) are plotted in Figure 21.11. The trend is clearly absent from the residuals. But 
it remains to verify whether the series of residuals is stationary. In the ADF regression of 
the least squares residuals on a constant (random walk with drift), the lagged value and 
the lagged first difference, the coefficient on ut - 1 is 0.838488 (0.0370205) and that on 
ut - 1 - ut - 2 is -0.098522. (The constant differs trivially from zero because two observations 
are lost in computing the ADF regression.) With 202 observations, we find DFt = -4.63 
and DFg = -29.55. Both are well below the critical values, which suggests that the residual 
series does not contain a unit root. We conclude (at least it appears so) that even after 

11any autocorrelation in the model has been removed through an appropriate transformation.
12see, for example, Engle and Granger (1987) and the lengthy literature cited in Hamilton (1994). a survey paper 
on Vars and cointegration is Watson (1994).
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FIGURE 21.10  Cointegrated Variables: Logs of Consumption and GDP.
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u(t)
0.0750

0.0500

0.0250

0.0000R
es

id
ua

l

–0.0250

–0.0500
1950 1963 1976

Quarter

1989 2002

accounting for the trend, although neither of the original variables is stationary, there is a 
linear combination of them that is. If this conclusion holds up after a more formal treatment of 
the testing procedure, we will conclude that log GDP and log consumption are cointegrated.

Example 21.6  Several Cointegrated Series
The theory of purchasing power parity specifies that in long-run equilibrium, exchange rates 
will adjust to erase differences in purchasing power across different economies. Thus, if 
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p1 and p0 are the price levels in two countries and E is the exchange rate between the two 
currencies, then in equilibrium,

vt = Et 
p1t

p0t
= m,  a constant.

The price levels in any two countries are likely to be strongly trended. But allowing for short-
term deviations from equilibrium, the theory suggests that for a particular B = (ln m, -1, 1)′, 
in the model

ln Et = b1 + b2 ln p1t + b3 ln p0t + et,

et = ln vt would be a stationary series, which would imply that the logs of the three variables 
in the model are cointegrated.

We suppose that the model involves M variables, yt = [y1t, c, yMt]′, which individually 
may be I(0) or I(1), and a long-run equilibrium relationship,

yt
=G - xt

=B = 0.

the regressors may include a constant, exogenous variables assumed to be I(0), and/or a 
time trend. the vector of parameters G is the cointegrating vector. in the short run, the 
system may deviate from its equilibrium, so the relationship is rewritten as

yt
=G - xt

=B = et,

where the equilibrium error et must be a stationary series. in fact, because there 
are M variables in the system, at least in principle, there could be more than one 
cointegrating vector. in a system of M variables, there can only be up to M - 1 
linearly independent cointegrating vectors. a proof of this proposition is very simple, 
but useful at this point.

Proof: suppose that Gi is a cointegrating vector and that there are M linearly 
independent cointegrating vectors. then, neglecting xt

=B for the moment, 
for every Gi, yt

=Gi is a stationary series nti. any linear combination of a set of 
stationary series is stationary, so it follows that every linear combination of the 
cointegrating vectors is also a cointegrating vector. if there are M such M * 1 
linearly independent vectors, then they form a basis for the M-dimensional 
space, so any M * 1 vector can be formed from these cointegrating vectors, 
including the columns of an M * M identity matrix. thus, the first column of 
an identity matrix would be a cointegrating vector, or yt1 is I(0). this result is a 
contradiction, because we are allowing yt1 to be I(1). it follows that there can 
be at most M - 1 cointegrating vectors.

the number of linearly independent cointegrating vectors that exist in the 
equilibrium system is called its cointegrating rank. the cointegrating rank may 
range  from 1 to M - 1. if it exceeds one, then we will encounter an interesting 
identification problem. as a consequence of the observation in the preceding proof, 
we have the unfortunate result that, in general, if the cointegrating rank of a system 
exceeds one, then without out-of-sample, exact information, it is not possible to estimate 
behavioral relationships as cointegrating vectors. Enders (1995) provides a useful 
example.
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Example 21.7  Multiple Cointegrating Vectors
We consider the logs of four variables, money demand m, the price level p, real income y, 
and an interest rate r. The basic relationship is

m = g0 + g1p + g2y + g3r + e.

The price level and real income are assumed to be I(1). The existence of long-run equilibrium 
in the money market implies a cointegrating vector A1. If the Fed follows a certain feedback 
rule, increasing the money stock when nominal income (y + p) is low and decreasing it when 
nominal income is high—which might make more sense in terms of rates of growth—then 
there is a second cointegrating vector in which g1 = g2 and g3 = 0. Suppose that we label 
this vector A2. The parameters in the money demand equation, notably the interest elasticity, 
are interesting quantities, and we might seek to estimate A1 to learn the value of this quantity. 
Because every linear combination of A1 and A2 is a cointegrating vector, to this point we are 
only able to estimate a hash of the two cointegrating vectors.

In fact, the parameters of this model are identifiable from sample information (in principle). 
We have specified two cointegrating vectors,

A1 = [1, -g10, -g11, -g12, -g13]′

and

A2 = [1, -g20, g21, g21, 0]′.

Although it is true that every linear combination of A1 and A2 is a cointegrating vector, only 
the original two vectors, as they are, have a 1 in the first position of both and a 0 in the 
last position of the second. (The equality restriction actually overidentifies the parameter 
matrix.) This result is, of course, exactly the sort of analysis that we used in establishing the 
identifiability of a simultaneous equations system in Chapter 10.

21.3.1  common trends

if two I(1) variables are cointegrated, then some linear combination of them is I(0). 
intuition should suggest that the linear combination does not mysteriously create a 
well-behaved new variable; rather, something present in the original variables must be 
missing from the aggregated one. Consider an example. suppose that two I(1) variables 
have a linear trend,

 y1t = a + bt + ut, 
 y2t = g + dt + vt,

where ut and vt are white noise. a linear combination of y1t and y2t with vector (1, u) 
produces the new variable,

zt = (a + ug) + (b + ud)t + ut + uvt,

which, in general, is still I(1). in fact, the only way the zt series can be made stationary is 
if u = -b/d. if so, then the effect of combining the two variables linearly is to remove 
the common linear trend, which is the basis of stock and Watson’s (1988) analysis of the 
problem. But their observation goes an important step beyond this one. the only way that 
y1t and y2t can be cointegrated to begin with is if they have a common trend of some sort. to 
continue, suppose that instead of the linear trend t, the terms on the left-hand side, y1 and 
y2, are functions of a random walk, wt = wt - 1 + ht, where ht is white noise. the analysis 
is identical. But now suppose that each variable yit has its own random walk component 
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wit, i = 1, 2. any linear combination of y1t and y2t must involve both random walks. it is 
clear that they cannot be cointegrated unless, in fact, w1t = w2t. that is, once again, they 
must have a common trend. Finally, suppose that y1t and y2t share two common trends,

 y1t = a + bt + lwt + ut, 

 y2t = g + dt + pwt + vt.

We place no restriction on l and p. then, a bit of manipulation will show that it is not 
possible to find a linear combination of y1t and y2t that is cointegrated, even though 
they share common trends. the end result for this example is that if y1t and y2t are 
cointegrated, then they must share exactly one common trend.

as stock and Watson determined, the preceding is the crux of the cointegration of 
economic variables. a set of M variables that are cointegrated can be written as a 
stationary component plus linear combinations of a smaller set of common trends. if the 
cointegrating rank of the system is r, then there can be up to M - r linear trends and 
M - r common random walks.13 (the two-variable case is special. in a two-variable 
system, there can be only one common trend in total.) the effect of the cointegration is 
to purge these common trends from the resultant variables.

21.3.2  error correctIon and Var rePresentatIons

suppose that the two I(1) variables yt and zt are cointegrated and that the cointegrating 
vector is [1, -u]. then all three variables, ∆yt = yt - yt - 1, ∆zt, and (yt - uzt) are I(0). 
the error correction model,

∆yt = xt
=B + g(∆zt) + l(yt - 1 - uzt - 1) + et,

describes the variation in yt around its long-run trend in terms of a set of I(0) exogenous 
factors xt, the variation of zt around its long-run trend, and the error correction (yt - uzt), 
which is the equilibrium error in the model of cointegration. there is a tight connection 
between models of cointegration and models of error correction. the model in this form 
is reasonable as it stands, but in fact, it is only internally consistent if the two variables 
are cointegrated. if not, then the third term, and hence the right-hand side, cannot be I(0), 
even though the left-hand side must be. the upshot is that the same assumption that we 
make to produce the cointegration implies (and is implied by) the existence of an error 
correction model.14 as we will examine in the next section, the utility of this representation 
is that it suggests a way to build an elaborate model of the long-run variation in yt as well 
as a test for cointegration. Looking ahead, the preceding suggests that residuals from an 
estimated cointegration model—that is, estimated equilibrium errors—can be included 
in an elaborate model of the long-run covariation of yt and zt. once again, we have the 
foundation of Engel and Granger’s approach to analyzing cointegration.

Pesaran, shin, and smith (2001) suggest a method of testing for a relationship in 
levels between a yt and an xt when there exist significant lags in the error correction 
form. their bounds test accommodates the possibility that the regressors may be trend 
or difference stationary. the critical values they provide give a band that covers the 
polar cases in which all regressors are I(0), or are I(1), or are mutually cointegrated. the 

13see Hamilton (1994, p. 578).
14the result in its general form is known as the Granger representation theorem. see Hamilton (1994, p. 582).
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statistic is able to test for the existence of a levels equation regardless of whether the 
variables are I(0), I(1), or are cointegrated. in their application, yt is real earnings in the 
UK while xt includes a measure of productivity, the unemployment rate, unionization of 
the workforce, a replacement ratio that measures the difference between unemployment 
benefits and real wages, and a wedge between the real product wage and the real 
consumption wage. it is found that wages and productivity have unit roots. the issue 
then is to discern whether unionization, the wedge, and the unemployment rate, which 
might be I(0), have level effects in the model.

Consider the vector autoregression, or Var representation of the model¢yt

zt
≤ = Jg11 g12

g21 g22
R ¢yt - 1

zt - 1
≤ + ¢e1t

e2t
≤,

or

yt = �yt - 1 + et,

where the vector yt is [yt, zt]′. Now take first differences to obtain

 yt - yt - 1 = (� - I)yt - 1 + Et,

or

 ∆yt = �yt - 1 + Et.

if all variables are I(1), then all M variables on the left-hand side are I(0). Whether 
those on the right-hand side are I(0) remains to be seen. the matrix � produces linear 
combinations of the variables in yt. But as we have seen, not all linear combinations 
can be cointegrated. the number of such independent linear combinations is r 6 M. 
therefore, although there must be a Var representation of the model, cointegration 
implies a restriction on the rank of �. it cannot have full rank; its rank is r. From another 
viewpoint, a different approach to discerning cointegration is suggested. suppose that we 
estimate this model as an unrestricted Var. the resultant coefficient matrix should be 
short-ranked. the implication is that if we fit the Var model and impose short rank on 
the coefficient matrix as a restriction—how we could do that remains to be seen—then 
if the variables really are cointegrated, this restriction should not lead to a loss of fit. 
this implication is the basis of Johansen’s (1988) and stock and Watson’s (1988) analysis 
of cointegration.

21.3.3  testIng for coIntegratIon

a natural first step in the analysis of cointegration is to establish that it is indeed a 
characteristic of the data. two broad approaches for testing for cointegration have 
been developed. the Engle and Granger (1987) method is based on assessing whether 
single-equation estimates of the equilibrium errors appear to be stationary. the second 
approach, due to Johansen (1988, 1991) and stock and Watson (1988), is based on the 
Var approach. as noted earlier, if a set of variables is truly cointegrated, then we should 
be able to detect the implied restrictions in an otherwise unrestricted Var. We will 
examine these two methods in turn.

Let yt denote the set of M variables that are believed to be cointegrated. step one of 
either analysis is to establish that the variables are indeed integrated to the same order. 
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the Dickey–Fuller tests discussed in section 21.2.4 can be used for this purpose. if the 
evidence suggests that the variables are integrated to different orders or not at all, then 
the specification of the model should be reconsidered.

if the cointegration rank of the system is r, then there are r independent vectors, 
Gi = [1, -Ui], where each vector is distinguished by being normalized on a different 
variable. if we suppose that there are also a set of I(0) exogenous variables, including 
a constant, in the model, then each cointegrating vector produces the equilibrium 
relationship,

yt
=Gi = xt

=B + eit,

which we may rewrite as

yit = Yit
=Ui + xt

=B + eit.

We can obtain estimates of Ui by least squares regression. if the theory is correct and if 
this oLs estimator is consistent, then residuals from this regression should estimate the 
equilibrium errors. there are two obstacles to consistency. First, because both sides of 
the equation contain I(1) variables, the problem of spurious regressions appears. second, 
a moment’s thought should suggest that what we have done is extract an equation from 
an otherwise ordinary simultaneous equations model and propose to estimate its 
parameters by ordinary least squares. as we examined in Chapter 10, consistency is 
unlikely in that case. it is one of the extraordinary results of this body of theory that in 
this setting, neither of these considerations is a problem. in fact, as shown by a number 
of authors,15 not only is ci, the oLs estimator of Ui, consistent, it is superconsistent in 
that its asymptotic variance is O(1/T 2) rather than O(1/T) as in the usual case. 
Consequently, the problem of spurious regressions disappears as well. therefore, the 
next step is to estimate the cointegrating vector(s), by oLs. Under all the assumptions 
thus far, the residuals from these regressions, eit, are estimates of the equilibrium errors, 
eit. as such, they should be I(0). the natural approach would be to apply the familiar 
Dickey–Fuller tests to these residuals. the logic is sound, but the Dickey–Fuller tables 
are inappropriate for these estimated errors. Estimates of the appropriate critical values 
for the tests are given by Engle and Granger (1987), Engle and yoo (1987), Phillips and 
ouliaris (1990), and Davidson and MacKinnon (1993). if autocorrelation in the 
equilibrium errors is suspected, then an augmented Engle and Granger test can be based 
on the template

∆eit = dei,t - 1 + f1(∆ei,t - 1) + g + ut.

if the null hypothesis that d = 0 cannot be rejected (against the alternative d 6 0), 
then we conclude that the variables are not cointegrated. (Cointegration can be rejected 
by this method. Failing to reject does not confirm it, of course. But having failed to reject 
the presence of cointegration, we will proceed as if our finding had been affirmative.)

Example 21.8  Cointegration in Consumption and Output
In the example presented at the beginning of this discussion, we proposed precisely the sort 
of test suggested by Phillips and Ouliaris (1990) to determine if (log) consumption and (log) 

15see, for example, Davidson and MacKinnon (1993).
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GDP are cointegrated. As noted, the logic of our approach is sound, but a few considerations 
remain. The Dickey–Fuller critical values suggested for the test are appropriate only in a 
few cases, and not when several trending variables appear in the equation. For the case of 
only a pair of trended variables, as we have here, one may use infinite sample values in the 
Dickey–Fuller tables for the trend stationary form of the equation. (The drift and trend would 
have been removed from the residuals by the original regression, which would have these 
terms either embedded in the variables or explicitly in the equation.) Finally, there remains an 
issue of how many lagged differences to include in the ADF regression. We have specified 
one, although further analysis might be called for. [A lengthy discussion of this set of issues 
appears in Hayashi (2000, pp. 645–648).] Thus, but for the possibility of this specification 
issue, the ADF approach suggested in the introduction does pass muster. The sample value 
found earlier was -4.63. The critical values from the table are -3.45 for 5% and -3.67 for 
2.5%. Thus, we conclude (as have many other analysts) that log consumption and log GDP 
are cointegrated.

the Johansen (1988, 1992) and stock and Watson (1988) methods are similar, so 
we will describe only the first one. the theory is beyond the scope of this text, although 
the operational details are suggestive. to carry out the Johansen test, we first formulate 
the Var,

yt = �1yt - 1 + �2yt - 2 + g + �pyt - p + Et.

the order of the model, p, must be determined in advance. Now, let zt denote the vector 
of M(p - 1) variables,

zt = [∆yt - 1, ∆yt - 2, c, ∆yt - p + 1].

that is, zt contains the lags 1 to p - 1 of the first differences of all M variables. Now, 
using the T available observations, we obtain two T * M matrices of least squares 
residuals,

 D = the residuals in the regressions of ∆yt on zt,

 E = the residuals in the regressions of yt - p on zt.

We now require the M2 canonical correlations between the columns in D and those 
in E. to continue, we will digress briefly to define the canonical correlations. Let d1* 
denote a linear combination of the columns of D, and let e1* denote the same from E. We 
wish to choose these two linear combinations so as to maximize the correlation between 
them. this pair of variables are the first canonical variates, and their correlation r1* is the 
first canonical correlation. in the setting of cointegration, this computation has some 
intuitive appeal. Now, with d1* and e1* in hand, we seek a second pair of variables d2* and e2* 
to maximize their correlation, subject to the constraint that this second variable in each 
pair be orthogonal to the first. this procedure continues for all M pairs of variables. it 
turns out that the computation of all these is quite simple. We will not need to compute 
the coefficient vectors for the linear combinations. the squared canonical correlations 
are simply the ordered characteristic roots of the matrix,

R* = RDD
-1/2RDEREE

-1 REDRDD
-1/2,

where Rij is the (cross-) correlation matrix between variables in set i and set j, for 
i, j = D, E.
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Finally, the null hypothesis that there are r or fewer cointegrating vectors is tested 
using the test statistic,

traCE tEst = -T a
M

i = r + 1
ln[1 - (r i*)

2].

if the correlations based on actual disturbances had been observed instead of estimated, 
then we would refer this statistic to the chi-squared distribution with M - r degrees 
of freedom. alternative sets of appropriate tables are given by Johansen and Juselius 
(1990) and osterwald-Lenum (1992). Large values give evidence against the hypothesis 
of r or fewer cointegrating vectors.

21.3.4  estImatIng coIntegratIon reLatIonshIPs

Both of the testing procedures discussed earlier involve actually estimating the 
cointegrating vectors, so this additional section is actually superfluous. in the Engle and 
Granger framework, at a second step after the cointegration test, we can use the residuals 
from the static regression as an error correction term in a dynamic, first-difference 
regression, as shown in section 21.3.2. one can then test down to find a satisfactory 
structure. in the Johansen test shown earlier, the characteristic vectors corresponding 
to the canonical correlations are the sample estimates of the cointegrating vectors. once 
again, computation of an error correction model based on these first-step results is a 
natural next step. We will explore these in an application.

21.3.5  aPPLIcatIon: german money demand

the demand for money has provided a convenient and well-targeted illustration of 
methods of cointegration analysis. the central equation of the model is

 mt - pt = m + byt + git + et, (21-8)

where mt, pt, and yt are the logs of nominal money demand, the price level, and output, 
and i is the nominal interest rate (not the log of). the equation involves trending 
variables (mt, pt, yt), and one that we found earlier appears to be a random walk with 
drift (it). as such, the usual form of statistical inference for estimation of the income 
elasticity and interest semielasticity based on stationary data is likely to be misleading.

Beyer (1998) analyzed the demand for money in Germany over the period 1975 
to 1994. a central focus of the study was whether the 1990 reunification produced a 
structural break in the long-run demand function. (the analysis extended an earlier 
study by the same author that was based on data that predated the reunification.) one 
of the interesting questions pursued in this literature concerns the stability of the long-
term demand equation,

 (m - p)t - yt = m + git + et. (21-9)

the left-hand side is the log of the inverse of the velocity of money, as suggested by 
Lucas (1988). an issue to be confronted in this specification is the exogeneity of the 
interest variable—exogeneity [in the Engle, Hendry, and richard (1993) sense] of 
income is moot in the long-run equation as its coefficient is assumed (per Lucas) to 
equal one. Beyer explored this latter issue in the framework developed by Engle et al. 
(see section 21.3.5).
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Variable m �m �2m p �p �2p �4p ��4p

spec. ts rW rW ts rW/D rW rW/D rW
Lag 0 4 3 4 3 2 2 2
DFt -1.82 -1.61 -6.87 -2.09 -2.14 -10.6 -2.66 -5.48
Crit.Value -3.47 -1.95 -1.95 -3.47 -2.90 -1.95 -2.90 -1.95

Variable y �y RS �RS RL �RL (m − p) �(m − p)

spec. ts rW/D ts rW ts rW rW/D rW/D
Lag 4 3 1 0 1 0 0 0
DFt -1.83 -2.91 -2.33 -5.26 -2.40 -6.01 -1.65 -8.50
Crit.Value -3.47 -2.90 -2.90 -1.95 -2.90 -1.95 -3.47 -2.90

TablE 21.5 Augmented Dickey–Fuller Tests for Variables in the Beyer Model

the analytical platform of Beyer’s study is a long-run function for the real money 
stock M3 (we adopt the author’s notation)

 (m - p)* = d0 + d1y + d2RS + d3RL + d4∆4p, (21-10)

where RS is a short-term interest rate, RL is a long-term interest rate, and ∆4p is the 
annual inflation rate—the data are quarterly. the first step is an examination of the 
data. augmented Dickey–Fuller tests suggest that for these German data in this period, 
mt and pt are I(2), while (mt - pt), yt, ∆4pt, RSt, and RLt are all I(1). some of Beyer’s 
results which produced these conclusions are shown in table 21.5. Note that although 
both mt and pt appear to be I(2), their simple difference (linear combination) is I(1), 
that is, integrated to a lower order. that produces the long-run specification given by 
(21-10). the Lucas specification is layered onto this to produce the model for the long-
run velocity,

 (m - p - y)* = d0* + d2*RS + d3*RL + d4*∆4p. (21-11)

21.3.5.a  cointegration analysis and a Long-run theoretical model

For (21-10) to be a valid model, there must be at least one cointegrating vector that 
transforms zt = [(mt - pt), yt, RSt, RLt, ∆4pt] to stationarity. the Johansen trace 
test described in section 21.3.3 was applied to the Var consisting of these five I(1) 
variables. a lag length of two was chosen for the analysis. the results of the trace test 
are a bit ambiguous; the hypothesis that r = 0 is rejected, albeit not strongly (sample 
value = 90.17 against a 95% critical value = 87.31) while the hypothesis that r … 1 
is not rejected (sample value = 60.15 against a 95% critical value of 62.99). (these 
borderline results follow from the result that Beyer’s first three eigenvalues—canonical 
correlations in the trace test statistic—are nearly equal. Variation in the test statistic 
results from variation in the correlations.) on this basis, it is concluded that the 
cointegrating rank equals one. the unrestricted cointegrating vector for the equation 
with a time trend added, is found to be

 (m - p) = 0.936y - 1.780∆4p + 1.601RS - 3.279RL + 0.002t. (21-12)
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(these are the coefficients from the first characteristic vector of the canonical correlation 
analysis in the Johansen computations detailed in section 21.3.3.) an exogeneity test—
we have not developed this in detail; see Beyer (1998, p. 59), Hendry and Ericsson (1991), 
and Engle and Hendry (1993)—confirms weak exogeneity of all four right-hand-side 
variables in this specification. the final specification test is for the Lucas formulation 
and elimination of the time trend, both of which are found to pass, producing the 
cointegration vector,

(m - p - y) = -1.832∆4p + 4.352RS - 10.89RL.

the conclusion drawn from the cointegration analysis is that a single-equation model 
for the long-run money demand is appropriate and a valid way to proceed. a last step 
before this analysis is a series of Granger causality tests for feedback between changes in 
the money stock and the four right-hand-side variables in (21-12) (not including the trend). 
the test results are generally favorable, with some mixed results for exogeneity of GDP.

21.3.5.b  testing for model Instability

Let zt = [(mt - pt), yt, ∆4pt, RSt, RLt] and let zt - 1
0  denote the entire history of zt up 

to the previous period. the joint distribution for zt, conditioned on zt - 1
0  and a set of 

parameters, �, factors one level further into

f(zt � zt - 1
0 , Ψ) = f[(m - p)t � yt, ∆4pt, RSt, RLt, zt - 1

0 , �1]

* g(yt, ∆4pt, RSt, RLt � zt - 1
0 , �2).

the result of the exogeneity tests carried out earlier implies that the conditional 
distribution may be analyzed apart from the marginal distribution—that is, the 
implication of the Engle, Hendry, and richard results noted earlier. Note the partitioning 
of the parameter vector. thus, the conditional model is represented by an error correction 
form that explains ∆(m - p)t in terms of its own lags, the error correction term, and 
contemporaneous and lagged changes in the (now established) weakly exogenous 
variables as well as other terms such as a constant term, trend, and certain dummy 
variables which pick up particular events. the error correction model specified is

  ∆(m - p)t = a
4

i = 1
ci∆(m - p)t - i + a

4

i = 0
d1,i∆(∆4pt - i

) + a
4

i = 0
d2,i∆yt - i

  + a
4

i = 0
d3,i∆RSt - i + a

4

i = 0
d4,i∆RLt - i + l(m - p - y)t - 1

  + g1RSt - 1 + g2RLt - 1 + dt
=F + vt, (21-13)

where dt is the set of additional variables, including the constant and five one-period 
dummy variables that single out specific events such as a currency crisis in september, 
1992.16  the model is estimated by least squares, “stepwise simplified and reparameterized.” 
(the number of parameters in the equation is reduced from 32 to 15.17)

16Beyer (1998, p. 62, footnote 4).
17the equation ultimately used is ∆(mt - pt) = h[∆(m - p)t - 4, ∆∆4pt, ∆2yt - 2, ∆RSt - 1 + ∆RSt - 3, ∆2RLt, RSt - 1, 
 RLt - 1, ∆4pt - 1, (m - p - y)t - 1, d)t].
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the estimated form of (21-13) is an autoregressive distributed lag model. We proceed 
to use the model to solve for the long-run, steady-state growth path of the real money 
stock, (21-10). the annual growth rates ∆4m = gm, ∆4p = gp, ∆4y = gy and (assumed) 
∆4RS = gRS = ∆4RL = gRL = 0 are used for the solution18

1
4

 (gm - gp) =
c4

4
 (gm - gp) - d1,1gp +

d2,2

2
 gy + g1RS + g2RL + l(m - p - y).

this equation is solved for (m - p)* under the assumption that gm = (gy + gp),

(m - p)* = dn0 + dn1gy + y + dn2∆4p + dn3RS + dn4RL.

analysis then proceeds based on this estimated long-run relationship.
the primary interest of the study is the stability of the demand equation pre- 

and postunification. a comparison of the parameter estimates from the same 
set of procedures using the period 1976 to 1989 shows them to be surprisingly 
similar, [(1.22 - 3.67gy), 1, -3.67, 3.67, -6.44] for the earlier period and 
[(1.25 - 2.09gy), 1, -3.625, 3.5, -7.25] for the later one. this suggests, albeit informally, 
that the function has not changed (at least by much). a variety of testing procedures 
for structural break led to the conclusion that in spite of the dramatic changes of 1990, 
the long-run money demand function had not materially changed in the sample period.

21.4 nonstatIonary PaneL data

in section 11.10, we began to examine panel data settings in which T, the number of 
observations in each group (e.g., country), became large as well as n. applications include 
cross-country studies of growth using the Penn World tables,19 studies of purchasing power 
parity,20 and analyses of health care expenditures.21 in the small T cases of longitudinal, 
microeconomic data sets, the time-series properties of the data are a side issue that is 
usually of little interest. But when T is growing at essentially the same rate as n, for example, 
in the cross-country studies, these properties become a central focus of the analysis.

the large T, large n case presents several complications for the analyst. in the 
longitudinal analysis, pooling of the data is usually a given, although we developed several 
extensions of the models to accommodate parameter heterogeneity (see section 11.10). 
in a long-term cross-country model, any type of pooling would be especially suspect. 
the time series are long, so this would seem to suggest that the appropriate modeling 
strategy would be simply to analyze each country separately. But this would neglect the 
hypothesized commonalities across countries such as a (proposed) common growth rate. 
thus, the time-series panel data literature seeks to reconcile these opposing features of 
the data.

as in the single time-series cases examined earlier in this chapter, long-term 
aggregate series are usually nonstationary, which calls conventional methods (such as 

18the division of the coefficients is done because the intervening lags do not appear in the estimated equation.
19im, Pesaran, and shin (2003) and sala-i-Martin (1996).
20Pedroni (2001).
21McCoskey and selden (1998).
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those in section 11.10) into question. a focus of the recent literature, for example, is 
on testing for unit roots in an analog to the platform for the augmented Dickey–Fuller 
tests (section 21.2),

∆yit = riyi,t - 1 + a
Li

m = 1
gim∆yi,t - m + ai + bit + eit.

Different formulations of this model have been analyzed, for example, by Levin, Lin, and 
Chu (2002), who assume ri = r; im, Pesaran, and shin (2003), who relax that restriction; 
and Breitung (2000), who considers various mixtures of the cases. an extension of the 
KPss test in section 21.2.5 that is particularly simple to compute is Hadri’s (2000) LM 
statistic,

LM =
1
n

 a
n

i = 1
a a T

t = 1Eit
2

T 2sn e
2 b = a n

i = 1KPSSi

n
.

this is the sample average of the KPss statistics for the n countries. Note that it includes 
two assumptions: that the countries are independent and that there is a common se

2 for 
all countries. an alternative is suggested that allows se

2 to vary across countries.
as it stands, the preceding model would suggest that separate analyses for each 

country would be appropriate. an issue to consider, then, would be how to combine, 
if possible, the separate results in some optimal fashion. Maddala and Wu (1999), for 
example, suggested a “Fisher-type” chi-squared test based on P = -2Σi ln pi, where pi 
is the p value from the individual tests. Under the null hypothesis that ri equals zero, the 
limiting distribution is chi squared with 2n degrees of freedom.

analysis of cointegration, and models of cointegrated series in the panel data setting, 
parallel the single time-series case, but also differ in a crucial respect.22 Whereas in the 
single time-series case, the analysis of cointegration focuses on the long-run relationships 
between, say, xt and zt for two variables for the same country, in the panel data setting, 
say, in the analysis of exchange rates, inflation, purchasing power parity or international 
r & D spillovers, interest may focus on a long-run relationship between xit and xmt for 
two different countries (or n countries). this substantially complicates the analyses. it is 
also well beyond the scope of this text. Extensive surveys of these issues may be found 
in Baltagi (2005, Chapter 12) and smith (2000).

21.5 summary and concLusIons

this chapter has completed our survey of techniques for the analysis of time-series 
data. Most of the results in this chapter focus on the internal structure of the individual 
time series themselves. While the empirical distinction between, say, ar(p) and 
Ma(q) series may seem ad hoc, the Wold decomposition theorem assures that with 
enough care, a variety of models can be used to analyze a time series. this chapter 
described what is arguably the fundamental tool of modern macroeconometrics: the 
tests for nonstationarity. Contemporary econometric analysis of macroeconomic data 
has added considerable structure and formality to trending variables, which are more 

22see, for example, Kao (1999), McCoskey and Kao (1999), and Pedroni (2000, 2004).
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common than not in that setting. the variants of the Dickey–Fuller and KPss tests for 
unit roots are indispensable tools for the analyst of time-series data. section 21.4 then 
considered the subject of cointegration. this modeling framework is a distinct extension 
of the regression modeling where this discussion began. Cointegrated relationships and 
equilibrium relationships form the basis of the time-series counterpart to regression 
relationships. But, in this case, it is not the conditional mean as such that is of interest. 
Here, both the long-run equilibrium and short-run relationships around trends are of 
interest and are studied in the data.

Key Terms and Concepts

•	augmented Dickey–Fuller 
test

•	autoregressive integrated 
moving-average (ariMa) 
process

•	Bounds test
•	Canonical correlation
•	Cointegrated

•	Cointegration
•	Cointegration rank
•	Cointegrating vector
•	Common trend
•	Data-generating process 

(DGP)
•	Dickey–Fuller test
•	Equilibrium error

•	integrated of order one
•	Nonstationary process
•	Phillips–Perron test
•	random walk
•	random walk with drift
•	superconsistent
•	trend stationary process
•	Unit root

Exercise

1. Find the first two autocorrelations and partial autocorrelations for the Ma(2) 
process

et = vt - u1vt - 1 - u2vt - 2.

applications

1. Using the macroeconomic data in appendix table F5.2, estimate by least squares 
the parameters of the model ct = b0 + b1yt + b2ct - 1 + b3ct - 2 + et, where ct is the 
log of real consumption and yt is the log of real disposable income.
a. Use the Breusch and Pagan LM test to examine the residuals for autocorrelation.
b. is the estimated equation stable? What is the characteristic equation for the 

autoregressive part of this model? What are the roots of the characteristic 
equation, using your estimated parameters?

c. What is your implied estimate of the short-run (impact) multiplier for change in 
yt on ct? Compute the estimated long-run multiplier.

2. Carry out an aDF test for a unit root in the rate of inflation using the subset of 
the data in appendix table F5.2 since 1974.1. (this is the first quarter after the oil 
shock of 1973.)

3. Estimate the parameters of the model  in Example 10.4 using two-stage least 
squares. obtain the residuals from the two equations. Do these residuals appear 
to be white noise series? Based on your findings, what do you conclude about the 
specification of the model?
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